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ABSTRACT. A balanced complex of type (a,, ..., a,,) is a finite pure sim-
plicial complex A together with an ordered partition (Vy, ..., V,,) of the
vertices of A such that card(¥, N F) = g; for every maximal face F of A. If
b= (b),...,b,), then define f,(A) to be the number of F € A satisfying
card(¥; N F) = b,. The formal properties of the numbers f,(A) are inves-
tigated in analogy to the f-vector of an arbitrary simplicial complex. For a
special class of balanced complexes known as balanced Cohen-Macaulay
complexes, simple techniques from commutative algebra lead to very strong
conditions on the numbers f,(A). For a certain complex A(P) coming from a
poset P, our results are intimately related to properties of the Mobius
function of P.

1. Introduction. We are concerned with the problem of obtaining
information on the number f = f(A) of i-dimensional faces of a finite
simplicial complex A. (All terminology is defined below.) There are two
significant classes of complexes A for which a complete characterization of
the numbers f, 0 < / < dim A, has been obtained, viz., the class of all
complexes and the class of Cohen-Macaulay complexes. Here we introduce a
new class which we call balanced complexes. Balanced complexes possess
invariants f, more discriminating than the numbers f, and the formal
properties of these invariants will be investigated. In the case of balanced
Cohen-Macaulay complexes A, simple techniques from commutative algebra
lead to conditions on the invariants f, which are considerably stronger than
those obtained merely by assuming A is Cohen-Macaulay. For a certain
complex A(P) coming from a poset P, our results are intimately related to
properties of the Mdbius function of P.

We now proceed to the basic definitions and terminology. We employ the
following notation throughout:

N, set of nonnegative integers,

P, set of positive integers,

[n], {1,2,...,n}, wheren €P,
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