Solution 6

Problem 1.
e (a) For any z,, — x9 as n — oo, |f(z,,y)| < g(y), by DCT,

fm | f(@ny)udy) = /Q Tim f(n, y)p(dy) = /Q Jim f(z, y)u(dy)

n—oo

Since z,, is arbitrary, we get

lim f(:v y)p(dy) = /Q lim f(z,y)u(dy)

T—T0 T—T0

e (b) For any x,, — zg and y outside a set of measure zero, by Mean Value
Theorem, there exist a sequence z, such that (x,, — 2/ )(xg — x}) <0
and M= Lwo) = f, (2], y). Siene |f, (2], )| < g(y). By DCT,

Tn—x0

i Jolomt) = oo )uldy) | 2t

In—x0 l’n—.CEO
_ / lim £ (e, y)u(dy)
Q

! —xo

= / fa(wo, y)u(dy)
Q
Since x,, is arbitrary, we get

d%/ﬂf(z,y)u(dy) Z/Qfx(:vo,y)u(dy)-

—‘ if  # 0 and y € (—|z|,|z|); O

|z

e (c) Example for (a): let f(x,y) =
otherwise. Then

ti | fla)u(dy) =240 = / lim £z y)pu(dy).

Example for (b): let f(z,y) = e /v if y > 0, 0 otherwise. Q = [0, 1].
Then fo(r,y) = e /v (% —

/f z,y)u(dy) = / — _3”2/ydy—xe &
d

%/Qf(x,y)u(dy) = (120%™ £0= /Qfgc(&y)u(dy)-

Htﬁ

) exists for all y.



Problem 2.
e (a) There exists some finite constant M, such that |f| < M. Since

MI) < oo, M € L*I,d)\). Obviously, |u(f, Py, |I(f, Px)] < M, by
DCT,

lilgn/Iu(f, Pk)d)\:/lu(f)d)\, liin/ll(f,Pk)d)\:/Il(f)d)\

Hence

f is Riemann integrable on I <= liin U(f, Py) = liin L(f, Py)
— liin/u(f, Py)d\ = lilgn/l(f, Py)d\
I I

<:>/Iu(f)d>\:/ll(f)d)\

o 1) 0<AP) =AU D) <, NPy = 0= \(P) = 0.

e (c) If f is continuous at x, Ve > 0, there exist some § > 0, such that

sup  f(y)— inf  f(y) <e
yE[r—3,z+45] () yE[z—8,2+4] ()

Since Py has limit mesh 0 and = ¢ &2, there exist some N such that
for all £ > N, the subinterval created by P, that x lies in is contained
in (z — 0,z +9). It follows that

f(x) — e <I(f, P)(x) < fx) < ulz, Pe)(x) < fz) +e

Lettint k& — oo yields

f(@) —e <U(f)(x) < fz) Sulz)(z) < f(r) +€

Since € is arbitrary, we get f(x) = u(f)(x) =I(f)(x).

Conversely, suppose u(f)(z) = I(f)(z), then for every ¢ > 0, we can
pick some Py such that

[(F)(x) = €/2 <U(f, Pr) (@) < ulf, Pe)(x) < u(f)(x) +€/2



Since x ¢ 2, there exist some 0 > 0 such that (x —d, x+0) is contained
in the subinterval of P; that x lies in. Then for y € (z — §,z + 0), we
have

W) (@) —€e/2 <U(f, Po)(t) < f(E) < ulf, Be)(t) < ulf)(z) +€/2
Hence |f(t) — f(z)| < € and f is continuous.

e (d)
f is Riemann integral <= /u(f)d)\ = /l(f)d)\ by (a)
I T

— / (u(f) — U(f))dA = 0

<~ u(f)—U(f)=0as. sinceu(f)—1I(f)>0
<= [ is continuous a.s. by(c)

e (e) Since u(f) is the limit of simple functions u(f, Pg),u(f) is measur-
able. f is Riemann integrable implies that u(f) = I(f) = f a.s.

From (a)
/Ifd)\:/lu(f)d)\:/ll(f)d/\

Hence u(f) € L'(I,B(I),\) and f € L'(I, B(I),\).

Problem 3.

e (a) If f has an improper Riemann integral, then there exist (a,,b,) —
(—o0,0) as n — oo such that f is Riemann integral on all [a,, b,]. Let
E ={z: f is not contivous at x} and E,, = FE()[an,b,|. By Problem
2-(d), f is continuous a.s. on each [—n,n|, namely, A\(E,) = 0.

Hence A(E) = AU, En) <>, AM(E,) =0.

The converse is wrong. For example, let f(x) = 1. f is continuous
everywhere, but f is has no improper Riemann integral.

e (b) If f > 0 has an improper Riemann integral, let f, = f1;_q, 5.} > 0,
where (a,,b,) — (—o00,00) as n — oocand

n—oo
an

0o bn
/_ f(z)dz = lim f(z)dz



Hence f, € L'(R, Z(R), \) by Problem2-(e).
fn is a increasing sequence and f = lim, ., f,, by Monotone Conver-
gence Theorem,

/Rfd)\:/R lim f,d\ = lim fd\ = hm fdx—/ f(z)dx

n—oo n—oo [an 7bn]

and f € L'(R, B(R), \).
_1)n—1

Counterexample: Letting f = > 7, (
proper Riemann integral

/Oof(x x—le fd i%zl?ﬂ

n=1

), then f has an im-

But f ¢ L'(R, Z(R), \) since [, |f|d\ = oc.



