214

Modular Elements of Geometric Lattices 1

RicHARD P. STANLEY

1. Modular Elements

Let L be a finite geometric lattice of rank » with rank function r. {For definitions
see e.g., [3, Chapter 2], [4], or [1, Chapter 4].) An element xeL is called a mod
element if it forms a modular pair with every yel, i.e., if a<y then'av{xa
=(av x)Ay. Recall that in an upper semimodular lattice (and thus in a geomet
lattice) the relation of being a modular pair is symmetric; in fact (x, y) is a mod
pairif and only if r(x)+r(y)=r(xvy)+r(xAy) [1, p. 83]. Every point (atom) of
geometric lattice is a modular element. If every element of L is modular, then L is
modular lattice. The main object of this paper is to show that a modular element
L induces a factorization of the characteristic polynomial of L. This is done in Secti:
2. First we discuss some other aspects of modular elements.

The following theorem provides a characterization of modular elements.

it

THEOREM 1. Anelement x< L is modular if and only if no two complements of x arés
comparable.

Proof. Xf x is modular and x’ is a complement of x, then r(x")=n—r(x). Hence
the complements of x have the same rank and are incomparable.

Conversely, assume x is not modular. Then there are elements y <z such thak
xAay=xnazand xvy=xvz Let p, ps, ..., Ps be a basis for L such that p,, p,, ..., P
is a basis for xAy; pl,pl,...,p,, is a basis for y; py, Ps,..., P, is 2 basis for z; and
Dis P2s--» Do is a basis for xvy. Thus O<s<t<u<vgn, r(xay)=s, r(y)=t, r(z)=14
r(xvy)=u. Let

!

X =Pis1 VDss2 Vo VI, VPory VPpsa2a VoV Py
Ir r

X =X NPy VYV Pz VoV Py

It is easily seen that x” and x" are both complements of x with x' <x". [J

In particular, an element x with a unique complement x’ is modular. For &
stronger result, recall that an element x is said to be in the center of an ordered set 13
with 0 and 1 if P=[0, x]x [0, x'] for some x’ [l, p. 67]. For an element x to be M
the center of a geometric lattice L, each of the following conditions is necessary 2
sufficient:

(1) x is distributive (because x is complemented, cf. [{, p. 69]), i.e., for any
ze L, the sublattice generated by x, y, z is distributive.

(2) x has a unique complement. This result appears to be new; Curtis Greene had
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in fact proved the more general result (unpublished) that the intersection (meet) of
all the complements of any element of a geometric lattice L is in the center of L.
(3) xis a separator of L [3, Chapter 12}, i.e., for any point p and any copoint g not
containing p, either p<x or x<gq.
(4) x is a standard element of L [1, p. 69] (this follows from (2) since a comple-
mented standard element has a unique complement). The concept of standard ele-
ments is due to G. Griitzer.

2. The Characteristic Polynomial

The characteristic polynomial p, (1) [4] of a geometric lattice L is defined by
p(A) = ZL p(0,y) 7710,
YE

where p denotes the Mdbius function of L (see [4]).

This polynomial was first considered by G. D. Birkhoff, while its connection with
Mobius functions was noted by Garrett Birkhoff. If xe L, the characteristic polynomial
of the segment [0, x] is denoted p,(1).

The main result of this paper is the following factorization theorem:

THEOREM 2. If x is a modular element of a finite geometric lattice L of rank n,
then
Pr(d) = px(2) L > . u(0, b) A""“)"(b]]

txab=

The expression in brackets may be thought of as the characteristic polynomial of
the order ideal C{x)={b | x Ab=0}. C(x) will have a 1 if and only if x has a unique
complement x’ in L. In this case C(x)=[0, x'] and L=[0, x] x [0, x"]. Thus when x
has a unique complement Theorem 2 is trivial, since py, x,=py Pr,-

To prove Theorem 2, we first prove two lemmas. The first lemma is a special case
of some results of Schwan on modular pairs (see [1, Section IV.2]), but for the sake
of completeness we include a proof. Itis to be assumed throughout that x is a modular
element of the finite geometric lattice L, and that L has rank n.

LEMMA 1. For any acL, the map

o.:la,avx]—>[aax, x]

defined by 6,(y)=x Ay is an isomorphism with inverse t, (y)=avy.

Proof. Clearly ¢, and z, are order-preserving. By modularity of x, it is immediate
that if ye[aax, x], then 6,7,(3)=xA(avy)=(xra)vy=y. Also if ye[a, avx],
then 7,0,(y)=av(xAy)=(avx)Aay=y, and the proof follows. []
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LEMMA 2. For any yelL, x Ay is a modular element of [0, y]. :1_' onl
Proof. Letae[0, y]andletb<a. Weneedtoshow bv((xay)aa)=(bv(xay))ra § =

Using the modularity of x, we have ]

(bvixayhra=((bvx)ay)aa={(bvx)aa=bv(xaa) h

=bvxayaa)=bv((xay)ra). O g me

Proof of Theorem 2. By Crapo’s Complementation Theorem [2], if ae[0, y] then i;":

10, y)= 3 u(0,a’){(d,a") u(a", y), cia

a,e E ] &

where & and " are complements of & in [0, y], and { is the zeta function of [0, y]. @ = ind

Choosing a=x Ay, then by Lemma 2 all the complements of g have the same rank 3§ Th

and hence are incomparable. Thus 4 an

#(0,5) =Y #(0,b) u(b.7), OF

where the sum is over all complements b of x Ay in [0, y]1, L.e., over all be L satisfying 3 : 00!

0<b<y, ba(xay)=0,bv(xay)=y. Now b A (x Ay)=bx, and by the modularity 3’ a;.

of x, bv {(x Ay)={(bv x) Ay. Thus the sum (1) is over all beL satisfying b A x=0 and ¢

yel[b, bv x]. Hence
() =% p(0, )2

yel

=Y Y u(0,b)u(b,y)r

yvel bax=0
yefih, bvxl

= Y % u@b)udyr
bax=0 yelb, bvx] : 3
Now by Lemma 1, as y ranges over (&, bv x], z=x Ay ranges over the isomorphic 1

interval [6 A x, x]=[0, x}, a0d (6, )=12(0, z). Moreover r(y)=r(8)+r(2). There-
fore :

P(A)= 3 ¥ w(0a)u0, z)_ Jrmrr )

bax=0ze[0, x]

T

.ﬁﬁ i '.E:“"f‘-:}

1

=T ke A’(*"'m] [ Y u(0,b) ,1"-“")-'(*)]

e[0, 5] bax=0 il
5l
=p.(4) [ Y u(0.b) l""(b"'(")] - 3
Fax=0

3. Examples

As a special case of Theorem 2, suppose x is modular copoint, and that ex.actly 4
points (atoms) a of L do not lie below x. Then these points a, together with 0, are th
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only elements b of L satisfying b A x=0. Moreover, pu(0,a)=—1, u(0,0)=1, so

P =2 [ (- D+ 4] =) (1= ).

Thus if L contains 2 maximal chain 0=x,<x, <--<x,=1 such that each x;_, is
modular in [0, x;] and such that exactly «; atoms of [0, x;] do not lie below x;_,, then
p(A)= (A—oy)(A—0az)...(A—a,). It is easy to show that the condition that each x;_,
is modular in [0, x;] is equivalent to the condition that each x; is modular in L. A
class of geometric lattices with such a ‘modular maximal chain’ is the following: Let
(U -- > Ol be any collection of positive integers with a«,=1. Let py,...,p, be n
independent points, and on the line p,p, (1<i<n—1)insert an additional &;—1 points.
The geometric lattice L of flats of this geometry contains a modular maximal chain,
and p; (A)=(A—0 }(A—a,)...(A—a,).

At this point it is natural to ask for a characterization of the modular elements of
various geometric lattices. We state such a characterization when L is the lattice of
contractions of a finite graph. Recall that a contraction of a graph G may be regarded
as a partition 7 of the vertices of G, such that the subgraph H induced by each block
B of = is connected [3, Chapter 6].

THEOREM 3. Let L be the lattice of contractions of a doubly connected finite
graph G. Then weL is a modular element of L if and only if the following conditions
hold:

(i) At most one block B of = contains more than one vertex of G.

(i) Let H be the subgraph induced by the block B of (1). Let K be any connected
component of the subgraph induced by G— B, and let H, be the graph induced by the
set of vertices in H which are connected to some vertex in K. Then H, is a clique ( complete
subgraph) of G. [

The proof is of a routine nature and will be omitted.

If G is not doubly connected, then the lattice of contractions of G is a direct
product of the lattices of contractions of the maximal doubly connected subgraphs of
G, so Theorem 3 easily extends to arbitrary finite graphs G.
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