Solution 5

1.

e Prove that .# is a o-field:
(0 is countable = 0, Q) € .Z;
Ae ¥ — Aor A°is countable =— A° € ¥,
If {A;}°, C Z, then either each A; is countable or there exists some
A; which is uncountable. In the first case, J A; is countable. In the
second case, A§ is countable, so (lJ 4;)¢ = (N Af C A§ is countable.
Hence in both case, | J A; € Z.

e Prove that p is a measure:
w(0) = 0 since 0 is countable;
Suppose {A4;}3°, C Z are disjoint. If each A; is countable, then [J A;
is countable, so p(|JA;) = 0 = >, u(A;). If there exists some A; is
uncoutable, then A$ is countable, | J; oy A; C Af is countable and hence
for each i # j, A; is countable. So

pJA) =1=p(4) +p(JA) =D n(4)

i#j

e (lassify the measurable functions and p-integrable functions:
Claim: f : Q@ — %(R) is measuable <= f is constant on some
uncountable set.
Proof: ”<" is obvious since if f = a on uncoutable set E, then {f > b}
is countable if b > a and {f > b}° = {f < b} is countable if b < a. In
both case, {f > b} € .. Hence f is measurable.
”=": Note when f is measurable, there is atmost one point a € F
such that {f = a} is uncountable, because if a # b, then {f = a} and
{f = b} are disjoint sets in .% and atmost one of them is uncoutable.
For any n, {-n<f<n}e.Z and J {-n<f<n}=[f1R)=1Q,
so there exist some N such that {—N < f < N} is uncoutable since
2 is uncountable. Let [ag, by] = [—N, N]. We construct a sequence of
closed intervals [ag, bo] D [a1,b1] D [az, bs] D ... by induction such that
{a; < f < b;} is uncountable.

{a; < f<b}={a; < f<(a;+b;)/2} U{(Gi +0;) < f< b}



2.

is uncountable, so at least one of {a; < f < (a; + b;)/2} and {(a; +

b;))/2 < f < b } is uncoutable. If {a; < f < (a; + b;)/2} is uncoutable,
let [a;i1, biv1] = [ai, (a; 4+ ;) /2]; otherwise, [a;1,biv1] = [(a; +b;)/2, by
Obviously, {a; < f < b} — {aiy1 < f < b1} is countable. Then

Nla;, b;] = {a} and

{ag < f<bo} —{f =a} = J{a; < F <bi} = {aiys < F <bina})

i=0
is countable, so {f = a} is uncoutable.

f is measurable = f is u-integrable:

If f is measurable, then there exists unique a such that F = {f = a}°
is coutable, so f(Q) = {a}|J f(E) is countable. For each x € f(F),
{f = a} C E is countable. Hence,

[ fdn=anE)+ Y an(f=ah)=a+0=a

z€f(E)

which means f is p-integrable.

By Lebesgue’s Dominated Convergence Theorem, |f,| < fi, fi € L'(p)
and f = lim,, f,, implies directly that

lim fn p(dx) / f(x
If fi € L*(p) is omitted, take f, = 1j,00). Obviously, f, \ 0 = f, but

lim an(x),u(d:c) =00>0= /Qf(x)u(d:c

n—oo



o Let f, = nlog[l + (£)*], B = {f = o0}, By = {f = 0} and B, =
{0 < f < oo}. Then [, fdu = ¢ > 0 implies that u(F.) = 0 and
p(EL) > 0. So [, fdu = fE+ fdu.

If f(x) =0 or f(z) = £o00, then obviously, lim,, f,(z) = f(z). So

lim fndp + hm fndp =0, hm/ fndp = hm fnd,u

" JE. Eo

If 0 < f(z) < oo, then
f*(x)

lim f, = limn'~®log[1+=—-2]"" = loge/" @ limn'~* = f*(z) limn'~
n n n« n n

e Claim: If o > 1, then log[l + y*] < ay for all y > 0.
Proof: Let ¢g(y) = ay — log[1 + y*]. Then ¢(0) = 0 and

ay* _al+y* Iy —1) _

/
= x — =
9w I+ y~ 1+ y

)

because if y > 1, then ¢’(y) > 0 obviously; if 0 <y < 1, then y*~1(1 —
y) < 1, so we still have ¢’(y) > 0. Therefore, g(y) > 0 for all y > 0.

e 0 < a < 1: by Fatou Lemma,

lim/fnd,u = lim fndp
noJa n JE,
> / liminf f,dy = f%(z) liminf n'~®
N n By n

= 00 = 00
Ey

e a=1: forz € E., lim, f,(x) = f(z), and

Hand —rer

0 < f,=nlog[l+
n

By Lebesgue’s Dominated Convergence Theorem,

hm/ fndp = llm fnd,u / lim f,dp = fdu=-c
Ey "

Ey



e a>1: forx € E,, lim, f,(z) = f*(x)lim, n'~* =0, and

0< fu=nloglt + (D < mg —af e L'(n)

By Lebesgue’s Dominated Convergence Theorem,

hm/ fndp = hm fndu / lim f,dp = / Odp =0
Ey ™ Ey

4.

e (a) Let 14,’s are measurable and non-negative. By Fatou’s Lemma,

p(liminf A,) = /lliminannd,u:/liminf 1a,dp

< liminf/ La,dp = liminf u(A,)
n 0 n

e (b) p is finite implies that [, lodp < 0o, namely, 1o € L'(u).
0<1y, <lg=0<14 =1g— 14, < lq.
By Fatou’s Lemma and (a)
p(limsup 4,)) = u(Q — limninf A?)
' > p(Q) — liminf p(AS)
= limnsup(u(Q) — 1(Ay))

= limsup pu(A,)

5.

e (a) f is non-negative implies that ,u is non-negative on 7.
Obviously, u(0) = [, fdv =0, u(Q) = [, fdv < co. If {A;} C .F
disjoint, then

uJar= [ gav= Z/Ai fdv =3 p(A

Hence, p is a finite measure.

F are



e (b) If v(B) = 0, then for any non-negative simple funcion h < f,

/ hdv <|| h [l v(B) = 0.
B

By definition of [, fdv, we have u(B) = [, fdv = 0.

e (c) For each € > 0, there exists some non-negative simple function h < f
such that 0 < [, fdv — [, hdv < €/2. Choose 0 <|| h [[< M < o0,
and let 0 = ¢/(2M). Then for any B € .% satistying v(B) < 6,

M(B)—/deyg/Bhdu+6/2§M1/(B)+e/2<e.

Therefore, u is absolutely continuous w.r.t v.

6. For any non-negative simple function h(z) < f(z), h(x — a) is also
a non-negative simple function satisfying h(z — a) < f(z — a). Since Borel
measure is translation invariant, it is easy to show that

/Rd h(z — a)dz = /R h(z)dz.

flz)de = inf{ | hdz:0<h(z) < f(x),h simple}

R4

Therefore,

= inf{ | h(z—a)dx:0<h(x—a)< f(x—a),h simple}

R4
> inf{ | Wdx:0<h(x)< f(x—a),h simple}
Rd
= flz —a)dz
R4

By symmetry, [p. f(x —a)dz > [o, f(x —a— (—a))dz = [, f(x)dz. Hence

flz)dz = | f(zx—a)dx
Rd Rd



