Solution to Midterm Exam

1.

(a) Claim: log(l —z) < —zif 0 <z <1, log(l+z)<zif 0 <z < oo.
Proof: Leg f(z) = log(1 —z) + x, g(z) = log(1 + ) — . Then

fO) =0, fe) =1 +1=7 <0
for0<z <1,
, 1 —x
9(0) =0, g1 ):1+x_ :1+x§0
for 0 < x < 0o. Hence
0<(1- %) 6%1(()”) =1, )enlog(l T2 <emz

0<(1+ %)ne_gxl(o,n) = 1(0,n)€nlog(l+%)_2x <e”

By Dominated Convergence Theorem,

n o

lim (1-— z)”e%alx = lim (1-— f)”e% Lomydz
n—oo [q n n—oo Jg n
> . Ty z
= /O n]g&(l — E) ez 1(0,n)d$
o0
= / e "2 dr =2
0
im [ 1+ Sede = lim [ (14 2)e 1 gde
n—oo 0 n n—0o0 0 n
> : x n _—2x
= lim (1 + —)"e " 1(gndz
0 n—oo n
= / e fdr =1
0
(b) For any a > 0,
/ | sin we | dxdt = / |Smxe’y\dyd:c < 00
(0,a)x (0,00) (0,a)x(0,00) ¥
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By Fubini’s Theorem,

a SiIlZL’ a o0 o a
/ dx = / / sinze ' dtdx = / / sin ze "t dxdt
o T 0o Jo 0 0

a a
/ sinze "dr = / e "d(— cos )
0 0

a
= —Cosxe_wt|g—|—/ cos e ' (—t)dx
0

= 1—cosae ™ — t/ e "d(sin )
0

= 1—cosae™™ — tsinze ™3 + t/sin ve " (—t)dx
0

= 1—cosae ™ — tsinae — ¢? /sin xe Ctdx
0

“ 1
= / sinze *'dr = ———(1—cosae™® —tsinae™")

; 211
: R 1

— lim sinze” "dr = —0

a—o0 Jo 241
“ 1

and | /0 sinze "dx| < m(l +e ™ 4 te ) € LY((0,00))

By Doninated Convergence Theorem,

“sinx o fa
lim dr = lim / / sin ze ' dxdt
o Jo

a—00 0 X a—00
= / (lim/ sin re”*'dx)dt
0o 97 Jo
B /°° I 7
Sy 212

(c) For any t > 0, 0 < log(1 + ¢') — t = log(:*£) < In2. Hence for n > 1,

et

|%log(1 + e”f(x))] <In2+ f(x) € L'(]0,1]).

If f(x) >0, lim,,_.(1 4 /@)t/n = ef(@),
If f(z) <0, lim,_ (1 + e¥@)1/n =1,
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Hence, lim,,_. (1 + ™/ @)V/" = f(z)1(;~0.
By Dominated Convergence Theorem,

1 ! 1
lim — [ log(1+e™®)dz = / lim — log(1+e"@)dz = / f(@)1isoda.
0

n—oo M, n—oo M

2.

(a) From the translation invariance of A,

[ We=ogodsa) = [ el
= 1/l g lh< oo

By Fubini’s Theorem,

[ 1@ ganias = [ 15— a0\t < o

R xR™

Therefore, ([o. |f(z —1t)g(t])dt) < oo, namely, F, € L'(R"), for almost
every r € R".

(b) By (a),
L[ s -naaas < [ [ 1= Dg@ldds =1 1 1l g 11

Thus fxg € L'(R") and || fxg [h<[l f 1]l g [l1-

fglx) = / f(x — t)g(t)dt = / fWg(@ — y)dy = g% f(z)

/ [f (@ =5 = t)g(t)h(s)|Adsdtdz) =[| f [[[l g lL]] 7 [[1< o0
R™ xR" xR"™

So for almost every x € R",

/Rn n |f(z— s —t)g(t)h(s)|A(dtdz) < oco.



By Fubini’s Theorem, for almost every z € R,
(Fegyshte) = [([ 1o =s-ngtnannis)as
- /(/ﬂx—wMy—@@M@wszwwumgyzt—s

frlg+h)a) = /f@—®@®+hwwt
_ /f(x gyt + f(x — Dh(t)dt
— Frg@)+ f (o)
Hence * is comumutative, associate and distributive.
There exist some constants M; > 0 and M > 0 such that
10, 1 < Mj, | f(z) = f(y)] < M|z —y| for all z,y € R"

By (a), there exist some xq such that F'(zg,t) = f(zq—t)g(t) € L*(R"),
so for each z,

|F(,t)=F(x0,8)] < | f(z=t)=f(zo—t)[|g(t)] < M|z—0llg(t)| € L'(R")

which implies that F(z,) € L'(R") for each z.
Also, g € L'(R™) implies that g(t) < oo for almost every ¢. Thus

O, F (1) = (O, f)(x — t)g(t)

exists for almost every ¢.
Furthermore,

10, (f (@ = )g(D))] = (0, ) = 1)g(t)| < M;lg(t) € L'(R")

By Problem 1(b) from Homework 6, we have

0, (fr9)(x) = 0, /fxt =/t%ﬁ@4mwﬁ=«%ﬂw@>



3.

(a) Define f : R*> — R by f(x y) = x + y. Obviously, f is continuous,
hence measurable. So Fy = f~1(E) € B(R?).

(b) > v(0) = o x (f(B)) = o x 1(0) = 0
For A; € R, which are disjoint, f71(A;) € %(R?) are also disjoint.
Hence

wev(JA) = wxv(r(JA)) = nx v A
= S v A = S (A
Therefore, % v is a signed measure on R.

(c) Ig,(z,t) =1l r+te FEeore E—t& 1p(x) =1
So 1g,(x,t) = 1g_¢(x) and

pv(E) = pxv(Ey)= / / 1 (2, Dpa(da)v(dt)

— [ [1edamtanvian = [ (e - ()

When f is a simple function, WLOG, assuming f = Zi\il a;14, where
A; are disjoint, then
N

/fd(u*V) = Y apxv(A Z/azu v(dy)

=1

_ i / / F(& + y)La,a(d)v(dy)

_ /_/f(x+y)u(dff)’/(dy)

When f is a compactly-supported continuous positive function on R,
and u, v are positive measures, p« v is also positive. Choose increasing
positive simple function sequence h,, such that h,, / f. Then

/fd(u*y) = lim [ h,d(p*v)

n—oo

= lim [ hy,(z +y)p(dz)v(dy)

n—oo

— [ fatpdieey)

5



For general compactly supported continuous function f and general
signed measure u, v, by Hahn decomposition and decomposition for
continusous functions

H:lﬁ—/f’ V:V+_V_7 f:f+_f—
where p™, vt are positive measure, p~,v” are positive finite mea-
sure and f,, f_ are compactly-supported continuous positive functions.
Then we have decomposition for ux v and p x v, that is

(uxv)=(ut*v +p *v7) = (ut *v~ +p *vt)

(uxv)y= @ xvh+pu xv)—(u" xv +pu xvh)

[ eder) = [ et oty [ e )
- [ gt vy = [ gt
— //f+x+y *(dx)v (dy) //f+x+y ~(dz)v(dy)
//f+fc+y H(dx)v(dy) - //f+x+y ~(dx)v™(dy)
= [ [ £+ utdaviay)
[dwsr) = [ [ 1@+ putdopiay

Hence [ fd(uxv) = [ [ f(z+y)u(dx)v(dy).

(d) For E € R, E, is symmetry, namely, (z,y) € Fy < (y,x) € Ey. Hence,
prv(E) =pxv(E) =vx u(E) =vx*u(E)
For signed measures u, v, A : R — (—o00, 0], let

Es={(z,s,t):x+s+te L}



(e e AE) = [ (uso)(E - M

— //ﬁ E —t — s)v(ds)\(dt)
_ ///1E 25, ) p(dz)(ds) A(dt)
_ ///1,531;” (ds)\(dE)u(dx)

(vxA)*u(E
u*(u*A)(E)

px (v + A)(Es)

p X v(Esy) 4+ o x AN(Es)
pxv(E)+ px A(E)

px (v + ) (E)

So, * is commutative, associative and distributive.

For Dirac measure 9 at 0,
S n(E) = px S(E) = [ u(E = 0)5(de) = plE = 0) = ()

(e) Lebesgue measure \ is translation invariant. f,¢g € L'(R,\) implies
that

/\1E Fy—)g(t) A(dydr) < /\f OINdedt) =] £ ]l g 1< oo

Therefore,
perlE) = [ (e -t

=[] 1eta)s@raglorn

_ / / 15 (y Mdy)Mdt) by letting & —y —t

- /1E /f —t)g Ady) by Fubini's Theorem

= [Ef*gy



