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1 Intr oduction

The discipline of informationtheorywasfoundedby ClaudeShannonin a truly re-
markablepaper]28] which laid down the foundationsof the subject.We begin with a
quotefrom this paperwhich is an excellentsummaryof the main concernof informa-
tion theory:

The fundamentaproblemof communicatioris thatof reproducingat one
point eitherexactly or approximatelya messageselectedat anotherpoint.

Quantuminformationtheoryis motivatedlargely by the sameproblem,the difference
beingthateitherthe methodof reproductioror the messagéself involvesfundamen-
tally quantumeffects. For mary years,informationtheoristseitherignoredquantum
effectsor approximatedhemto makethemsusceptibléo classicabnalysisjt wasonly

in thelastdecadeor sothatthe systematicstudyof quantuminformationtheorybegan.
We next give a quotefrom JohnR. Piercewhich shawvs roughly the stateof quantum
informationtheorya quartercenturyago. In a1973retrospectie [25], celebratinghe

25thanniversaryof Shannors paper Piercesays

| think thatl have never meta physicistwho understoodnformationthe-
ory. | wish that physicistswould stoptalking aboutreformulatinginfor-
mationtheoryandwould give us a generalexpressiorfor the capacityof
achannelwith quantumeffectstakeninto accountatherthana numberof
specialcases.

In retrospectthis quoteseemsboth optimistic and pessimistic.It wascertainly pes-
simisticin thattherearenow mary physicistswho understandnformationtheory and
| believe thatevenwhenPiercewrotethis, thereweresereralwho did. Ironically, one
of the rst fundamentatheoremsof quantuminformationtheorywas provedin the
sameyear[17]. On the otherhand,Piercewas quite optimistic in that he seemso

have believedthat nding the capacityof a quantumchannelould befairly straight-
forwardfor a physicistwith the right background.This hasnot provento bethe case;
even now, we do not have a generalformulafor the capacityof a quantumchannel.
However, therehave beenseveral recentfundamentabdvanceamadein this direction,
and| describehesein this paper

1A large partof this paperis includedin the paper*QuantumShannoriTheory’” whichwill appeain the
IEEE InformationTheorySocietyNewsletter



2 Shannontheory

Shannors 1948paper28] containedwo theoremdgor which we will be giving quan-
tumanalogsThe rst of theses thesouice codingtheoremwhich givesa formulafor
how mucha sourceemittingrandomsignalscanbe compressedyhile still permitting
theoriginal signalsto berecoveredwith highprobability Shannors sourcecodingthe-
oremstateghat outputsof asource canbecompressetb length
bits,andrestoredo theoriginalwith high probability, where is theentrogy function.
For a probabilitydistribution with probabilites , , , ,theentropy is

(1)

whereinformationtheoristsgenerallytake the logarithmbase2 (thusobtainingbits as
theunit of information).

Thesecondf thesetheoremss thechannelcodingtheoremwhich stateghatwith
highprobability, usesof anoisychannel cancommunicate bitsreliably,
where is thechannekapacitygivenby

)
Herethe maximumis takenover all probability distributionsoninputs  to the chan-
nel,and is the outputof the channelgiveninput . The mutualinformation
isde nedas:

®3)

(4)
where is theentropy of thejoint distributionof and ,and isthe
conditionalentropy of , given . Thatis, if the possiblevaluesof are , then

theconditionalentroyy is

()

In this paper| outlinethe progresghathasbeenmadein extendingtheseformulae
to quantumchannelswhile alsotaking a few sidedetoursthat addresselatedprob-
lemsandresultsin quantuminformationtheory | will keepthis paperat a fairly low
technicallevel, sol only sketchthe proofsfor someof theresultsl mention.

Whenthe formula for mutualinformationis extendedto the quantumcase,two
generalizationdiave beenfound that both give capacitiesof a quantumchannel,al-
thoughthesecapacitiediffer in both the resourceshat the senderandrecever have
available and the operationsthey are permittedto carry out. One of theseformulae
generalizeghe expression(3) andthe otherthe expression(4); theseexpressionsare
equalin theclassicakase.



3 Quantum mechanics

Beforewe canstarttalking aboutquantuminformationtheory | needto give a brief
descriptionof someof the fundamentabrinciplesof quantummechanics.The rst
of theseprinciplesthat we presentis the superpositionprinciple. In its mostbasic
form, this principle saysthatif a quantumsystemcanbein oneof two distinguishable
states and it canbein ary stateof the form , where and
are complex numberswith . Here s the notationthat physicists
usefor a quantumstate; we will occasionallybe usingit in the restof this paper
Recallwe assumedhat and  weredistinguishablesotheremustconceptually
be somephysicalexperimentwhich distinguisheghem (this experimentneednot be
performabldn practice).Theprinciple saysfurtherthatif we performthis experiment,
wewill obsene  with probability and  with probability . Furthermore,
after this experimentis performed,if state (or ) is obsenred the systemwiill
thereaftebehae in the sameway asit would have hadit originally beenin state

(or .
Mathematicallythesuperpositiomprinciplesayshatthestateof aquantunsystem
are the unit vectorsof a complex vector space,andthat two orthogonalvectorsare
distinguishableln accordancevith physicsusagewe will denotequantumstatesby
columnvectors. The Dirac bra-ket notationdenotesa columnvector by (aket)
andits Hermitiantransposdi.e., complex conjugatetransposepy (abra). The
inner productbetweentwo vectors, and , is denoted , where

is the conjugatetransposeof . Multiplying a quantumstatevector by a comple
phasefactor(a unit complex number)doesnot changeary propertiesof thesystemso
mathematicallythe stateof a quantumsystemis a pointin projective complex space.
Unlessotherwisestated however, we will denotequantumstatesby unit vectorsin a
comple vectorspace

We will bedealingsolelywith nite dimensionalectorspacesQuantuminforma-
tion theoryis alreadycomplicatecenoughin nite dimensionsithoutintroducingthe
additionalcompleity of in nite-dimensionalvectorspacesMany of thetheoremswe
will bediscussingloindeedgeneralizenaturallyto in nite-dimensionalspaces.

A qubitis a two-dimensionabjuantumsystem. Probablythe mostwidely known
qubit is the polarizationof a photon,andwe will thusbe usingthis examplein the
remainderof the paper For the polarizationof a photon,therecanonly be two dis-
tinguishablestates. If onesendsa photonthrougha birefringentcrystal, it will take
oneof two pathsdependingnits polarization.By re-orientingthis crystal,thesetwo
distinguishablgolarizationstatescanbe choserto be horizontalandvertical, or they
canbechoserto beright diagonalandleft diagonal.ln accordancevith the superposi-
tion principle,eachof thesestatescanbe expressedsa complex combinationof basis
statesn the otherbasis.For example,



Here, and standfor right and left circularly polarizedlight, respectiely;
theseare anotherpair of basisstatesfor the polarizationof photons. For example,
whendiagonallypolarizedphotonsare put througha birefringentcrystal orientedin
the direction,half of themwill behae like vertically polarizedphotons andhalf
like horizontallypolarizedphotons.

If you have two quantumsystemstheir joint statespaceis the tensorproductof
their individual statespaces.For example,the statespaceof two qubitsis ~ andof
threequbitsis . The high dimensionalityof the spacefor  qubits, , is oneof
theplaceswherequantumcomputatiorattainsits power.

The polarizationstatespaceof two photonshasasa basisthe four states

This statespaceincludesstatessuchas an EPR (Einstein,Podolsky, Rosen)pair of
photons

i - 6)

whereneitherqubit alonehasa de nite state but which hasa de nite statewhencon-
sideredasa joint systemof two qubits. In this state the two photonshave orthogonal
polarizationsin whichever basisthey aremeasuredn. Bell [3] shaoved thatthe out-
comesof measurementsn the photonsof this statecannotbe reproducedby joint

probabilitydistributionswhich give probabilitiesfor the outcomeof all possiblemea-
surementsandin which eachof the singlephotonshasa de nite probability distribu-

tion for the outcomeof measurementsn it, independenbf the measurementshich

aremadeon the otherphoton. In otherwords,therecannotbe ary setof hiddenvari-

ablesassociateavith eachphotonthatdetermineshe probability distribution obtained
whenthis photonis measuredh ary particularbasis.

I will presenhereanothemdemonstratiomf thisimpossibility of local hiddenvari-
ables;namely the proof involving the GHZ state(namedfor Greenlurger, Horneand
Zeilinger)[14]. Many fewer peoplehave seenthis thanhave seenBell's inequalities,
probability becauset is muchmorerecent;however, the demonstratiorfor the GHZ
stateis in somewayssimplerbecausé is deterministic Fromnow on,insteadf using

and for qubits,wewill use and , astheseareequivalentandprobably
morefamiliarto our audienceThe GHZ stateis

— ()

The thoughtexperimentdemonstratinghe impossibility of hiddenvariablesinvolves
measuringeachof the qubitsin eitherthe C basis— orin the D basis

— . For photonpolarization the C basiscorrespondso circularly polarized
light andthe D basisto diagonallypolarizedlight. We will rst supposdhateachof



the qubitsis measuredn the D basis. This projectsthe joint stateof our threequbits
ontooneof the eightmutually orthogonalectors

— (8)

Let us considerthe stateformedby taking all plus signsin the superpositiongbore.
Thisis equivalently

_ (9)

The inner productof this statewith the GHZ state(7) is -, sothe probability of ob-
servingthe state(9) whenmeasuringll threequbitsin the D basisis - -. ltis
easyto checkthatsimilarly, the probability of observingary of the statesof (8) with
anevennumberof 'sis - andthatthe probability of observingary stateof (8) with
anoddnumberof 'sisO.

We now considemeasuringwo of the qubitsin the C basisandone(saythethird)
in the D basis.This measuremergrojectsontothe eightbasisstates

— (10)

Here, it is easyto checkthatif we measurghe GHZ state(7) in this basis,we will
alwaysobseneanoddnumberof 's.

We cannow shaw thatit is impossibleto assignmeasuremerdutcomego eachof
the qubitsindependenbf the basisthat the other qubitsare measuredn, andremain
consistentvith the predictionsof quantummechanicsConsiderthefollowing table

(11)

The last entry in eachrow givesthe parity of the numberof 'sif the threequbits
aremeasuredn the basegyivenby the rst threeentriesof the row. Supposehereis
a de nite outcomeassignedo eachqubit for eachof the two possiblemeasurement
bases. Since eachbasisappeardor eachqubit exactly twice in the table, the total
numberof 'sin thetablewould thushaveto be even. However, theresultspredicted
by quantummechanicgthefourth column)arethatthetotalnumberof 'sin thetable
is odd. This impliesthatthe outcomeof at leastonemeasuremeran onequbit must
dependon the measurementahich are madeon the other qubits,andthat this must
hold even if the qubits are spatially separated.It canbe shavn, however, that this
correlationcannotbe usedto transmitary informationbetweernpeopleholding these
variousqubits; for example,the probability thata qubit is foundto be ( ) is one-
half independentf the measurementsn the otherqubits,sowhich measurementsre
chosenfor the other qubits do not affect this probability (althoughthe outcomesof
thesemeasurementsay).



The next fundamentaprinciple of quantummechanicave discusss the linearity
principle. This principle stateghatanisolatedquantumsystemundegoeslinearevo-
lution. Becausdhe quantumsystemswe areconsideringare nite dimensionalector
spacesalinearevolution of thesecanbe describedy multiplicationby a matrix. It is
fairly easyto checkthatin orderto make the probabilitiessumto one,we mustrestrict
thesematricesto be unitary (@matrix is unitaryif ; unitary matricesare
thecomplex matriceswhich take unit vectorsto unit vectors).

Although mary explanationsof quantummechanicgestrict themselesto pure
statequnit vectors)for quantuminformationtheorywe needto treatprobability distri-
butionsover quantumstates.Thesenaturallygive rise to objectscalleddensitymatri-
ces.Foran -dimensionabjuantunmstatespaceadensitymatrixis an Hermitian
trace-ongoositive semide nitematrix.

A rankonedensitymatrix correspondso thepurestate  where .
Recall  wasthecomplex conjugateransposef , andfor mostof this paperwe
denote by . Densitymatricesarisenaturallyfrom quantumstatesn two ways.

The rst way in which densitymatricesariseis from probability distributionsover
quantumstates Suppose¢hatwe have asystemwhichis in state  with probability
The correspondinglensitymatrixis

(12)

An importantfact aboutdensitymatricesis that the densitymatrix for a system
givesas much information as possibleaboutexperimentsperformedon the system.
Thatis, arny two systemswith the samedensitymatrix cannotbe distinguishedby
experimentsprovidedthatno extra sideinformationis givenaboutthesesystems.

The otherway in which densitymatricesariseis throughdisregardingpart of an
entangledquantumstate. Recallthattwo systemdn anentangledpure)statehave a
de nite quantumstatewhenconsideredointly, but eachof the two systemsndividu-
ally cannotbe saidto have a de nite state.Supposédhatwe have a purestate on
atensorproductsystem . If we canonly seethe rst partof thesystemthis
partbehaesasthoughit is in the state . Here, is the partialtrace
operator Considerajoint systemin the state

(13)
In this example,the dimensionof is 3 andthe dimensionof is the sizeof the
matrices . Thepartialtraceof ,tracingover ,is

(14)

Althoughthe aborve formulaalsodetermineghe partialtracewhenwe traceover
througha changeof coordinatesit is instructive to give this explicitly:

(15)



The nal ingredientwe needbeforewe canstartexplaining quantuminformation
theoryis avonNeumanmeasuement We have seenexampleof this procesdefore,
while explaining the superpositiorprinciple and the GHZ non-locality proof; how-
ever, we have not yet given the generalmathematicaformulationof a von Neumann
measurement.Supposehat we have an -dimensionalquantumsystem . A von
Neumanmmeasuremerdorresponds$o acompletesetof orthogonakubspaces , ,

, of . Here,completemeanghatthe subspaces spanthe space , sothat

. Let  bethe projectionmatrix onto the subspace . If we start
with adensitymatrix , thevon Neumanmmeasurementorrespondingo the set
projects into oneof thesubspaces . Speci cally, it projects ontothe 'th subspace
with probability , the stateaftertheprojectionbeing , renormalizedo be
a unit vector A specialcasethat is often encountereds whenthe  areall one-
dimensional so that , andthevectors  form anorthogonalbasisof
Then,avector istakento  with probability , anda densitymatrix is taken

to  with probability

4 Von Neumannentropy

We arenow readyto considerquantuminformationtheory We will startby de ning
the entropy of a quantumsystem. To give someintuition for this de nition, we rst
considersomespecialcases.Consider photons,eachbeingin thestate  or
with probability -. Any two of thesestatesare completelydistinguishable. There
arethus  equally probablestatesof the system,andthe entrogy is  bits. Thisis
essentiallya classicakystem.

Considermnow  photons,eachbeingin the state  or with probability -.
Thesestatesare not completelydistinguishableso thereare effectively considerably
lessthan statesandtheentrogy shouldintuitively belessthan bits.

By thermodynami@argumentsnvolving theincreasen entrofy associateavith the
work extractedfrom a systemyon Neumanrdeducedhatthe (vonNeumannkntiopy
of aquantumsystemwith densitymatrix shouldbe

(16)
Recallthat is positive semide nite, so that is well de ned. If s ex-
pressedn coordinatesn whichit is diagonalwith eigervalues , thenin thesecoor
dinates is diagonalwith eigervalues . We thusseethat

17)

so that the von Neumannentrogy of a densitymatrix is the Shannorentrogy of the
eigervalues. (Recall , sothat .) This de nition is easilyseento
agreewith the Shannorentroyy in the classicalcase,whereall the statesare distin-
guishable.



5 Sourcecoding

Von Neumanrdevelopedtheabovede nition of entrogy for thermodynamicsOnecan
askwhetherthis is alsothe correctde nition of entrogy for informationtheory We

will rst givetheexampleof quantumsourcecoding[20, 26], alsocalledSthumader
compessionfor which we will seethatit is indeedtheright de nition. We consider
amemorylessjuantumsourcethatat eachtime stepemitsthe purestate  with prob-
ability . We would like to encodethis signalin asfew qubitsaspossible,andsend
themto a recever who will thenbe ableto reconstructhe original state. Naturally,

we will notbeableto transmitthe original state a wlessly In fact,therecever cannot
even reconstructhe original stateperfectly most of the time, which is the situation
thatis possiblein classicalcommunicatiortheory Unlike classicalsignals,however,

gquantumstatesare not completelydistinguishableheoretically so reconstructinghe
original statemostof the time is too stringenta requirement.What we will require
is thatthe recever be ableto reconstruct statewhich is almostcompletelyindistin-
guishablefrom the original statenearly all the time. For this we needa measureof

indistinguishability;we will usea measurecalled delity. Supposehat the original

signalis avector

Thenthe delity betweenthe signal andtheoutput (whichis in generala mixed
state,i.e. adensitymatrix, on qubits)is andthe average delity is this
delity averagedover . If theoutputis a purestate , the delity
. The delity measureshe probability of succesof a testwhich determines
whetherthe outputis the sameastheinput.
Beforel cancontinueto sketchthe proof of the quantumsourcecodingtheorem,
| needto review the proof of the classicalsourcecodingtheorem.Supposeve have a
memorylessource,i.e., asource thatat eachtime stepemitsthe 'th signaltype,
, with probability , andwherethe probability distribution for eachsignalis inde-
pendenbf the previously emittedsignals.Theideabehindclassicakourcecodingis to
shav thatwith high probability, the sourceemitsa typical sequencenvherea sequence
of length istypicalif it containsapproximately  copiesof thesignal for every

. The numberof typical sequenceis only . Thesecanthusbe codedin
bits.

The tool that we useto perform Schumachecompressions that of typical sub-
spaces Supposehat we have a densitymatrix , Where , andwe take
thetensorproductof copiesof inthespace ,i.e.,wetake . There
is a typical subspaceassociatedvith . Let , , , betheeigervectorsof

with associateeigervalues , , , . Since , these form aproba-

bility distribution. Considertypical sequencesf the eigervectors , where s the

probability of choosing . A typical sequencesanbeturnedinto a quantumstatein

by takingthetensomproductsof its elementsThatis, if atypicalsequencées

., ,thecorrespondinguantumstateis . Thetypi-

calsubspace isthesubspacspannedy typical sequencesf the eigervectors.The
subspace hasdimensiorequalto thenumberof typical sequencesr

We cannow explain how to do Schumachecompression.Supposewe wish to



compressa sourceemitting  with probability . Let the typical subspacesorre-
spondingto be ,where is the densitymatrix for the source and
wherewe areusinga block length  for our compressiorscheme We take the vector

andmalke thevon Neumanmmeasuremerthatprojectsit into
either or . If s projectedonto , we sendtheresultsof this projection;this
canbedonewith qubits.If isprojectedonto , our
compressiorlgorithmhasfailed andwe cansendarything; this doesnot degradethe
delity of ourtransmissiorgreatly becauséhisis alow probability event.

Why did this work? The main elementof the proofis to shawv thatthe probability
thatwe project onto approached& as goesto . Thisprobabilityis f
this probabilitywereexactly 1, then would necessarilypein , andwe would have
noiselescompressionlf the probabilitythatthe state is projectedonto is ,
then ,andwhen isprojecteconto ,the delity betweertheoriginal
state andthe nal state is thus .

Now, recallthatif two densitymatricesareequal theoutcomef ary experiments
performedon themhave the sameprobabilities. Thus, the probability thatthe source

with probabilities  projectsontothetypical subspacés the sameasfor thesource
with probabilities , where and arethe eigervaluesandeigervectorsof
. We know from the classicaltheory of typical sequencethat
is in thetypical subspaceat least of thetime; becaus¢he are
distinguishablethis is essentiallythe classicalcase,and is in the typical subspace
exactlywhenthesequencef is atypical sequence.

6 Accessiblenformation

Thenext concepts thatof accessibléenformation Here,we againhave a sourceemit-
ting state  with probability . Notethatnow, the states emittedmay be density
matricesratherthanpure states.We will aska differentquestionthis time. We now
wantto obtainasmuchinformationaspossibleaboutthe sequencef signalsemitted
by thesource.Thatis, we wish to maximizethemutualinformation where
is thevariabletelling whichsignal wasemitted,and is thevariablegiving the out-
comeof ameasuremerdn . Thisgivesthe capacityof a channelwhereat eachtime
stepthe sendemustchooseoneof thestates to send,andmustfurthermorechoose
afraction of thetime; andwheretherecevver makesa separateneasuremern
eachsignalsent.

To nd the accessiblénformation, we needto maximizeover all measurements.
For this, we needto be ableto characterizeall possiblequantummeasurementsit
turnsout thatvon Neumanmmeasurementarenot the mostgeneralclassof quantum
measurementshe mostgeneralmeasurementarethe positiveopemtor valuedmea-
surementspr POVM's. Oneway to describetheseis asvon Neumanmeasurements
onaquantumspacdargerthanthe original spacethatis, by supplementinghe quan-
tum statespaceby an ancilla spaceandtaking a von Neumannmeasurementn the
joint statespace.

For a POVM, we are given a setof positive semide nite matrices  satisfying



. Theprobabilityof the 'th outcomeis then

(18)
For a von Neumannmmeasurementye take , the projectionmatrix onto the
'th orthogonalsubspace . The condition is equivalentto the require-

mentthatthe areorthogonablndspanthewholestatespace.To obtainthemaximum
informationfrom aPOVM, we canassumehatthe 'sarepurestatesif thereisan
thatis notrankone,thenwe canalwaysachieve atleastasmuchaccessiblénformation
by re ning that intoasum wherethe  arerankone.

We now give someexamplesof the measurementsaximizingaccessiblénforma-
tion. The rst is oneof the simplestexamples. Supposehat we have just two pure
statedn our ensemblewith probability - each.For example,we couldtake the states

and . Letustake and . We will notproveit
here,but the optimal measuremenifor theseis the von Neumannmeasurementith
two orthogonalvectorssymmetricaround and . Thatis, the measuremenwith
projectors

- - - - (19)
- - - - (20)

Thismeasuremens symmetricwith respecto interchanging and , andit leadsto
abinary symmetricchanneblith errorprobability

. (1)

Theaccessiblénformationis thus - —.
For theensemblecontaining and  with probability - eachthe densitymatrix
is
- (22)

which haseigervalues- , sothevon Neumanrentropy of thedensitymatrixis

- —— . Thevaluesof and areplottedin Figurel. Onecanseethatthe
von Neumanrentrofy is largerthantheaccessiblénformation.

Notethatin our rst example theoptimummeasurementvasavon Neumanmea-
surementlf thereareonly two statesn anensembleit hasbeenconjecturedhatthe
measuremendptimizing accessiblenformationis always a von Neumannmeasure-
ment,mainly becausextensve computerexperimentshave notfounda countergam-
ple [11]. This conjecturehasbeenprovenfor quantumstatesn two dimensiong22].
Our next exampleshaws thatthis conjecturedoesnot hold for ensemblesomposeaf
threeor morestates.

Our secondexampleis threephotonswith polarizationsthat differ by each.
Thesearerepresentetly thevectors

10
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Figurel: A plot of thevon Neumanrentropy of the densitymatrix andthe accessible
informationfor the ensemblef two purequantumstateswith equalprobabilitiesand
that differ by anangleof , for . Thetop curwe is the von Neumann
entropy andthe bottomtheaccessiblénformation.

The optimal measuremerfor thesestatesis the POVM correspondindo the vectors

where . We take - , in orderfor . If we startwith
vector , it is easyto seethatwe neverobtain , but do obtainthe othertwo possible
outcomeswith probability - each.This gives . For thesethreesignal
statesit is alsoeasyto checkthatthe densitymatrix - ,S0 . Again,we
have .

This leadsto a conjecture:that . The correcttheoremis someavhat

strongey andwe will shortly stateit. The rst publishedproof of this theoremwas
givenby Holevo [17]. It wasearlierconjecturedby Gordon[12] andstatedby Levitin
with no proof[21].

Theorem (Holevo): Supposehat we havea source emitting a (possiblymixed)
state with probability . Let

(23)

Then
(24)

The conditionsfor equalityin this resultareknown. If all the commute,then
they aresimultaneouslyliagonalizableandthe situationis essentiallyclassical In this
case, ; otherwise

11



7 The classicalcapacity of a qguantum channel

Onecanaskthe question:is this quantity the mostinformationthatonecansend
usingthethreestatesof our secondexample?The answeris, surprisingly “no”. Sup-
posethatwe usethethreelength-two codevords , ,and . These
arethreepurestatesin the four-dimensionaljuantumspaceof two qubits. However,
sincethereare only threevectors,they lie in a three-dimensionatubspace.The in-
ner productbetweenary two of thesestatesis -. One can show that the optimal
measuremeris attainedoy the von Neumanmmeasuremertiaving threebasisvectors
obtainedby “pulling” thethreevectors apartuntil they areall orthogonal.This
measuremergives bits, which is largerthan bits=1.170
bits. In fact, 1.369bits is larger thantwice the maximumaccessiblenformation at-
tainableby varyingboththe probability distribution andthe measuremeran the three
states , and . This maximumis attainedusingjust two of thesestatesandis
. We thus nd thatblock codingletsusachieve a better
informationtransmissiomatethan

Having foundthat lengthtwo codevordswork betterthanlength one codevords,
thenaturalquestionbecomesasthelengthsof our codevordsgoto in nity , how well
canwe do. Theansweiis:

Theorem (Holevo[18], SchumacheiWestmoreland[Z]j: The classical capacity
obtainableusing codevords composedf signal states , whele the probability of
using is ,is

(25)

We will latergive asketchof the proof of thisformulain the specialcasewvherethe
arepurestates.We will rst ask: Doesthis formulagive the capacityof a quantum
channel ?

Beforewe addresghis question(we will notbe ableto answerit) we shouldgive
thegeneraformulationof aquantunchannellf  isamemorylesguantumcommu-
nicationchannelthenit musttake densitymatriceso densitymatrices.Thismeans
mustbeatracepreservingoositive map.Here tracepreservings requiredsinceit must
preseretracel matricesandpositive meangt takespositive semide nitematricesto
positive semide nite matrices. For  to be a valid quantummap, it musthave one
moreproperty: namely it mustbe completelypositive. This meangshat is positive
evenwhenit is tensoredvith theidentity map. Thereis atheorem[16] thatany such
mapcanbe expresseds

(26)

where arematricessuchthat .
A naturalguessatthe capacityof aquantumchannel  would bethe maximumof
over all possibledistributionsof channebutputs thatis,

(27)

12



sincethe sendercaneffectively communicatdo the recever ary of the states
We do notknow whetherthisis the capacityof a quantumchanneljf the useof entan-
glementbetweenseparaténputsto the channelhelpsto increasechannelcapacity it

might be possibleto exceedthis . Thiscanbeaddressedly answeringa question
thatis simpleto state:Is additive [1]? Thatis, if we have two quantumchannels
and ,is
(28)

Proving subadditvity of this quantityis easy The questionis whetherstrictly more
capacitycan be attainedby usingthe tensorproductof two channelgointly thanby
usingthemseparately

We now returnto thediscussiorof theproofof theHolevo-SchumacheWestmoreland
theoremin the specialcasewherethe arepurestates.The proof of this casein fact
appearetheforethegeneratheoremwasproved[15]. Theproofuseghreeingredients.
Theseare

1. randomcodes,
2. typical subspaces,
3. thesquareootmeasurement.

The squareroot measuremeris also calledthe “pretty good” measuremengandwe
have alreadyseenan exampleof it. Recallour secondexamplefor accessiblénfor-
mation, wherewe took the threevectors , Where — — for
. Theoptimalmeasuremerfor onthesevectorswasthevon Neumann

measuremertbtainedby “pulling” themfartherapartuntil they wereorthogonal This
is, in fact,anexampleof the squareroot measurement.

Supposdhatwe aretrying to distinguishbetweervectors , , , , which
appearwith equalprobability (the squareroot measurementan also be de ned for
vectorshaving unequalprobabilities but we do not needthis case).Let

ThesquareootmeasuremerttasPOVM elements . We have

(29)

sothese doindeedformaPOVM.

We cannow give the codingalgorithmfor the capacitytheorenfor purestates\We
choose codeavords , Wherethe arechoseratrandom
with probability . We thenusethe codevords  to sendinformation; we needto
shav thateachcodevordis canbeidenti ed with high probability.

To decodeyve performthefollowing steps:

1. Projectinto thetypical subspace . Most of thetime, this projectionworks,and
we obtain ,where istheprojectionmatrix ontothe subspace .

2. Usethesquareaootmeasuremendnthe

13



The probability of erroris
— (30)

The intuition for why this procedureworks (this intuition is not even closeto being
rigorous;the proof worksalongsubstantiallydifferentlines)is thatfor this probability
of errorto be small,we needthat iscloseto  for most . However, the

aredistributedmoreor lessrandomlyin the typical subspace , so is

moderatelycloseto theidentity matrix onits support,andthus is closeto
Notethatwe needthatthenumber of islessthan , or otherwiseit would
beimpossibleto distinguishthe ; by Holevo'sbound(24) a -dimensionabjuantum
statespacecancarryatmost bits of information.

8 Quantum teleportation and superdensecoding

In this sectionwe will rst describequantumteleportation,a surprisingphenomenon
which is an unusualmeansof transmittinga quantumstate. It is impossibleto send
a quantumstateover a classicalchannel. Quantumteleportationlets a senderanda
receverwho sharean EPRpair of qubitssendtwo classicabits andusethis EPRpair
in orderto communicatenequbit[5]. (SeeFigure2.)

To performteleportationthe sendesstartswith a qubitin anunknawn state which
we take to be , anda sharedEPR pair, which we assumas in the state
— , with thesendeholdlngthe rst qubitof theEPRpairandtherecever
holding the secondqubit. Thejoint systemis thusin the tensorproductof thesetwo
stateswhichis

— (31)

Notethatthesendehasposessiomf the rst two qubits,andtherecever posessiomf
thethird one.Usingthe distributive law, we canrewrite the above state(31 as

(32

The sendercan now performthe von Neumannmeasurementhat projectsthe state
ontooneof thefour linesof Eq. (32), asthefour states

areall orthogonal.This leavesthereceverwith oneof thefour states
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Receiver .~ ~ Qubitin
Pk statey
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EF-’R pair
of qubits

Figure2: A schematidrawing of quantumteleportation.The sendethasa qubitin an
unknown state that he wishesto sendto the recever. He alsohashalf of an EPR
statewhich he shareswith therecevver. The sendemakesa joint measuremertin the
unknowvn qubitandhalf of his EPRstate andcommunicatetheresults(2 classicabits)
totherecever. Thereceverthenmakesoneof four unitarytransformationgdepending
onthetwo classicabits hereceved)on his half of the EPRstateto obtainthe state .

all of which canbetransformednto by theappropriateunitarytransform.
The sendemeedgo communicatdo the recever which of the four measuremeraut-
comeswasobtainedusingtwo bits), andtherecever canthenperformtheappropriate
unitarytransformto obtaintheoriginal quantunstate.

Quantumteleportationis a counterintuitve processwhich at rst sight seemso
violate certainlaws of physics;however, uponcloserinspectiononediscoversthatno
actualparadoesarisefrom teleportation.Teleportatiorcannotbe usedfor superlumi-
nal communicationpecausehe classicalbits musttravel at or slower thanthe speed
of light. While a continuougjuantumstateappeardo have beentransportedisingtwo
discretebits, by Holevo's bound(24) one qubit canbe usedto transportat mostone
classicalbit of information,soit is not possibleto increasethe capacityof a classi-
cal channelby encodinginformationin the teleportedgubit. Finally, thereis a theo-
rem of quantummechanicghatanunknonvn quantumstatecannotbe duplicated30].
However, the original stateis necessarilydestroyed by the measurementeleportation
cannotbe usedto clonea quantumstate.

Thereis acorverseprocesso teleportationsupedensecoding whichusesashared
EPRpairanda singlequbitto encodeawo classicabits[8]. In this protocol,thesender
andreceverusethesameoperationsasteleportationput reversetheirroles;thesender
performsthe unitary transformatiorandthe recever performsthe measurementSee
Figure3.)
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Figure3: A schematidrawing of superdenseoding. The sendercancommunicate
two classicalbits to the recever using one qubit and a sharedEPR pair. Here, the
sendemakesthesameunitarytransformatiorthatthereceverwould makein quantum
teleportationandtherecever makesthejoint measuremenhatthesendemwould make
in quantumteleportation.

9 Other resultsfrom quantum information theory

In this nal section| brie y suney someotherresultsof quantuminformationtheory
whichwereunjustly neglectedby the previous sectionsof this paper

Usingteleportationthe sendercansendtherecever qubitsoveraclassicakthannel
if they possessharedEPR pairs. Thus, shaed EPR pairs (an instanceof quantum
entanglementganbe seenasa resourcehat lets thesetwo partiessendquantumin-
formationover a classicalchannel,a task that would otherwisebe impossible. This
leadsto the question:how do you quantifyentanglement® two partieshave copies
of an entangledstate , how mary EPR pairsdoesthis let them share?We will let
thetwo partiesuseclassicalcommunicatiorandperformlocal quantumoperationson
their own states,but no quantumcommunicatiorand no quantumoperationson the
joint statespacewill beallowed.

If isapurestate thentheansweiis knownandquitenice[4]. Letthetwo parties'
quantunstatespacedbe and . Thenif isapurestate, copiesof can
bemadeinto

(33)

nearlyperfectEPRpairs,andvice versawherethe delity of theactualstatewith the
desiredstategoesto 1 astheblocklength goestoin nity .

If isnotapurestate thesituationbecomesnuchmorecomplicatedln thiscase,
we cande ne entanglemenof formation( ), which is asympotiticallythe number
of EPR pairsthat we needto form ; anddistillable entanglemen{ ), which is
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asymptoticallythe numberof EPRpairswhich canbecreatedrom . If is pure,then
thesetwo quantitiesareequal,but this doesnot appeato betrueif is mixed.

Much lik e the classicalcapacityof a quantumchannelthereis a nice expression
which would be equalto the entanglemenbf formationif it could be provedto be
additive. We call it the one-shotentanglemenbf formation, andit is the minimum
averageentanglementver ensemblesf purestatesvhosedensitymatrixis . Thatis,

(34)

We now give anothercapacityfor quantumchannels,one which hasa capacity
formulawhich canactually be proven. Supposédhat we have a quantumchannel
Recallthatif  is anoiselesguantumchannelandif the sendemandrecever possess
sharedEPR pairs,they canusesuperdenseodingto doublethe classicalinformation
capacityof . If  is a noisy quantumchannel,using sharedEPR pairs can also
increasdheclassicatapacityof . Wede ne theentanglemerdssisted¢apacity
asthequantityof classicainformationthatcanasymptoticallybe sentperchanneluse
if thesendemndrecever have accesso a sufcient quantityof sharedentanglement.

Theorem (Bennett,Shor SmolinThapliyal[6, 7]): Theentanglemenassistecta-
pacityis

(35)

wheie and standfor receiverand senderrespectivelyHere is maximizedver
pure stateson the tensorproductof the input statespace of the channeland
aquantumspace (which maybeassumedlsoto beof dimension ) thatthesender
keeps.

The quantitybeingminimizedin the above formula(35) is calledquantummutual
information,andit is a generalizatiorof the expressiorfor mutualinformationin the
form of Eq. (4). The proof of this resultusestypical subspacessuperdenseoding,
theHolevo-SchumacheYVestmorelantheoremonthe classicakapacityof aquantum
channelandthe strongsubadditvity propertyof von Neumanrentropy.

Finally, we brie y mentionthe problemof sendingquantuminformation (i.e., a
guantumstate)over a noisyguantumchannel.In this scenariosereral of thetheorems
thatmalke classicathannetapacitypbehae sonicelyarenottrue. Here,abackchannel
from thereceverto the sendeincreaseshe quantumchannekapacity leadingto two
quantumcapacities, wheretherecever hasa classicalbackchannelfrom himself
tothesenderand , Wwhereall communications from thesendeto therecever
overthenoisyquantunchannel . Thereis aconjecturedapacityformulafor . Itis
essentiallythelasttwo termsof the expression(35) for entanglement-assistedpacity

(36)
where , and arede nedasin (35). The quantitybeingmaximizedis calledthe
coheentinformation We now needto take the maximumover thetensorproductof

usesof thechannelandlet gotoin nity , becauseinlike the classical(or the quan-
tum) mutualinformation, the coherentinformationis not additive [10]. The quantity
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(36) is an upperboundfor the quantumcapacityof a noisy quantumchannel [2],
andis conjecturedo be equalto this capacity[19].

Therearemary moreresultsin quantuninformationtheory includingsererallarge
areaghat| have not discussedht all. | have not mentionedquantumerror-correcting
codeswhich arethetoolsoneneedgo sendquantuminformationoveranoisychannel
[13]. | have alsonot mentionedquantuncryptographyin connectiorwith whichthere
exist severalrecentsecurityproofs[9, 23, 24, 29], andassociatedesultson tradeofs
betweerdisturbinga quantumstateandextractinginformationfrom it. Finally, | have
not mentioneda large literatureon entangledjuantumstatessharedamongmorethan
two parties.| hopethatthis paperstimulatessomereadergo learnmoreaboutquantum
informationtheory
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