Solution 1

1. Forany {A,}°, C F,let B, = A, — Z;% Ai. {Bn}52, C F since
Z is a field and {B,}>°,} is a collection of disjoint sets. Then (J 7, 4, =
U,~, B, € #. Hence & is a 0 — filed.

2. (a) Let A=y = (U, 4)°. Then {Ay,..., A1} gives a partition of
Q. Soo{As,.., Ay ={U,c; A T C{1,2,...,n+ 1}}.

(b) Let B = {N, A; : A; € {Ai, A$}} = {By, ..., B,}. Then B gives a
partition of Q. r = #B < 2" and 2" can be achieved in general cases (in
the sense of large probability). {A,...,A,} € o(B) and B € o({A4, ..., A, })
give that o({Ay,..., An}) = o(B) . From (a), 0{A;,..., Ay} = {U;c; Bi : I C
1,2,...,7}. So #F = 2" < 22" and the maximum is achieved iff r = 2".

3. Let oy, 09, 03, 04 be the o — fields generated by sets of (a), (b), (c),
(d) respectively. Take N large enough.

(a)

[e.9]

@ b= (Y@~ b+ ) € BR) = 0, C B(R)

(a,5) = G[a—i—%,b—l] — B(R) C o,

n
n=N

o0

a,b) = ((a— %,b) € B(R) — o C B(R)

(a,b) = U[a+%,b):>B(R) c o

(a,00) = ﬂ(a,a—i—n) € B(R) = o3 C B(R)
(a,8] = (a,00) ()b 0)° € o = (a,b) = |_J (a,b — %] € 05 —> B(R) C o

n=N



(—00,b) = G(b —n,b) € B(R) = o4 C B(R)

n=1

[a,) = (—00,a)°()(=00,b) € 04 = B(R) C 03 C 0y

4. D ={B,(q) :r € Q*,q € Q'} is a countable set. For any open set
Q C R? and any point z € €, there exsit some ¢ > 0 such that B.(z) C Q.
Taking r € Q, 0 <r < £, and ¢ € Q*( B, (z), then = € B,(q) C Bc(z) C Q,
B.(q) € D. So, Q = UBeD,BCQ B. Then union is countable since D is
countable.

5. (i) f(a(
U € f71(0(€))
HUZ ) € N

implies that o(f~1(%) C

(i) Let 4 = {U € o(
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P 0= f7H0) € fTHa(?), Q=
“HA%) € f[THo(? )); Ufflf HAi) =
Then [~(%) C f~(a(%))

)
YU) e o(f~Y(€))}. Then 4 is a o — field:
TR =Qeo(fTHE) = Y ed;
[THE) = B €9, {B.};2, C¥9 =
) = Ul f71(Ba) € o(f71(%)) =
C¥Y Soo(€)C¥ = fHo(¥)) Cf YY) C
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L0 =0 € o(fHP)) =
Be¥Y = 4B = (f"Y(B))
{f~Y(B.)} C a(f (%))
U,—, B, € 4. Obviously,

(f7H()).

RV

6. (i) .2, I, is an increasing sequence, so

p(liminf T',) U ﬂ r,)= 11_I>n 1 ﬂ r,) <lirriinfu(f‘n)

m=1n=m

, since for each m, (), —,, T'n) <liminf pu(T,).
(ii) U2, I’y is a decreasing sequence and p(lJ)-,) < 0o, so

p(limsupT',) n U r,) = = lim w( U [',) > limsup u(T),)

n—o00
m=1n=m

, since for each m, p(J,—, T') > limsup u(T),).
(ili) p(liminf T',) < liminf, . u(Ty) < limsup, . p#(I'n) < p(limsupT,,).
If lim,, .o, [, exits, then p(liminfT,) = p(limsupl,) = p(limT,) implies

that liminf, .. u(T,) = limsup,,_,. u(T,). Hence lim,, ., u(T,) exists.
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(iv) p(limsupT,) = limy, oo p(Ure,, Tn) < limy, oo > oo (L) = 0 if
Zfzozl M(Fn) < 0.

7. (i) Let’s first show that measurability of f is equivalent to: (a)
{f > a} € F for each a € Q; (b) {f > a} € F for each a € Q; (c)
{f <a} € Z foreach a € Q; (d) {f < a} € .F for each a € Q.

Clearly, f being measurable implies the four. Conversely, by Exericse
3, B(R) can be generated by {(a,00) : a € R} or {(—o0,b) : b € R}.
Note that Q is dense in R. Case (a) implies for any a € R, f~!(a,00) =
YU (aj,00) = Use, f(aj,00) € F where a; € Q and decrese to a.
By Exercise 5, f71(%((R))) C .Z. Case (b), (c), (d) are similar.

(ii)

{r<gy=Udr<a(Wa<gh) ez
q€Q
<gt=Ug<fires
{(f=9t={f<g(f<g¥es

f#gr={f=9}e€F



