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1 Intr oduction

The disciplineof information theorywas foundedby ClaudeShannonin a truly re-
markablepaper[28] which laid down thefoundationsof thesubject.We begin with a
quotefrom this paperwhich is anexcellentsummaryof themainconcernof informa-
tion theory:

Thefundamentalproblemof communicationis thatof reproducingat one
point eitherexactlyor approximatelya messageselectedat anotherpoint.

Quantuminformationtheoryis motivatedlargely by thesameproblem,thedifference
beingthateitherthemethodof reproductionor themessageitself involvesfundamen-
tally quantumeffects. For many years,informationtheoristseither ignoredquantum
effectsor approximatedthemto makethemsusceptibleto classicalanalysis;it wasonly
in thelastdecadeor sothatthesystematicstudyof quantuminformationtheorybegan.
We next give a quotefrom JohnR. Piercewhich shows roughly thestateof quantum
informationtheorya quartercenturyago.In a 1973retrospective [25], celebratingthe
25thanniversaryof Shannon'spaper, Piercesays

I think that I have never meta physicistwho understoodinformationthe-
ory. I wish that physicistswould stoptalking aboutreformulatinginfor-
mationtheoryandwould give usa generalexpressionfor thecapacityof
achannelwith quantumeffectstakeninto accountratherthananumberof
specialcases.

In retrospect,this quoteseemsboth optimistic andpessimistic.It wascertainlypes-
simisticin thattherearenow many physicistswhounderstandinformationtheory, and
I believe thatevenwhenPiercewrotethis, therewereseveralwho did. Ironically, one
of the �rst fundamentaltheoremsof quantuminformation theorywasproved in the
sameyear [17]. On the otherhand,Piercewasquite optimistic in that he seemsto
have believedthat �nding thecapacityof a quantumchannelwould befairly straight-
forwardfor a physicistwith theright background.This hasnot provento bethecase;
even now, we do not have a generalformula for the capacityof a quantumchannel.
However, therehavebeenseveralrecentfundamentaladvancesmadein this direction,
andI describethesein this paper.

1A largepartof this paperis includedin thepaper“QuantumShannonTheory,” whichwill appearin the
IEEEInformationTheorySocietyNewsletter.
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2 Shannontheory

Shannon's1948paper[28] containedtwo theoremsfor whichwe will begiving quan-
tumanalogs.The�rst of theseis thesourcecodingtheorem,whichgivesaformulafor
how mucha sourceemittingrandomsignalscanbecompressed,while still permitting
theoriginalsignalsto berecoveredwith highprobability. Shannon'ssourcecodingthe-
oremstatesthat � outputsof a source

�

canbecompressedto length �����

���	��


���

�

bits,andrestoredto theoriginalwith highprobability, where� is theentropy function.
For aprobabilitydistributionwith probabilities
�� , 
�� , ����� , 
�� , theentropy � is
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whereinformationtheoristsgenerallytake thelogarithmbase2 (thusobtainingbits as
theunit of information).

Thesecondof thesetheoremsis thechannelcodingtheorem,whichstatesthatwith
highprobability, � usesof anoisychannel* cancommunicate+
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bitsreliably,
where+ is thechannelcapacitygivenby
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Herethemaximumis takenover all probabilitydistributionson inputs
�

to thechan-
nel, and *
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is theoutputof thechannelgiveninput
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. Themutualinformation
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is theentropy of thejoint distributionof
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is the
conditionalentropy of

<

, given
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. Thatis, if thepossiblevaluesof
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In thispaper, I outlinetheprogressthathasbeenmadein extendingtheseformulae
to quantumchannels,while alsotaking a few sidedetoursthat addressrelatedprob-
lemsandresultsin quantuminformationtheory. I will keepthis paperat a fairly low
technicallevel, soI only sketchtheproofsfor someof theresultsI mention.

When the formula for mutual information is extendedto the quantumcase,two
generalizationshave beenfound that both give capacitiesof a quantumchannel,al-
thoughthesecapacitiesdiffer in both the resourcesthat the senderandreceiver have
availableand the operationsthey arepermittedto carry out. Oneof theseformulae
generalizestheexpression(3) andtheothertheexpression(4); theseexpressionsare
equalin theclassicalcase.
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3 Quantum mechanics

Beforewe canstart talking aboutquantuminformationtheory, I needto give a brief
descriptionof someof the fundamentalprinciplesof quantummechanics.The �rst
of theseprinciplesthat we presentis the superpositionprinciple. In its most basic
form, this principlesaysthatif a quantumsystemcanbein oneof two distinguishable
states

A�L�M

and
A�NOM

, it canbe in any stateof the form P

A�L	M!�.QRA�NOM

, where P and
Q

arecomplex numberswith
A

P

A

�

�SA QHA

�

�UT

. Here
AWVXM

is the notationthat physicists
usefor a quantumstate; we will occasionallybe using it in the rest of this paper.
Recallwe assumedthat

A�L	M

and
A�NOM

weredistinguishable,so theremustconceptually
be somephysicalexperimentwhich distinguishesthem(this experimentneednot be
performablein practice).Theprinciplesaysfurtherthatif weperformthisexperiment,
we will observe

A�L�M

with probability
A

P

A

� and
A�NOM

with probability
A QHA

� . Furthermore,
after this experimentis performed,if state

A�L	M

(or
A�NOM

) is observed the systemwill
thereafterbehave in thesameway asit would have hadit originally beenin state

A�L�M

(or
A�NYM

).
Mathematically, thesuperpositionprinciplesaysthatthestatesof aquantumsystem

are the unit vectorsof a complex vectorspace,and that two orthogonalvectorsare
distinguishable.In accordancewith physicsusage,we will denotequantumstatesby
columnvectors. The Dirac bra-ket notationdenotesa columnvectorby

A�Z[M

(a ket)
andits Hermitian transpose(i.e., complex conjugatetranspose)by \

Z]A

(a bra). The
inner productbetweentwo vectors,

Z

and ^ , is denoted \_^

A Z[M��

^a`

Z

, where ^]`

is the conjugatetransposeof ^ . Multiplying a quantumstatevector by a complex
phasefactor(aunit complex number)doesnotchangeany propertiesof thesystem,so
mathematicallythestateof a quantumsystemis a point in projective complex space.
Unlessotherwisestated,however, we will denotequantumstatesby unit vectorsin a
complex vectorspacebdc .

Wewill bedealingsolelywith �nite dimensionalvectorspaces.Quantuminforma-
tion theoryis alreadycomplicatedenoughin �nite dimensionswithout introducingthe
additionalcomplexity of in�nite-dimensionalvectorspaces.Many of thetheoremswe
will bediscussingdo indeedgeneralizenaturallyto in�nite-dimensionalspaces.

A qubit is a two-dimensionalquantumsystem.Probablythe mostwidely known
qubit is the polarizationof a photon,andwe will thusbe using this examplein the
remainderof the paper. For the polarizationof a photon,therecanonly be two dis-
tinguishablestates.If onesendsa photonthrougha birefringentcrystal, it will take
oneof two paths,dependingon its polarization.By re-orientingthis crystal,thesetwo
distinguishablepolarizationstatescanbechosento behorizontalandvertical,or they
canbechosento beright diagonalandleft diagonal.In accordancewith thesuperposi-
tion principle,eachof thesestatescanbeexpressedasacomplex combinationof basis
statesin theotherbasis.For example,

A[e

f

Mg�

T

h i

A=j�M��

T
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A[k!M

A[l

m
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T
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h
i

A[k!M

Here,
A n ouM

and
A	r s M

standfor right and left circularly polarizedlight, respectively;
theseare anotherpair of basisstatesfor the polarizationof photons. For example,
whendiagonallypolarizedphotonsareput througha birefringentcrystalorientedin
the

k

(

j

direction,half of themwill behave like verticallypolarizedphotons,andhalf
likehorizontallypolarizedphotons.

If you have two quantumsystems,their joint statespaceis the tensorproductof
their individual statespaces.For example,thestatespaceof two qubitsis bdv andof
threequbitsis bxw . Thehigh dimensionalityof thespacefor � qubits, b

�zy , is oneof
theplaceswherequantumcomputationattainsits power.

Thepolarizationstatespaceof two photonshasasa basisthefour states
A�kxk{M

(

A�kHj|M

(

A=j}k!M

(

A=j~j•M

�

This statespaceincludesstatessuchasan EPR(Einstein,Podolsky, Rosen)pair of
photons

T

h i

�

A�k{j|M

 

A€j•kHMW�D�

T

h i

�

AYe
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m

M

 

AYl

m

e

f

MW�

( (6)

whereneitherqubit alonehasa de�nite state,but which hasa de�nite statewhencon-
sideredasa joint systemof two qubits. In this state,thetwo photonshave orthogonal
polarizationsin whichever basisthey aremeasuredin. Bell [3] showed that the out-
comesof measurementson the photonsof this statecannotbe reproducedby joint
probabilitydistributionswhichgiveprobabilitiesfor theoutcomesof all possiblemea-
surements,andin which eachof thesinglephotonshasa de�nite probabilitydistribu-
tion for theoutcomeof measurementson it, independentof themeasurementswhich
aremadeon theotherphoton.In otherwords,therecannotbeany setof hiddenvari-
ablesassociatedwith eachphotonthatdeterminestheprobabilitydistributionobtained
whenthis photonis measuredin any particularbasis.

I will presenthereanotherdemonstrationof this impossibilityof localhiddenvari-
ables;namely, theproof involving theGHZ state(namedfor Greenburger, Horneand
Zeilinger) [14]. Many fewer peoplehave seenthis thanhave seenBell's inequalities,
probabilitybecauseit is muchmorerecent;however, thedemonstrationfor theGHZ
stateis in somewayssimplerbecauseit is deterministic.Fromnow on,insteadof using

A�k‚M

and
A=j�M

for qubits,we will use
A)ƒ'M

and
A„T…M

, astheseareequivalentandprobably
morefamiliar to our audience.TheGHZ stateis

T

h

i

�

A)ƒtƒtƒ‚M†�.A„TtTtT‡M€�

� (7)

The thoughtexperimentdemonstratingthe impossibilityof hiddenvariablesinvolves
measuringeachof the qubits in eitherthe C basis �

ˆ

�

�

A)ƒ‚Md‰

q

AWT‡Mz�

or in the D basis
�

ˆ

�

�

A�ƒ‚Mt‰ŠAWT…MW�

. For photonpolarization,theC basiscorrespondsto circularlypolarized
light andtheD basisto diagonallypolarizedlight. We will �rst supposethateachof
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thequbitsis measuredin theD basis.This projectsthe joint stateof our threequbits
ontooneof theeightmutuallyorthogonalvectors

T

h ‹

�

A=ƒ'M�‰ŒAWT‡Mz�

�

A�ƒ‚M�‰.A„T…Mz�

�

A=ƒ'M�‰ŒAWT‡Mz�

� (8)

Let us considerthestateformedby takingall plus signsin thesuperpositionsabove.
This is equivalently

T

h ‹

�

A)ƒtƒ'ƒ'M†�.A)ƒtƒ•T…M��ŒA�ƒOT…ƒ'M��ŒA�ƒOT'T…M†�ŒAWT�ƒ'ƒ'M†�ŒAWT�ƒ•T…M†�ŒAWTtT…ƒ'M†�ŒAWTtT'T…M€�

(9)

The inner productof this statewith the GHZ state(7) is �

�

, so the probability of ob-
servingthestate(9) whenmeasuringall threequbitsin theD basisis �

�

�

�

�

�

�

v

. It is
easyto checkthatsimilarly, theprobabilityof observingany of thestatesof (8) with
anevennumberof

 

's is �

v

andthat theprobabilityof observingany stateof (8) with
anoddnumberof

 

's is 0.
We now considermeasuringtwo of thequbitsin theC basisandone(saythethird)

in theD basis.Thismeasurementprojectsontotheeightbasisstates
T

h
‹

�

A�ƒ‚M�‰

q

AzT‡Mz�

�

A�ƒ‚M�‰

q

AWT‡Mz�

�

A�ƒ‚M�‰.A„T…Mz�

� (10)

Here, it is easyto checkthat if we measurethe GHZ state(7) in this basis,we will
alwaysobserveanoddnumberof

 

's.
We cannow show thatit is impossibleto assignmeasurementoutcomesto eachof

thequbitsindependentof the basisthat theotherqubitsaremeasuredin, andremain
consistentwith thepredictionsof quantummechanics.Considerthefollowing table

Ž‚•••Y‘%’

T

Ž[•O•Y‘�’

i

Ž[•O•Y‘�’”“–•

/

G

‘%’�—

˜ ˜ ˜ ™�š'™�›

˜ œ œ

$Y•O•

œ ˜ œ

$Y•O•

œ œ ˜

$Y•O•

(11)

The last entry in eachrow gives the parity of the numberof
 

's if the threequbits
aremeasuredin thebasesgivenby the �rst threeentriesof the row. Supposethereis
a de�nite outcomeassignedto eachqubit for eachof the two possiblemeasurement
bases. Sinceeachbasisappearsfor eachqubit exactly twice in the table, the total
numberof

 

's in thetablewould thushave to beeven.However, theresultspredicted
by quantummechanics(thefourthcolumn)arethatthetotalnumberof

 

's in thetable
is odd. This implies that theoutcomeof at leastonemeasurementon onequbit must
dependon the measurementswhich aremadeon the otherqubits,andthat this must
hold even if the qubits are spatially separated.It can be shown, however, that this
correlationcannotbe usedto transmitany informationbetweenpeopleholding these
variousqubits; for example,theprobability that a qubit is found to be

�

(
 

) is one-
half independentof themeasurementson theotherqubits,sowhichmeasurementsare
chosenfor the other qubitsdo not affect this probability (althoughthe outcomesof
thesemeasurementsmay).
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Thenext fundamentalprincipleof quantummechanicswe discussis the linearity
principle. This principlestatesthatan isolatedquantumsystemundergoeslinearevo-
lution. Becausethequantumsystemswe areconsideringare�nite dimensionalvector
spaces,a linearevolution of thesecanbedescribedby multiplicationby a matrix. It is
fairly easyto checkthatin orderto maketheprobabilitiessumto one,wemustrestrict
thesematricesto beunitary(a matrix ž is unitary if žŸ`

�

ž0 

� ; unitarymatricesare
thecomplex matriceswhich takeunit vectorsto unit vectors).

Although many explanationsof quantummechanicsrestrict themselves to pure
states(unit vectors),for quantuminformationtheoryweneedto treatprobabilitydistri-
butionsover quantumstates.Thesenaturallygive riseto objectscalleddensitymatri-
ces.For an � -dimensionalquantumstatespace,adensitymatrix is an �¢¡0� Hermitian
trace-onepositivesemide�nitematrix.

A rankonedensitymatrix £ correspondsto thepurestate
A�ZYM

where £

�~A¤ZYM

\

Z]A

.
Recall \

Z¥A

wasthecomplex conjugatetransposeof
A�ZYM

, andfor mostof this paperwe
denote\

Z¥A

by
Z

` . Densitymatricesarisenaturallyfrom quantumstatesin two ways.
The�rst way in whichdensitymatricesariseis from probabilitydistributionsover

quantumstates.Supposethatwehaveasystemwhich is in state
Z

� with probability 

� .

Thecorrespondingdensitymatrix is

£

�

�

�



�

Z

�

Z

`

�

� (12)

An importantfact aboutdensitymatricesis that the densitymatrix for a system
givesas much informationas possibleaboutexperimentsperformedon the system.
That is, any two systemswith the samedensitymatrix £ cannotbe distinguishedby
experiments,providedthatnoextrasideinformationis givenaboutthesesystems.

The otherway in which densitymatricesariseis throughdisregardingpart of an
entangledquantumstate.Recallthat two systemsin anentangled(pure)statehave a
de�nite quantumstatewhenconsideredjointly, but eachof thetwo systemsindividu-
ally cannotbesaidto have a de�nite state.Supposethatwe have a purestate£•¦†§ on
a tensorproductsystem̈C¦¢©�¨R§ . If wecanonly seethe�rst partof thesystem,this
partbehavesasthoughit is in thestate£O¦

�«ª

G

§!£[¦†§ . Here,
ª

G

§ is thepartial trace
operator. Considera joint systemin thestate

£
¦†§

�­¬ ®°¯

�=�

¯

�)�

¯

�)±

¯

�z�

¯

�€�

¯

�€±

¯

±z�

¯

±€�

¯

±€±

²³

� (13)

In this example,thedimensionof ¨
¦ is 3 andthedimensionof ¨

§ is thesizeof the
matrices̄ �µ´ . Thepartialtraceof £

¦†§ , tracingover ¨
¦ , is

ª

G

¦¢£[¦†§

�

¯

�=�

�

¯

�=�

�

¯

±=± (14)

Althoughtheabove formulaalsodeterminesthepartial tracewhenwe traceover ¨
§ ,

throughachangeof coordinates,it is instructive to give this explicitly:

ª

G

§¶£‚¦†§

�
¬®

ª

G

¯

�€�

ª

G

¯

�)�

ª

G

¯

�)±

ª

G

¯

�W�

ª

G

¯

�€�

ª

G

¯

�€±

ª

G

¯

±W�

ª

G

¯

±€�

ª

G

¯

±€±

²³

� (15)
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The �nal ingredientwe needbeforewe canstartexplainingquantuminformation
theoryis avonNeumannmeasurement. We haveseenexamplesof thisprocessbefore,
while explaining the superpositionprinciple and the GHZ non-locality proof; how-
ever, we have not yet given thegeneralmathematicalformulationof a von Neumann
measurement.Supposethat we have an � -dimensionalquantumsystem̈ . A von
Neumannmeasurementcorrespondsto acompletesetof orthogonalsubspaces·x� , ·†� ,

����� , ·�¸ of ¨ . Here,completemeansthat thesubspaces· � spanthespacë , so that
¹

�

•

‘

-

·†�

�

� . Let º»� be the projectionmatrix onto the subspace·�� . If we start
with a densitymatrix £ , thevonNeumannmeasurementcorrespondingto theset �

·D���

projects£ into oneof thesubspaces·¼� . Speci�cally, it projects£ ontothe q ' th subspace
with probability

ª

G

º]��£ , thestateaftertheprojectionbeing º¥�,£'º]� , renormalizedto be
a unit vector. A specialcasethat is often encounteredis when the ·�� are all one-
dimensional,so that ·��

�

^7�,^

`

�

, andthe vectorŝ½� form an orthogonalbasisof ¨ .
Then,a vector

Z

is takento ^½� with probability
A

^

`

�

Z	A

� , anda densitymatrix £ is taken
to ^

� with probability ^

`

�

£'^
� .

4 Von Neumannentropy

We arenow readyto considerquantuminformationtheory. We will startby de�ning
the entropy of a quantumsystem.To give someintuition for this de�nition, we �rst
considersomespecialcases.Consider� photons,eachbeingin thestate

A�k[M

or
A=j�M

with probability �

�

. Any two of thesestatesare completelydistinguishable.There
arethus

i

� equallyprobablestatesof the system,and the entropy is � bits. This is
essentiallya classicalsystem.

Considernow � photons,eachbeingin the state
A�k‚M

or
AYe

f

M

with probability �

�

.
Thesestatesarenot completelydistinguishable,so thereareeffectively considerably
lessthan

i

� states,andtheentropy shouldintuitively belessthan � bits.
By thermodynamicargumentsinvolving theincreasein entropy associatedwith the

work extractedfrom a system,vonNeumanndeducedthatthe(vonNeumann)entropy
of aquantumsystemwith densitymatrix £ shouldbe

�¿¾„À{�

£

�”�

 

ª

G

£!"�$t&x£�� (16)

Recall that £ is positive semide�nite, so that
 

ª

G

£H"%$'&d£ is well de�ned. If £ is ex-
pressedin coordinatesin which it is diagonalwith eigenvaluesÁ†� , thenin thesecoor-
dinates

 

£!"�$t&x£ is diagonalwith eigenvalues
 

Á	�#"�$t&HÁ�� . We thusseethat

�¿¾„ÀH�

£

�”�

�>Â„Ã�Ä=ÅY�

Á
�

�

( (17)

so that the von Neumannentropy of a densitymatrix is the Shannonentropy of the
eigenvalues. (Recall

ª

G

£

�JT

, so that
¹

�

Á��

�ÆT

.) This de�nition is easilyseento
agreewith the Shannonentropy in the classicalcase,whereall the statesaredistin-
guishable.
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5 Sourcecoding

VonNeumanndevelopedtheabovede�nition of entropy for thermodynamics.Onecan
askwhetherthis is alsothe correctde�nition of entropy for informationtheory. We
will �rst give theexampleof quantumsourcecoding[20, 26], alsocalledSchumacher
compression,for which we will seethat it is indeedtheright de�nition. We consider
a memorylessquantumsourcethatat eachtime stepemitsthepurestate

Z

� with prob-
ability 
 � . We would like to encodethis signalin asfew qubitsaspossible,andsend
themto a receiver who will thenbe ableto reconstructthe original state. Naturally,
we will notbeableto transmittheoriginal state�a wlessly. In fact,thereceivercannot
even reconstructthe original stateperfectlymost of the time, which is the situation
that is possiblein classicalcommunicationtheory. Unlike classicalsignals,however,
quantumstatesarenot completelydistinguishabletheoretically, so reconstructingthe
original statemostof the time is too stringenta requirement.What we will require
is that the receiver be ableto reconstructa statewhich is almostcompletelyindistin-
guishablefrom the original statenearlyall the time. For this we needa measureof
indistinguishability;we will usea measurecalled �delity . Supposethat the original
signalis a vector Ç

�KZ

�
©

Z

�
©È�����…©

Z

�
�

Thenthe �delity betweenthe signal
Ç

andthe output £ (which is in generala mixed
state,i.e. a densitymatrix, on � qubits)is É

�

Ç

`)£

Ç

andtheaverage�delity is this
�delity É averagedover

Ç

. If theoutputis a purestate
Z

, the �delity É

�

Ç

`

Z'Z

`

Ç

�

A

Ç

`

Z†A

� . The �delity measuresthe probability of successof a testwhich determines
whethertheoutputis thesameastheinput.

BeforeI cancontinueto sketchtheproof of thequantumsourcecodingtheorem,
I needto review theproof of theclassicalsourcecodingtheorem.Supposewe have a
memorylesssource,i.e., a source

�

thatat eachtime stepemitsthe q ' th signaltype,
·†� , with probability 
�� , andwheretheprobabilitydistribution for eachsignalis inde-
pendentof thepreviouslyemittedsignals.Theideabehindclassicalsourcecodingis to
show thatwith highprobability, thesourceemitsa typicalsequence, whereasequence
of length � is typical if it containsapproximately�


†� copiesof thesignal ·�� for every
q . Thenumberof typical sequencesis only

i

�tÊ

3%576_Ë�ÌW3

�

6

. Thesecanthusbecodedin
�����

������


�,�

�

bits.
The tool that we useto performSchumachercompressionis that of typical sub-

spaces. Supposethatwe have a densitymatrix £ÎÍ�¨ , where ¨

�

b

¸ , andwe take
the tensorproductof � copiesof £ in thespacë � , i.e., we take £OÏ

�

Í;b

�t¸ . There
is a typical subspaceassociatedwith £OÏ

� . Let Ð

Z

� , Ð

Z

� , ����� , Ð

Z

¸ be the eigenvectorsof
£ with associatedeigenvaluesÁ

� , Á
� , ����� , Á

¸ . Since
ª

G

£

�|T

, theseÁ�� form a proba-
bility distribution. Considertypical sequencesof theeigenvectors Ð

Z

� , where Á�� is the
probabilityof choosing Ð

Z

� . A typical sequencescanbeturnedinto a quantumstatein
¨CÏ

� by takingthetensorproductsof its elements.Thatis, if a typicalsequenceis Ð

Z

�ÒÑ ,
Ð

Z

��Ó , ����� , Ð

Z

�

y

, thecorrespondingquantumstateis ^

�

Ð

Z

�ÔÑ!©«Ð

Z

��ÓH©.�����‡©ÕÐ

Z

�

y

. Thetypi-
cal subspaceÖ is thesubspacespannedby typical sequencesof theeigenvectors.The
subspaceÖ hasdimensionequalto thenumberof typicalsequences,or

i

ÊD×�Ø

3%Ùz6

�

Ë�ÌW3

�

6

.
We cannow explain how to do Schumachercompression.Supposewe wish to
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compressa sourceemitting
Z

� with probability 
�� . Let the typical subspacecorre-
spondingto £YÏ

� be Ö , where £

�

¹

�


��

Z

�

Z

`

�

is thedensitymatrix for thesource,and
wherewe areusinga block length � for our compressionscheme.We take thevectorÇ

�KZ

� Ñ�©

Z

� Ó†©Î������©

Z

�

y

andmakethevonNeumannmeasurementthatprojectsit into
either Ö or Ö¿Ú . If

Ç

is projectedonto Ö , we sendthe resultsof this projection;this
canbedonewith "�$t&!•

‘

-

Ö

�

���0¾„ÀH�

£

����


���

�

qubits.If
Ç

is projectedonto Ö Ú , our
compressionalgorithmhasfailedandwe cansendanything; this doesnot degradethe
�delity of our transmissiongreatly, becausethis is a low probabilityevent.

Why did this work? Themainelementof theproof is to show thattheprobability
thatwe project

Ç

onto Ö approaches1 as � goesto Û . This probability is
Ç

`=º]Ü

Ç

. If
this probabilitywereexactly 1, then

Ç

would necessarilybein Ö , andwe would have
noiselesscompression.If theprobability that thestate

Ç

is projectedonto Ö is
T

 �Ý

,
then

Ç

` º¥Ü

Ç

�ÞT

 @Ý

, andwhen
Ç

is projectedonto Ö , the�delity betweentheoriginal
state

Ç

andthe�nal stateº¥Ü

Ç

is thus
A

\

Ç

A

º¥Ü

Ç

M�A

�

�

�

T

 ŠÝ

�

� .
Now, recallthatif two densitymatricesareequal,theoutcomesof any experiments

performedon themhave thesameprobabilities.Thus,theprobability that thesource
Z

� with probabilities

� projectsontothetypical subspaceis thesameasfor thesource

Ð

Z

� with probabilitiesÁ
� , where Ð

Z

� and Á
� aretheeigenvaluesandeigenvectorsof £

�

¹

�



�

Z

�

Z

`

�

. We know from the classicaltheoryof typical sequencesthat ^

�

Ð

Z

�
Ñp©

Ð

Z

�
Ó{©.�����4©SÐ

Z

�Òß is in thetypical subspaceat least
T

 �Ý

of thetime; becausethe Ð

Z

� are
distinguishable,this is essentiallythe classicalcase,and ^ is in the typical subspace
exactlywhenthesequenceof Ð

Z

� is a typical sequence.

6 Accessibleinformation

Thenext conceptis thatof accessibleinformation. Here,weagainhavea sourceemit-
ting state £

� with probability 

� . Note that now, the states£ emittedmay be density

matricesratherthanpurestates.We will aska differentquestionthis time. We now
want to obtainasmuchinformationaspossibleaboutthesequenceof signalsemitted
by thesource.Thatis, wewishto maximizethemutualinformation

8

�

��:=<@�

where
�

is thevariabletelling whichsignal £Y� wasemitted,and
<

is thevariablegiving theout-
comeof ameasurementon

�

. Thisgivesthecapacityof a channelwhereat eachtime
stepthesendermustchooseoneof thestates£O� to send,andmustfurthermorechoose

£[� a fraction 
�� of thetime; andwherethereceiver makesa separatemeasurementon
eachsignalsent.

To �nd the accessibleinformation,we needto maximizeover all measurements.
For this, we needto be able to characterizeall possiblequantummeasurements.It
turnsout thatvon Neumannmeasurementsarenot themostgeneralclassof quantum
measurements;themostgeneralmeasurementsarethepositiveoperator valuedmea-
surements,or POVM's. Oneway to describetheseis asvon Neumannmeasurements
ona quantumspacelargerthantheoriginal space;that is, by supplementingthequan-
tum statespaceby an ancilla spaceandtaking a von Neumannmeasurementon the
joint statespace.

For a POVM, we are given a set of positive semide�nite matrices à]� satisfying

9



¹

�

à½�

�

8

. Theprobabilityof the q ' th outcomeis then


 �

�Kª

G

�

à � £

�

(18)

For a von Neumannmeasurement,we take à]�

�

º¥á4â , theprojectionmatrix onto the
q ' th orthogonalsubspace·¼� . Thecondition

¹

�

º¥á4â

�

8

is equivalentto the require-
mentthatthe ·�� areorthogonalandspanthewholestatespace.To obtainthemaximum
informationfrom aPOVM, wecanassumethatthe à»� 'sarepurestates;if thereis an àu�

thatis notrankone,thenwecanalwaysachieveatleastasmuchaccessibleinformation
by re�ning that à � into a sum à �

�

¹

´

à �µ´ wherethe à �X´ arerankone.
Wenow givesomeexamplesof themeasurementsmaximizingaccessibleinforma-

tion. The �rst is oneof the simplestexamples.Supposethat we have just two pure
statesin our ensemble,with probability �

�

each.For example,we couldtake thestates
A�k‚M

and
A[e

f

M

. Let us take
Z

�

�

�

T

(

ƒY�

and
Z

�

�

�,ã

$'äYåO(€ä

‘

›

å

�

. We will not prove it
here,but the optimal measurementfor theseis the von Neumannmeasurementwith
two orthogonalvectorssymmetricaround

Z

� and
Z

� . That is, the measurementwith
projectors

^½�

� æ

ã

$'ä

��ç

�

�Sè

�

�

(=ä

‘

›

��ç

�

�«è

�

��é

(19)

^7�

� æ

ã

$'ä

�

 

ç

�

�
è

�

�

(=ä

‘

›

�

 

ç

�

�
è

�

�¤é

(20)

Thismeasurementis symmetricwith respectto interchanging
Ztê

and
Z

� , andit leadsto
abinarysymmetricchannelwith errorprobability

ã

$'ä

�Ÿëdì

i

�
å

i�í

�

T

i

 

ä

‘

›

å

i

� (21)

Theaccessibleinformationis thus
T

 

���

�

�

 ïî_ð

Å

è

�

�

.
For theensemblecontaining

Z

� and
Z

� with probability �

�

each,thedensitymatrix
is

£

�

T

i

ë

TH�

ã

$'ä

�

å ä

‘

›

å

ã

$‚äYå

ä

‘

›

å

ã

$‚äYå

T

 

ã

$'ä

�

å

í

( (22)

whichhaseigenvalues �

�

‰

ã

$‚äYå , sothevonNeumannentropy of thedensitymatrix is
���

�

�

 òñ�ó=î

è

�

�

. Thevaluesof
8

Ä

ñ�ñ

and �
¾„À areplottedin Figure1. Onecanseethatthe

vonNeumannentropy is largerthantheaccessibleinformation.
Notethatin our�rst example,theoptimummeasurementwasavonNeumannmea-

surement.If thereareonly two statesin anensemble,it hasbeenconjecturedthat the
measurementoptimizing accessibleinformation is alwaysa von Neumannmeasure-
ment,mainlybecauseextensivecomputerexperimentshavenot founda counterexam-
ple [11]. This conjecturehasbeenprovenfor quantumstatesin two dimensions[22].
Ournext exampleshowsthatthisconjecturedoesnothold for ensemblescomposedof
threeor morestates.

Our secondexampleis threephotonswith polarizationsthat differ by ô

ƒOõ

each.
Thesearerepresentedby thevectors

Z
ê

�

�

T

(

ƒO�

Z

�

�

�

 

�

�

(

ˆ

±

�

�

Z

�

�

�

 

�

�

(

 

ˆ

±

�

�

10



0

0.2

0.4

0.6

0.8

1

I

0.2 0.4 0.6 0.8 1 1.2 1.4
q

Figure1: A plot of thevon Neumannentropy of thedensitymatrix andtheaccessible
informationfor theensembleof two purequantumstateswith equalprobabilitiesand
that differ by an angleof å , for

ƒòö

å

ö

ì�÷

i

. The top curve is the von Neumann
entropy andthebottomtheaccessibleinformation.

The optimal measurementfor thesestatesis the POVM correspondingto thevectors
^p� where ^p�½ø

Z

� . We take à½�

�

�

±

^p�,^

`

�

, in orderfor
¹

�

à½�

�

8

. If we startwith
vector

Z

� , it is easyto seethatweneverobtain ^u� , but doobtaintheothertwo possible
outcomeswith probability �

�

each.This gives
8

Ä

ñ�ñ

�

"%$'&

“

 

T

. For thesethreesignal
states,it is alsoeasyto checkthatthedensitymatrix £

�

�

�

8

, so �
¾„À

�«T

. Again,we
have

8

Ä

ñ�ñuù

�Ÿ¾„À .
This leadsto a conjecture:that

8

Ä

ñ�ñ

ö

�Ÿ¾„À . The correcttheoremis somewhat
stronger, andwe will shortly stateit. The �rst publishedproof of this theoremwas
givenby Holevo [17]. It wasearlierconjecturedby Gordon[12] andstatedby Levitin
with noproof [21].

Theorem (Holevo): Supposethat we havea source emitting a (possiblymixed)
state£[� with probability 
�� . Let

ú

�

�¿¾„À{�

�

�



�

£
�

�

 

�

�



�

�¿¾„À{�

£
�

�

� (23)

Then

8

Ä

ñ�ñ

ö

ú

� (24)

The conditionsfor equality in this resultareknown. If all the £O� commute,then
they aresimultaneouslydiagonalizable,andthesituationis essentiallyclassical.In this
case,

8

Ä

ñ�ñ

�

ú ; otherwise
8

Ä

ñ�ñ
ù

ú .
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7 The classicalcapacityof a quantum channel

Onecanaskthequestion:is this quantity
8

Ä

ñ�ñ

themostinformationthatonecansend
usingthethreestatesof our secondexample?Theansweris, surprisingly, “no”. Sup-
posethatweusethethreelength-two codewords

Ztê

©

Z4ê

,
Z

� ©

Z

� , and
Z

� ©

Z

� . These
arethreepurestatesin the four-dimensionalquantumspaceof two qubits. However,
sincethereareonly threevectors,they lie in a three-dimensionalsubspace.The in-
ner productbetweenany two of thesestatesis �

v

. One can show that the optimal
measurementis attainedby thevon Neumannmeasurementhaving threebasisvectors
obtainedby “pulling” thethreevectors

Z

� ©

Z

� apartuntil they areall orthogonal.This
measurementgives

8

Ä

ñ�ñ

�ûT

�

“

ô'ü bits, which is larger than
i

�

"�$t&

“

 

Tt�

bits = 1.170
bits. In fact, 1.369bits is larger thantwice the maximumaccessibleinformationat-
tainableby varyingboththeprobabilitydistribution andthemeasurementon thethree
states

Z4ê

,
Z

� and
Z

� . This maximumis attainedusingjust two of thesestates,andis
T

 

���

�

�

 

î_ð

Å

3

çtý

±

6

�

�H�

� ô#þ[ÿ4þ . We thus�nd thatblock codingletsusachieve a better
informationtransmissionratethan

8

Ä

ñ�ñ

.
Having found that lengthtwo codewordswork betterthanlengthonecodewords,

thenaturalquestionbecomes:asthelengthsof our codewordsgo to in�nity , how well
canwedo. Theansweris:

Theorem (Holevo[18], Schumacher–Westmoreland[27]): The classicalcapacity
obtainableusing codewords composedof signal states £

� , where the probability of
using £

� is 

� , is

ú

�

�
¾„À

�

�

�


���£‚�

�

 

�

�


��

�
¾„À

�

£[�

�

� (25)

Wewill latergiveasketchof theproofof this formulain thespecialcasewherethe
£[� arepurestates.We will �rst ask:Doesthis formulagive thecapacityof a quantum
channel� ?

Beforewe addressthis question(we will not beableto answerit) we shouldgive
thegeneralformulationof aquantumchannel.If � is amemorylessquantumcommu-
nicationchannel,thenit musttakedensitymatricesto densitymatrices.Thismeans�

mustbeatracepreservingpositivemap.Here,tracepreservingis requiredsinceit must
preservetrace1 matrices,andpositivemeansit takespositivesemide�nitematricesto
positive semide�nitematrices. For � to be a valid quantummap, it musthave one
moreproperty:namely, it mustbecompletelypositive. This meansthat � is positive
evenwhenit is tensoredwith the identity map. Thereis a theorem[16] thatany such
mapcanbeexpressedas

�

�

£

�”�

�

�

�

�,£

�

`

�

(26)

where
�

� arematricessuchthat
¹

�

�

`

�

�

�

�

8

.
A naturalguessat thecapacityof aquantumchannel� wouldbethemaximumof

ú overall possibledistributionsof channeloutputs,thatis,

ú��xÄ��‚�

�

�”� -0/#1

�

2

â��
	

�

Ù

â��

ú
�#�'�

�

�

£
�

�

(�

�

�

���D( (27)
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sincethesendercaneffectively communicateto the receiver any of thestates�

�

£��

�

.
We donotknow whetherthis is thecapacityof aquantumchannel;if theuseof entan-
glementbetweenseparateinputsto the channelhelpsto increasechannelcapacity, it
mightbepossibleto exceedthis ú��xÄ�� . Thiscanbeaddressedby answeringa question
thatis simpleto state:Is ú��xÄ�� additive [1]? Thatis, if we have two quantumchannels

� � and�C� , is
ú��xÄ��[�

�¢�!©��C�

�D�

ú��xÄ��Y�

� �

�	�

ú��xÄ��Y�

�C�

�

� (28)

Proving subadditivity of this quantity is easy. The questionis whetherstrictly more
capacitycanbe attainedby usingthe tensorproductof two channelsjointly thanby
usingthemseparately.

Wenow returnto thediscussionof theproofof theHolevo-Schumacher-Westmoreland
theoremin thespecialcasewherethe £Y� arepurestates.Theproof of this casein fact
appearedbeforethegeneraltheoremwasproved[15]. Theproofusesthreeingredients.
Theseare

1. randomcodes,

2. typical subspaces,

3. thesquarerootmeasurement.

The squareroot measurementis alsocalledthe “pretty good” measurement,andwe
have alreadyseenan exampleof it. Recallour secondexamplefor accessibleinfor-
mation,wherewe took the threevectors

Z

�
©

Z

� , where
Z

�

�

� ã

$'ä

�

ç

�

±

(=ä

‘

›

�

ç

�

±

�

for
q

� ƒ

(

T

(

i

. Theoptimalmeasurementfor
8

Ä

ñ�ñ

on thesevectorswasthevon Neumann
measurementobtainedby “pulling” themfartherapartuntil they wereorthogonal.This
is, in fact,anexampleof thesquarerootmeasurement.

Supposethat we aretrying to distinguishbetweenvectors
Ç

� ,
Ç

� , ����� ,
Ç

� , which
appearwith equalprobability (the squareroot measurementcan alsobe de�ned for
vectorshaving unequalprobabilities,but we do not needthis case).Let �

�

¹

�

Z

�

Z

`

�

.
Thesquareroot measurementhasPOVM elementsà»�

�

�� 

�

ý

�

Z

�

Z

`

�

�¼ 

�

ý

� . We have

�

�

à
�

�

�

 

�

ý

���

�

�

Z

�

Z

`

���

�

 

�

ý

�

�

8

( (29)

sotheseà
� do indeedform a POVM.

Wecannow givethecodingalgorithmfor thecapacitytheoremfor purestates.We
choose* codewords

Ç

´

�ÞZ

�
Ñ{©

Z

�
Óp©

V�V�V

©

Z

�

y

, wherethe
Z

� arechosenat random
with probability 


� . We thenusethe codewords
Ç

´ to sendinformation; we needto
show thateachcodeword is canbeidenti�ed with highprobability.

To decode,we performthefollowing steps:

1. Projectinto thetypicalsubspaceÖ . Mostof thetime, thisprojectionworks,and
we obtain �

Ç

´

�

º
Ü

Ç

´ , whereº
Ü is theprojectionmatrix ontothesubspaceÖ .

2. Usethesquarerootmeasurementon the �

Ç

´ .
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Theprobabilityof erroris

T

 

T

* �

�

´=� �

A

�

Ç

´��

 

�

ý

�

�

Ç

´

A

�

� (30)

The intuition for why this procedureworks (this intuition is not even closeto being
rigorous;theproofworksalongsubstantiallydifferentlines)is thatfor this probability
of error to besmall,we needthat �D 

�

ý

�

�

Ç

´ is closeto �

Ç

´ for most � . However, the �

Ç

´

aredistributedmoreor lessrandomlyin the typical subspaceÖ , so �

�

¹

´

�

Ç

´ �

Ç

`

´

is
moderatelycloseto theidentity matrixon its support,andthus �” 

�

ý

�

�

Ç

´ is closeto �

Ç

´ .
Note thatwe needthat thenumber* of

Ç

´ is lessthan •

‘

-

Ö , or otherwiseit would
beimpossibleto distinguishthe �

Ç

´ ; by Holevo'sbound(24) a � -dimensionalquantum
statespacecancarryat most � bits of information.

8 Quantum teleportation and superdensecoding

In this section,we will �rst describequantumteleportation,a surprisingphenomenon
which is an unusualmeansof transmittinga quantumstate. It is impossibleto send
a quantumstateover a classicalchannel. Quantumteleportationlets a senderanda
receiverwhoshareanEPRpair of qubitssendtwo classicalbits andusethis EPRpair
in orderto communicateonequbit [5]. (SeeFigure2.)

To performteleportation,thesenderstartswith a qubit in anunknown state,which
we take to be P

A�ƒ‚M”�ÈQRAWT‡M

, anda sharedEPRpair, which we assumeis in thestate
�

ˆ

�

�

A�ƒ'ƒ'M��CAzT'T…M€�

, with thesenderholdingthe�rst qubitof theEPRpairandthereceiver
holding thesecondqubit. The joint systemis thusin the tensorproductof thesetwo
states,which is

T

h
i

�

P

A�ƒ‚M���QRA„T…MW�

�

A=ƒtƒ‚M†�.A„TtT…MW�

� (31)

Notethatthesenderhasposessionof the�rst two qubits,andthereceiverposessionof
thethird one.Usingthedistributive law, we canrewrite theabovestate(31as

T

h
‹��

�

A�ƒ'ƒ'M��ŒAWTtT‡M€�

�

P

A)ƒ'M���QBAzT…MW�

�

�

A�ƒ'ƒ'M

 

AWTtT‡M€�

�

P

A)ƒ'M

 

QBAzT…MW�

�

�

AWT…ƒ'M��ŒA�ƒOT‡M€�

�

QRA�ƒ‚M��

P

AzT…MW�

�

�

AWT…ƒ'M

 

A�ƒOT‡M€�

�

QRA�ƒ‚M

 

P

AzT…MW�! 

(32)

The sendercan now perform the von Neumannmeasurementthat projectsthe state
ontooneof thefour linesof Eq.(32),asthefour states

�

ˆ

�

�

A)ƒ'ƒ'M†‰.A„TtT‡Mz�

(

�

ˆ

�

�

A�T�ƒ‚M	‰ŒA�ƒ•T…MW�

areall orthogonal.This leavesthereceiverwith oneof thefour states

P

A�ƒ'M�‰�QRA„T…M

(

QRA�ƒ‚M¼‰

P

AWT‡M

(
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Qubit in

unknown

state 

bits
Two classical

Qubit in

state 

of qubits
EPR pair

Receiver

Sender

Figure2: A schematicdrawing of quantumteleportation.Thesenderhasa qubit in an
unknown state " that he wishesto sendto the receiver. He alsohashalf of an EPR
statewhich heshareswith thereceiver. Thesendermakesa joint measurementon the
unknownqubitandhalf of hisEPRstate,andcommunicatestheresults(2 classicalbits)
to thereceiver. Thereceiverthenmakesoneof four unitarytransformations(depending
on thetwo classicalbits hereceived)onhis half of theEPRstateto obtainthestate" .

all of whichcanbetransformedinto P

A�ƒ'M4�>QRA„T…M

by theappropriateunitarytransform.
Thesenderneedsto communicateto thereceiver which of thefour measurementout-
comeswasobtained(usingtwo bits),andthereceivercanthenperformtheappropriate
unitarytransformto obtaintheoriginalquantumstate.

Quantumteleportationis a counterintuitive process,which at �rst sight seemsto
violatecertainlaws of physics;however, uponcloserinspectiononediscoversthatno
actualparadoxesarisefrom teleportation.Teleportationcannotbeusedfor superlumi-
nal communication,becausetheclassicalbits musttravel at or slower thanthespeed
of light. While acontinuousquantumstateappearsto havebeentransportedusingtwo
discretebits, by Holevo's bound(24) onequbit canbe usedto transportat mostone
classicalbit of information,so it is not possibleto increasethe capacityof a classi-
cal channelby encodinginformationin the teleportedqubit. Finally, thereis a theo-
remof quantummechanicsthatanunknown quantumstatecannotbeduplicated[30].
However, theoriginal stateis necessarilydestroyedby themeasurement,teleportation
cannotbeusedto cloneaquantumstate.

Thereisaconverseprocessto teleportation,superdensecoding, whichusesashared
EPRpairandasinglequbit to encodetwo classicalbits [8]. In thisprotocol,thesender
andreceiverusethesameoperationsasteleportation,but reversetheir roles;thesender
performstheunitary transformationandthereceiver performsthemeasurement.(See
Figure3.)
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EPR pair
of qubits

Two classical

Two classical

One qubit

bits

bits
Receiver

Sender

Figure3: A schematicdrawing of superdensecoding. The sendercancommunicate
two classicalbits to the receiver usingonequbit anda sharedEPRpair. Here, the
sendermakesthesameunitarytransformationthatthereceiverwouldmakein quantum
teleportation,andthereceivermakesthejoint measurementthatthesenderwouldmake
in quantumteleportation.

9 Other resultsfr om quantum information theory

In this �nal section,I brie�y survey someotherresultsof quantuminformationtheory
whichwereunjustlyneglectedby theprevioussectionsof this paper.

Usingteleportation,thesendercansendthereceiverqubitsoveraclassicalchannel
if they possesssharedEPRpairs. Thus,shared EPRpairs (an instanceof quantum
entanglement)canbe seenasa resourcethat lets thesetwo partiessendquantumin-
formationover a classicalchannel,a task that would otherwisebe impossible. This
leadsto thequestion:how doyouquantifyentanglement?If two partieshave � copies
of an entangledstate £ , how many EPRpairsdoesthis let themshare?We will let
thetwo partiesuseclassicalcommunicationandperformlocal quantumoperationson
their own states,but no quantumcommunicationandno quantumoperationson the
joint statespacewill beallowed.

If £ is apurestate,thentheansweris known andquitenice[4]. Let thetwo parties'
quantumstatespacesbe

�

and
¯

. Thenif £ Í

�

©

¯

is apurestate,� copiesof £ can
bemadeinto

���
¾„À

�

ª

G

¦D£

���;


���

�x�

���
¾„À

�

ª

G

§H£

���;


���

�

(33)

nearlyperfectEPRpairs,andvice versa,wherethe�delity of theactualstatewith the
desiredstategoesto 1 astheblock length � goesto in�nity .

If £ is notapurestate,thesituationbecomesmuchmorecomplicated.In thiscase,
we cande�ne entanglementof formation( à$# ), which is asympotiticallythenumber
of EPR pairs that we needto form £ ; and distillable entanglement( à&% ), which is
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asymptoticallythenumberof EPRpairswhichcanbecreatedfrom £ . If £ is pure,then
thesetwo quantitiesareequal,but this doesnotappearto betrueif £ is mixed.

Much like the classicalcapacityof a quantumchannel,thereis a nice expression
which would be equalto the entanglementof formation if it could be proved to be
additive. We call it the one-shotentanglementof formation,and it is the minimum
averageentanglementoverensemblesof purestateswhosedensitymatrix is £ . Thatis,

à'#!	 �

�

£

�D� -

‘

›

(

â

2

â

Ù

â �

Ù

�

�


 �

�¿¾„ÀH�

ª

G

¦ £ �

�

� (34)

We now give anothercapacityfor quantumchannels,one which hasa capacity
formulawhich canactuallybe proven. Supposethat we have a quantumchannel� .
Recallthatif � is a noiselessquantumchannel,andif thesenderandreceiverpossess
sharedEPRpairs,they canusesuperdensecodingto doubletheclassicalinformation
capacityof � . If � is a noisy quantumchannel,using sharedEPR pairs canalso
increasetheclassicalcapacityof � . Wede�ne theentanglementassistedcapacity, +') ,
asthequantityof classicalinformationthatcanasymptoticallybesentperchanneluse
if thesenderandreceiverhaveaccessto a suf�cient quantityof sharedentanglement.

Theorem (Bennett,Shor, SmolinThapliyal[6, 7]): Theentanglementassistedca-
pacityis

+*)

�

�

�”�–->/#1

Ù�+-,

Ï/.

�10

�

�

ª

G�2

�

�ï©43

�

£

�)�

�10

�

�

ª

G

.

�

�Œ©43

�

£

�

 

�10

�

�)�

�Œ©43

�

£

�

(35)

where 5 and 6 standfor receiverandsender, respectively. Here £ is maximizedover
pure stateson thetensorproductof the input statespacë

�

b
c

of thechanneland
a quantumspace6 (which maybeassumedalsoto beof dimension� ) that thesender
keeps.

Thequantitybeingminimizedin theaboveformula(35) is calledquantummutual
information,andit is a generalizationof theexpressionfor mutualinformationin the
form of Eq. (4). The proof of this resultusestypical subspaces,superdensecoding,
theHolevo-Schumacher-Westmorelandtheoremontheclassicalcapacityof aquantum
channel,andthestrongsubadditivity propertyof vonNeumannentropy.

Finally, we brie�y mentionthe problemof sendingquantuminformation (i.e., a
quantumstate)overanoisyquantumchannel.In this scenario,severalof thetheorems
thatmakeclassicalchannelcapacitybehavesonicelyarenottrue.Here,abackchannel
from thereceiver to thesenderincreasesthequantumchannelcapacity, leadingto two
quantumcapacities,79� wherethereceiver hasa classicalbackchannelfrom himself
to thesender, and 7

ö

7
� , whereall communicationis from thesenderto thereceiver

overthenoisyquantumchannel� . Thereis aconjecturedcapacityformulafor 7 . It is
essentiallythelasttwo termsof theexpression(35) for entanglement-assistedcapacity
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(36)

where £ , ¨ and 6 arede�ned asin (35). Thequantitybeingmaximizedis calledthe
coherentinformation. We now needto take themaximumover thetensorproductof �

usesof thechannel,andlet � go to in�nity , becauseunlike theclassical(or thequan-
tum) mutual information,thecoherentinformationis not additive [10]. The quantity
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(36) is an upperboundfor the quantumcapacityof a noisy quantumchannel� [2],
andis conjecturedto beequalto this capacity[19].

Therearemany moreresultsin quantuminformationtheory, includingseverallarge
areasthat I have not discussedat all. I have not mentionedquantumerror-correcting
codes,whicharethetoolsoneneedsto sendquantuminformationoveranoisychannel
[13]. I havealsonotmentionedquantumcryptography, in connectionwith whichthere
exist several recentsecurityproofs[9, 23, 24, 29], andassociatedresultson tradeoffs
betweendisturbinga quantumstateandextractinginformationfrom it. Finally, I have
not mentioneda largeliteratureon entangledquantumstatessharedamongmorethan
two parties.I hopethatthispaperstimulatessomereadersto learnmoreaboutquantum
informationtheory.
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