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1. Introduction

In this paper we address the problem of clustering the rows of a given matrix ANi.e.,

the problem of dividing up the set of rows inkaclusters where each cluster has OsimilarO
rows. Our notion of similarity of two rows (to be discussed in detail below) will be a function

of the length of the vector difference of the two rows. So, equivalently, we may view the
problem geometricallyNi.e., we are givem points in then-dimensional Euclidean space

and we wish to divide them up intoclusters, where each cluster contains points which are
Oclose to each otherQ. This problem includes as a special case the problem of clustering the
vertices of a (directed or undirected) graph, where the matrix is just the adjacency matrix of
the graph. Here the dissimilarity of two vertices depends on the number of neighbors that
arenotin common.

There are many notions of similarity and many notions of what a OgoodO clustering is
in the literature. In general, clustering problems turn out to be NP-hard; in some cases,
there are polynomial-time approximation algorithms. Our aim here is to deal with very
large matrices (with more than 16ows and columns and more tharf In-zero entries),
where a polynomial time bound on the algorithm is not useful in practice. Formally, we deal
with the case wheren andn vary andk (the number of clusters) is bxed; we seek linear
time algorithms (with small constants) to cluster such data sets.

We will argue that the basic Singular Value Decomposition (SVD) of matrices provides
us with an excellent tool. We will brst show that SVD helps us approximately solve the
clustering problem described in the abstract (Section 3); unfortunately, the running time
of this algorithm is a polynomial of high degree. However, we then argue that the SVD
itself directly solves the relaxation of the clustering problem, as described in the abstract,
and that it gives us what we call a Ogeneralized clusteringO, where each point will be-
long to a cluster with a certain OintensityO and clusters are not necessarily disjoint. Using
basic Linear Algebra, we show some natural properties of such generalized clusterings
(Section 4).

Finally, we develop a linear time randomized algorithm for approximate SVD, and thus
for approximate Ogeneralized clusteringsO, which makes the procedure feasible for the very
large matrices (Section 5). Our algorithm is inspired by the work of Frieze, Kannan, and
Vempala (1998) and essentially approximates the top fewdefyular vectors (as well as
the corresponding singular values) of a matiixWe expect this algorithm to be useful
in a variety of settings (e.g. data clustering and information retrieval (Berry & Linoff,
1997; Jambu & Lebeaux, 1983), property testing of graphs (Goldreich, Goldwasser, &
Ron, 1998), image processing (Andrews & Patterson, 1976a, 1976b; Huang & Narendra,
1974), etc.).

1.1. The discrete clustering problem

Consider the following clustering problem, whose formulation is usually the objective of
the k-means clustering algorithm: we are givenpointsA = { Aq), Aw), ... Am} in an
n-dimensional Euclidean space and a positive intégarherek will be considered to be
bxed agn andn vary. The problem is to bnkl pointsB = { B(y), By, ..., By}, also in
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n-dimensional space, such that

m

fa(B) = ) (dist’(Ag). B))

i=1

is minimized. Heralist(A), B) is the (Euclidean) distance @4 to its nearest point in
B. Thus, in this problem we wish to minimize the sum of squared distances to the nearest
Ocluster centerO. This measure of clustering quality is also called the squared error distortion
(Jain & Dubes, 1988; Gersho & Gray, 1991) and comes under the category of variance-based
clustering (we will highlight the connection presently). We call this the ODiscrete Clustering
ProblemO (DCP), to contrast it from an analogous continuous problem. The DCP is NP-hard
evenfor k = 2 (via a reduction from minimum bisection, see Section 3.1).

Note that a solution to the DCP debreslustersS;, j = 1,...k. The cluster center
B will be the centroid of the points i§;. To prove this notice that for any set of points
S ={Xw, X), ..., X} and any poinB we have

Z||x<'>s B|? = Z||x<'>s 2|>+r BS®?2, @)

i=1

where X' S B denotes the Euclidean distance between pakitsand B (which, of
course, is equal to the 2-norm of the vecxdP S B), and¥is the centroid

¥ = }(x(1>+ X@ 4.+ XO)
r

of S. Notice that (1) may be restated as

ZZ (X8 By) ZZ(xO)SrmZX(m)

i=1 j= i=1j
n L
+rZ<Ber31Zx§")>,
=1 k=1

whereB; denotes théth element of the vectd (and similarly for thex®). The proof of the
above formula amounts to straightforward but somewhat tedious algebraic manipulations.
Thus, the DCP is the problem of partitioning a set of points into clusters so thstithef
the variances of the clusteis minimized.

We debne a relaxation which we call the OContinuous Clustering ProblemO (CCP): bnd
the subspac¥ of R", of dimension at mosk, which minimizes

ga(V) = ) dist?(Ag). V).

i=1
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It can be shown that the optimal value of DCP is an upper bound for the optimal value of
the CCP. Indeed for any sBtof k points,

fa(B)  ga(Ve) 2)

whereVs is the subspace generated by the poinf8.in

It will follow from standard Linear Algebra that the continuous clustering problem can
be exactly solved in polynomial time, since the optimal subspace can be read off from the
Singular Value Decomposition (SVD) of the matdxcontainingA), Aw), . .., Am) asits
rows. One can now attempt to solve DCP as follows: brst solve CCP tokedtheensional
subspacé/; then project the problem t@ and solve the discrete clustering problem in the
k-dimensional space (we emphasize th& now bxed). In Section 3.2 we will show that
thek-dimensional problem can be solved exactly in polynomial time (actually, the running
time is exponential ik, butk is a Pxed constant) and this will give us a 2-approximation
algorithm for DCP.

1.2. Generalized clustering

In Section 4, we will argue that the optimal subspace that is returned from the OContinuous
Clustering ProblemO (CCP) yields a Ogeneralized clusteringO of theAnatfigeneralized
clusteringO differs in two respects from a normal clustetingt each cluster instead of
being a subset of the rows & (or equivalently amrm-vector whose entries are all O or

1), is anm-vector of reals where thigh component gives the OintensityO with which the
ith point belongs to the clusteBecondthe requirement that the clusters be disjoint in

the discrete clustering is replaced by a requirement that the vectors corresponding to the
different clusters be orthogonal. We will argue that this notion of clustering is quite natural
and that it has certain desirable features not allowed by discrete clustering; for example, it
allows having overlapping clusters.

1.3. Afast Monte Carlo algorithm for singular value decomposition

Given anmx n matrix A, we develop a linear time randomized algorithm that approximates
a few of the top singular vectors and singular valuesfofsee Section 2 for background).
This algorithm renders the computation of singular values and singular vectors feasible for
the very large matrices in modern applications.

Recall that for anyn x n matrix X,

2 — 2 =
X 2= ;A,] and X p= max = Xx.

Our goal is to bnd an approximatidhto A, such that the rank d? is at mosk, satisfying
(with high probability)

ASP2 ASA2+e A2 3)
ASP2 ASA3+e Al 4
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where A, is the OoptimalO rakkapproximation toA ande > 0 a gven error parameter.
More specibcallyAy is a matrix of rankk such that for all matrice® of rank at mosk
(see Section 2),

AS A ¢ ASD ¢ and AS A, ASD ,.

Thus, the matrixP is almostthe best rank approximation toA in the sense described
above. The matriP returned by our algorithm is equal to the prodtitd™ A, where H

is anm x k matrix containing approximations to the t&geft singular vectors ofA. We
remind the reader thak, can be written ag®\c = UkUkT A, whereUy is anm x k matrix
containing the exact topleft singular vectors ofA. Thus, our algorithm approximate
by approximating the matrikJy by H, or, equivalently, by approximating the tdpleft
singular vectors ofA.

There are many algorithms that either exactly compute the SVD of a matiin? +
m?n) time (an excellent reference is Golub & Van Loan, 1989) or iteratively approximate a
few ofthe top singular vectors and the corresponding singular values (e.g. Lanczos methods).
We should note here that Lanczos methods are iterative techniques whichNgiven enough
running timeNconverge to the exact solution (except for some special cases); however, the
speed of convergence depends on various factors. We will not elaborate on this topic here;
instead we refer the reader to Parlett (1997) and the references therein.

In this paper, we propose a simple, randomized SVD algorithm: instead of computing the
SVD of the entire matrix, pick a subset of its rows or columns, scale them appropriately and
compute the SVD of this smaller matrix. We will prove that this process returns efbcient
approximations to the singular values and singular vectors of the original matrix; more
specibcally, by picking rows, we approximaight singular vectors, while, by picking
columns, we approximateft singular vectors.

Our algorithm will make two passes through the entire matrix, sample columns (or rows)
with probabilities proportional to the square of their lengths and then run in time

to satisfy both (3) and (4). If we amnlyinterested in satisfying (4), the running time of the
algorithm is signibcantly smaller:

1 1
O(?m+ E>'

Thus, there is no dependency knAlso, if the matrix is sparse, we can replaven the
running times bym, wherem is the maximum number of non-zero entries in a column of
A. Alternatively, our result might be viewed as showing that instead of computing the SVD
of the entire matrix, itissufbcient to compute the SVD of a matrix consistinggk/<?)
randomly picked columns of, after appropriate scaling. The columns must be picked
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with probability proportional to their length squared. We should note againQliate?)
columns sufbce in order to satisfy both (3) and (4); if we@ly interested in satisfying
(4), O(1/€?) columns are enough.

Our algorithm is directly motivated by the work of Frieze, Kannan, and Vempala (1998)
which also presents an algorithm that achieves (3), with running®é?/<°) and returns
a @escriptior© b the leff singular vectors, namely, it describes the left singular vectors as
a matrix-vector product. Thus, while it is theoretically very interesting that the algorithm
of Frieze, Kannan, and Vempala (1998) has a running time which does not gromwith
n, the dependence dnande might be too large in practice. Also, explicitly computing the
left singular vectors would make the running time lineamin

Clearly an approximation of the form (3) or (4) is only usefuhihas a good approxima-
tion of OsmallO rarkand furthemm andn are large (so exact algorithms are not feasible.)
There are many examples of situations where these conditions prevail (i.e., information
retrieval applications). As an example, our algorithm could be used to perform Latent Se-
mantic Indexing (LSI) (Berry & Linoff, 1997; Papadimitriou et al., 2000; Azar et al., 2001);
this is a general technique for analyzing a collection of documents which are assumed to
be related (for example, they are all documents dealing with a particular subject). Suppose
there aran documents and terms which occur in the documents. The model hypothesizes
that, because of relationships among the documents, there is a small numbddfisay
main (unknown) topics which describe the documents. The brst aim of the technique is to
Pnd a set ok topics which best describe the documents; a topic is modelled msector
of non-negative reals. The interpretation is thatjtttecomponent of a topic vector denotes
the frequency with which th¢th term occurs in a discussion of the topic. With this model
at hand, it can be argued that thbest topics are the tdpsingular vectors of the so-called
Odocument-termO matrix, which israw n matrix A with A;; being the frequency of the
jth term in thei th document.

2. Linear algebra background

Any m x n matrix A can be expressed as
! T
A= Zot(A)u(t)v(t) ,
t=1

wherer is the rank ofA, o1(A)  02(A) --- or(A) > 0 are its singular values and
u® RM™® RNt =1 ... r areits left and right singular vectors respectively. The
u®BGsnd thev® Osmre orthonormal sets of vectors; namel, u is oneifi = j and zero
otherwise. We also remind the reader that

A=) A=) oA
i.j i=1

Ao,= max Ax= max X A= oi(A)
X RN x=1 X RMm x=1
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In matrix notation, SVD is dePned #= U XV T whereU andV are orthogonal (thus
UTU = | andV "V = |) matrices of dimensions x r andn x r respectively, containing
the left and right singular vectors &. = = diag(c1(A), ..., o:(A)) is anr x r diagonal
matrix containing the singular values Af

If we dePneA, = Y1, au®y®' | then Ay is the best rank approximation toA with
respect to the 2-norm and the Frobenius norm. Thus, for any niatdkrank at mosk,

AS A, ASD,and AS A ¢ AS D . A matrix A has a OgoodO rakk
approximation ifA S A is small with respect to the 2-norm and the Frobenius norm. Itis
well known that

r
ASAE= Y oA and AS A 2= o i(A).
t=k+1

From basic Linear Algebrady, = UcZkV/ = AWV = UU! A whereUy and Vi
are sub-matrices df andV, containing only the togx left or right singular vectors oA
respectively; for a detailed treatment of Singular Value Decomposition see Golub and Van
Loan, 1989. Also]r (A) denotes the sum of the diagonal elementépit is well-known
that A 2 = Tr(AAT) foranym x n matrix A.

In the following, Ay denotes théth row of A as a row vector and\®) denotes théth
column of A as a column vector. The length of a column (or row) vector will be denoted
by A® or ( A ) and is equal to the square root of the sum of the squares of its
elements.

3. Discrete clustering

3.1. Complexity

Theorem 1. DCP is NP-hard for k 2.

Proof: Wewill prove the NP-hardness fér= 2 via a reduction from minimum bisection,

the problem of partitioning a graph into two equal-sized parts so as to minimize the number
of edges going between the two parts. The prookfor 2 is similar, via a reduction from

the minimumk-section problem.

LetG = (V, E) bethe given graph witm vertices 1. . ., n, with n even. Letd(i) be the
degree of theh vertex. We will map each vertex of the graph to a point Wi+ | V|
coordinates. There will be one coordinate for each edge and one coordinate for each vertex.
The vectorX' for a vertexi is debPned a¥'(e) = 1 if eis adjacent to and 0 ife is not
adjacent ta; in additionX'(i) = M andX!(j) = Oforall j = i. The parameteM will be
set to bend.

Consider a partition into two par3, Q with p andq vertices respectively. LeB, and
By be the cluster centers. Consider the DCP value for the partRioQ on just the last
n coordinates, we havBy(i) = M/p andBqy(i) = M/q and so the DCP value on these
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coordinates is

2 2
pMZ(lé %) + qM2<1é é) = nM?+ M2<—;+ %) S am2,

If p= g = n/2,thenthisisf S 4+ 4/n)M2. On the other hand, ip = g, then it is at

least
. 4n
NS4+ —— M2
( n284>

and so the increase in the DCP value on therastordinates is at least M?/n(n” S 4).
The brst E| coordinates contribute at most%4to the DCP. So if we havil  n3 (say),
then the optimal solution will always choope= q, since any gain by not having= qis
subsumed by the loss in the DCP value over therasiordinates.
Now, the sum of pairwise squared distances within a cluster can be rewritten as follows:

2
DUIXTS X = 2p) |XPS 2<in>
i,j P i P i P
=2p) |IX'S By
i P
Therefore,

PY_IX'SByP+a) IX'SBl’= D IXSXIPP+ 7 |X'SXIP?
i P i Q i<j P i<j Q

If p = q,then this exactlyr/2 times the value of the DCP. The RHS, namely the sum of
pairwise distances within clusters, can be evaluated separately for the coordinates corre-
sponding to edges and those corresponding to vertices. For the former, for ajpaithe

same clusteritigl(i)+ d(j)if (i, j) isnotan edge and(i) + d(j) S 2if (i, j) is an edge.
Therefore the total is

Yoood@)+d(p)S2+ Y di)+d()+ Y 2m?
(i,j) Eji<j P @i,j) Eji<j P i<j P
+ ) d@+d()S2+ > di)+d(i)+ Y 2m?
i.) Ei<j Q i) Ei<j Q i1 Q
= (pS 1)) di)+ (@S 1)) d(i)S 2E|+ 2E(P, Q)
i P i Q
+ M?(p(pS 1)+ q(q S 1))
Note that if p = q then this only depends (P, Q)|, i.e., the size of the minimum

bisection. But then the minimum DCP solution is also a minimum bisection for the original
graph. O
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3.2. A 2-approximation algorithm for DCP

We brst show how to solve DCP i®(m*9/2) time when the inpufA is a subset oR¢;

herek andd are considered to be bxed. EachBaif Ocluster centersO debnes a Voronoi
diagram where celG = {X R% XS B X S Bj) for j = i} consists of those
points whose closest point B is Bgy. Each cell is a polyhedron and the total number of
faces inCy, ..., Cg is no more than Z) (since each face is the set of points equidistant
from two points ofB). It is not too difbcult to see that, without loss of generality, we can
move the boundary hyperplanes of the optimal Voronoi diagram, without any face passing
through a point oA\, so that each face contains at ledspoints ofA.

Assume that the points & are in general position and 0 A (a simple perturbation
argument deals with the general case); this means that each face now cdraémely
independent points & . We hawelost the information about which side of each face to place
these points and so we must try all possibilities for each face. This leads to the following
enumerative procedure for solving DCP:

Algorithm for DCP in d dimensions

Input: positive integer&, d and a set om pointsA  R¢.
Output: asetB with k points fromR ¢ such thatfa (B) is minimized.
k
)
1. Enumerate aIEtfk((r:;)) = o(mi/?) sets ofk t (%) hyperplanes, each of
which containgd afbnely independent points &f.
2. Check that the arrangement debPned by these hyperplanes has lexatity
3. Make one of 2 choices as to which cell to assign each poinfaivhich is lying
on a hyperplane.
4. This debnes a unique partition &f Find the centroid of each set in the partitio
and computefp .

>

We now examine how CCP can be solved by Linear Algebra in polynomial time, for any
values ofm, n andk. Indeed, letv be ak-dimensional subspace Bf" and &y, ..., Am
be the orthogonal projections @y, ..., Am) onto V. Let Abe them x n matrix with
rows &y, ..., Bm). ThusAPhas rank at mosk and

m m
AS B2 = Z”A(i)é &i)HZZ ZdiStZ(A(i),V)~
i=1 i=1

Thus to solve CCP, all we have to do is compute thektaght singular vectors of, since
it is known that these minimizeA S & ,7-: over all rankk matrices; letVsyp denote the
subspace spanned by the tofght singular vectors oA.

We now show that combining the above two ideas gives a 2-approximation algorithm for
DCP. LetA={ &), ..., Bmn} be the projection oA onto the subspacésyp above. Let
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B={ Bu)..... By} be the optimal solution to DCP with inpA@ We emphasize that DCP
will run on ak-dimensional subspace, whetés bxed.

Algorithm for general DCP

1. ComputeVSVD.

2. Solve DCP on the set ofi points#® R (thusd = k), in order to obtair® aset
of k centroids inR.

3. Output®?

Notice that the running time of the second step)(smkz/z).
Lemma 1. The above algorithm returns2approximation for DCP.

Proof: It follows from (2) that the optimal valu&2°P of the DCP satisbes

m
= 2
ZZP Y 1AaS &yl (5)
i=1
Observe that if9 = { B, ..., B®} is an optimal solution to the DCP ariconsists of

the projection of the points iBontoV

ZpP = Xm:distz(A(i), B) Xm:distz(ﬂm, 5.
i=1 i=1

Combining this with (5) we get
m
228 3" (| Aq S &y + dist? (&), B)
i=1
Im
ZdiStZ(A(i), %
i=1
= fa(B,

proving that we do indeed get a 2-approximation. O

4. Generalized clusters and SVD

In this section, we will argue that there is a natural way of generalizing clusters which
leads to singular vectors. To do this, we introduce a typical motivation: suppose we wish to
analyze the structure of a large portion of the web. Consider the underlying directed graph
with one vertex petRL and an edge from vertéxto vertexj if there is a hypertext link
fromi to j. It turns out to be quite useful to cluster the vertices of this graph. Obviously,
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very large graphs can arise in this application and traditional heuristics (even polynomial
time ones) are not good enough.

Given this directed grap(V, E), we wish to divide the vertex set into OclustersO of
OsimilarO vertices. Since all our information is in the graph, we debne two vertices to
be OsimilarQ if they share a lot of common neighbors. In general, we assume that all the
relevant information is captured by the adjacency mairof the graphG; we do not dwell
on the OmodellingO part, indeed we assume that the translation of the real problem into the
graph/matrix has already been done for us.

We now examine how Osimilarity® may be precisely debned. For this purpose, itis useful
to think of the web example, where an edge fiicim j means thait thinks of j as important.

So, intuitively, similar vertices OreinforceO each others opinions of which web pages are
important.

Quite often by OclusteringO, one means the partition of the node set into subsets of
similar nodes. A partition though is too strict, since it is quite common to have overlapping
clusters. Also, in traditional clustering, a cluster is a subset of the node set; essentially,
the characteristic vector of a cluster is a 0-1 vector. Again, this is too strict, since different
nodes may belong to a cluster with different QintensitiesO. For exanip(e) ifthe set of
neighbors ofv) is large and there are many nodesuch thatN(u) is asubset ofN(v),
then a good clusterNintuitivelyNwould include and many of the: Ogfor reinforcement),
butNagain intuitivelyN v is more important in the cluster than th&s.

Given anm x n matrix A, we debne a cluster as anm-vector of reals. Sox(u) is the
OintensityO with whiah belongs tox. We are also interested in assigning a OweightO (or
importance) to the cluster: a crucial quantity in this regard is the vectef A because
(xT A); is the OfrequencyO of occurrence of riddehe neighborhood of the cluster So,
high values of(x" A);| mean high reinforcement. Thus,

n

ST AR= KA

i=1

is a measure of the importance of the cluster represented by wedMaralso note that ik
is scaled by some constantso is every component ok’ A. We row make the following
dePnition:

Debnition 1 A cluster of the matrixA is anm-vectorx with x = 1. Theweight of the
cluster x (denoted byw(x))is x" A (the Euclidean length of the vector).

We now argue the reasoning behind using Euclidean lengths in the above dePnition.
While we cannot exhaustively discuss all other possible measures, we look at two other
obvious normst  (the maximal element of the vector in absolute value) lar(the sum
of the absolute values of the elements in the vector). The following examples illustrate the
advantage of Euclidean norm over these two and carry over for many other norms.

In the dePnition, we used the Euclidean norm for bo#imdx " A. First suppose we used
instead thé; norm forx. Then, if there aré& nodes ofG in the same neighborhood, putting
x; = 1for one of them and zero for the othensputtingx; = 1/k for each of them, returns
the same value fax™ A and so the same weight. However, we prefer larger clusters (thus
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larger values of x™ A ) since they guarantee greater reinforcement. It can be shown that if
we restrictto x = 1, then we would choose the larger cluster. Similarly ifithas used
for x, then we shall always hawe = 1 for all i being the maximum weight cluster, which
obviously is not always a good choice. It can also be shown that If theorm is used for

xT A, thenx will be based only on the highestin-degree node which is not always desirable
either. A similar example can be provided for the case wheiytherm is used fox™ A.

Having debned the weight of a cluster, we next want to describe a decomposition pro-
cess that successively removes the maximum weight cluster from the graphb&dhe
maximum weight cluster andbe any other cluster. We can expressv = Au+ w where
) is a scalar anab is orthogonal to u; then, it is known from Linear Algebra that™ A is
alsoorthogonal to u™ A, thus

vVVA?=22u"A%+ w'A 2

Itis obvious that as grows the weight of grows as well. Thus, to get a OgoodO clustering,
we can not merely requineto be different fronu, since it may be arbitrarily close to This
observation leads us to the correct requirement; namelytisatequired to be orthogonal

to u. In our generalized clustering, the orthogonality requirement replaces the traditional
disjointness requirement. We now make a second depPnition.

DePnition 2 An optimal clustering ofA is a set of orthonormal vectosV), x@, ... so
thatx® is a maximum weight cluster ok subject to beingrthogonal to x®, ... x(S1),

It can now be shown (directly from Linear Algebra) that corresponding to OremovingO
the prsik clusters is the operation of subtracting thes n matrix

k
Z X(t)x(t)T A
t=1

from A. So if

k
RK=AS Z xOxO" A
t=1

RK debnes a OresidualO graph after removing thek letssters; more specibcally, it
represents a weighted graph with edge weights. The intuition is that if the brst few clusters
are of large weight, then the residual matrix will have small norm. We can quantify this
using basic Linear Algebra and noting tHaf_ , xOx®" A is a matrix of rank:

Lemma2. R® has the least Frobenius noramd the leas-norm among all matrices of
the form AS D, where the rank of D is at most k.

So, the optimal clustering makes the OerrorO meikixas small as possible in two
natural ways; the optimal clustex8, . . ., x® are essentially the left singular vectorsff
and they may be computed through the Singular Value Decomposition. We note here that
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we debPned the weights of clusters by looking at the out-degrees of the nodes of the graph;
symmetrically, we may look at the in-degrees. Linear Algebra and elementary properties
of the Singular Value Decomposition tell us that an optimal clustering with respect to
in-degrees yields also an optimal clustering with respect to out-degrees and vice versa.
Weshould note here thatthese aspects of clustering in the context of the web graph, as well
as the introduction of the SVD technique to cluster such graphs was pioneered in Kleinberg
(1998) (see also Gibson, Kleinberg, & Raghavan, 1998). Kleinberg (1998) arguesNand
we do not reproduce the exact argument hereNthat given the adjacency matrix of a large
subgraph of the web graph, where nodes in the graph correspond to web pages that were
returned from a search engine as results of a specibc query, it is desirable to bnd the top
few singular vectors of that matrix. Roughly, the reason that we are interested in the top
few singular vectors is that they correspond to different meanings of the query. Sisce
large (in the examples of Kleinberg (1998), in the hundreds of thousands), Kleinberg (1998)
judiciously chooses a small submatrix Afand computes only the singular vectors of this
submatrix. In the next section, we prove that choosing a submatrix according to a simple
probability distribution, returns good approximations to the top few singular vectors and
the corresponding singular values.

5. Therandomized SVD algorithm

Given anm x n matrix A we seek to approximate its tdpleft singular values/vectors.
Intuitively, our algorithm picks columns ofA, scales them appropriately, forms e c
matrixC and computes its left singular vectorsAlfs an objects-features matrix (the {)th

entry of A denotes the importance of featurdor objecti), our algorithm may be seen

as picking a few features (coordinates) with respect to a certain probability distribution,
dropping the remaining features, and then doing Principal Component Analysis on the
selected features.

Supposep;, | = 1,..., nare nonnegative reals summing to 1 and satisfying
iy12
p= RO/ AR ()
Fast SVD Algorithm

Input: mx nmatrix A, integersc  n,k ¢, {pi}L;.
Output: mx kmatrixH, A1,..., Ak R7*.

1. fort=1toc

b Pick aninteger frod1. .. n}, wherePr(picki) = pi.
b Include A"/ ¢p as a column o€.

2. Compute the tof left singular vectors o€ (denoted byn®, h@) . h®k),
3. ReturnH, amatrix whose columns are thé", andi; = 61(C), ..., Ak = ox(C)
(our approximations to the tdpsingular values o).
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We should note here that our results also holdNwith some small loss in accuracyNif the
pi are nonnegative reals, summing to 1 and satisfying

P BIAOL A E ™

whereg 1 is apositive constant, allowing us some Rexibility on sampling the columns
of A. For simplicity of presentation, we shall focus on the former case, since the analysis
of the latter case is essentially the same. We also note that a sampler which samples the
columns with probabilities proportional to their lengths squared is simple to construct after
one pass through the matri(see Section 5.1).

Inthe aboveg; (C) are the singular values 6f. From elementary Linear Algebra we know
thato2(C) are the singular values &C' or CTC. We should note here that computing
the topk left singular vectors o€ (step 2) may be easily done in tin@(mc). For the
sake of completeness, we brieRy outline this process: conipule(O(mdc?) time) and its
singular value decompositio®(c®) time). Say that

C
c'c= Z atZ(C)w(t)w(t)T.

t=1

Herew®, t = 1,...,c are the right (and left) singular vectors 6f C. Then, from el-
ementary Linear Algebra, the® are the right singular vectors @; thus, theh® =
Cw®/0¢(C),t = 1...k are the left singular vectors & and they can be computed in
O(mcK) time.

The algorithm is simple and intuitive; the only part that requires further attention is
the sampling process. We emphasize here that the probability distribution described in
(6) is not chosen arbitrarily. More specibcallygf = A® 2/ A 2, we will prove (see
Lemma 6) that, among all possible probability distributions, this particular one minimizes
the expectation of AATSCCT ¢, aquantity thatwill be crucial in proving the error bounds
of the above algorithm. Intuitively, the left singular vector€aE" are close approximations
to the left singular vectors oA AT ; thus, as AAT S CCT r decreases, the accuracy of our
approximations increases. Aswe shalls@eATSCCT ¢ decreases inversely proportional
to the number of columns in our sample.

5.1. Implementation details and running time

An important property of our algorithm is that it can be easily implemented. Its OheartO is
an SVD computation of & x ¢ matrix (CTC). Any fast algorithm computing the tdp
right singular vectors of such a matrix could be used to speed up our algorithm. One should
be cautious though; sinaeis usually of O(k), we might end up seeking approximations
to almost all singular vectors @7 C. It is well-known that in this case full SVD o TC
is much more efpcient than iterative approximation techniques; for a detailed treatment of
such issues see Parlett, 1997.

LetOs assume that the matrix is presented in a particular general formNwhich we call
the sparse unorderedrepresentation, in which (only) the non-zero entries are presented
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as triples i, j, Ajj) in any order. This is suited to applications where multiple agents may
write in parts of the matrix to a central database, and we cannot make assumptions about
the rules for write-conRict resolution. One example of this may be the Oload® matrix, where
each of many routers writes into a central database a log of the messages it routed during
aday in the form of triples (source, destination, number of bytes). We shall prove that we
can decide which columns to include in our sample in one pass through the matrix, using
O(c) RAM space. The following two lemmas show how this may be done.

Lemma3. Supposefay,..., a,are n non-negative reals which are read once in this or-
der. Then with @) additional storagewe can picki.i.d. samples,ii,, ...ic {1,2,...n}
such that
. . g
Prii=i)= —=——.
ZT:laj

Proof: We argue that we can pidk. The others can be done by runniagndependent
copies of this process. To pidk, suppose we have read, a, . . ., a, so far and have a
samplei; such that, for some bxed value 1i ¢,

g
¢

Pr(i;= i) = .
=18

Wealso keep the running suEf: 1 8j. Onreadingay+ 1, wejust replace the curreit with
£ + 1 with probability

Ao+ 1
+1 :
2 =14
It can be shown by induction that this works. O
Lemma4. Inone passwe can picki.i.d. samples,iio, ..., i. drawn according to prob-

abilities p satisfying p= A" 2/ A 2,

Proof: Topickiy, just pick (using Lemma 3) an entri, (j) with probability proportional
to its square and taki = j. The otheri; are also picked by running independent
experiments simultaneously. Obviously, the overall probability of picking colgrimone

trial is

$ A IR0
AZ- Az

i=1

O

In the second pass, we pick out the entries of the columns of nattirat we decided
to keep; note that we know the scaling factors since we know the probabilities with which
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we pick each column. We now analyze the running time requirements of the algorithm. We
remind the reader that the algorithm works on matrices in sparse representation, where the
matrix is presented as a set of triplésj( A;;) with at most one triple for each,(j). So,

the zero entries need not be given; some zero entries may be presented.

Theorem?2. Afterthe preprocessing steje running time of the algorithmis @m+ ¢®).

Proof: The scaling of the columns prior to including them@nneedscm operations.
ComputingCT C takesO(c’m) time and computing its SVID(c®) time. Finally, we need
to computeH, which can be done i©(mcK) operations. Thus, the overall running time
(excluding the preprocessing step)@c?m + ¢ + cmK), and sincek ¢ the result
follows. O

5.2. Theoretical analysis

Our analysis will guarantee thaiA S P ¢ is at most AS A, ¢ plus some additional
error, which is inversely proportional to the number of columns that we included in our
sample. (Similarly, our analysis will guarantee th#&S P , is at most AS A, , plus
some additional error, which is inversely proportional to the number of columns that we
included in our sample.) As the Oquality@Hoimproves,H andU, spanalmostthe same
space andP is almostthe optimal rankk approximation toA. We remind the reader that

we useA, to denote the OoptimalO randpproximation toA, andUy to denote then x k
matrix whose columns are the té&peft singular vectors ofA.

Theorem 3. If P = HHT A is arank(at mos} k approximation to A constructed using
the algorithm of SectioB, then foranyc nandé§ > O,

. . Kk
ASPZ ASACE+2(1+ ~/8In(2/8))\/; A2

. . 1
ASP 3 ASACS+ 21+ ﬁ/sln(z/a))\fg A2

hold with probability at leasiL S §. We assume that p= A" 2/ A 2 and sampling is
done with replacement.

Let us note here that using the probabilities of Eq. (7), would result to the following error
bounds:

ASP 2 ASA Z+201+ \/8ﬂglln(2/8))\/g Az
ASP 2 AS A 3+ 21+ ,/8ﬂélln(2/8))\/g Az
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Proof: Denote byh®, t = 1,..., k the topk left singular vectors o€ and byo;(C) the
corresponding singular values. Lidtdenote anm x k matrix whose columns are tié);

since theh® are orthonormalH™H = | and
ASHHTA 2 = Tr((AT S ATHHT)(AS HHT A))

= Tr(ATA) S Tr(ATHHT A)

= A2S HTAZ
k

= AZS) |ATh® ”2 8)
t=1

Writing AAT and CCT both in a coordinate system withf®), ... h®) as the topk

coordinate vectors, we see tid (AAT S CCT)h® is the ¢, t) entry of AAT S CCT. So
we have

(hO"(AAT S CC)h®)®  AAT S cCT 2

M=~

t=

=

or, equivalently (sinc€Th® = ¢;(C)h®)

k
> (|AThO|*S 63(C))*  AATSCCT 2
t=1

and, by an application of the Cauchy-Schwartz inequality,

k
S (|ATh®|*S 63(C)) 5 k AATSCCT E. ©)
t=1

We now state the well-known Hoffman-Wielandt inequality (see e.g. Golub & Van Loan,
1989). Given symmetric matrices andY (of the same dimensions),

k
Y (@(X)Sa(Y)*  XSYE
t=1

whereoi (X) andoi(Y) denote theth singular values oK andY respectively. The lemma
holds for anyk  min{rank(X), rank(Y)}. Applying this inequality to the symmetric ma-
tricesAAT andCCT, we see that

k k

Y (@(CCHS a(AAT))? = 3" (0A(C) S oZ(A)’

t=1 t=1
AATS CCT 2
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and, by an application of the Cauchy-Schwartz inequality,

(cZC)S o(A) S k AATSCCT k. (10)

M=~

t=

=

Adding (9) and (10), we get
k
S (|AThO|*S 6X(A) S 2 k AATS CCT . (11)
t=1

We now state the following lemmas, whose proofs may be found in the appendix.

Lemmab. If C is created using the algorithm of Sectibnthen with probability at least
1S s (forall § > 0),

. 1+ 8In(2/s8
AATS CCT ¢ # A2
Lemma 6. Setting the g3 as in Eq(6) minimizes the expectation oAAT S CCT ZF

Thus, using (11) and Lemma 5, with probability at lea&t 4, for all § > 0,
K 2 K = k
YOIAThOT Y oA S 21+ ¢8In<2/6»\f5 A2
t=1 t=1

and the Frobenius norm result of the prst statement of the theorem follows by substituting
this bound to Eq. (8), since

k
ASAZ= AESD oA

In order to prove the statement of the theorem for the 2-norm of the errdilet
range@) = spanh®, h@, .. h®). LetH s« be the orthogonal complement i in
R™. Then,

ASHH'TA ;= max x"(ASHHTA) .
X RM x=1

But, x can be expressed ag-y + a, -z, suchthaty Hy,z Hpsk,a1,8 R and
aZ+ a2 = 1. Thus,
max X' (AS HHTA) max ay' (ASHHTA)
X RM x=1 y Hey=1

+  max az' (ASHHTA)

Z Hmsk: 2=1
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max y' (AS HHTA)

y Hey=1
+ max zZ'(ASHHTA) .
z Hpgk: z=1

But, foranyy Hy, yTHHT isequaltoy. Thus, yT(ASHHTA) = yTASYy'TA =0
for all y. Similarly, for anyz  Hmgk, " HHT is equal to 0. Thus, we are only seeking a
bound for max y_, z=1 Z' A . Tothat effect,

Z"A2=7AATz= Z7/(AATS CCT)z+ Z'CC"z
Z'(AATScCcz+ Z'cC
AATS CCT ¢+ o24(C).

The maximum z'C over all unitlengthz  H s« appears whenis equal to thek + 1)
st left singular vector o€. Thus,

ASHHTAZ o2 ,(C)+ AATSCCT .

Now, AAT andCCT are symmetric matrices and a result of perturbation theory (see e.g.
Golub & Van Loan, 1989) states that

lows 1(AAT) S 61 1(CCT)|  AAT S CCT ».

But, using Lemma 5 and the fact thaX , X g for any matrixX,

1+ 8In(2/3)

C

AATSCCT , Az (12)

holds with probability at least $ 8. Thus,

lovs 1(AAT) S 01 1(CCT)[ = |02 1(A) S 02 4(C)|

and the statement of the theorem for the 2-norm of the error follows. O

We conclude with a few words on Theorem 3: the bounds are useful witef
A F A g, which is typically the case when spectral techniques are most useful. Also,
notice that the error of our approximation is inversely proportional to the number of columns
that we include in our sample.
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5.3. Doing better than worst-case

Note that even though we prove that picking O(k/e2) columns ofA does the job, it is
possible that in an actual problem, the situation may be far from worst-case. In practice, it
sufbces to pick rows, wheret is at brst much smaller than the worst-case bound. Then, we
may check whether the resulting approximatidii ™ A to A is sufbciently close té\. We

can do this in a randomized fashion, namely, sample the entridsSoHHT A to estimate

the sum of squares of this matrix. If this error is not satisfactory, then we may ina@ease
The details of variance estimates on this procedure are routine.

5.4. Approximating the right singular vectors

We could modify the algorithm to pick rows & instead of columns and compute approxi-
mations to theight singular vectors. The bounds in Theorem 3 remain essentially the same
(columns become rows andbecomesn). P is now equal toAH H T, whereH is an

nx k matrix containing our approximations to the fopght singular vectors. The running
time of the algorithm iO(r 2n + r3), wherer is the number of rows that we include in our
sample.

6. Recent related work and conclusions

In Ostrovsky and Rabani (2002), the authors presented a polynomial time approximation
scheme for the Discrete Clustering Problem, with an exponential dependencarmh

the error parameter. We should also note that a closely related problem to DCFkis the
median problem, where again we seek to partition the given point icitesters; we also

seek for each cluster a cluster center or median. The optimal solution minimizesrnthe

of distancef each point to the median of its cluster. For thenedian problem, good
approximation algorithms have been hard to come by; most notably (Charikar et al., 2002)
gave a constant factor approximation algorithm based on a rounding procedure for a natural
linear programming relaxation. The constant has been improved in Jain and Vazirani (1999)
and further in Charikar and Guha (1999) using the primal-dual method.

In Achlioptas and McSherry (2001, 2003), Achlioptas and McSherry describe an alter-
native randomized algorithm for Singular Value Decomposition: givema&nn matrix A,
sample elements oA; create aim x n matrix A by only keeping the elements @f that
are included in the sample, after dividing them by the probability of being sampled. The
remaining elements of are zeroed out; essentiall§iis a sparse OsketchGhoExtending
an elegant result of Furedi and Komlos (1981), they prove AtatA is small with respect
to the 2-norm. Thus, they argue that the singular vectors and singular valdeslagely
approximate the corresponding singular vectors and singular values/g note thatX is
anmx n matrix, thus in order to compute its SVD efbciently one has to employ the Lanc-
zos/Arnoldi techniques. Their error bound with respect to the 2-norm is better than ours
(their asymptotic dependency oyielis smaller); in Achlioptas and McSherry (2003) they
prove that the Frobenius norm bounds are the same for the two algorithms. For a detailed
analysis and comparison, we refer the reader to Achlioptas and McSherry (2003).
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More recently, Bar-Yossef (2002, 2003) addressed the question of the optimality of our
algorithms. In Bar-Yossef (2003), he proves that our algorithm is optimal, with respect to
the Frobenius norm bound, up to polynomial factors pf.More interestingly, he also
proves that if columns of the original matrix are picked uniformly at random (and not with
our judiciously chosen sampling probabilities), the error bound of our algorittamsot
be achieved.

Perhaps the most interesting open question would be to improve the error bounds of
our algorithms by allowingxtra passeghrough the input matrices. For example, after
computing some initial approximations to the left singular vectors using only a small sample
of the columns ofA, it would be interesting to design an algorithm that iteratively improves
this approximation by accessimfy(or parts ofA) again. This situations notcovered by
the lower bounds in Bar-Yossef (2003).

Appendix

Proof of Lemma 5: The matrixC is dePned as in Section &: contains columns ofA
after scaling. ThusCCT is the sum ot independent random variables and

=1 CP

We assume thatty, ..., i are picked by independent identical trials; in each trial an ele-
ment from{1, 2, ... n} is picked according to the probabilitigg = A® 2/ A 2 k=
1, ..., n. Consider the function

F(i1, iz ...,ic)= AATSCCT ¢,

whereiy, .. .i¢ are independent random variables. We will compute the expectatibn of
show thatF satisbes a Lipschitz condition and then apply a Martingale inequality to the
Doob Martingale associated with.

Following the lines of Frieze, Kannan, and Vempala (1998) and Drineas and Kannan
(2001), we seek to bound

E(%((AAT)” S (CCT)ij)z>-

ij=1

Fix attention on one particular j. Fort = 1...c debne the random variable

_ (A(“)(AT)(it)) _ AiLAY
ij Cp,

Wt =
cp,
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So, thew;Osare independent random variables. Al )ij = Y r., w. Thus, its expec-
tation is equal to the sum of the expectations ofih©sBut,

N AKAL 1
E(w) = Lpe= Z(AAT);.
2o "7

So,E((CCT)j) = Y -1 E(w) = (AAT);. Since CCT);; is the sum ofc independent
random variables, the variqnce &@CT);; is the sum of the variances of these variables.
But, usingVar (wy) = E(w?) S E(w)?, we see that

”A-ZATZ-Vl nA_2AT2_
Var(w) = ) KA Jg S S(AATY; Zi'k( {

k=1 C? Pk k=1 C? P
Thus,

n A_Z AT 2
Var(CCT);; CZM

k=1 CZ pk

UsingE((AAT S CCT);;) = 0 and substituting the values fex,

3
3

E( AATSCCT 2) E((AATS CcCT)))

1

1
25
3 7

= Var ((C CT)ij)

() e

| A% A%

2
A% ||)
k=1

At

n
I

5 =

OlF
=~
=R
1

Ol
il

i
Pl Pl

nN e
S

A
c

Ol

Using the fact that for any random variabte E(| X|) +E(X?), we get that

E( AATS CCT ¢) Az (13)

o|| =
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We now present a Lipschitz constraint fér. Consider changing only one of theto i,
(keeping the other S 1i,0Oghe same). Le€ be the new matrix so obtained. Then,

OImN

Az

ccTscceT ¢ %(” AV A, 1A ||(AT)<m||>

Pi, Pi,
Using the triangle inequality,

CCTSAAT  CCTSAA" (+ cC"SccCT ¢
5 2
CCTSAAT ¢+ - AZ,
C

Similarly, we get

CCTSAA" ¢ CC'SAA" (+

OIN

Az

Thus, changing one of thig does not chang& by more than (2c) A 2. Now, using
AzumaOs inequality (see e.g. McDiarmid, 1989)

Pr[|F(i1...iC)é E(F(iy...i0) A Eﬁ% AZF}

~ - o _ 2 . .
= Pr|:| AATS CCT ¢ SE( AATSCCT ¢) & S A f.:} 18 265172,
Thus, using Eq. (13), for all > 0, with probability at least $ 5,

1+ 8In(2/9)

c

AATS CCT ¢ Az

Proof of Lemma 6: In proving the above lemma we showed that

. 1.1 sl
T T2\ - = = (k) = T 2
E( AATS CCT 2) C}:pkHA [*s - AAT .

To prove that our choice of thp.Osninimizes the above expectation among all possible
choices of thep,Oswe debne the function (observe thay¢l AAT 2 is independent of
the pOs)

19~ 1o
f(pr... pn) = EZE”A "
k=1
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We want to minimizef given that) -, p« = 1. Using simple calculus (that is substi-
tuting pn = 1S Y427 px and solving the system of equatioffs = 0,k =1,...,n$ 1),

we getthatp, = AN 2/ A 2,
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Notes

1. A simple modibcation of our algorithm may be used to approximate right singular vectors as well.
2. Again, the algorithm can be modibed to approximmaght singular vectors.
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