
Solution to Midterm Exam

1.

(a) Claim: log(1− x) ≤ −x if 0 ≤ x < 1, log(1 + x) ≤ x if 0 ≤ x < ∞.
Proof: Leg f(x) = log(1− x) + x, g(x) = log(1 + x)− x. Then

f(0) = 0, f ′(x) =
−1

1− x
+ 1 =

−x

1− x
≤ 0

for 0 ≤ x < 1,

g(0) = 0, g′(x) =
1

1 + x
− 1 =

−x

1 + x
≤ 0

for 0 ≤ x < ∞. Hence

0 ≤ (1− x

n
)ne

x
2 1(0,n) = 1(0,n)e

n log(1− x
n

)+x
2 ≤ e−

x
2

0 ≤ (1 +
x

n
)ne−2x1(0,n) = 1(0,n)e

n log(1+ x
n

)−2x ≤ e−x

By Dominated Convergence Theorem,

lim
n→∞

∫ n

0

(1− x

n
)ne

x
2 dx = lim

n→∞

∫ ∞

0

(1− x

n
)ne

x
2 1(0,n)dx

=

∫ ∞

0

lim
n→∞

(1− x

n
)ne

x
2 1(0,n)dx

=

∫ ∞

0

e−x/2dx = 2

lim
n→∞

∫ n

0

(1 +
x

n
)ne−2xdx = lim

n→∞

∫ ∞

0

(1 +
x

n
)ne−2x1(0,n)dx

=

∫ ∞

0

lim
n→∞

(1 +
x

n
)ne−2x1(0,n)dx

=

∫ ∞

0

e−xdx = 1

(b) For any a > 0,
∫

(0,a)×(0,∞)

| sin xe−xt|dxdt =

∫

(0,a)×(0,∞)

|sin x

x
e−y|dydx < ∞
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By Fubini’s Theorem,
∫ a

0

sin x

x
dx =

∫ a

0

∫ ∞

0

sin xe−xtdtdx =

∫ ∞

0

∫ a

0

sin xe−xtdxdt

∫ a

0

sin xe−xtdx =

∫ a

0

e−xtd(− cos x)

= − cos xe−xt|a0 +

∫ a

0

cos xe−xt(−t)dx

= 1− cos ae−at − t

∫ a

0

e−xtd(sin x)

= 1− cos ae−at − t sin xe−xt|a0 + t

∫

0

sin xe−xt(−t)dx

= 1− cos ae−at − t sin ae−at − t2
∫

0

sin xe−xtdx

=⇒
∫ a

0

sin xe−xtdx =
1

t2 + 1
(1− cos ae−at − t sin ae−at)

=⇒ lim
a→∞

∫ a

0

sin xe−xtdx =
1

t2 + 1

and |
∫ a

0

sin xe−xtdx| ≤ 1

t2 + 1
(1 + e−at + te−at) ∈ L1((0,∞))

By Doninated Convergence Theorem,

lim
a→∞

∫ a

0

sin x

x
dx = lim

a→∞

∫ ∞

0

∫ a

0

sin xe−xtdxdt

=

∫ ∞

0

( lim
a→∞

∫ a

0

sin xe−xtdx)dt

=

∫ ∞

0

1

t2 + 1
=

π

2

(c) For any t ≥ 0, 0 ≤ log(1 + et)− t = log(1+et

et ) ≤ ln 2. Hence for n > 1,

| 1
n

log(1 + enf(x))| ≤ ln 2 + f(x) ∈ L1([0, 1]).

If f(x) ≥ 0, limn→(1 + enf(x))1/n = ef(x).
If f(x) < 0, limn→(1 + enf(x))1/n = 1.
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Hence, limn→(1 + enf(x))1/n = f(x)1{f>0}.
By Dominated Convergence Theorem,

lim
n→∞

1

n

∫
log(1+enf(x))dx =

∫ 1

0

lim
n→∞

1

n
log(1+enf(x))dx =

∫
f(x)1{f>0}dx.

2.

(a) From the translation invariance of λ,

∫

Rn×Rn

|f(x− t)g(t)|λ(dxdt) =

∫

Rn×Rn

|f(y)g(t)|λ(dydt)

= ‖ f ‖1‖ g ‖1< ∞

By Fubini’s Theorem,

∫

Rn

(

∫

Rn

|f(x− t)g(t)dt)|dx =

∫

Rn×Rn

|f(x− t)g(t)|λ(dxdt) < ∞

Therefore, (
∫
Rn |f(x− t)g(t|)dt) < ∞, namely, Fx ∈ L1(Rn), for almost

every x ∈ Rn.

(b) By (a),

∫

Rn

|
∫

Rn

f(x− t)g(t)dt|dx ≤
∫

Rn

∫

Rn

|f(x− t)g(t)|dtdx =‖ f ‖1‖ g ‖1

Thus f ? g ∈ L1(Rn) and ‖ f ? g ‖1≤‖ f ‖1‖ g ‖1.

(c)

f ? g(x) =

∫
f(x− t)g(t)dt =

∫
f(y)g(x− y)dy = g ? f(x)

∫

Rn×Rn×Rn

|f(x− s− t)g(t)h(s)|λ(dsdtdx) =‖ f ‖1‖ g ‖1‖ h ‖1< ∞

So for almost every x ∈ Rn,

∫

Rn×Rn

|f(x− s− t)g(t)h(s)|λ(dtdx) < ∞.
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By Fubini’s Theorem, for almost every x ∈ Rn,

(f ? g) ? h(x) =

∫
(

∫
f(x− s− t)g(t)dt)h(s)ds

=

∫
(

∫
f(x− y)g(y − s)dy)h(s)ds by letting y = t− s

=

∫
f(x− y)(

∫
g(y − s)h(s)ds)dy

= f ? (g ? h)(x)

f ? (g + h)(x) =

∫
f(x− t)(g(t) + h(t))dt

=

∫
f(x− t)g(t)dt + f(x− t)h(t)dt

= f ? g(x) + f ? h(x)

Hence ? is comumutative, associate and distributive.

(d) There exist some constants Mj > 0 and M > 0 such that

|∂xj
f | < Mj, |f(x)− f(y)| < M |x− y| for all x, y ∈ Rn

By (a), there exist some x0 such that F (x0, t) = f(x0−t)g(t) ∈ L1(Rn),
so for each x,

|F (x, t)−F (x0, t)| ≤ |f(x−t)−f(x0−t)||g(t)| < M |x−x0||g(t)| ∈ L1(Rn)

which implies that F (x, ) ∈ L1(Rn) for each x.
Also, g ∈ L1(Rn) implies that g(t) < ∞ for almost every t. Thus

∂xj
F (x, t) = (∂xj

f)(x− t)g(t)

exists for almost every t.
Furthermore,

|∂xj
(f(x− t)g(t))| = |(∂xj

f)(x− t)g(t)| ≤ Mj|g|(t) ∈ L1(Rn)

By Problem 1(b) from Homework 6, we have

∂xj
(f?g)(x) = ∂xj

∫
f(x−t)g(t)dt =

∫
(∂xj

f)(x−t)g(t)dt = (∂xj
f)?g(x)
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3.

(a) Define f : R2 −→ R by f(x, y) = x + y. Obviously, f is continuous,
hence measurable. So E2 = f−1(E) ∈ B(R2).

(b) µ ? ν(∅) = µ× ν(f−1(∅)) = µ× ν(∅) = 0.
For Ai ∈ R, which are disjoint, f−1(Ai) ∈ B(R2) are also disjoint.
Hence

µ ? ν(
⋃

Ai) = µ× ν(f−1(
⋃

Ai)) = µ× ν(
⋃

f−1(Ai))

=
∑

µ× ν(f−1(Ai)) =
∑

µ ? ν(Ai)

Therefore, µ ? ν is a signed measure on R.

(c) 1E2(x, t) = 1 ⇔ x + t ∈ E ⇔ x ∈ E − t ⇔ 1E−t(x) = 1.
So 1E2(x, t) = 1E−t(x) and

µ ? ν(E) = µ× ν(E2) =

∫ ∫
1E2(x, t)µ(dx)ν(dt)

=

∫ ∫
1E−t(x)µ(dx)ν(dt) =

∫
µ(E − t)ν(dt)

When f is a simple function, WLOG, assuming f =
∑N

i=1 ai1Ai
where

Ai are disjoint, then
∫

fd(µ ? ν) =
N∑

i=1

aiµ ? ν(Ai) =
N∑

i=1

∫
aiµ(Ai − y)ν(dy)

=
N∑

i=1

∫ ∫
f(x + y)1Ai

µ(dx)ν(dy)

=

∫ ∫
f(x + y)µ(dx)ν(dy)

When f is a compactly-supported continuous positive function on R,
and µ, ν are positive measures, µ?ν is also positive. Choose increasing
positive simple function sequence hn such that hn 1 f . Then∫

fd(µ ? ν) = lim
n→∞

∫
hnd(µ ? ν)

= lim
n→∞

∫
hn(x + y)µ(dx)ν(dy)

=

∫
f(x + y)d(µ ? ν)
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For general compactly supported continuous function f and general
signed measure µ, ν, by Hahn decomposition and decomposition for
continusous functions

µ = µ+ − µ−, ν = ν+ − ν−, f = f+ − f−

where µ+, ν+ are positive measure, µ−, ν− are positive finite mea-
sure and f+, f− are compactly-supported continuous positive functions.
Then we have decomposition for µ ? ν and µ× ν, that is

(µ ? ν) = (µ+ ? ν+ + µ− ? ν−)− (µ+ ? ν− + µ− ? ν+)

(µ× ν) = (µ+ × ν+ + µ− × ν−)− (µ+ × ν− + µ− × ν+)

∫
f+d(µ ? ν) =

∫
f+d(µ+ ? ν+) +

∫
f+d(µ− ? ν−)

−
∫

f+d(µ+ ? ν−)−
∫

f+d(µ− ? ν+)

=

∫ ∫
f+(x + y)µ+(dx)ν+(dy) +

∫ ∫
f+(x + y)µ−(dx)ν−(dy)

−
∫ ∫

f+(x + y)µ+(dx)ν−(dy)−
∫ ∫

f+(x + y)µ−(dx)ν+(dy)

=

∫ ∫
f+(x + y)µ(dx)ν(dy)

∫
f−d(µ ? ν) =

∫ ∫
f−(x + y)µ(dx)ν(dy)

Hence
∫

fd(µ ? ν) =
∫ ∫

f(x + y)µ(dx)ν(dy).

(d) For E ∈ R, E2 is symmetry, namely, (x, y) ∈ E2 ⇔ (y, x) ∈ E2. Hence,

µ ? ν(E) = µ× ν(E2) = ν × µ(E2) = ν ? µ(E)

For signed measures µ, ν, λ : R −→ (−∞,∞], let

E3 = {(x, s, t) : x + s + t ∈ E}
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(µ ? ν) ? λ(E) =

∫
(µ ? ν)(E − t)λ(dt)

=

∫ ∫
µ(E − t− s)ν(ds)λ(dt)

=

∫ ∫ ∫
1E3(x, s, t)µ(dx)ν(ds)λ(dt)

=

∫ ∫ ∫
1E3(x, s, t)ν(ds)λ(dt)µ(dx)

= (ν ? λ) ? µ(E)

= µ ? (ν ? λ)(E)

µ ? (ν + λ)(E) = µ× (ν + λ)(E2)

= µ× ν(E2) + µ× λ(E2)

= µ ? ν(E) + µ ? λ(E)

So, ? is commutative, associative and distributive.

For Dirac measure δ at 0,

δ ? µ(E) = µ ? δ(E) =

∫
µ(E − t)δ(dt) = µ(E − 0) = µ(E)

(e) Lebesgue measure λ is translation invariant. f, g ∈ L1(R, λ) implies
that∫

R2

|1E(y)f(y−t)g(t)|λ(dydt) ≤
∫

R2

|f(x)g(t)|λ(dxdt) =‖ f ‖1‖ g ‖1< ∞

Therefore,

µ ? ν(E) =

∫
µ(E − t)ν(dt)

=

∫
(

∫
1E−t(x)f(x)λ(dx))g(t)λ(dt)

=

∫ ∫
1E(y)f(y − t)g(t)λ(dy)λ(dt) by letting x = y − t

=

∫
1E(y)(

∫
f(y − t)g(t)λ(dt))λ(dy) by Fubini′s Theorem

=

∫

E

f ? g(y)λ(dy)
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