
GeorgAlexanderPick (1859{1942)

P : lattice polygonin R
2

(vertices∈ Z
2, no self-intersections)
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A = areaof P
I = # interior points of P (= 4)

B = #b oundarypoints of P (= 10)

Then

A =
2I + B − 2

2
=

2 · 4 + 10 − 2
2

= 9.
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Pick'stheorem(seemingly)failsin higher
dimensions.For example,let T1 andT2
be the tetrahedrawith vertices

v(T1) = {(0, 0, 0), (1, 0, 0), (0, 1, 0), (0, 0, 1)}
v(T2) = {(0, 0, 0), (1, 1, 0), (1, 0, 1), (0, 1, 1)}.

Then

I(T1) = I(T2) = 0

B(T1) = B(T2) = 4

A(T1) = 1/6, A(T2) = 1/3.
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Let P be a convex polytope (convex
hull of a �nite setof points) in R

d. For
n ≥ 1, let

n P = {nα : α ∈ P}.

3PP
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Let

i (P ; n ) = #( nP ∩ Z
d)

= # {α ∈ P : nα ∈ Z
d},

the number of lattice points in nP.

Similarly let

P � = interior of P = P − ∂P

ī (P ; n ) = #( nP � ∩ Z
d)

= # {α ∈ P � : nα ∈ Z
d},
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P 3P

i(P , n) = (n + 1)2

�i(P , n) = (n − 1)2 = i(P ,−n).
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lattice polytope: polytope with in-
tegervertices

Theorem (Reeve, 1957). Let P be
a three-dimensional lattice polytope.
Then the volume V (P) is a certain
(explicit) function of i(P , 1), �i(P , 1),
and i(P , 2).
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Theorem (Ehrhart 1962,Macdon-
ald 1963)Let

P = lattice polytope in R
N , dimP = d.

Then i(P , n) is a polynomial (the Ehr-
hart polynomial of P) in n of de-
gree d. Moreover,

i(P , 0) = 1
�i(P , n) = (−1)di(P ,−n), n > 0

(reciprocity).

If d = N then

i(P , n) = V (P)nd+ lower orderterms,

where V (P ) is the volumeof P.
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Corollary (generalizedPick's theo-
rem). Let P ⊂ R

d and dimP = d.
Knowing any d of i(P , n) or �i(P , n)
for n > 0 determinesV (P).

Proof. Togetherwith i(P , 0) = 1,
this datadeterminesd + 1 valuesof the
polynomial i(P , n) of degreed. This
uniquelydeterminesi(P , n) and hence
its leadingcoe�cient V (P). 2

Example. When d = 3, V (P) is
determinedby

i(P , 1) = #( P ∩ Z
3)

i(P , 2) = #(2P ∩ Z
3)

�i(P , 1) = #( P � ∩ Z
3),

which givesReeve'stheorem.
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Example (magicsquares).LetBM ⊂
R

M � M betheBirkhoff polytope of
all M×M doubly-stochastic matri-
cesA = (aij ), i.e.,

aij ≥ 0
X

i

aij = 1 (columnsums1)

X

j

aij = 1 (row sums1).
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Note. B = (bij ) ∈ nBM ∩ Z
M � M

if andonly if

bij ∈ N = {0, 1, 2, . . .}
X

i

bij = n

X

j

bij = n.

2

6
6
4

2 1 0 4
3 1 1 2
1 3 2 1
1 2 4 0

3

7
7
5 (M = 4, n = 7)
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H M (n ) := # {M × M N-matrices,line sumsn}
= i(BM , n).

E.g.,

H1(n) = 1

H2(n) = n + 1

�
a n − a

n − a a

�
, 0≤ a ≤ n.

H3(n) =
�

n + 2
4

�
+

�
n + 3

4

�
+

�
n + 4

4

�

(MacMahon)
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HM (0) = 1
HM (1) = M ! (permutation matrices)

Theorem (Birkho�-vonNeumann)The
verticesof BM consist of the M ! M×
M permutation matrices. Hence BM
is a lattice polytope.

Corollary (Anand-Dumir-Guptacon-
jecture)HM (n) is a polynomial in n
(of degree (M − 1)2).

Example. H4(n) =
1

11340

�
11n9

+198n8 + 1596n7 + 7560n6 + 23289n5

+48762n5 + 70234n4 + 68220n2

+40950n + 11340).
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Reciprocity ⇒

±HM (−n) = # {M×M matricesB of

positive integers,line sumn}.

But everysuchB canbeobtainedfrom
anM ×M matrix A of nonnegative
integersby adding1 to each entry.

Corollary. HM (−1) = HM (−2) =
· · · = HM (−M + 1) = 0

HM (−M − n) = (−1)M � 1HM (n)

(greatlyreducescomputation)

Applicationse.g.to statistics(contin-
gencytables).
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Zeros of H_9(n)

–3

–2

–1

0

1

2

3

–8 –6 –4 –2
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Zonotopes. Let v1, . . . , vk ∈ R
d.

Thezonotope Z(v1, . . . , vk) generated
by v1, . . . , vk:

Z(v1, . . . , vk) = {λ1v1+ · · ·+λkvk : 0≤ λi ≤ 1}

Example. v1 = (4, 0), v2 = (3, 1),
v3 = (1, 2)

(4,0)

(3,1)
(1,2)

(0,0)

16



Theorem. Let

Z = Z(v1, . . . , vk) ⊂ R
d,

where vi ∈ Z
d. Then

i(Z, 1) =
X

X

h(X),

whereX rangesoverall linearly inde-
pendent subsetsof {v1, . . . , vk}, and
h(X) is the gcd of all j × j minors
(j = # X) of the matrix whoserows
are the elementsof X.
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Example. v1 = (4, 0), v2 = (3, 1),
v3 = (1, 2)

(4,0)

(3,1)
(1,2)

(0,0)

i(Z, 1) =

�
�
�
�
4 0
3 1

�
�
�
� +

�
�
�
�
4 0
1 2

�
�
�
� +

�
�
�
�
3 1
1 2

�
�
�
�

+gcd(4, 0) + gcd(3, 1)
+gcd(1, 2) + det(∅)

= 4+ 8+ 5+ 4+ 1+ 1+ 1
= 24.
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Let G be a graph(with no loopsor
multipleedges)onthevertexsetV (G) =
{1, 2, . . . , n}. Let

di = degree(# incident edges)of vertexi.

De�netheordered degree sequence
d(G) of G by

d(G) = (d1, . . . , dn).

Example. d(G) = (2, 4, 0, 3, 2, 1)

1 2

4 5 6

3
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Let f (n ) be the number of distinct
d(G), whereV (G) = {1, 2, . . . , n}.

Example. If n ≤ 3, all d(G) are
distinct, sof (1) = 1, f (2) = 21 = 2,
f (3) = 23 = 8. For n ≥ 4 we canhave
G 6= H but d(G) = d(H), e.g.,

3 4

2 11 2

3 4 3 4

1 2

In fact, f (4) = 54< 26 = 64.
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Let conv denoteconvexhull, and

D n = conv{d(G) : V (G) = {1, . . . , n}},

thepolytope of degree sequences
(Perles,Koren).

Easy fact. Let ei be the ith unit
coordinatevectorin R

n. E.g., if n = 5
thene2 = (0, 1, 0, 0, 0). Then

Dn = Z(ei + ej : 1≤ i < j ≤ n).

Theorem (Erd}os-Gallai). Let � =
(a1, . . . , an) ∈ Z

n. Then α = d(G)
for someG if and only if

• α ∈ Dn

• a1 + a2 + · · · + an is even.
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\Fiddling around"leadsto:

Theorem. Let

F (x) =
X

n� 0

f (n)
xn

n!

= 1+ x + 2
x2

2!
+ 8

x3

3!
+ 54

x4

4!
+ · · · .

Then

F (x) =
1
2

2

6
4

0

@1+ 2
X

n� 1

nn xn

n!

1

A

1=2

×

0

@1−
X

n� 1

(n − 1)n� 1 xn

n!

1

A + 1

3

5

×exp
X

n� 1

nn� 2 xn

n!
.
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The h -vector of i (P ; n )

Let P denotethe tetrahedronwith
vertices(0, 0, 0), (1, 0, 0), (0, 1, 0), (1, 1, 13).
Then

i(P , n) =
13
6

n3 + n2 −
1
6
n + 1.

Thusin generalthecoe�cientsofEhrhart
polynomialsare not \nice." Is therea
\b etter" basis?
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z

x

y
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Let P bea lattice polytopeof dimen-
siond. Sincei(P , n) is a polynomialof
degreed, ∃ hi ∈ Z such that
X

n� 0

i(P , n)xn =
h0 + h1x + · · · + hdx

d

(1− x)d+1
.

Definition. De�ne

h(P ) = (h0, h1, . . . , hd),

the h -vector of P.
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Example. Recall

i(B4, n) =
1

11340
(11n9

+198n8 + 1596n7 + 7560n6 + 23289n5

+48762n5 + 70234n4 + 68220n2

+40950n + 11340).

Then

h(B4) = (1, 14, 87, 148, 87, 14, 1, 0, 0, 0).
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Elementary properties of

h(P ) = (h0; : : : ; hd):

• h0 = 1

• hd = (−1)dim P i(P ,−1) = I(P)

• max{i : hi 6= 0} = min{j ≥ 0 :
i(P ,−1) = i(P ,−2) = · · ·

= i(P ,−(d − j)) = 0}

E.g.,h(P) = (h0, . . . , hd� 2, 0, 0) ⇔
i(P ,−1) = i(P ,−2) = 0.

• i(P ,−n−k) = (−1)d i(P , n) ∀n ⇔

hi = hd+1� k� i ∀i, and

hd+2� k� i = hd+3� k� i = · · · = hd = 0
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Recall:

h(B4) = (1, 14, 87, 148, 87, 14, 1, 0, 0, 0).

Thus

i(B4,−1) = i(B4,−2) = i(B4,−3) = 0

i(B4,−n − 4) = −i(B4, n).
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Theorem A (nonnegativity). (Mc-
Mullen,RS)hi ≥ 0.

Theorem B (monotonicity). (RS)
If P and Q are lattice polytopes and
Q ⊆ P, then hi (Q) ≤ hi (P) ∀i.

B ⇒ A: takeQ = ∅.

TheoremA can be proved geometri-
cally, but TheoremB requirescommu-
tative algebra.
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P = lattice polytope in R
d

R = R P = vectorspaceover K with basis

{x� yn : α ∈ Z
d, n ∈ P, α/n ∈ P}∪{1},

whereif α = (α1, . . . , αd) then

x � = x
� 1
1 · · · x

� d
d .

If α/m, β/n ∈ P, then

(α + β)/(m + n) ∈ P

by convexity. HenceRP is a subalge-
bra ofthepolynomialringK[x1, . . . , xd, y].
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Example. (a) Let

P = conv{(0, 0), (0, 1), (1, 0), (1, 1)}.

Then

RP = K[y, x1 y, x2 y, x1x2 y].

(b) Let

P = conv{(0, 0, 0), (1, 1, 0), (1, 0, 1), (0, 1, 1)}.

Then

RP = K[y, x1x2 y, x1x3 y, x2x3 y, x1x2x3 y2].
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Let

R n = spanK {x� yn : α/n ∈ P},

with R 0 = spanK {1} = K. Then

R = R0 ⊕ R1 ⊕ · · · (vectorspace⊕)

RiRj ⊆ Ri+j .

ThusR is a graded algebra. More-
over,

dimK Rn = # {x� yn : α/n ∈ P}

= i(P , n).

Thusi(P , n) is theHilbert function
of R. Moreover,

F (P , x) :=
X

n� 0

i(P , n)xn

is the Hilbert series of RP .
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Theorem (Hochster). Let P be a
lattice polytope of dimensiond. Then
RP is a Cohen-Mac aulay ring.

This means:∃ algebraicallyindepen-
dent θ1, . . . , θd+1 ∈ R1 (calleda ho-
mogeneous system of parameters
or h.s.o.p.) such that RP is a �nitely
generatedfreemoduleover

S = K[θ1, . . . , θd+1].

Thus∃ η1, . . . , ηs (ηi ∈ Rei) such that

RP =
sM

i=1

ηiS

andηiS
∼= S (asS-modules).
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Now

F (RP , x) :=
X

n� 0

i(P , n)xn

=
sX

i=1

xeiF (S, x)

=
P s

i=1 xei

(1− x)d+1
.

Comparewith

F (RP , x) =
h0 + h1x + · · · + hdx

d

(1− x)d+1

to conclude:

Corollary.
sX

i=1

xei =
dX

j =0

hj x
j . In

particular, hi ≥ 0.
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Now suppose:

P , Q : lattice polytopesin R
N

dimP = d, dimQ = e

Q ⊆ P .

Let

I = spanK {x� yn : α ∈ Z
N , α/n ∈ P−Q}.

Easy: I is an idealof RP and

RP/I ∼= RQ.
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Lemma. ∃ an h.s.o.p. θ1, . . . , θd+1
for RP such that θ1, . . . , θe+1 is an
h.s.o.p. for RQ and

θe+2, . . . , θd+1 ∈ I.

Thus

RQ/(θ1, . . . , θe+1) ∼= RQ/(θ1, . . . , θd+1),

sothenaturalsurjectionf : RP → RQ
inducesa (degree-preserving)surjection

¯f : AP := RP/(θ1, . . . , θd+1)

→ AQ := RQ/(θ1, . . . , θe+1).

SinceRP andRQ areCohen-Macaulay,

dim(AP )i = hi (P), dim(AQ)i = hi (Q).

The surjection

(AP )i → (AQ)i

giveshi (P) ≥ hi (Q). 2
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Zeros of Ehrhart polynomials.

Sample theorem (de Loera, De-
velin, Pfei
e, RS) Let P be a lattice
d-polytope. Then

i(P , α) = 0, α ∈ R ⇒ −d ≤ α ≤ bd/2c.

Theorem. Let d be odd. There ex-
ists a 0/1 d-polytope Pd and a real
zero αd of i(Pd, n) suchthat

lim
d→∞
d odd

αd
d

=
1

2πe
= 0.0585· · · .

Open. Is the set of all complexze-
rosof all Ehrhart polynomialsof lattice
polytopesdensein C? (True for chro-
matic polynomialsof graphs.)
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Further directions

• RP is the coordinatering of a pro-
jectivealgebraicvariety XP , a toric
variety. Leadsto deepconnections
with toric geometry, including new
formulasfor i(P , n).

• Complexity. Computingi(P , n),
or even i(P , 1) is #P -complete.
Thusan\e�cien t" (polynomialtime)
algorithmisextremelyunlikely. How-
ever:
Theorem (A. Barvinok,1994).For
�xe d dimP, ∃ polynomial-time al-
gorithm for computing i(P , n).
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Reference. M. BarvinokandJ.Pom-
mersheim,An algorithmictheoryof lat-
tice points in polyhedra,in New Per-
spectivesin Algebraic Combinatorics,
MSRIPublications,vol.38,1999,pp.91{
147.
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