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ABSTRACT

Families of non-lattice tilings oR" by unit cubes are constructedihesetilings are
specializations of certain families of nonlinear codes @Fe(2).

These cube-tilings provide building blocks for the construction of cube-tisngh that no
two cubes have a high-dimensional face in commt construct cube-tilings d®" such that

. . N
no two cubes have a common face of dimension exceedm%_On .
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1. Introduction

In 1907, Minkowski[9] conjectured that all extremal lattices the supremum norm were of
a certain form, and gavegeometric interpretation of this conjecture: in every lattice tiling 'bf
with unit cubes, there arwvo cubes that have a complete facet in commbn.studying
Minkowski's conjecture, in 1930 (H. Keller[5] made the stronger conjecture that in any tiling
of R" by unit cubes there are two cubes having a complete facet in corimd®40, Perron
[10] proved Keller's conjecture is true in dimensionap to 6. In 1942 Hajag2] proved that it
holds for all lattice tilings oR", which settled Minkowski'sconjecture. Subsequentlyarious
reductions oKeller's conjecture were made in H&§{8], Szabo [12] and Corradi and Szabo [1].
Recently, we showed that Keller's conjectisdalse in all dimensions 3 10, by construction,

cf. Lagarias and Shor [6]it remains open in dimensions 7, 8 and 9.

Let K,, denote the largest integer such that every tilindgR Bfby unit cubescontains two

cubes that have a common facedohensionK,,. This paper considers the problem of bounding

K, from above.We shall show by construction thigt, £ n - %On for all n.

One dif®culty with obtaining upper bounds 6y is that constructions afube-tilings with
no two cubes having a complete facet in common do not carryiroaesimple manner from one

dimension to anotherOnedoes have

Kns1 £ K,y + 1. (1.1)



This is easily proved using a stacking" construction that produceénan 1)-dimensional
tiling from an n-dimensional one, consisting of layersreflimensional tilings with successive
layers shifted relative to each other to preclude any common faces between cabgpsent
layers. Wedo not know whetheK,, £ K, ;. Infact, in AppendixA we showK o £ 7, butat

present we only know th#tg £ 8.

Our construction proceeds in two stepEhe ®rst step is to construct a largass of non-
lattice cube-tilings, which are combinatorially interesting in their own righiesetilings have a

certain ““additive" structure and also have the following properties:

(i)  Theyare periodic with period latticeZ2", and all cube centers are_%nz n,

(i) Each equivalence class;_Z” (mod Z") contains exactly 0 or 2 cube-center

equivalence classes.

These tilings arise from nonlinear codeg2n4Z )" having special propertiesProperty(ii) is a
special case of an extremality property, called 2-extremal, which guarantees that sudhatilengs
relatively few cube-pairs having a facedammon, as we explain further in §Blowever,these
tilings do containcube-pairs having a common facéthe second step is a block-substitution
construction like those in Lagarias and Shor [6], wietminates all high-dimensional common
faces. Thebase tilings and the block substitutions used in this constructiatedwed from two
distinct in®nite families of “additive" tilings, which have certain extra properties, described in §4

and 85.
In 82 we de®ne and study 2-extremal cube tilings.

In 83 we describe a class of nonlinear coddsch are constructed by an “additive"
construction. Thisconstruction somewhatsembles that of a linear code in algebraic coding

theory, excepthat it has a nonlinear global constraint on codewold®& show that certain



subfamilies of these codes satisfy necessary conditions to give 2-extremal cube \ilmgall
theseadditive codes. In fact, these “additive" constructions suggest general methods to produce

interesting nonlinear codes, possibly useful for other purposes than cube-tiling.

In 84 and 85 we construct two in®nite families of additive codes which give 2-extremal cube
tilings, and prove special properties about their codevdisttibutions. In 86 we use these
additive codes in alock-substitution construction to construct cube-tilings establishing the

bound

1 ..
Ko £E£n- —On .
: 3
This construction generalizes those in Lagarias and [Bho6tudyof then = 10 construction in

that paper led to the discovery of the Construction B tilings detailed in 85.

In 87 we discuss an approach to strengthen the upper bouKg,.fdf a certain kind of 2-

extremal cube tiling exists, théty, £ cnfor somec < 1.
Finally, in Appendix A we construct a 10-dimensional cube-tiling showingdthatt 7.

A (nonlinear) code in Z/2Z (resp.Z/4Z) is simply a ®nite set of distinct vectors in
(Z/12Z)" (resp. Z/4Z)™). A linear code is a linear subspacef (Z/2Z)" (resp. Z/4Z)").
Coding theory is concerned with the construction of such sets whose vectors are far apart in an
appropriate metric, and which correspond to dense packings of space with approgceltay
unit balls for this metric. Standardreferences for coding theory include MacWilliams and
Sloane [8]and varLint [13]. Cube-tilingsare perfect packings, and are analogous to " perfect
codes" in coding theoryWe use codingheory terminology to emphasize this analogy, because
our constructions may eventually prove useful in constructing codes in other coftexfgoofs
in this paper use no results from coding thedrywever. Somefurther references on related

tiling problems appear in Stein [11].



2. 2-Extremal Cube Tilings

Perron [10] showed that if there exists a cube tilingRih with no two cubes having a
common face of dimensiod, thenthere exists a periodic cube tiling with period latticg"2

having the same property{His argument can easily be extended to show that the centers of the

cubes in this periodic tiling caoe taken in the IatticeleZ”.) Thusone need only studyZ?'-
periodic cube tilings.

A 27 "-periodic cubetiling is completely speci®ed by the cubes whose centers lie in the

fundamental domain
A ={(X11---;Xn) :O£Xi <2} .

There are exactly™equivalence classas+ 2Z" of cube-centers, where = (v4,Vo, ... V)
has Of v; < 2. Two distinct equivalence classes+ 2Z" andw + 2Z" contain cube-pairs
sharing a common face (of some dimensio@) if and only ifv - w1 Z". Calltwo classey
andw Z-adjacent if v - wi Z". The2" equivalence classes in an¥ 2periodic cube tiling
are divided up intaZ-adjacency classeslf {m; : 1 £ i £ |} are the cardinalities of theZ-

adjacency classes in & 2-periodic tiling, then

|
m; = 2" . (21)
=1

|
Also § m;(m; - 1) counts thenumber of ordered pairs of equivalence classes containing
i=1

cube-pairs having a common face.

The fundamental fact abodtadjacency is that each-adjacency class must containleast
2 elements.Sincetwo cubes have a commdace of some dimension if and only if they have a

common corner (0-face), this is equivalent to the following elementary fact.



Lemma 2.1. Inany tiling of R" by unit cubes, every corner of every cube touches the corner of

at least one adjacent cube.

Proof. Move the tiling by a Euclidean motion so that tt@ner is atd, with cubes oriented
parallel to the axesNow assign to each cube touchidghe number counting every orthantlfl

such that the cube contains emerior point of this orthant.The cube of whichO is a corner
counts one orthant, while all cubes touchhgbut with O not being a corner, count aven
number of orthants.Since each of the 2 orthants is counted exactly once, some other cube
covers an odd number of orthanfBhis cube must therefore count one orthant, and has a corner

at0. m=m
Lemma 2.1 supplies the constraint
m; 3 2 (2.2)
onZ-adjacency classes of 2-periodic cube tilings.

In searchingfor 2Z "-periodic cube-tilings that do not contain any cube-pairs meeting in a

high-dimensional face, it seems reasonable to single out those tilindsatteathe fewest cube-

|
pairs sharing a common face of any dimension, i.e. thosentinanize § m;(m; - 1). Now
i=1

m; (m; - 1) subject to the constraints (2.1) af®l2) is minimized with allm; = 2 and

m_

i=1

| = 2" 1. Wetherefore callny Z "-cube tiling having this minimality property (ai; = 2) a

2-extremal tiling. It is easy to construct examples of 2-extremal tilings in all dimensions.

Another reason to single out 2-extremal tilings for speca@isideration arises from the

problem of obtaining lower bounds fl,. If a 2ZZ "-periodic cube-tiling is not 2-extremal, then
it must contain two cubes sharing a face of dimensicn % To see this, consider A-

adjacency class containing at leastl@ments{v; + 2Z": 1 £i £ 3}. By the pigeonhole

principle two of these elements,v,,v; must agree (mod) on at leasin/3 of their coordinates,



and these two cubes then shammmon face of the required dimensidrhusif K,, were to be
smaller tham/3, any2Z "-periodic cube-tiling attaining this bound would be 2-extrentégnce

analysis of 2-extremal cube-tilings seems necessary in obtaining lower bouKgs for

There exist 2-extremal lattiddings in all dimensions.The next section describes a method

to construct nonlinear codes, which sleow in 84 and 85 yield nonlattice 2-extremal cube tilings

which have all cube-centers 4%12 n

3. Nonlinear Codes

We construct nonlinear codes which produce codewords in theOsét Z,3%. (Onecan
regard these as binary codes by identifying this set withL}*".) The codes are designed to
satisfy unusual distance constraintstbair codewords, motivated by their application to cube-
tilings. These codes always consist of two distinct sets of codewords, which we call
complements. Under suitablecircumstances both complements have cardinality! 2each,

yielding 2" codewords in all, cf. Theorem 3.1.

The construction is based on ari n matrix M with entries in {0,1}, which we call the

generator matrix. From it form the matrix
A=AM):=1+2M, (3.1)

wherel is the identity matrix. Form the set of 2 vectorsV(A) consisting of all 2 sums of
distinct row vectors of\, with entries taken (modl). LetVq,en(M) consist ofall vectors inv(A)

containing an even number of entries 3 (mod 4); this is one part of the global conkegint.
AT = AT(M) := | + 2MT

and letVg,en(MT) consist of all vectors in the corresponding\deA ") consisting of all vectors
containing anodd number of entries that are 0 (mod 4); this is the other part of the global

constraint. Thaonlinear code is



#(M) 1= Veyen(M) < (V;ven(MT) + 2e) , (3.2)

wheree = (1,1,..1). Wecall thesets# * (M) := Vgyen(M) and# = (M) := Vgyen(M") + 2e
complements, and note thatll vectors in# - (M) contain an odd number of entries that are 2

(mod 4).
We are interested in generator matribkthat yield# (M) satisfying the conditions
i Veven(M)i = i Veven(MT)i = 271, (3-3)
and
Veven(M) > (Veven(M') + 2€) = £. (3.4)

Then# (M) hasexactly 2' codewords. Weeall those# (M) satisfying (3.3)balanced and call

those# (M) satisfying (3.4)additive codes.

The cube-tiling problem involves a stronger notion of distance between codewords than just

being an additive codé\e say that the-distance betweerv, w1 (Z/4Z)" is:
de(v,w) = #{ijv; - w7 = 2} .
The discussion in 82 and in Lagarias and Shor [6] establishes:
Proposition 3.1. Let # be a set of 2" vectorsin {0,1,2,3}. Then %# + 27" gives the cube-

centers of a tiling of R" with cubes of sidelengthl parallel to the axes if and only if

de(v, w) 3 1for all distinct vectorsv, w1 #.

Henceforth we shaklways use set$ | {0, 1, 2, 3}" to specify Z "-periodic cube tilings

which have all cube-centers -IJ?Z . Wenote the following additional property of such tilings.



Lemma 3.1. Suppose # | {0,1,2,3) gives a cube-tiling %# +27". Let the map

A #® {0,1}" be induced coordinatewise from the map f : Z/4Z ® Z/2Z given by
f(0) =f(1)=0,f(2) = f(3) = 1. Then f&is one-to-one and onto. The same holds for the
mapy&inducedfromy:ZMZ ® Z/27 givenbyy (0) = y(3) =0,y (1) = y(2) = 1.

Proof. Sincej#j = 2", it suf®ces to prove thaé‘ is one-to-one. By Proposition 3.1, if
X1,Xp 1 # thendg(X1,X,) 8 1, Soxy,x, differ by 2 in some coordinate hencefz(xl) and

f“(xz) differ in this coordinate; similarly fof\ ]
Lemma 3.1 has useful consequence concerning the structureZ 8fcibe-tilings with all

cube-centers in;_Z " Partition# as

# =H#Ho< H#Hi< #H,< #3,
according as the value of the ®rst coordinate of each vectbrisn0,1,2or 3. Lemma3.1l
implies, usinga‘, that
2n-1. (3.5)

iHo< #a =21, jH#, < #g

and, usingf\ that

T#O < #3.|. 2n-1, .I.#l < #ZT 2n-1.

These equalities imply that any 2-cube-tiling with cube-centers 'Lé_Z " has
i#ol = i#, T#H = i#a . (3.6)

A cube-tiling code is a balanced additive code(M) such thatde(v,w) 3 1 for anytwo

distinct codewords; it yields aZ2'-periodic cube-tiling via Proposition 3.1.

It seems a hard problem to obtaiecessary and suf®cient conditions characterizing any of the

three properties: balance condition (3.3), additivity condition (3.4heorg a cube-tiling code.



In the rest of the section we present suf®cient conditions for some of these properties.

We start with the balance condition (3.3)et the row sums oM be denoted 1,r,, ... ,r,
and the column suntg ,C,, . . . ,Cp.

Property BC. Then”™ nmatrixM hasr; ° c¢; (mod 2)for 1 £ i £ n, and
n n
Sri=8¢°1 (mod2) .

We prove the following:
Theorem 3.1. Ifthen” nmatrix M has Property BC and n is odd, then # (M) is balanced.
Proof. We ®rst showthatjVeyen(M)i = 27" 1 holds for alln, even or odd.Letvy, ... v,

denote the rows ok. If SI {1,2,...,n} set

ws = Svi, Ws= Sv;. (3.7)
iTs ivs

It suf®ces to show that exactly one of each complementaryw gairs is in Veyen(M).

To do this, letts,ts count thenumber of entries that are 3 (mod 4MmR,ws, respectively.

Block-partition the entries off g andwg as pictured:

ils i1s
All entriesin | and IV are odd, while all entries in Il and Il are evdrta,,a,;,a; ,a,y denote

the sum of the entries in each part, and supp8se= s. Then
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a = s+ 2tg

ay = n- S+2t_5.
This yields

a - ay =2s- n+ 2(tg-tg) .
°© 2s-n+ 2(tg +ts) (mod4) . (3.8)

However, the de®nition @f g yields

i u
a +a; =s+21$Srii .
fils p

Also, one has

i U
ag +tay =(n-s)+2iSci .
Tirs p

Subtracting these equations yields

i a i 1]
aj - ay =(2s-n) +2i Srii- 21 S Gii
fits p Tils p
Comparing this with (3.8) gives
_ i a i a
2(ts +Ts) © 21 SriT- 27 S ri1 (mod 4) ,
fits p Tils p

after using the hypothesis © ¢; (mod 2) of Property BCHence

ts+ts® Sri- Sri (mod2) .
i1s ivs

°©Sri+Sr; (mod?2)

i1s ivs
°©1 (mod2),

using Property BC, so exactly onevo§,ws is in Veyen(M).
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We show thaf Vgyen(MT)i = 2"~ 1 for n odd by a similar argument.etv,, ... ,v, now
denote the rows A", and de®nes,ws by (3.7). Let tg,t_s* denote the number of entries that

are 0 (mod 4) invg,wg, respectively.Usingthe block-partition as above, we have

a; = 2(n-s-tg),

ay = 2(S't_s*) :
and these yield
a, - ay = 2n+2(ts +Te) (mod4) . (3.9)
Now

i 1]
a; +a, =s+2i Scii

T1iTs p

wherec; occurs instead af; since we us" instead oM. Also

i U
a+ay =s+21Srii
s p

and since; ° c; (mod 2), these yield
ay-ay =0.
Combined with (3.9), this gives
ti+Te°n (mod2),
which forn © 1 (mod 2) is the desired parity condition.m

The balancing condition (3.3) apparently holds for a mwither class ofM than those
satisfying Property BC.In computational experiments on randonsiglectedM we found, in

every case tested, that

iVeven(M)i = 2" or 201+ 2", (3.10)
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where 1£ r £ n- 2, and similarly foVg,e,(MT). It seems an interesting combinatorial problem

to establish when (3.10) holds and to characterize the valuabaifmay occur.

Next we study the disjointness condition (3.4) necessary to have an additive code.

Property AC. Each row of M contains an odd number of ones, i.e. all r;j © 1 (mod 2).

We prove below that Property AC is a suf®cient condition for an additde, which
furthermore makes the cube-tilieglistance criterion hold between vectorsv lying in different
complements off (M).

Theorem 3.2. If M has Property AC, thenany v 1 Veyen(M) andw 1 Vien(MT) + 2esatisfy
de(v,w)° 1 (mod?2) . (3.11)
In particular, # isan additive code containing i Veyen(M)i + i Veven(M " )i €lements.

Note that even if theode# (M) has cardinality 2, it does not necessarily yield a cube-tiling
# + 27", becausesome pair of vectors i gyen(M) (resp.Veyen(MT) + 2€) may have zere-
distance. Extr@onditions orM are neededbr this not to occur.Two in®nite families of suchl
are constructed in 84 and 85.
Proof of Theorem 3.2. Both complements of the codé(M) remain unchanged under
simultaneous permutations of roasd columns, i.e. replacid by M¢ = PMPT, whereP is a
permutation matrix.Also PropertyAC is preserved undehis action, so it suf®ces to prove the

theorem for any suchi ¢

We choose such a permutation so thas a sum of initial rows ofA¢ = | + 2M¢ and
w - 2eis the sum of a consecutive set of rowsA¢)". ThenM¢has a block-partition
€S11 Si12 Si3 Su

T (3.12)

wn
w
[
wn
w
N
(0)]
w
w
w
w
S
O — = ==
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where theS;; are square matrices of sizgs S,, S3 ands,, respectivelyy is the sum of the ®rst
s; + s, rows of A¢ andw - 2eis the sum of the transposes of the midgler s; columns of
AC Interms of this block-partition,

vV = (V1,V2,V3,Vy) ,

w- 2e = (Wq,Wy,W3,Wy) ,

with
Vi = 2[e(s1)Sqi + e(s2)Sa] + e(si)(d(1,i) + d(2,i)) (3.13)
wi = 2[e(sp) S + e(s3) Sia] + e(s)(d(i,2) + d(i,3))

wheree(s;) denotes a row vector of all ones of sigeandd(i,j) = 1ifi = j and Ootherwise.

The congruence (3.11) is equivalent to showing thandw - 2e agree (modt) in an odd
number of coordinateslf d; denotes the number of entries in whichandw; agree (modi),

then this is equivalent to showing that
d; +d, +d; +ds© 1 (mod2) .
The matrixAChas all its entries even except for its diagonal entwegh are all odd.Hence

all entries ofvq, v, w, andwy are odd, while all entries ofs, v4, W, andw, are even.lt

follows thatd; = 0 andd; = 0. Thusit remains to prove that
d, +ds © 1 (mod?2) . (3.14)
Now lett;; denote the sum of all entries of the zero-one mé&yjxi.e. t;; counts the number
of ones inS;;. From(3.13),
Vo - Wp = 2[e(s1)S1, + €(S2) S - €(s2)S3, - e(s3) Skl - (3.15)

The sumof the entries iv, - w, (mod 4)is 2(s, - d,) (mod4), by de®nition ofl,, since

vV, © w, (mod 2). Howeverit is also ¢, - wy)e(s,)' (mod 4),and,using (3.15), this equals
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2(t1p + toy - toy - torz) (Mod 4). Thuswe obtain
do +55° ty, +tys3 (mod2) . (3.16)
Likewise (3.13) gives
Vs - Wy = 2[e(S1)S1a + €(S2)S2q - €(S3) Sl - €(s3) Sk
from which we similarly derive
dg +S4° tyg +tog +ty +1t43 (Mod?2). (3.17)
Now recall that since& T Vg,en(M0) it contains an evenumber of entrie§ 3 (mod4). It

contains exactlg; + s, odd entries, namelw(,v,). Thesumof its odd entries must therefore

bes; + s, (mod 4), and so

S; + S, ° (Vi,va)e(sy +sp)T  (mod4)

o Sq +S, + 2(t11 + t21 + t12 + t22) (mOd 4) .
Hence
tll + t21 + t12 + t22 °0 (mOd 2) . (318)

Next, sincew - 2el Vgen((M®)T), it contains an odd number of entrigsd (mod4). It
contains exactlys; + s, even entries, namelyw(;,w,), so the sum of its even entries is

2+ 2(sq + s4) (mod 4). Thus

2+ 2(sy +54) ° (Wy,Wg)e(sy +54)7 (mod 4)

© 2(typ +t3 +tyy +ty3) (mMod4) .
This yields
1+ S1 t S, o t12 + t13 + t42 + t43 (mod 2) i (319)

Now add (3.16), (3.17) and (3.19) to obtain
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1+dy+ds+s; +S,° t13+tos +tyy+tyy (mMod2) . (3.20)
Next, adding (3.18) to this gives
1+dy+dg+sp+5p0° (tyg +typ + g3 +1tyg) + (tog +top +toz +ty) (mod2) .

The rightside of this congruence is simply the sum of the &rst s, rows of M, hence by

Property AC itiss; + s, (mod 2). Thisyields
d, +ds° 1 (mod?2),
completing the proof. =

In what follows we will only consider nonlinear codeéM) withn © 1 (mod2), which have
both PropertyAC and PropertyBC. The construction of the two complemerits and# - of a
code# (M) is generally asymmetrical, but in this speciase the asymmetry disappears, i.e. one
can show thaV,.(M) coincides with the set of all vectors ¥{A) having an odd number of
entries that are 0 (mot), and Veyen(MT) coincides with the set of alectors inV(AT)
containing an even number of entries 3 ( MddWe omit a proof as this fact is not needed in the

sequel.

4. Cube-Tiling Codes. Construction A

In this section only, for a®xed dimensionn, let M,, denote the circulant matrix
Circ(0,1,0,..,0). ThenA(M,) = Circ(1,2,0,..,0), so, for example,
€12000
101200
A(Ms) =7100120.
.:.0 001 %
20004

The set# (M,,) is calleda Construction A code, and we denot# it We shall prove tha# } is

a cube-tiling codeavhenn is odd, and then prove a special property about any two cubes in this
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tiling having a high-dimensional common face.

Theorem 4.1. For odd n, #  is a cube-tiling code which gives a 2-extremal cube-tiling of R".

Proof. The circulant matrixM , has Property BC, and since® 1 (mod 2),# 4 is balanced by
Theorem 3.1.M,, also has PropertpC, hence by Theorem 3.2 it is an additive code with 2

elements, and
de(w,we) 3 1
holds whenw andw¢lie in different complements &f .

Now supposev,w¢i V,en(M). Ourobject is to show thal.(w,w¢) 3 1. We study the

larger seW of 2" vectors
Yy = (Y1, --20yn) = Vi kv

which are sums dfiistinct rowsv; of A(M,,). Thevectors inV have a simple description, arising
because the vectors have only twononzero components, which are consecutive, and because
the set {;} is closed under a cyclic shift afoordinates. They are characterized using the

directed graph pictured in Figure 4.1.

Insert Figure 4.1 about here

The vertices of the grap& correspond to the possible values of a coordigatef y, and a
directed edge gives @mansition to an allowed value ¢f ;. Theny 1 V if and only if the
sequencey(i,Ys, - - . ,¥Yn,Y1) describes a closed directpdth of lengthn in & (Thatis, they
consist of those vectors whose entries, viewed cyclically, consist of blocks of the Birm 1
where j 3 0, separated by blocks of zeros, possibly empty, plus the single vector

3" = (3,3,...,3))

Next, any ordered pair of vectorsw¢1 V de®ne a closedirected path in the product graph
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&~ &, induced from the pathen & of w andw¢ separately. Supposs,(w,w¢) = 0. This
. . . , 0, .3 1.
means that this closed directed paéver visits any of the vertices Iabell%a),((z), (1) or (3) in

& & Let &‘2 denote the subgraph &~ & obtained by deletinghese four vertices; it is

pictured in Figure 4.2.

Insert Figure 4.2 about here

~

Any closed directedpath in &2 must lie entirely in one of the two sets of vertices

= {(8), (%), (%), (g)} or@ = {(8), (%), (%), (g)}. To see this, note that there are no

edges betweeh and @, and anydirected path enterin® = {(é), (2), (g), (g)} must enter

from! and must exit t&, so cannot be a closed path.

If (w,w¢) gives a closed path ih, then all their entries must agree, iw. = w¢ Next,

suppose\,w¢) gives a closed directed path@ see Figure 4.3.

Figure 4.3 about here

This path necessarily visits verticgls @nd(%) the same number of times, because when it leaves
vertex (%) it cannot return to it without visiting verte%x ®rst, andrice-versa. Sincen is odd,

this closed directed path must visit vertic% éand g) an odd number of times in totaHence

one ofw or we contains an odd number of entries equal to 3, so it is impogsiateboth

W,WET Vayen(Mp). Thusif w,weT Vgyen(M,) withw t wé then

de(w,we) 3 1.

If w,weT Vgyen(M]) + 2ethen
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de(w,we) 3 1,
by an analogous graph-theoretic argument which we omit.

Thus #3 is a cube-tiling code.lt is automatically 2-extremabecause all vectors in

Veven(M ) differ (mod 2); in fact all 2 vectors inV are all incongruent (mod 2). m

We next show that if two cubes in the cube-tiling fréh] have a suf®ciently high-
dimensional face in commothen the corresponding cube-center vectos jrhave a positive
fraction of matching coordinates having value 0.

Theorem 4.2. Suppose that n is odd, and that w,w¢are distinct vectors in the cube-tiling code

# A with
w° w¢ (mod?2) . (4.1)

Suppose that w agrees with wein | coordinate places, and let | = 15 + 11 + 15, + 13 wherelg,
1,1, and I3 denote the number of matching coordinates equal to 0, 1, 2 and 3, respectively.

Then | iseven, and
|0=|2,|1:|3.
In particular, exactly %I matching coordinates take values 0 or 1.

Proof. The proof of Theorem 4.1 indicated that all vector¥ ®.,(M,) correspond to closed
directed paths of lengthin thegraph& of Figure4.1. Similarly the vectors ingen(M}}) + 2e

correspond exactly to those closed directed paths in the &&mhtured in Figure 4.4.

Insert Figure 4.4 about here.

We are interested in paiw, w¢ satisfying (4.1). They mustbe in opposite complements,

hence (v, w¢) corresponds to a closed path in the product gBaph&¢that visits only vertices
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(J!) withi © j (mod 2). Therestriction&of & &tto these vertices is pictured in Figure 4.5.

Insert Figure 4.5 about here.

In what fashion can elosed path ir&visit the matching vertices(i) :0£i £ 3}? Thisis

speci®ed by the contracted graph pictured in Figure 4.6.

Insert Figure 4.6 about here.

Any closed path in this graph clearly visi%) the same number of times @,(and visits b the
same number of times a%)( m
A strengthening of Theorem 4.2 can be proved whemnd w¢ have manymatching

coordinates, namely at Iea%_n. It can be checked that the only ways two vectarsw¢

satisfying (4.1) can have four consecutive matching coordinates is that these cooadatese

cyclic permutation of 0132Usingthis fact, one can easily show that

I3 |- %n, i =0,1,2,3. (4.2)

5. Cube-Tiling Codes: Construction B

In this section only, for all odd, let M, denote the matrixwith subdiagonal and

superdiagonal given by

|
=

(Mp)i+1i =

(Mp)aigitr =1 1E£I€£

1£i£n- 1, (5.1a)
n-3
2 )

(5.1b)

with ®rst row given by
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(Mp)1; =1 3£i£n, (5.1c)

with last column given by

i
(Mn)nn-4i = Mp)nn-4i-1 = 1, 1E£i £7—,
a4q

(5.1d)

also with the 2 2 block checkerboard pattern favi(); ; in the regiori + 2 £ j £n - 1,

(Mp)i; = 1 if(i,]) consists of one element each from
0, 1 (mod 4) and from 2, 3 (mod 4), (5.1e)
and with all other¥1,,); ; = 0. Theresulting matrices

A, = AM,) = | + 2M,

have slightly different patterns accordingras 1 or 3 (mod 4), see Figure 5.1.

Insert Figure 5.1 about here.

The set## (M,,) is called a ConstructioB code and welenote it## 8. We shall prove tha# g is a
cube-tiling code, and later show that codewords congruent 2noaistdiffer in either exactly

one coordinate or else in many coordinates.

Before giving the proofs, we point out an important property of the vectoks,.inLet v;
denote the-th row of A, andv; thei-th row ofA], i.e. thei-th column ofA,. LetA denote the
exclusive-or operation on residues (mfd viewed as binary numbers, i.e.
0A0 =1A1=2A2=3A3=0,1A3 = 3A1 = 2 andiA = i +j (mod 4)otherwise. The
important property ofA, is thatv;Av] takes only three possible valueblamely,if n° 1

(mod 4), then
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o2t if =1,
. T n-5
viAvi = i2(0022) * 0020 if i° 2o0r3 (mod4) ori =n, (5.2a)

I n-5
£2(2200) # 2202 if i° 0or1 (mod4) andi® 1 orn,

while if n © 3 (mod 4), then

—_——

<021 if i=1,

T n-3

viAvi = i2(0022) * 02 if i° 2,3(mod4) andi? n, (5.2b)
| n-3
%2(2200)4 20 if i°0,1(mod4) ori =n,andi! 1.

The formulae (5.2) are easily veri®ed by direct calculation from (Bl&h note that the three
vectors on theight side of (5.2a) (resp. (5.2b)) together with the vectorf@m a set closed
under thel operation. Thdormulae (5.2) prove extremely important in studying the structure of
codewords in# g. They are particularly useful in studying codewortlsat are congruent

(mod 2), due to the identity thatMf © vE(mod 2),
Vi - Vi °v;Av{ (mod4), (5.3)
cf. Theorem 5.2.

We also note that the ®rst vectgrin the matrixA , has a special structure different from the
other vectors iA ,, which is re ectedn (5.2) and also in the differeatdistance behavior of the
codewords irf g depending on the parity of their ®rst coordinate (Theorem 5.2 (ii)).

Theorem 5.1. For odd n, # § is a cube-tiling code which gives a 2-extremal cube-tiling of R".
Proof. For oddn, thematricesM,, have odd row and column sums, hence have property BC and
property AC. Consequently# § is balanced by Theorem 3.1, aischn additive code by Theorem

3.2, and satis®es

de(w,w@) 3 1
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whenw andw' are in different complements #f3.

Now supposev,w' O#* = Vgen(My). We wish to show that they diffeby 2 in some
coordinate. Itproves convenient to study the larger $atonsisting of all 2 possible sumsf

rows ofA,,. Sosuppose

Y1 = > Vi, Y2 = >V
ior, ior,

are arbitrary members &f. Justas in the proof of Theorem 3.tur object is to show that if
de(Y1.Y2) = 0, theny; andy, have between them an odd number of coordinates equal to 3.

This will show that at least one wf andy, isn'tin # *.

So supposedq(y1,¥y2) = 0, and partition 1; = R{ < Rz, |, = R, < Rz, where

Rs; = 11> I, Itis easy to see thdt(y1,yY>) = 0 implies that

WR,<R, = 2 Vi
i0R, <R,

must contain no 2 in any coordinate position.

This motivates the study of se® such that 3 v; contains no 2's, which we now
iOR

characterize. GiveR, let X be itscharacteristic function, i.ethe zero-one vector having 1's
corresponding exactly tiol] R. In the following lemma we regargg as speci®ed by a string of
zeros and onesAlso in what follows {A, . .. ,A,}" denotes the set of alords formed by
concatenation fronthe ®nite stringé\(, . . . ,A, of zeros and ones, as in the theory of regular
expressions, cf. Hopcroft and Uliman [4] and Lewis and Papadimitriou [7].

Lemmab.1. For odd n, the set

6 :={Xr: 2 Vj contains no 2's}
iOR

consists exactly of the words of length n in the language
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+ = {0}Y< 1 {11,0011, 100001 00100003" .

Proof. Certainlyd O 6 ,,, corresponding to the vectof.0SosupposeR O 6 |, is nonempty. If

1 [ R, then the ®rst nonzero coordinate in

WR:= 3V
iOR

is 2, a contradiction showing[d R. Next,if 3 0 Rthen 20 R, otherwise the second coordinate
of wris 2. If 20 Rand 300 R, then wemust have 4,5,8 Rand 700 Rin order to not have any
2's in positions 1 through 6If 2 [l Rand 3[J Rthen we are similarly forced to have 4R, and
then either 51 Ror else 5,6,7,8 Rand 900 R Thusalways 100 R andx g begins with one of

the patterns {11, 0011, 100001, 00100003.
Consider the ®rst case 11\We have
V1 + Vo + V3 = 331022..2 .

Deleting the ®rst two coordinates of this gives the ®rst rofy, 0§, while if we delete thé®rst
two columns and three rows éf,, we get the remaining rows &,_,. Sinceall vectors
Vg4, ...,Vyin A, are zero in their ®rst two coordinates, the problemxténding 111. to an

element of ,, is equivalent to the problem of extending. 10 an element o |, ,.
Consider the second case 100¥e have
Vi tVy +Vg = 10011022..2 .

Deleting the ®rst four coordinates of this gives floof A,_4, while deleting the ®rst four
columns and ®ve rows &, gives the rest oA ,_,. Theproblem of extending 10011 to an

element o ,, is thus equivalent to the problem of extending tb. an element o |, 4.

Similarly the third and fourth caselsl00001 and 100100001 reduce&tq_g and 6 ,_g,

respectively.
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Now the lemma follows by induction on oddg after an easy check of the base cases

n=135and7. =

Lemma 5.1 implies in particular that, except for the empty set, all elemebts aintain the

®rst and last rows; andv,,.
We now continue the proof of Theorem 5.1#0f. It proceeds in three steps.

(@) FornonemptyR 0 6 ,,wg := 3 v; contains an odd number of 3's.
iOR

(b) IfRy < R,d6,andR; > R, = [, then

Wi = > Vi, Wy = > V;,
iOR, i0R,

contain an odd number of 3's between them.
() IfRi<R,06,, andRy,R,,R3 are pairwise disjoint, then

yi= X Vi, Y2= X Vi,

iOR,< R, iOR,< R,
contain an odd number of 3's between them.

We introduce some notatiorGivenR 0 {1, . . . ,n}, let Br be the square submatrix Af,

given by

Br = [bjj:i,) OR] :=[(An)i; -1, OR] (5.4)

To prove (a), observe that, for aRyw has an odd number of 3's if and onl\Bi contains
an odd number of 2's(The sum of all rows oBg (mod 4)gives the set of coordinate$ wg
that are odd.)Now supposeéR [0 6 , is nonempty, so I1 Randn 0 Rby Lemma3.1. Divide up
Br into all the setsE; = {bj; :j > i} < {bj; :j > i} for i OR, plus its diagonal. The
diagonal isall 1's, and contributes no 2'sWe will show thatE,; andE,, each contain an even

number of 2's, while all othelf; each contain an odd number of 2SinceR has odd cardinality
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by Lemma 3.1By will contain an odd number of 2's and (a) will follow.

The number of 2's ilfig; is even or odd according &% sumo; of all elements irE; is 0 or 2

(mod 4). We have
bij + bji = bij t bji = (v; O VFI)J (mod 4)
because each elementdnis 0 or 2, hence

O = z (ViDViD)j .
iOR
J=>1

The setE4 has all {; DVF)J- = 2 by (5.2), and the s& — {1} has even cardinality, so contains
an evemumber of 2's. The setE,, is empty. To analyze the other sel§, we use Lemma.l.
Now R Dl{ll,OOll,100001,0010000(?1}Eachi > 1 in Rlies in a block of two coordinates
{j1.,j2} with j; < jo, according to the decompositiof R into blocks in the language. One

always has for = j; within a block
(vj, Ovi);, =0, (5.5a)
except for the last blockj¢ = n), where
(v;,0Ovi);, = 2. (5.5b)
Fori > 1inRand a block {1,j»}, withi < j;, we have
(viOvP);, = (viOv{);, (mod 4) , (5.5¢)
except for the last blockj¢ = n), where
(viOvP);, = (viOvP);, + 2 (mod 4) . (5.5d)
These facts are proved by inductionriioy the method of Lemma 3.Theyimply
o; =2 (mod4)

for alli O Rsuch that 1< i < n, completing (a).
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To prove (b), we proceed by inductiam the sizerR,jof R,. The base cas®k; = R,
R, = 0O is alreadyestablished by (a)WWe analyze the effect of shifting a single elemenfrom

RitoR,. SetR]; = Ry —{Vvi}, R, = Ry<{v;}andR = R{< R, = R|<R,. Now

WR'1 = WR1 - Vi
WR'2 = WR2 + Vi .

If g, r, denotes the parity of the total number of 3'svip. andwg,, then we claim that

Mg R, =TR, R, t#(2's ini-throw of Bg) + #(2's ini-th columnof Bg) (mod 2) . (5.6)

To seethis, note that if 0 Rwith j # i then exactly one olvg, andwg, has an odd coordinate

value, and ifv; has valu in its j-th coordinate, this value switches fromtdl3 or vice-versa.
For thei-th coordinate

(WR;)i =wg, -1 (mod 4)
(Wer)i =wg, +1 (mod 4) ,

where (vg, )i and vg,); are odd, and

(Wgr,)i = (Wgy)i = (Wg,)i = (Wg,)i =1 (mod 4)

2:#(2's ini-th column ofBg) (mod4) .

Thus the parity of the change in the number of 3's in coordinatequal to #(2's in-th column
of BR) (mod 2).

It will suf®ce to show that

#(2's ini-th row of BR) = #(2's ini-th column ofBg) (mod 2) , (5.7)
since (5.6) then yields

TR,,R, = TR, R, (M0d 2) , (5.8)
which will complete the induction stdpr (b). Notethat (5.7) says that corresponding row sums
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and column sums iB g are congruent (mod 4Now (5.7) reduces to showing that
(viOvy) - Xr =0 (mod 4) , (5.9)

since the parity of the difference is equalthe left side of (5.9).The congruence (5.9) holds
because, using Lemn®al, the decomposition dR into blocks using+ shows thav; Ov{” has an
even number of 2's in each block, except the ®rst and last, wianaits has an odd number of
2's, see (5.5).In fact this argumenshows that (5.9) holds fall rows 1< i < n. Thus(5.7)

holds and (b) follows.

To prove (c), we proceed by induction on the sizeRy§. Thebase casR; = O holds by
(b). Weconsider the effeaf adding a new vector; to R3. SetR = R1<R5, S; = R1<R3,

S, = Ry<R3, S = Si<{v;}andS, = S,<{v;}. Then

Mg g = Tg,s5, + #{2's inv; lying in R}
+ #{2's inv{ lying in R} (mod 2) , (5.10)

similarly to case (b).Note that the last term in (5.10) occurs because ghandwsg, have an
odd i-th coordinate, andhese agree (mo#) if and only if #{2's in v’ lying in R} is even.

Finally we claim that

#{2's inv; lying in R} = #{2's invP lying in R} (mod 2) , (5.11)

which with (5.10) yields

Mg g = Mg,s, (Mod 2) ,

completing the induction steplhe claim (5.11) is proved by reducing it to (5.9), which is valid

for alli, so (c) follows.

This proves thatv,w' O # * differ by 2 in some coordinatelt remains to do the same for
w,w' O # . Thishas a similar proofThe set6 5 of sets of columns of, that sum to a vector

containing no 2 is exactly the same @s, and is proved by a similar inductiorAll the
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subsequent arguments fér" depended oronditions which are symmetric with respect to rows

and columns oA, so carry over identically to tHe™ case. m

A crucial feature of the Constructi@codes is that vectomith w = w' (mod 2) in#§ are
either close or widely separatedeilistance.

Theorem 5.2. Suppose that n is odd, and that w,w' are distinct vectors in the cube-tiling code

8 with
w=w (mod?2) . (5.12)
Then
0 de(w,w') is 1, % ”;’1 or nif n=1 (modd), and is 1, ”2;1 or n if
n =3 (mod 4).

(i) Ifde(w,w') = 1thenw and w' disagree in their first coordinate, and this coordinate is
odd.
Proof. The conditionrw = w' (mod 2)putsw andw' in opposite complements, say(] # * and

w' O#~. Write

W= 3 v (5.13a)
iol

wherel is a subset of the rows &f,. Then(5.12) forces

w =2+ 3 v, (5.13b)
il

To prove (i), we use the fact that (5.12) also implies that
w - w =wdw' (mod4) . (5.14)

Sincel] is commutative and associative,
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w-w = (2e)D(EI(vi OvP)) (mod 4) . (5.15)

Now, assumingn = 3 (mod 4), (5.2b) gives

n-3 n-3
_%(vimv?)so” or 0(2)""! or 2(0022) 4 02 or 22200) * 20.
|

Hence

n-3 n-3
w-w =2" or 2(0)"! or 0(2200) 4 20 or 00022) 4 02.

SO

n-1

de(W,w') =1, orn.

The result fom = 1 (mod 4) follows similarly from (5.2a), and (i) is proved.
To prove (ii), we observe that (5.15) gives
(w-w')02e = iEl(viDviD) ,
and the right side takes only four possible values, by (5TBE only one ofthese allowing
de(W,w') = 1is

El(viDvP) =02 1. (5.16)

Thusw andw’ must differ on their ®rst coordinate.
Now divide the set2,3,. . . ,n} into two subset® andQ according as

viOv = 22200.. for iOP
viOvf = 20022.. foridQ.

(ThenPis alli =0 or 1 (mod 4) and) is alli =2 or 3 (mod 4), excephatn goes in the

opposite subset from what its congruence class (mod 4) indicates.)
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Suppose thav = 3 v; satis®es (5.16)Thereare two possibilities.
il

Case(a.) 10l andd> PO= 0> Q0= 0 (mod 2).
Case(b.) 10l andd> PO= d> Q= 1 (mod 2).
These cases correspond to the ®rst coordinatebeing odd or even, respectivelWe prove (ii)
by showing thatif w falls in Casgb), thenw contains an odd number of 3's, contradicting

wO# *.

Consider the square submatBx = [by; : i,j01] of A, consisting of the rows and columns
of I. Thenw has an odd number of 3's if and onlyBif contains an odd number of 2's, i.e. if and

only if

M= _Z bjj =2 (mod 4) . (5.17)

Now (5.2) yields, for < i < j < n, that

by + by = Lo (mod 4) ?f UDP' or I,jD'Q, | (5.17)
(mod4) if 0P, jOQorilqQ, jdprP,
In Case (b), @I, and

m = Z (b” + b“) =2 (mOd 4)
i j0l
2<i<j

using (5.17), because
d(i,)) :i<jandilP, jOQ orildQ, jOP}g=H(i,j) :i0P and j0Q}O

has odd cardinality, singg> PO=> Q=1 (mod 2). =

6. Cube-Tilings Without High-Dimensional Common Faces

We now construct cube-tilings &" having no twocubes with a common face of dimension

exceedingn - %\/ﬁ The construction uses the block-substitution method of Lagarias and
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Shor (1992).
Theorem 6.1. For each integer k = 1, and n = 8k? + 24k + 10 there exists a tiling of R" by

unit cubes such that:

(1) Thecentersof all cubesarein %Z n,

(2) Thetilingis periodic with period lattice 22 ".

(3 No two cubes have a complete d-dimensional face in common, for
d>n-(2k+ 1)
Proof of Theorem 6.1. Letk > O be a ®xed integekVe start with a ConstructioA cube-tiling
#X with m= 2k +5. Then #% is 2-extremal, and has complements,,, #, Wwith
#io= #m0= 2™ Now form a new seﬁF‘,T = #3\; < #N\; whereaﬁ[\Jrm = #{ and #N\Eq
consists of the vectors #,, with each 0 coordinate replaced by a new symbol 0

3 5

The desiredcube-tiling is a collection of vectors  0{0, % 152 >

3, %} " where
n = (2k + 5)(4k + 2) = 8k? + 24k + 10. 7 , consists of all possiblsubstitutions for each

of the symbols Q00', 1, 2, 3 in all vectors in#\ﬁ with vectors from certain corresponding sets

S0, S, S1, Sy, S3 contained in P, % 1, % 2, % 3, %} 4k+2  Thesesets are produced from

the ConstructioB cube-tiling code# g<*2, asfollows. Partitionthe vectors i §<*2 according

to the value of their ®rst coordinate
HEPS o< # < #,< #,,
and write, symbolically,
#,=0X, #, = 1Y, #, = 2Z, #5 = 3W, (6.1)
whereX, Y, Z, Ware sets of4k + 2)-vectors.Lemma3.1 gives the information that

X0 = tZo, oo = oW, (6.2)
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see (3.6).Thentake

So = X, 81:X+%e(mod4),
g -2z, Sl=2+%e(mod4), 6.3)
_ _ 1
S, =Y, 53_Y+?e(mod4),
wheree = (1,1,...,1). Note that Sp< §< S, is disjoint from S;< S;< S; because all

vectors in the ®rst set have all integer coordinates, while those in the setdrave all half-

integer coordinates.
To prove the theorem it suf®ces to establish the following three facts.

(@) 7  consists of 2 distinct vectors.
1 N - n : : 1.,
(b) 77 k +2Z"is atiling ofR" by unit cubes, with centers LﬁLZ .

(c) Fordistinctw, w' in 7  withw = w' (mod 2), one has

de(w,w') 22k + 1.

Fact (c) asserts that if two cubes fr021m7 k + 22" have a common face, then it has dimension
at mostn — (2k + 1).

To prove (a), we begin by showing thaX,Y, and Z are pairwise disjoint. Indeed
X>Y = Z>Y = O becauset <2 is a cube-tiling (hence these elements differ by 8dme
coordinate), whileX> Z = [J follows from Theorem 5.2 (ii), because any common vegtor

would produce 8 and 2 in # g« *3.

In consequenc&g, S, S1, S1, Sy, S; are all pairwise disjoint, henaal vectors produced

by the block-substitution construction are distin€b count these, observe that
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(S0 = o0 = 510= 510 = X0,

5.0= 5:0= 0O¥O.
Now, an elememv = (Wq, ... ,Wy,) O#X yields Xty vectors in7 x» Whereng andng
are determined using the mappingp:Z/4Z - Z/2Z with @(0) = ¢(1) = 0,
@o(2) = @(3) =1, namely ng = #{w; :@(w;) =0} and n; = #w;:o@(w;) =1}

Applying Lemma 3.1 tét ', the total number of such elements in
m
— m j -i = m
F40= 3 AXdov T = @+ oo™
However Lemma 3.1 also implies f88<*3 that

oXg+ ovg = 2%*2

by (3.5). Thus[7 (= 2(3¢*5)(%+2) nroving (a).

To prove (b), observthat all centers 01‘;_7 k +2Z" lie in %Z N. Toprove that it's a cube-

tiling, it suf®ces to show no two cubes overlaphich isequivalent to showing that any distinct
vectorsz, z' [0 7  differ by 2 (mod4) in some coordinate positiorBuppose®rst that, z' were
produced from the same vectorin #X'. Thenthey differ in some block coming from tlieth
coordinate positiow; of w, say. Thusthey have different blocks;, zi O S,,. But any two
vectors inS,, differ by 2 (mod4) in some coordinateysing the fact tha# ak*+3 is a cube-tiling
code, so all vectors in it hawedistance at least 1Now supposez, z' were produced from
different vectorsw, w' in #X. Since#} is a cube-tiling codew, w' differ by 2 in some
position, sayw; = w; + 2 (mod4). Thenall blocksz; in S, differ from all blocksz; in S, by

2 (mod 4) in some coordinate, again from the cube-tiling code prope#g‘éf. This proves

* If no cubes overlap, a volume-argument shows that the density of space covered by tubethée were any
uncovered space, it would bé 2-periodic, hence have positive density.
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(b).

To prove (c), we treat three cas@he®rstcase is that, ' O 7  with z = 2’ (mod 2)were
produced from the same vectar] # 1. Thenthere is someoordinatew;, wherez andz' have

distinct blocksz;, zi 0 S,,. Sincez; = z; (mod 2), Theorem 5.2 implies that
de(z,2') 2 de(zi,z)) 22k + 1.

Next supposehatz, z' arise from distinct vectors, w' 0 #X'. The conditionz = z' (mod 2)
requiresw = w' (mod 2), by (6.3). The second case is wheth;(w, w') = 2k+1. Then
de(z,Z') =2 2k + 1, because the setS; are pairwise disjoint. The third case is when
de(w,w') < 2k. Thenw andw’ must agree in at least 5 coordinates, hence Theér2m
guarantees that andw’ have at leastwo matching coordinates that take the values 0 didw
w = w' (mod 2) implies they are in opposite complements #, hence for matching 0
coordinates, one of these has the value 0 and the tikewalue 0, and for matchind
coordinates one has the valuand the other'l But, using Theoren®.2(ii), any z; 0S, and
z; 0 S have

de(zi, ) = 2k,
because they come from vectors @ # o and 2| O #, in #5*2 with z; = z| (mod 2),and
similarly for anyz; 0 S; andz; O S;. Hence

de(z,2') = 4k = 2k + 1, (6.4)
proving (). =
Theorem 6.1 usedZ?'-periodic cube-tilings with centers 'u%l_Z”, rather than in%Z”, in

order to conveniently construct sets of blo8sS;, S; disjoint fromSy< §< S,. It should be

possible to construct similar tilings with all cube-centers;_iﬁ ", by instead ®ndin&,, S;, S
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in {0,1,2,3Y disjoint from Sy < § < S,, using the large group o&utomorphisms of
(Z14Z)", as was done in the constructions in Lagarias and Shor (1992).

Corollary 6.1a. For all nthere existsa tiling of R" by unit cubes such that no two cubes have a
common face of dimension exceeding n — %\/ﬁ .

Proof. Suppose thamy < n < my.;, wherem, = 8k? + 24k + 10. Theoren®6.1 together

with K, ;1 < K, + 1 gives
Kn<(n-mg) + Ky <n—(2k+1) . (6.5)

The example in Appendi& givesK,, < n - 3 for n 2 10. Nextone hask,, < n - 4 for
n > 50, usingthe case&k = 2 of a constructiom = (2k+1)(4k+2) which has norf — 2k)-
dimensional face, proved exactly as in Theofefn except that thdound (6.4) is weakened to

de(z, Z') = 2k. Thiscovers alh < 90.
Finally the corollary holds for ait = 90 using (6.5) and the fact that
1
g\/_mk+1 <2k+1
holdsforallk = 2. m

Theorem 6.1 gives, for argy> 0, that

1

Knsn- —— 4/n
(V2 +¢)

for all suf®ciently large.

7. Upper Boundsfor the Cube-Tiling Constant K ,

To what extend can tHdock-substitution construction of 86 be improve@nepossibility is

to ®nd a better block-substitution construction.
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A special tiling is a 2-extremal cube-tiling = 0X < 1Y < 2Z < 3Wof R" such that:
i  X,Y,ZandW each consist of distinct elements (mod 2),
@iy X>2z=10.

It is unknown whether or not any spedidihgs exist. Therelevance of special tilings 0,
is that their existence would give a nontrivial linear upper bount for

Theorem 7.1. If there exists a special tilingin RY, then

1
< - —
Kn = (1 3d )n 1
for all n > 12d°.
Proof. Any special tiling7 in RY must have
IXO= ovO= Zo= owg = 2972 . (7.1)

This holds sinceX+ YO+ (ZO+ DW= 29, andif any set, say, hadrX> 2972, then by
() it would contain two complementary ¢ 1)-vectorsx andx = x + e (mod 2),whence0x and

Ox would not differ by 2 in any coordinate, contradictihdeing a cube-tiling.

Now we imitate the block-substitution construction of Theofeinbut use the specigling

7 to construct the blocks.

Choose a Construction A tilinggy' with m = 4k + 1, and replace all values 0 and 1 in the

complemen# ~ by 0 and 1, respectively.Thenmake the block-substitution

Sy = X, S; x+%e(mod4),

=z, s Z+%e(mod4),

S, =Y, S Y+%e(mod4).

The set7 { resulting from this block-substitution lies Rf", wheren = (4k + 1)(d-1). It has
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cardinality 2", as can be proved using (7.14lso %7 K+ 2Z"is a tiling of R" by unit cubes,
having all cube centers ié_z ", by a similar proof to that of Theorem 6.1.
We show that iz = z' (mod 2) in7 |, then

de(z,2') = %k . (7.2)

The key role of a special tiling is that property (i) guaranteesathatwo distinctz, z' 0 7 ¢
arising from the same vecter 0 # X havez #z' (mod 2). Thusanyz, z/ 0 7 { with z = 7/
(mod 2)arise fromw, w' 00 # X with w = w' (mod 2)andw # w'. Thereare twocases.First,

if
, 4
>
de(W,wW") 2 3k

then (7.2) is inherited, because taeistance between elements in differ&t S; with i #]j

(mod 2) is at least onesecondif

4
d ") < =k
e(W’ w ) 3

thenw, w' agree on at Ieasgk + 1 coordinates, so byheorem 4.2 they have at Iea%tk

matching coordinates thate 0 or 1.Sincew, w' are in opposite complements#§, all their 0
and 1 coordinates are labelled 0 ahdahd 1and 1, respectively.Again (7.2) holds since every

element inSy is ate-distance at least 1 from every elemenggfand similarly forS; andsS; .

Thus, forn, = (4k + 1)(d-1), we have
4
Kn - —k
n nk 3 ’

k

and this implies that
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holds for allk = 3d? + d. Sincethesen, are spaced at intervals ofdl- 1), one gets

O 1 U
KnS m_ﬁljl
O O

valid foralln = 12d® > nggeq. =

We doubt the existence of special tilinds.this regard, we formulate:

Rigidity Conjecture for 2-Extremal Cube Tilings. In any 2-extremal cube tiling # of R",

knowl edge of one vector of # in each (mod 2) equivalence class determines# uniquely.

The rigidity conjecture implies thatto special tilings existGivena special tiling/ , the set

7' = OX< 1Y< 2X< 3Y is easilychecked to also be a 2-extremal cube-tiliy the Rigidity

Conjecture, X< 1Y uniquely speci®es, hence/ = 7', soX = Z, a contradiction.
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Appendix A: A 10-Dimensional Cube Tiling With No Common Faces of Dimension

Exceeding 7

We use a construction similar tme in Lagarias and Shor [6fonsiderthe sets of vectors
S0, S, S1, 51, Sy, S3in{0,1,2,3%, given in TableA.1. ThesetsS,y, S, S, are thesame as
in Lagarias and Sh@6], but thesetsS;, S;, S; are derived from them by adding the vector
(1,1,1,1) toSy, S, and S,, respectively, instead of by adding (1,0,0,0), asthie earlier

construction.

E So S S, S S S; U

[
[D000 0303 0211 1111 1010 13%»
Cbo12 1011 1132 1123 2122 22
213 1113 2303 1320 2220 30
230 1130 3020 1301 2201 01
0332 1323 1003 2030 5
(1020 1331 2131 2002 0
[p100 2211 3211 3322 U
112 3001 3223 0112 g
220 3022 3331 0133 0
2301 3103 3012 0210 0
322 3223 3033 0330 0
132 3231 0203 0302 B

Table A.1. Blocks used in construction.

The construction uses partial block-substitutioto the seté = Sy < S3, where S5 is

obtained fronS, by replacing 0 and 1 in the middle two coordinates’bgr@l 1, i.e.

0
0 2 11
g 11 3 2

S =0
@ 3 0 3
%0'20

Make the block substitutions & Sy, 0 - $,1 -5 S;,1 - $,2 - Sy, and3 - Sz, for

all elements in just the second and third coordinate® .ofThis gives a cube-tiling code
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7 0{0,1,2,3}% The proof that7 is a cube-tiling code is theame as in Lagarias and

Shor (1992).
It remains to show that , z' [0 7 satisfy
z=7 (mod2),
then
de(z,2') 2 3.

The sets $ < S;) (Mod2) and G; < S3) (mod2) are easily seen to be disjoint, §o
z,z 07 satisfyz = z' (mod 2),then the vectorsy, w' 0 6 that they derive from must also

satisfy
w = w'(mod 2) , (A.1)
where we consider & 0' (mod2)and 1 = 1" (mod 2). Since Sy, S, S1, S, Sy, Sz are
pairwise disjoint, if
de(z,2') £ 2,
then
de(w,w') <2, (A.2)

where Oand 1 are regarded as atlistance 1 from Oand 1, respectively. This gives two
conditions on the paiv{, w'), namely (A.1) and (A.2), thahust be satis®ed in order to give rise
to a bad pair4, z'). It is easy to check that these conditions leave only four possiblefgairs
(w, w'), namely 0213,021 1), (1020,30 20), (2301,230 3) and 3132,11'32). It now
suf®ces to verify that there is no pair of vectofsSy, X' 0 S (orx O Sq¢, X' O S;) suchthat
X =x" (mod2) andd.(x, x') < 1. Thisis easily checked fox O Sy, X' O S,, and then

follows forx 0 S, x" O S}, becaus&,; = Sy + eandS; = § + e
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