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Let V be an n-dimensional vector space over R and B a bilinear form on V. B
induces a bilinear form on APV, also denoted by B determined by its value on
decomposable elements as

B(p,v) = det(B(ui,v5)), p=1uiA---up,

V=v1 N0,

Suppose we also have fixed an element 2 € A™V which identifies A"V with
R. Exterior multiplication then identifies A"7PV with (A?V)* and B maps
APV — (APV)*. We thus get a composite map

*: APV — APV



characterized by

aA*B = B(a, B)Q. (1)

Properties of .

e Dependence on (. If Q; = XQ then
*1 = Ak
as follows immediately from the definition.
e Dependence on B. Suppose that
Bi(v,w) = B(v,Jw), Je€EndV.

Extend J to an element of AV by J(vi A---vp) := Juy A--- A Ju,. Thus
the extended bilinear forms are also related by

Bl(:“’vy) :B(lu’vjl/)

and hence
*1 =%o0J.

e Behavior under direct sums. Suppose
V=VieV,, B=B1® By, Q=01 A
under the identification
AV = AV] ®@ AVs.
Then for ay, 81 € A"V1, aq, B2 € A°V5 we have
B(ai A ag, B1 A B2) = B(aa, f1)B(az, B2)
and
(a1 Aag) Ax(B1 A B2) = B(ar Aaz, f1 A P2)Q = B(ay, £1)21 A B(as, 52)Q2

while
a1 Ax101 = Blag, £1)Q1, az Ax2f1 = Blag, f2)Qs.

Hence
*(wl /\(AJQ) = (—1)"177«)5 *1 w1 Axows  for wy € A"Vi, we € A*Vs.

Since *jwi A *owg = (—1)(”1*’”)(”275) * 2wg A kw1 we can rewrite the
preceding equation as

*(wl A\ WQ) = (—1)(711770”2 *9 wWo N\ *x1Ww1.



In particular, if no is even we get the simpler looking formula
*(wl A WQ) = kowo N\ *1W1.

So, by induction, if
V=Vig---oVy,

is a direct sum of even dimensional subspaces and 2 = Q1 A--- A, then

WL A Awm) =wm A Awr,  w; € A(VG). (2)

2 Exterior and interior multiplication.

Suppose that B is non-degenerate. For u € V we let e, : AV — AV denote
exterior multiplication by u. For v € V* we let i, : AV — AV denote interior
multiplication by . We can also consider the transposes of these operators with
respect to B:

el - APV — APTLY,

defined by
Bley, ) = B(a,el ), ae APV, Be APV
and
Z]LY APV S APV
defined by

B(iya, B) = B(a,il ), ae NPTV, BenPV.

We claim that

22—

on APV,
Proof of (3). For a € A7V, 3 € APV we have

Ble, N, B)Q = e,aA*p

(—1)PraAvAxp

(=P laAxx"te, «

(=P 'B(a,x te, x4)Q. O

Proof of (4). Let o € APTV, 3 € APV so that

aAx3=0.



‘We have

0 = iy(aAxp)
= (iy@) AxB+ (=1)Prani, x 3
= (iy@) A%B+ (=1)P"ra Ax(x"tix)B  so
B(iya, ) = (=1)PB(a,* 'i, x4)Q. O
There are alternative formulas for ef and ZILY which are useful, and involve
dualities between V' and V* induced by B. We let (, ) denote the pairing of V

and V*, so
(v, £)

denotes the value of the linear function, £ € V* on v € V. Define the maps

L=Lg, and L? =LY :V > V*

by
(v, Lw) = Bo,w), (v, Lw) = B(w,v), vwe V. (5)
We claim that
6:5 = iLOPU (6)
i, = e (7)

Proof. We may suppose that v # 0 and extend it to a basis vy,...,v, of V|
with v; = v. Let wy,...,w, be the basis of V' determined by

B(vi,wj) = 5”

Let 41, ...,9™ be the basis of V* dual to w1, ..., w, and set v := ;. Then

(wi, LPv) = B(v,w;)
= Ou
= (w;,7y) so
v = L°w.

If J=(j1,...,7p) and K = (k1, ..., kpy1 are (increasing) multi-indices then
B(eyv”,w®) =0

unless k; =1 and k41 =1¢,, 7 =1,...,p, in which case
B(eyv”,w) =1.

The same is true for
B, i w’).
Hence

o
ev—z.y



which is the content of (6).
Similarly, let w = wy and § = L(w) so that

iﬁ’l}j = B(vj,wl) = (Slj.

Then
B(iﬁ(vK),wJ) =0

unless k1 =1 and k41 = j,, r=1,...,p in which case
Blig(w"),w’) =1

and the same holds for B(v® w A w”). This proves (7).
Combining (3) and (6) gives

*_161)* = (_l)p_liLDPva (8)
while combining (4) and (7) gives
*x Yipx = (=1)Pe,. (9)

On any vector space, independent of any choice of bilinear form we always
have the identity

ivew +eyiy = (w,y), veV, yeV™
If v = L°Pw, then (w,v) = B(v,w) so (3) implies

elew + ewel = B(v,w)I. (10)

3 The case of B symmetric positive definite.

In this case it is usual to choose 2 such that ||Q]] = 1. The only choice left is
then of an orientation. Suppose we have fixed an orientation and so a choice of
Q). To compute * it is enough to compute it on decomposable elements. So let
U be a p-dimensional subspace of V' and u; A--- Aw,, an orthonormal basis of U.
Let W be the orthogonal complement of U and let w1, ..., w, be an orthonormal
basis of W where ¢ := n — p. Then

Up A Aup Awy A+ Awg = £Q.

We claim that
*(ur A Aup) = twr A+ A wy.

We need only check that
Ba,ur A= Aup)Q=FaAwi A Awyg

for o € APV which are wedge products of u; and w; since u, ..., up, w1, ..., wy
form a basis of V. Now if any w’s are involved in this product decomposition



both sides vanish. And if & =1 A--- A u, then this is the definition of the +
occurring in the formula.
Suppose we have chosen both bases so that +£ = +. Then

(Ui A Atp) =wi A Awg

while
*wi A wg) = Fur A uy

where =+ is the sign of the permutation involved in moving all the w’s past the
w’s. This sign is (—1)P("~P). We conclude

*2 = (=1)P=P) on APV, (11)

In particular
x> = (=1 on APV ifn is even. (12)

4 The case of B symplectic.

Suppose n = 2m and e1,...,em, f1,..., fm is a basis of V with

We take
Q=egNfiNeas A fo---Nep A fm

which is clearly independent of the choice of basis with the above properties.
If we let V; denote the two dimensional space spanned by e;, f; with B; the
restriction of B to V; and €); := e; A f; then we are in the direct sum situation
and so can apply (2).

So to compute * in the symplectic situation it is enough to compute it for a
two dimensional vector space with basis e, f satisfying

Ble,f)=1, enf=%.

Now
B(e,e)=0=eAe, B(f,e)Q=-Q=fAe
so
*e =e
Similarly
*f=f.
On any vector space the “induced bilinear form” on A° is given by
B(1,1) =1
so
*1 = Q.



On the other hand,

B(e/\f,e/\f):det( gg;’z
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So
*x(enf)=1.

This computes * is all cases for a two dimensional symplectic vector space. We

conclude that
*? =id (13)

first for a two dimensional symplectic vector space and then, from (2), for all
symplectic vector spaces.

5 Graded sl(2).

We consider the three dimensional graded Lie algebra
g=9-2990D g2

where each summand is one dimensional with basis F, H, F/ respectively and
bracket relations

[H,E) =2E, [H,F|=—2F, [E,F]=H.

For example, g = sl(2) with

e=(D0): e=(2 ). u=(} 1)

Let V' be a symplectic vector space with symplectic form, B and symplectic
basis
ULy oo ey Um,VlyeooyUnm

SO
B(uiauj):OaZB(Uiavj)? B(uivvj):(sij'

Let
w:i=uL ANvy 4+ F Uy AUy

This element is independent of the choice of symplectic basis. (It is the image
in A2V of B under the identification of A2V* with A2V induced by B.)
Let E(w) : AV — AV denote the operation of exterior multiplication by w.

So
Ew) = Z Ea; Ev; -
Let



SO
F(w) = ZGLGLZ
For a € APV we have, by (3),

efela = (—1)PTH=1)P72 xveyey @ = — % €pey x 0 = x€yey * O

SO
Fw) = +E(w) % . (14)

m oyl ..., v™ is the basis of V* dual to ug, ..., v,, then

Fw) = iy, (15)

We now prove the Kaehler-Weil identity

Alternatively, if ut, ..., p

(B(W), F@)a = (p—m)a, APV, (16)
Write
Ew)=E1+ -+ En, Ej:=eyey,

and
F(W)ZFl-i--'-Fm, Fj:iyjiﬂj'

Let V; be the two dimensional space spanned by u;,v; and write
a=oai N~ Nap, o €AV}

Then E; really only affects the i-th factor since we are multiplying by an even
element:
Ei(O[):Oél/\"'/\EiOéi/\"'/\Oép

and F; annihilates all but the i-th factor:
Filo)=a1 A ANFja; A+ Ny,
Soifi < j
EFj(a)=FjEi(a) =ai1 A---ANEja; A~ ANFja; A+ A oy
In other words,
[Ei, F;]=0, i#j.

So
[E(w), F(w)]a = Zal A N[E; Eilag Ao Aoy

Since the sum of the degrees of the «; add up to p, it is sufficient to prove (16)
for the case of a two dimensional symplectic vector space with symplectic basis
u,v . We need consider three cases, according the possible values of p =0, 1, 2.
Let us write E for F(w). When p = 2, if we apply E to u A v we get 0. So

[E,Fl(urv)=(EF)(uhv)=El=uAv=(2-1)uAv.



For p = 0 we have F'1 =0 so
[E,F]1=—-FFEl=—-FluAhvl]=-1=(0—-1)-1.
For p =1 we have Fu = Fv = Fu = Fv =0 so
[E,F]=0=(1-1)id on A'V. O

Let H act on AV by
H=(p-m)id onzA’V. (17)

Then, we can write (16) as
[E(w), F(w)] = H. (18)
Notice that since E(w) raises degree by two,
HEw) = (p+2-m)E(w), EW)H =(p—m)E()

on APV so
[H, E(w)] = 2E(w)

and similarly
[H, F(w)) = —2F(w).

So we can summarize are computations by saying that the assignments
F—F(w), H—H, FE~— Ew)

give a representation of g on AV.

From now on we shall drop the w and simply write £ and F.

We can enlarge our graded sl(2) to a graded superalgebra as follows: Con-
sider the space V ® R? (or the space V ® C? if we are over the complex num-
bers).The space R? (or C?) has has a symplectic structure which is invariant
under sl(2). Since V has a symplectic structure, the tensor product, as the
tensor product of two symplectic vector spaces, has an orthogonal structure.
Call the corresponding symmetric form, S. Thus, if we choose

=(3) (%)

as a symplectic basis of R?, then
S(uge,v@e) =0=Sudf,vxf), Su®e,vef)=DBuev)=>Sva/f ude),

where u,v € V. Then we can form the superalgebra whose even part is R
(commuting with everything) and whose odd part is V ® R? with brackets

[w,w'] = =S(w,w’), w,w €V aR2



(This Lie algebra is a super analogue of the Heisenberg algebra.) In particular,
u®e,v®e}:0:[u®f,v®f], [u®e,v®f]:—B(u,v).

This Lie superalgebra is clearly invariant under the action of the orthogonal
group of V ® R2. Put another way, this orthogonal group acts as automor-
phisms of the superalgebra structure. In particular, sl(2) acts as infinitesimal
automorphisms(derivations) of this algebra, and so we can take the semi-direct
product of sl(2) with this Lie superalgebra. If we define

h1=V®e h=V®f
then we obtain a Lie superalgebra
g2 @®h_1®(RHOGR)D hi @ go. (19)
Then the map

URe = ey
u® f eTU
r € R +— mutliplication by r

extends the action of our graded si(2) to a representation of the Lie superalgebra
(19) on AV, as can be directly checked. In particular, we have the identity

[el, E] = e,.

6 Hermitian vector spaces.

Let V' be a 2m dimensional real vector space equipped with a positive definite
symmetric bilinear form, B, and an alternating form B, which are related by

B, (v, w) = Bs(v, Jw) (20)
where
J: V-V
satisfies
J? =1 (21)

The fact that B, is alternating and B, is symmetric implies that
B, (v, Jw) + Bs(Jv,w) =0 (22)
which says that J infinitesimally preserves Bs;. Replacing w by Jw in this

equation gives
Bs(Jv, Jw) = =By (v, J*w) = By(v,w)

10



so J preserves By, i.e. belongs to the orthogonal group associated with Bs. Also
B, (Jv, Jw) = By(Jv, J*w) = —B,(Jv,w) = B,(v, Jw) = B,(Jv, Jw)

so J belongs to the symplectic group associated to B,.
Decompose
V=Vi®o - -oVy

into two dimensional subspaces invariant under J and mutually perpendicular
under B;. For each i = 1,...,m pick a vector e; € V; which satisfies B(e;, e;) =
1, i.e. is a unit vector for the orthogonal form. Let f; := —Je;. Then

Bs(ei,fi) = Ou Bs(fufz) =1

and
By(ei, fi) = —Bs(ei, J?e;) = Bs(ei,e;) = 1

while
By(ei,e5) = Balei, fj) = Ba(fi, fj) =0, i#3j

SO €1, €m, f1-.., fm is a symplectic basis (for B,) and an orthonormal basis
(for By). We take
Q:=e1ANfihc-Nen A fm

as our basis of A2™(V) as is our symplectic prescription, and use this to fix
the orientation of V' as far as the orthogonal form B; is concerned. We now
have two star operators, *, corresponding to the symplectic form, B, and *,
corresponding to the orthogonal form, Bs. Since J preserves B, and B,, and
since B, is related to B, by (20) we conclude that

Jxe = % (23)
T (24)
*xq = ks0J (25)

hold, where we have extended J as usual to act on AV. This extended J
preserves the (extended) form By, i.e.

JJt=1.
On the other hand, J? = (—1)? on APV so
Ji=J1=(=1)»J on APV. (26)

In this formula, Jfcan mean either the transpose of J with respect to By or
with respect to B, since J is orthogonal with respect to B, and symplectic with
respect to B,.

Direct verification shows that Jw = w where

w=etANfit - tenAfm

11



is the element of A2V corresponding to B, and hence that
[J,E]=0 (27)

where E acts by multiplication by w. Recall that F' acts as the transpose of
with respect to B,. Taking the transpose with respect to B, of (27) gives

[F, '] =0.
Multiplying on the right and left by J gives
[J,F]=0. (28)

Since E and F' generate g, we conclude from (27) and (28) that J commutes
with the entire s/(2) action.
According to (14)
F =x,FE*x, = *;1E*a

since 2 = I. From (28) and (25) we conclude that
F=%'Ex,. (29)

Since J lies in the Lie algebra of the orthogonal group of B, the one param-
eter group t — exptJ is a one parameter group of orthogonal transformations of
V' and so extends to a one parameter group of one parameter group of orthogonal
transformations of AV which commute with xg:

(exptJ)xs = xs(exptJ).
Differentiating this equation with respect to ¢ and setting t = 0 gives
Jig = x5 JF (30)
where J* is the derivation induced by .J on the exterior algebra, i.e.
JHor Ao Avp) = Jog Ava A Avp + 01 AJvg A s Avp + 01 A=+ A Jup,.

Let Ve := V ® C denote the complexification of V and extend all maps from
V to Vo or from AV to AVg so as to be complex linear. For example, J has
eigenvalues ¢ and —¢ on V¢ and we can write

VC _ Vl,O D VO,I

where V19 consist of all vectors of the form v—i4.Jv, v € V and is the eigenspace
with eigenvalue i for J and V%! consist of all vectors of the form v+iJv, v €V
and is the eigenspace with eigenvalue —i. Both of these are complex subspaces
of V& and hence we have the complex decomposition of the complex exterior
algebra

NVeo =@Art,  APe= AP (V) @ A%V,

12



For example,

J=%"9 on APY
so that since Jw = w and w € A2V we conclude that
1,1

weAN

Therefore
E - AP _, pAPTLa+1 (31)

Similarly,
J*=(p—q)il on APY

Since x5 : AF(Ve) — A2~k (Ve and (30) holds we conclude that
*g NPT — \TPETTD, (32)
Finally, it follows from (31), (29), and (32) that

F: AP9 — APThaL (33)

7 Symplectic Hodge theory.

Let (X,w) be a 2m-dimensional symplectic manifold. For «, 8 € Q(X)} define

o= [ anes

For v € QP~1(X)o we have

dyAxf) = dyAxB+(=1)P"IyAd*f
dy AxfB 4 (—1)P71y A x(xdx)B  so
(dy,8) = (1,d'B)

with, df, the transpose of d with respect to ( , ) given by

d' = (=1)P xd*.

We define
S§:=d =(=1)Pxd*. (34)

The symbol of the first order differential operator , d, is given by

o(d)(§) = eg, £ €T (X)q.

Hence the symbol of § is given by

(8)(€) = ef.

13



Let E act on (X))o pointwise as E(w), that is as the operator consisting of
exterior multiplication by w. We claim that

6, E] = d. (35)

Proof. Since § is a first order differential operator, and E is a zeroth order
differential operator, the symbol of [, E] is given by

o ([0, E]) (€) = [0(0)(€), E] = [e}, E] = e¢ = a(d)(¢).

Thus
d— [0, E]

is a zeroth order differential operator. So to show that it vanishes, it is enough to
find local coordinates, w?, ..., w?™ about each point such that this zeroth order
differential operator annihilates all the dw!. Now the operator d annihilates
the dw’ in any coordinate system. By Darboux’s theorem, we may choose local
coordinates such that

w=dw' Adw™t + .+ dw™ A dw?™.

In these coordinates, the operator x has constant coefficients when applied to

any of the dw’, and hence it follows from (34) that ddw! = 0 as well. Thus both

sides of (35) vanish when applied to dw’, completing the proof of (35). [
We let F act as ET. Taking the transpose of (35) we get

§ = [d, F). (36)
Next we prove that
6T = —d. (37)
Proof. Let o € Q(X)5™", B € QP(X)o. Then
(08,0) = (=1)""a,00)
= (-1 {da, B)
= (=)' H(=1)"(B,da)
= (f,—da). O
Thus
(ES)! = —dF (38)
0E)Y = —Fd (39)
dd=46[0,E] = 0(6E—D6)=—6Ed
do =[0,El6 = dE§ so
dd+dd = 0. (40)

We can view the last of these equations as saying that the symplectic analogue
of the (Hodge) Laplacian vanishes.

14



We can summarize all the results in this section by introducing a large su-
peralgebra: Let ¥V = V(X)) denote the space of all vector fields on X, and let
ol = lx ) denote the space of one forms. The symplectic form induces an
isomorphism

V-0l ey

such that
T

g = €.
Let F = F(X) = Q°X) denote the space of smooth functions on X. Then we
get a Lie superalgebra § acting on Q(M) where

g—2 = RF

g-1 = VeRS

go = VORHOF
an o= Q'@Rd
g2 = RE.

We list several of the bracket relations, the others have already been given, or
can be obtained by taking the transpose: The element of V C gg corresponding
to the element ¢ € V will be denoted by L¢ and acts by Lie derivative. The
element of §g_; corresponding to £ is denoted by i¢ and acts by interior product.
We have the bracket relation

[iﬁv d = L

which is just the Weil identity. The element of Q! C §; corresponding to v € Q!
is denoted by e,. As already mention, it acts pointwise as exterior multiplication
by v. We have

lie,e4] = 7(6) € F € go.

It acts by pointwise multiplication.

8 Excursus on s/(2) modules.

Will will need some facts about sl(2) modules for our study of the Lefschetz
theorem in the next section. The action of sl(2) on Q(X) described in the
preceding section is such that H acts as multiplication by p—m on QP(X). Thus
although (X) is an infinite dimensional vector space, it is a finite direct sum
of (infinite dimensional) vector spaces on each of which H acts as a scalar. We
axiomatize this property, recalling that g denotes the graded si(2), in particular
it denotes sl(2) with a specific choice of H:

Definition. A g module A is of finite H type if V is a finite direct sum
of vector spaces,

V=Viae oV

such that H acts as scalar multiplication by \; on V; and
N#EN, i#d

15



The projection m; : V — V; corresponding to this decomposition is given by

1
[y O = A) [TH = x).

Therefore, m; carries every g submodule into itself. In particular, any submodule
and any quotient module of a g-module of finite H type is again of finite H type.
If an element v in any H module satisfies Hv = Av, then the bracket relations
imply that
HEv=(A+2)Ev, and HFv=(\—2)Fv.

Since [E, F] = H, it follows that [E, F]v = A and then by induction on k that
[E, F*o = k(A — k + 1)F* 1o, (41)

Indeed, for k£ = 1 this is just the assertion [E, F]v = Av, and assuming the result
for k, we have

[E,F’”l]v —  EFktL, _ pktlpg,
= (EF)F*v— (FE)F*v + F[E, Flo
= HF*v4+ k(A —k+1)F*v
= A=2k+k(A—k+1)Y"
= (k+1)\-kFfv. O

From this we can conclude that
Every cyclic g-module of finite H type is finite dimensional.

Proof. Let v generate V as a U(g) module. Decompose v into its components
of various types:
v=uv1+--tuvg v €V

It is enough to show that the submodule generated each v, is finite dimensional.
By Poincaré-Birkhhoff-Witt, this module is spanned by the vectors F*E7 H*v;.
Since Hv is a multiple of v, it is enough to consider F'EJv,. Now HE7v, =
(Ar +27)E’v,. Since there are only finitely many possible eigenvalues of H (by
the definition of finite H type) it follows that E7v = 0 for j >> 0. If j is such
that E/v # 0, then H(F'E’v,.) = (A, +2j — 2i)F*E’v,, so we conclude that for
each such j there are only finitely many i with F*E’v, # 0. In short, there are
only finitely many non-zero F?EJv,, proving that the submodule generated by
v, is finite dimensional.

If we don’t want to use the Poincaré-Birkhhoff-Witt theorem, we can proceed
as follows: We have shown that there are only finitely many non-zero F'E/v,..
We must show that they span the submodule generated by v,. Applying F' gives
Fi+1Eiy, which is of the same type. Applying H carries each such term into a
multiple of itself. So we need only check what happens when we apply E. We
have

EF'E? = F'E" o, +i(\ +2j —i + 1)F By,

16



by (41). O
As immediate consequences of this result we can deduce that

e Every irreducible g-module of finite H type is finite dimensional.
e Every cyclic g-module of finite H type is a finite direct sum of irreducibles.

(The second statement is true for any finite dimensional g-module.)
Suppose the \; are real and we have labeled them in decreasing order. Then,
if v € V4 we must have Ev = 0 and, by (41),

EF"v=f(A —r+1)F" o,

This shows that the vectors F"v span a submodule of V. Now suppose that V
is irreducible. Then the submodule spanned by these vectors is all of V. We
have

HF"v=(\-2r)F"v

and, since V is of finite H type, we must have Ffv = 0 for some ¢. Let £y be
the smallest such ¢, so that Fv =0, V¢ > £y, but Fo~1y £0. Set j :=fy—1
and

v :=Fv, i=0,...,7.

These vectors are linearly independent since they correspond to different eigen-
values of H, and they span all of V; i.e. they are a basis of V. Also,

Fuvj = F =0.
Applying E to this equation and using (41) we conclude that
(U + 1) =) =0,

implying that

AL =7
In terms of this basis we have,
HUZ' = (j — 21)’[11
Fv, = vy
FEv;, = Z(j —14 1)’[)1'_1
forv=0,...,7. These equations completely determine the representation. Con-

versely every finite dimensional representation of g is of this form, as can easily
be verified from the above equations. We have just repeated some well known
facts about the irreducible finite dimensional representations of si(2).

We now return to the consideration of a (possibly infinite dimensional) g-
module V of finite H type

V=Vie - -dV.

17



Let us call an element homogeneous if it belongs to one of the summands in this
decomposition. Let us call an element v € V primitive if it is homogeneous
and satisfies

FEv=0.

Repeating the same proof given above (which only used the finite H type
property) we see that eventually F*v = 0 if v is primitive and that the cyclic
module generated by v is finite dimensional and that

Hv = kv

where k + 1 is the dimension of the cyclic submodule of V' generated by the
primitive element v.

We can now state and prove some important structural properties of a g
module V of finite H type:

1. Every v € V can be written as a finite sum

v= Z Fro,, v, primitive. (42)

2. The eigenvalues of H are all integers. Hence by relabeling, we may de-
compose

V=@V, H=rld onV,.

We may then write
V= ‘/even S Vodd

where
Veven = € Vir  Voaa := @ V-
r even r odd
3. The map
Fk . Vk — ka

is bijective.
4. an element v € V., r > 0 is primitive if and only if

Frtly =0.

Proofs.

1. We may replace V by the cyclic module generated by v in proving 1. This
is a submodule of V' and hence of finite H type. Being also cyclic, it is
finite dimensional. We may therefore decompose it into a finite sum of
irreducibles, and write v as a sum of its components in these irreducibles.
But each element of an irreducible is a sum of the desired form as proved
above. Hence v is.
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2. The decomposition in 1. and its proof show that the only possible eigen-
values for H are integers, since this is true for finite dimensional irreducible
representations.

3. We know that this is true for irreducibles, hence for any direct sum of
irreducibles, hence for any cyclic module of finite H type. Now consider
the general case: If v € V_j, consider the cyclic module generated by
v. The bijectivity property for this submodule implies that there is some
w € Vi such that F¥w = v. This shows that the map FK : V, — V_,
is surjective. Similarly, to prove that this map is injective, consider the
cyclic submodule generated by v € Vj.. If F¥v = 0 we conclude that v = 0.
Hence the map is injective as well.

4. If v is primitive, the submodule it generates is finite dimensional of di-
mension r + 1 as we have seen above. Hence the necessity follows from
the structure of finite dimensional irreducibles. To prove the sufficiency,
decompose v as in 1. Let u be the term corresponding to ¢ = 0 in this
decomposition, so u € V;. is primitive, and this decomposition implies that

v=u+Fw, weV. o
Since u € V. is primitive, we know that F" 14 = 0. Hence
0= Ftly = Frt2y,

Since w € V4o and Fr+2. Vi42 — F_,_o is bijective, we conclude that
w = 0. Hence v = u is primitive. [

We will also want to use items 2) and 3) with the roles of E and F interchanged
(which can be arranged by an automorphism of s/(2) so that

E* Vi p — Viuyr s bijective (43)
and
If v €V, p then E*lo =0 & Fv=0. (44)
9 The strong Lefschetz property.

We return the study of a 2m dimensional symplectic manifold, X and the action
of gon = Q(X). Since [E,d] = 0, E carries closed forms into closed forms and
exact forms into exact forms, and hence induces a map on cohomology which
we shall denote by [E]. so

[E] : HP(X) — HP%(X).
In particular,

[E]f : H" k(X)) — H™F(X).
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We say that X has the strong Lefschetz property if this map is surjective
for all k.
A form « is called harmonic if

da =0 =da.

We shall denote the space of all harmonic forms by Q4. Suppose that « is
harmonic. Since [d, F] = 0, we conclude that dEa = 0. Since [d, F] = §, and
o = 0, we conclude that dFa = 0. A similar argument from the bracket
relations [0, F] = 0, [0, E] = d shows that §Ea = 0 = 6 Fa. In short,

Qnar isa g submodule of €.

In particular, it is of finite H type and hence

EF . Qr-k . Qmtk s bijective (45)

har har

for all k. Furthermore, for u € Q™ %,
EMly=0s Fu=0. (46)

A symplectic manifold X is said to satisfy the Brylinski condition if every
cohomology class has a representative which is harmonic.

Theorem (Mathieu).A symplectic manifold satisfies the Brylinski condition
if an only if it has the strong Lefschetz property.

Proof (Dang Yan).

Brylinski = Lefschetz. Consider the commutative diagram

D[Q%;kngﬁtkgHmfk(X)LHerk(X); Ek LL([E]IC]'

The Brylinski condition says that the vertical arrows are surjective, and (45)
says that the top line is bijective. Hence the bottom row is surjective.

Lefschetz = Brylinksi. Let c € H™ *(X). Consider [E]*+1c € H™TF+2(X).
By the strong Lefschetz condition, we can write [E]**1c = [E]**2¢cy where
c2 € H™k=1(X). We can therefore write any element of H™ ¥(X) as

c=c +[Elea, cp € H"* X)), [E]es =0, (47)

where we take ¢; = ¢ — [Flca.

Next observe that it is enough to prove that cohmology classes in degree < m
have harmonic representatives. Indeed, if ¢ € H™*(X) then ¢ = [E]¢/, ¢ €
H™~*(X) and a harmonic representative for ¢ is carried by E¥ into a harmonic
representative for c¢. If ¢ € H%(X) or H'(X), then [F]c = 0 since [F] lowers
degree by two. If u is a closed form representing c¢, so that du = 0, the du =
[d, Flu = 0 and p is harmonic. So we need only prove the Brylinski propoerty
for cohomology classes of degree 2 < p < m. We will proceed by induction on
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p usin (47). By induction, ¢y has a harmonic representative, call it 6, so that
Ef is a harmonic representative of [E]ce. So we need only prove that ¢; has a
harmonic representative.

In other words, dropping the subscript, we need only prove that any ¢ €
HP(X),p = m — k satisfying [E]**'¢ = 0 has a harmonic representative. Let
p € Q™ F(X) be a representative of c. So du = 0 and E¥tly = dp, B €
QmFR+L(X). Since

ER1 L Qmokl(x) o ekl (x)
is bijective, 3 = E**1a where a € Q™ *~1(X) and
EM1y — 48 = EFlda.
Replkace p by v := u — da. Then v is again a reperesentative of ¢, and
By = EMLy — ERlda =0

SO
Fv=0

by (44). But then
dv=1[d,Flv=0

so v is a harmonic representative for ¢. [

Remarks.

1. If X is compact, Poincaré duality implies that dim H™ *(X) = dim
H™FF(X). So the strong Lefschetz condition asserts that

[E]k . Hmfk(X) N Herk(X)
is bijective.

2. In particular, if X is compact and satisfies the strong Lefschetz condition,
we may define a bilinear pairing on H™*(X) by mapping the pair (¢, cz)
into H>™(X) by

(Cl,Cg) (g [E]k(cl . Cg) = ([E]kcl) - Co

(recall that E* is just multiplication by w*). We may identify H?™(H)
with R (or C) using the symplectic volume form,. Composing the this
identification with the above bilinear map, we get a bilinear form, call it
K. We claim that K is non-degenerate. Indeed, if E¥¢; - ¢o = 0 for all
¢2, then, by Poincaré duality, E*¢; = 0 and hence, by Strong Lefschetz,
C1 = 0.
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. By construction, the bilinear form K is alternating when m — k is odd
and symmetric when m — k is even. For an alternating form to be nonde-
generate, the underlying vector space must be even dimensional. So, if X
is compact and satisfies the strong Lefschetz condition, all its odd degree
Betti numbers are even.

. We will see below that a Kaehler manifold always satisfies the Brylinski
condition, by showing that a form is harmonic with respect to the symplec-
tic piece of the Kaehler form if and only if it harmonic in the Riemannian
sense, and using the fact that in a Riemannian manifold, every cohomol-
ogy class has a harmonic representative. Thus Kaheler manifolds always
satisfy the strong Lefschetz condition.

. Many years ago Thurston produced an example of a sympletic four man-
ifold whose first Betti number is odd. This shows that the Brylinski con-
dition does not hold for all symplectic manifolds.

. On a symplectic manifold we can replace the de Rham cohomology by
defining H?(X)symp C HP(X) to consist of those classes which are the
images of harmonic forms. It follows from the preceding discussion that

the strong Lefschetz condition holds when we replace H? by Hf . .

10 Riemannian Hodge theory.

Let X be a compact oriented Riemann manifold of dimension n. We denote the
metric by B or (in the next section) by Bs. The x operator acting pointwise on
AT*(X) gives an operator, also denoted by * (or by x5 in the next section)

cx QP(X) - QVP(X)

satisfying

*2 = (=1)P""P) [ onQP.

There is an {2 inner product on forms given by

<a75>:/X(B(a,ﬁ)walac:/Xa/\*ﬂ7 a, f € QP (X),

where dz denotes the volume form (and where forms of differing degrees are
orthogonal).

If « € QP71 B € wP then

dla A*B=da A B+ (—1)P"La A x(x"tdx)B.

Integrating this over X and using Stokes gives

(da, B) = (. d"3)

where
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d'=(=1)P«xtdx.

We define

§:=df, A:=ds+dd

and observe that A is self adjoint. The symbol of d at £ € T* X, is given by e
and the symbol of ¢ is given by ez so the symbol of A at £ is

o(A) (&) = ecel + efec = B(, ).,

so A is elliptic. We may apply the theory of elliptic operators to conclude that

e The kernel of A is finite dimensional.

e There exists a Greens operator G : QP — (P which is self adjoint and

whose image is orthogonal to ker A and a projection H : QP — ker A and
such that
uw=AGu+ Hu, YueQP.

This gives the Hodge decomposition of u € QP into three mututally
orthogonal pieces:

uw=uy +us +us, VYueQP

where
uy := Hu is harmonic

i.e. lies in ker A,
ug = doGu

is exact, and
ug := ddGu

is coexact.

In particular, since the image of § is orthogonal to the closed forms, we
see that us = 0 is u is closed, and hence every cohomology class has a
unique harmonic representative.

11 Kaehler Hodge theory.

Let X be a compact kaehler manifold of dimension n = 2m. This means that
we are given three pieces of data: 1) a Riemann metric, which we may conisider
as providing a poisitive definite symmetric form, Bg( , ), on each cotangent
space, T* X, an antisymmetric form B,( , ), and

J:TxX —TX
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which is a bundle map satsifying
J?=—1I.

These pieces are related (at each cotangent space) as in section 6. In addition
there is the Kaehler integrability condition, one consequence (version) of which
is

dw =0

where w is the two form (section of A2T*X) associated with B, as in section 6.
We will return to this doncition of integrability later.

Thus X is both a Riemannian manifold and a symplectic manifold. So it has
a star operator, x4 associated to the Riemann metric, and and a star operator
*, associated to the symplectic form, both map

QF - QrP

and are related by
*q = k5 O J.
We have
(o, B) s ::/ a A *gf3
X

and

(ar, B)a ::/Xoe/\*aﬁ

which, in view of the pointwise relation between x, and %, are related by

(@, B)a = (o, JB)s
or, equivalently
(@, B8)s = (@, T B)a.

Let § = §5 denote the transpose of d with repsect to { , )5 and let §, denote the
transpose of d with respect to (, ),. They are related by

8= Jd,J L. (48)
Indeed,if o € QP71 3 € QP,
(da, B)s = {do, J710),
= (a,éaJ_lﬁ>a
(
(

= Ao, J7H (TS0, T 1B
a, (Jo,J HB)s. O

Now
J ' =(=1)*J on QF.
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So, on P,
0 = (=1)PJo.J
= (=L)P(=1)P 1T 15,

—J 64
so we can also write (48) as

§=—J 15, (49)
Recall that g = si(2) acts on Q(X) with E acting as multiplication by w and
that J commutes with this action. We have

d = [d,, E|

Conjugating by J—! gives

JrdJ = [J18.J,E] = — [, E].

Setting
d°:=JdJ

we obtain
[0, E] = —d°. (50)

We recall from section 6 that F' = ET where the transpose is taken either
with respect to Bs or B, and

F=E"=x1Ex,.

Since JT = J~1 we have, taking transposes with respect to the Riemann struc-
ture, By,

@) = (7" =7 %

So if we define

6= J 6]
we have
[d, F] = é°. (51)
To summarize, we have
[d, E] 0
[d,F] = ¢°
[0,E] = =d°
[0, F] 0.

)

We also recall that we have a decomposition

QX))@ C=ar
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and
E: Qp,q — Qprhatl F.Qpa - Qp-bal,

Up until now, we have not made use of integrability. Now let us assume
that X is indeed a complex manifold and that in terms of holomorphic local
coordinates J is equivalent to the standard complex structure on C”. Then in
terms of such coordinates, z',..., 2™ every a € Q79 can be written as

o= ZQK*LdZK A dzt

where
K= (ki,....kp), ki1<---<kp

and
L:(fl,...,fq), f1<-"<€q.

From this we deduce that
da = da +0da, da€ QPP Ja € QPITL, (52)

This is the key property that we will use. Continuing with the assumption that
a € QP9 we have
da = J 'dJa
= 71 (J_laa + J_lga)
P9 (197P P+ 19T PO

= (1/i) (0o — dv) .

Thus
id® =0 — 0. (53)

Now d? = 0 implies that 0% = 3 = 0. Thus

idd® = (0+0)(0—0)
= 00-00
id’d = (0—09)(0+9)
00 — 00
SO
dd® + d°d = 0. (54)
Also, since [E, d] =0,
[E,dS] = d|FE,d]
= dd°
[E,6d] = [E,d)d
= d°d so
[E,dd+dd] = 0.
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In other words,
[E,A] = 0. (55)

Now
(E,8) = [B,d"] = [B,01] + [B,3'].

Since 0T is of bidegree (—1,0) and E is of bidegree (1,1) the first term on the
right of the preceding equation is of bidegree (0,1) and similarly the second is
of bidegree (1,0). On the other hand, by (50) we have

[E,0] = d° = —id +i0.
Comparing the terms of the same bidegree we obtain
[E,01] = 0 (56)
(E,9] = —id. (57)
Now §2 = (9" + ET)Q = 0 implies that

otz =
a” =
o8 +a ot

o O O

by looking at the terms of differing bidegree. Bracketing the first of these
equations with F and using (56) gives

0=[E,0"% = [E,0N0" + d'[E, 87

or _ _
20" + 070 = 0. (58)
Taking complex conjugates gives
99 +30=0. (59)
Define
Ay = 99" +0'0
Ay = 39 +99
SO
A = do+dd
= @+ +3) + (0" +3) 0+
= Ap+Az+ 89 +3 0+ 1070 + ot
= Aa + Aga
In short
A=Ay+ Ag. (60)
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No let us bracket E with the left side of (59). We have

(E,009 = [E,018 +0l[E,3
= (%T - afa)
E,90 = [B,319"+3 [E,d
= (5*5 - aaf)
SO
0 = 1 (Ag - Aa) or
Ay = A,
In other words 1
o = Ag=ZA. (61)

Up to the inessential factor of % all three Laplacians are the same. In particular,
the harmonic forms are bigraded:

HE = @ HRY, HR'=HRZ (62)
p+a=k

But
HY = H*(X,0)

by what we know for Riemannian manifolds, and
P _ gPd . 74 OP
HAE_ HYY = HY(X,QP),
where QP is the sheaf of holomorphic p forms. Thus

H*(X,C)= € HUX,0"). (63)
p+q=k

Also observe, that if u € HY? then
du = du = 0.

but du = (—1)P~9J " 5,u. So
dou = 0.

In other words, w is harmonic in the symplectic sense. Thus the Brylinski
condition and hence the Strong Lefschetz property holds for Kaehler manifolds.
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