GeorgAlexanderPick (1859{1942)

P : lattice polygonin R?
(verticese Z2, no self-itersections)




A = areaof P
I = # Interior points of P(= 4)
B = #b oundarypoints of P(= 10)

Then

A+B—-2 2.4+10-2

A =
2 2
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Pick'stheorenm(seeminglylailsin higher
dimensionskFor examplelet 77 and’75
be the tetrahedrawith vertices

v(T7) = {(0,0,0),(1,0,0),(0,1,0),(0,0,1)}
v(Th) = {(0,0,0),(1,1,0),(1,0,1),(0,1,1)}.

Then

(1) = I(12) =0
B(1T) = B(1b) = 4
A(Tl) — 1/6, A(TQ) — 1/3.



Let P be a corvex polytope (cornvex
hull of a nite setof points) in RY. For
n>1,let

nP ={na : aecP}.




Let
i (P:n) = #(nPnZY
= #{aecP: nchZd},
the number of lattice points in n’P.
Similarlylet
P = interiorof P =P — 0P
i(P:n) = #nP NZY
= #{acP :naEZd},



[]
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i(P,n) = (n+ 1)
i(P,n) = (n— 1Y = i(P,—n).



lattice polytope: polytope with in-
tegervertices

Theorem (Reewe, 1957). Let P be
a three-dimensionallattice polytope.
Then the volume V(P) Is a certain
(explicit) function of (P, 1), (P, 1),
and (P, 2).




Theorem (Ehrhart 1962, Macdon-
ald 1963)Let
P = lattice polytopein RN, dimP = 4.

Theni(’P,n) is a polynomial (the Ehr-
hart polynomial of P) in n of de-
gree d. Moreover,

W(P,0) =1
(P, n) = (—1)di(73, —n), n >0
(reciprocity).

If d = N then

i(P,n) = V(P)nd+ lower orderterms
whee V (P ) is the volumeof P.



Corollary (generalizedPick's theo-
rem). Let P ¢ RY and dimP = 4.
Knowing any d of i(P,n) or i(P,n)
for n > 0 determinesV (P).

Proof. Togetherwith (P,0) = 1,
this datadetermines/ + 1 valuesof the
polynomiali(’P,n) of degreed. This
uniqguelydetermines(P,n) and hence
its leadingcce cient V(P). 2

Example. Whend = 3, V(P) is
determinedoy
i(P,1) = #(PNZ?
i(P,2) = #2P N7
i(P,1) = #(P NZ,

whidh givesReee'stheorem.



Example (magicsquares)Let By, C
RM M phethe Birkhoff polytope of
all M x M doubly-stochastic matri-
CesA = (aij ), l.e.,

aj = 0
X
aji = 1 (columnsumsl)
J
Xi
ajj = 1(row sumsl).

10



Note. B = (bjj) € nBy N M M
If andonly if

bj € N=1{0,1,2...}

bij = n

=
I
3
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Hwm (n) = #{M x M N-matrices]ine sumsn }

= 1(Bpm,n).
E.g.,
Hl(n)zl
Ho(n) = n+1
a n—a | Oga,gn
n —a a
Hyy= "T2 4 S ontd

4 4 4
(MacMahon)
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Hy(0) =1
Hy (1) = M! (pernutation matrices)

Theorem (Birkho -vonNeumann)rhe
verticesof By, consistof the M! M x
M permutation matrices. Hene By
IS a lattice polytope.

Corollary (Anand-Dumir-Guptaon-
jecture) Hy (n) 1s a polynomial in n
(of degree (M — 1)?).

1

Example. H4(n) — mo 11719

+198:° + 1596," + 756@.° + 23289°
+48762° + 70234 + 682207
+4095@, + 11340)
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Recipreity =
+ Hp (—n) = # {M x M matricesB of
positive integersjine sumn}.
But everysud B canbeobtainedrom

an M x M matrix A of nonnegative
Integersdy addingl to eah ertry.

Corollary. Hy(—1)= Hy(—2) =
o= Hy(=M+1)=0

Hy (=M —n) = (=)™ 1Hy (n)

(greatlyreducesomputation)

Applicationse.g.to statistics(cortin-
gencytables).
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Zeros of H_9(n)

o o © 0 o o
o o
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Zonotopes. Letvy,...,vx € RY.
Thezonotope Z(vy, ..., vk) generated

by vi,...,v Vk-
Z(v1, ... v0) = {Aort -+ i 0 0< )N <13

Example. v = (4,0), v = (3,1),
v3 = (1,2)
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Theorem. Let
Z = Z(vy,...,u) C RY

whee v; € 79, Th)e(n

Z,1)=  h(X),
X
whele X rangesoverall linearly inde-
pendent subsetsof {vy,..., v}, and
h(X) iIs the gd of all 5 x 5 minors
(y = #X) of the matrix whoserows
are the elementsof X.
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Example. v; = (4,0), vo = (3,1),
vz = (1,2)

e

co . @
| 40 40 31
(Z21= g1 % 15% 12

+gcd(4,0) + gcd(31)
+gcd(1, 2) + det(()
= 4+ 8+5+4+ 1+ 1+ 1
24
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Let G be a graph(with no loopsor
multiple edgespnthevertexsetV (G ) =
{1,2,...,n}. Let

d; = degred# inciden edgespf vertex:.

De netheordered degree sequence
d(G) of G by

d(G) = (dy, ..., dn).
Example. d(G) = (2,4,0,3,2, 1)

1 2 3
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Let f (n) be the number of distinct
d(G), whereV(G) = {1,2,...,n}.

Example. If n < 3, all d(G) are
distinct, so f(1) = 1, f(2) = 2! = 2,
f(3)= 23 = 8. Forn > 4 we canhave
G # H but d(G) = d(H), e.qg.,

1 2 1 2 1 2
3 4 3 4

JAVAN Q

In fact, f(4)= 54< 20 =
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Let conv denotecorvex hull, and
Dn =con{d(G) : V(G) =A11,...,n}}

the polytope of degree sequences
(Perles Koren).

Easy fact. Let e; be the ith unit
coordinatevectorin R". E.g.,if n =5
theneys = (0,1,0,0,0). Then

Dn=Z(e+e 1 1<i<j<n).

Theorem (Erdps-Gallai). Let =
(a1,...,an) € Z". Then o = d(G)
for someG If and only if

e o € Dp

ea;+ag+ ---+ an IS even,
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\Fiddling around"leadsto:

Theorem. Let

X 2N
F)= " fn)
n!
n 0
2 3 4
X X T
= 1+x+2§+8§+54m+---
Then
20 y 1.5
1 n
F(x):—2@1+2 L
2 n
n 1
0 1 3
X n
@ - (n—1) 1A 415
- nl
X n
xexp n" 2L
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The h-vector of i (P;n)

Let P denotethe tetrahedronwith
verticeq0, 0, 0),(1,0,0),(0,1,0),(1,1,13).
Then

13 1
Z(P,n) — Eng + 77/2 — én + 1.

Thusin generathecce cients of Ehrhart
polynomialsare not \nice." Is therea
\b etter" basis?
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Let P be a lattice polytope of dimen-
siond. Sincei(P,n) Is a polynomialof
degreel, d hj € Z sud that
X ho+ hiz+ -+ hgz®

: n_ W 1T dt
n Oz(P,n)x = (1 n)d .

Definition. De ne
h(P )= (ho, h1,...,hg),
the h-vector of P.
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Example. Recall

i(By, n) = 61]”9

1134
+198:% + 1596," + 756@.° + 23289°
+48762° + 70234" + 682207

+4095@, + 11340)
Then

hB,) = (1,14 87 14887 14 1. 0,0,0).
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Elementary properties of

ehp=1
o hg= (=1)"™Fi(P, —1)= I(P)
emax{i : hj Z 0} = min{j > O :
i(P,~1)= i(P,~2)= -+
= i(P,—(d—j)) =0}
E.g.,h(P) = (hg, ..., hq 2,0,0) <
i(P,—1)=i(P,—-2)= 0.
o i(P,—n—k)= (—1)94(P,n) Vn &
hi = hg+1 k i V¢,and

hato k i = hde3 k i= "= hg=0
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Recall:
h(Bs) = (1,14 87,14887,14 1,0,0,0).

Thus
Z‘([))47 _1) - i(B47 _2) - Z‘(847 _3) - O
By, —m — 4) = —i(B4, n).
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Theorem A (nonnegativy). (Mc-
Mullen,RS) hj > 0.

Theorem B (monotonicily). (RS)
If P and Q are lattice polytopes and
Q C P, then hj(Q) < hi(P) Vi.

B = A: take Q = ().

TheoremA can be proved geometri-
cally but TheorenB requiressommu-
tative algebra.

29



P = lattice polytopein RY
R = Rp = vectorspaceover K with basis
{z " aeZ9 neP, a/ne PIU{1},
whereif a = (aq,...,aq) then
X =aptexgl
If a/m,3/n € P, then
(a+ B)/(m+n)eP

by corvexity. HenceRp Is a subalge-
bra ofthepolynomiaking K[z, ..., zg, ¥l
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Example. (a) Let
P = corv{(0,0),(0,1),(1,0), (1, 1)}.
Then
Rp = Kly,z1y, 12y, 1122 Y]
(b) Let
P = conv{(0,0,0),(1,1,0),(2,0,1),(0,1,1)}.
Then

Rp = Kly, r179y, 1123 Y, 1273 Y, T179T3 ?/2]-
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Let
Rn = sparg {z y" : a/n € P},
with R g = sparx {1} = K. Then
R=Ry® R;®--- (vectorspacesr)
RiR; € Rj4j.

Thus R is a graded algebra. More-
over,

dimk Rn = #{z y" : a/n € P}
= i(P,n).

Thusi(P, n) isthe Hilbert function
of R. Morewer,

X
F(P,x) = i(P,n)z"
n 0
ISthe Hilbert series of Rp.
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Theorem (Hochster). Let P ke a
lattice polytope of dimensiond. Then
Rp Is a Cohen-Mac aulay ring.

This means:d algebraicallyndepen-
dert 0q,...,04.1 € R; (calleda ho-
mogeneous system of parameters
or h.s.o.p.) sud that Rp isa nitely
generatedreemodule over

Thusd ny,...,ns (ni € Re;) sud that

W3
Rp = nio
i=1
andn; .S = S (asS-madules).

33



X
F(Rp,x) = i(P,n)z"
n o
xS
= 25 F(S, x)
i=1
P
_ iszlxei
(1 o x)d+1
Comparewith
_ho+ bz + -+ hgad
to conclude:
X8 xd |
Corollary. 28 = hj 2. In
i=1 j =0

particular, h; > 0.
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Now suppose:
P, Q : lattice polytopesin RN
dmP=d, dimQ=-¢e
QCP.
Let

| = sparx {z y" : a€ZN, a/n e P-0}
Easy: I isanidealof Rp and
Rp/I % Rg.
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Lemma. 4 an h.s.0.p.0q,...,04.1
for Rp suchthat 6;,...,60e.1 IS @n
h.s.0.p.for Rg and

Thus

RQ/(01,...,0e+1) = RQ/(01,- .., 04+1),

sothe naturalsurjection : Rp — Rg
Inducesa (degree-preservinglirjection

f :Ap:=Rp/(6:,...,04+1)

— AQ .= RQ/((917 e ,He+1).
SinceRp and R areCohen-Macauig

dim(Ap); = hi(P), dm(Agq)i = hi(Q).
The surjection

(Ap)i — (AQ)i
giveshi(P) > hi(Q). 2
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Zeros of Ehrhart polynomaials.

Sample theorem (de Loera, De-
velin, Pfei e, RS) Let P be a lattice
d-polytope. Then

i(P,a) =0, aeR=—-d<a<|d/2].

Theorem. Let d be odd. There ex-
ists a 0/1 d-polytope P4 and a real
zem ag of i(Py,n) suchthat

e 1

I - : - : . ¢ .
dl—rl]o d 2me 0.0585
d odd

Open. Isthe setof all complexze-
rosof all Ehrhart polynomialsof lattice
polytopesdensan C? (True for chro-
matic polynomialsof graphs.)
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Further directions

e Rp Is the coordinatering of a pro-
jectivealgebraio/ariety Xp, atoric
variety. Leadsto deepconnections
with toric geometry including new
formulasfor (P, n).

e Complexity. Computingi(P, n),
or even (P, 1) iIs #P -complete.
Thusan\e cien t" (polynomiakime)
algorithmisextremelyunlikely. How-
e\er.

Theorem (A. Barvinok,1994).For
xe d dim’P, d polynomial-time al-
gorithm for computing (P, n).
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Reference. M. BarvinokandJ. Pom-
mersheimAn algorithmictheoryof lat-
tice points in polyhedra,in New Per-
spectivesin Algebaic Combinatorics
MSRIPublicationsyol. 38,1999 pp.91{
147.
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