A SHIFTED PARKING FUNCTION SYMMETRIC
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RICHARD P. STANLEY

ABSTRACT. We define a “shifted analogue” SH,, of the parking
function symmetric function PF,,. The expansion of SH,, in terms
of three bases for shifted symmetric functions is explicitly de-
scribed. We don’t know a shifted analogue for parking functions
themselves, but some desirable properties of such an analogue are
discussed.

1. INTRODUCTION

We assume knowledge of symmetric functions such as may be found
in Macdonald [1] or Stanley [5, Ch. 7]. Given a symmetric function
f(z) € Ag (i-e., whose coefficients of monomials are rational num-
bers) in variables x = (z1,9,...), define the superfication f(x/y) =
wy f(z,y), where y = (y1,y2,...) is a new set of variables, and where
w, denotes the involution w acting on the y variables only. We then
define the shiftification of f to be f(z/z). Equivalently, regarding f as
a polynomial in the power sums p;, we have

(1.1) f(x/z) = f(P2ir1 — 2p2it1, p2i — 0).
Thus f(z/x) € T := Q[p1, ps, ps, - - - |-

If X is a partition of n into distinct parts, denoted A\ E n, then let
P, denote Schur’s P-function indexed by A, a shifted analogue (but

not the shiftification) of the ordinary Schur function sy [1, §IIL.8]. In

particular,
n

2P, (x) = ho(x/2) =Y en(@)hn_(z).
k=0
We also have the generating function

(1.2) K(z,t):=1+2) P(a)t" =]

n>1 i

Moreover, the P,,,1’s are algebraically independent and generate I' as
a (Q-algebra.
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We now consider parking functions. A good survey of this topic was
given by C.H. Yan [7]. A parking function of length n is a sequence
(a1,...,a,) of positive integers whose increasing rearrangement b; <
by < --- < b, satisfies b; < i. Thus the symmetric group &,, acts on
the set P, of all parking functions of length n (the number of which
is (n + 1)"~') by permuting coordinates. The Frobenius characteristic
symmetric function of this action is denoted PF,,, the parking function
symmetric function.

The symmetric function PF,, has many remarkable properties. There
are simple product formulas for the coefficients when PF,, is expanded
in terms any of the six bases my, foy, hy, e, px, sx, where fo, denotes the
forgotten symmetric function w(my). Moreover, we have the generating
function

(13) ZPFn(x)tn+l _ (tH(l’, —t))<_1>,
where )
(1.4) H(z,t) =Y hy(a)t" = H(l — )

and (=Y denotes compositional inverse with respect to t. See for in-
stance [6].

The main object of study in this paper is the shiftification of PF,,,
which we denote by SH,,. Thus

SH,,(xz) = PF,,(z/x).

In Section 2 we give simple expansions of SH,, as linear combinations of
power sums py and the Schur P-functions Py. The proofs are analogous
to those for the expansion of PF,, as a linear combination of power sums
and Schur functions, respectively. In Section 3 give the expansion of
SH,, as a polynomial in Py, P3, Ps, ..., the analogue of expanding PF,,
as a polynomial in hq, hs, hs, . ... The proof, however, is not analogous.
It is first necessary to express P, in terms of the P;;1’s. The most
succinct way of expressing this relationship is the formula

~1++1+4A2
2
where A = Pt + Pst3 + Pst® + - - -.

What is currently missing from this development is a satisfactory
shifted analogue of parking functions themselves, not just their cor-
responding symmetric functions. In the last section (Section 4) we
discuss some desirable properties of such an interpretation, as well as
a ‘naive shifted parking function” which does not seem as interesting.

:P2t2+P4t4+P6t6+"',
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2. THE BASES p), AND P,

In this section we discuss the expansion of SH,, in terms of the power
sums py (where A has odd parts) and the Schur P-functions Py (where
A has distinct parts). As mentioned in the previous section, the proofs
are straightforward variants of the corresponding results for PF,,.

Theorem 2.1. Forn > 1 we have

SH, = Y 2,2V (n 4 1)V py,

AFn
A; odd

where £(X\) denotes the length (number of \; > 0) of .

Proof. We have [6, Prop. 1.1][5, Exer. 7.48(f)] (note that in this latter
exercise, we have PF,, = wFxc,,,)

PF, = Z 2 + 1) 1,
AFn
Now use equation (1.1) and the definition SH,,(x) = PF, (z/z). O
If f is a homogeneous symmetric function of degree n, we define its

dimension by dim f = (f, p}). If f is the Frobenius characteristic ch(x)
of a character x of &, then dim f = dim y = x(id).

Corollary 2.2. We have dim SH,, = 2"(n + 1)""*.

Proof. Follows from Theorem 2.1 and the orthogonality relation (p,,, p)
20,1 [, Prop. 7.9.3]. O

For the P, expansion we need the following fundamental lemma, the
shifted analogue of equation (1.3).

Lemma 2.3. We have
(2.1) S SH, (2)t" = (1K (2, —1)) 7

n>0

where =1 denote compostional inverse with respect to t, and where
K(x,t) is defined in equation (1.2).

Proof. Shiftification is an algebra homomorphism, from which it follows
that it commutes with compositional inverse with respect to . That
is, if F(z,t) =Y, <0 fa(@)t"™, where f,(z) € Ag and fo(z) = 1, and
if G(z,t) = F(x,t)"" (taken with respect to t), then F(z/z,t)" =
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G(xz/x,t). Now with H(z,t) as in equation (1.4) we have

H(z/z,t) = Z <iekhn_k> "

n>0

() )
n>0 n>0

Now replace ¢t by —t and shiftify equation (1.3). O

The appearance of a compositional inverse in Lemma 2.3 suggests the
Lagrange inversion formula could be useful. We use it in the following
form [5, Thm. 5.4.2]. Let F(t) =t + ), -, a,t" be a power series over
a field of characteristic 0. Write [t™]G(t) for the coefficient of #™ in the
power series G(t). Then for any n € N:={0,1,2,...},

(2.2) (Tl p—— (Ftt))" .

n+1 (

The next result gives the P\ expansion of SH,. We use the notation
f(1™1) to indicate that in f(z) weset 21 =+ =2,y =1l and 2; =0
for i >n+ 1.

Theorem 2.4. We have
SH Z 25 1n+1 P)\( )

Proof. By Lemma 2.3 we have

(-1)
n—l—l
SH, (x) = [t (tH1+xt> .

By equation (2.2) it follows that

n+1
(2.3) SH () = ——— "] (H T M) .
The Cauchy identity for Py [1, (8.13)] states that

1+ zy;
(2.4) Z 2"V Py () PA(y) = H .,
A ;oY
where \ ranges over all partitions with distinct parts. Set y; = --- =
Yn+1 = L and y; = 0 for ¢ > n + 1 and compare with equation (2.3) to
complete the proof. O
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3. THE BASIS P\, Py, - --

In this section we write SH,, as a polynomial in the Schur P-functions
Py, P3, Ps, . ... Before doing so, let us note that it is very easy to write
SH,, as a polynomial in Py, P, Ps, ... (not unique since the P;’s are not
algebraically independent). For any A - n define

Ww=P\y,P---.
Then we can shiftify the formula [5, Exer. 7.48(f)][6, (1.1)]
— 1)~ (n—~0(\)+2
by, = D= () +2),

mq!l---my,!

AFn
where A has m; parts equal to i. Since h;(z/x) = 2P;(x), we obtain

(3.1) SH. — Z 2/Nn(n —1)---(n— LX) +2)V,\.

mq!l---my,!

AFn

We now turn to the more difficult problem of writing SH,, as a poly-
nomial in Py, P3, P5,.... This representation is unique since the Py;1’s
are algebraically independent. The first step is to write P, as a poly-
nomial in Py, P3, Ps, . ...

Lemma 3.1. Let A = Pt + Pst® + Pst® +---. Then
VIR
- 5 .

Proof. We have K(z,t) =1+ 2A+ 2B and K(z,—t) =1 —2A+ 2B.
Note also that

Pyt? + Pyt* + Pst® + - --

1 1
K(x,—t) = = .
(z,~1) K(x,t) 1+24+2B
Hence |
1-2A+2B=————.
M Wy Y
Solving for B gives
B -1+ 1+ 4A2
= 5 .
The correct sign is plus. O

It is now easy to give an explicit formula for P, as a polynomial in
PP P, ...

Corollary 3.2. We have

o) — 140
Py, = Z (=1)2¢™ 2)Cl(f(A—2))( (A) )VA,

2 my,ms, ...
AF2n 1, 1743,
£ odd
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where Cy denotes a Catalan number, and where X\ has m; parts equal
to 1.

Proof. The well-known generating function for Catalan numbers (e.g.,
[5, §6.2]) implies

14+ V1+447
- _

Z(—l)k_lckA2k+2.

k>0
Now by the multinomial theorem,

APHE — (Pt 4 Pyt 4 Pst® 4 .. )22

B 2%k + 2 i
B Z:l ; <m1,m2,...)VAt’

T e(\)=2k+2
X odd

and the proof follows. O

Lemma 3.3. We have the Taylor series expansion

22+ VI+42)" =14> (n+ 1)gk(n)z—k

k>1 k"
where
32) grn)=2*(n+k—-1)(n+k—-3)(n+k—5)---(n—k+3).

Proof. This result is surely well-known or equivalent to a well-known
result, so we just give the idea of a proof. It is very similar to [4, Prob-
lem A32(a)]. The function f(z) = z(2z + /1 4+ 42?) has compositional

inverse

D) = =
AN V144z
The proof follows easily from equation (2.2). O

We can now prove the main result of this section.

Theorem 3.4. We have

SH, —
S22 VD)3V
Py /! my,ms,... " A
A; odd

where £ = L(X) and \ has m; parts equal to .
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Proof. By Lemma 3.1 we have

_ 2
me:1+wua< L%€+L4):muﬂﬂ+m@

Hence by equation (2.3) and Lemma 3.3,

1
n
= Y at
k>1
where gi(n) is given by equation (3.2). Now expand each A* by the
multinomial theorem and extract the coefficient of ¢”, O

Let r, denote a large Schréoder number (see e.g. [2, A006318][5,
Exer. 6.39]). They play a role for SH,, similar to Catalan numbers
for PF,,. Corollary 3.6 below gives some occurrences of r,,, but first we
need a lemma.

Lemma 3.5. Let f € ', and assume that f is homogeneous of degree
n. Consider the expansions

f = Z a)\VA = ZbAP)\.

AFn AEn
X; odd
Then ), ax = by, where b, is short for be,.
Proof. Let f(1) = f(xy = 1,29 = 3 = --- = 0). Thus the map f(x) —

f(1) is an algebra homomorphism I' — Q. Putting = (1,0,0,...) in
equation (1.2) shows that P,(1) = 1 for all n > 1. Hence V)(1) =1 for
all partitions \. It follows that f(1) is the sum of the coefficients when
f(zx) is written as a polynomial in P;, Ps, P, .. ..

Let A be a partition with distinct parts. We claim that

fMDZ{é:A:m) }

otherwise.

One way to see this is to put z = (1,0,0,...) in the shifted Cauchy
identity (equation (2.4)) and compare with equation (1.2). Another
proof follows from the combinatorial interpretion of P, in terms of
shifted Young tableaux (e.g., [1, 8.16]). It follows that f(1) is the
coefficient of P, when f(x) is written as a linear combination of Py’s,
where \ E n, and the proof follows. 0

Corollary 3.6. The following numbers are equal to r,,.

o L P,(1"1)
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o the coefficient of P, when SH,, is written as a linear combination
of the Py\’s, where AEn

e the sum of the coefficients of SH,, when written as a polynomial
in the Py’s (k odd)

Proof. From equation (1.2) we have

(3.3) 1423 P (e = (1 il t)nﬂ .

1—1
n>1

In equation (2.2) set F'(t) = t(1 —t)/(1 4+ t). By equation (3.3) the
right-hand side of equation (2.2) becomes 2P,(1""1)/(n + 1). Now

<t(1—t))<‘1> 1—t—1I—6t+£2

141 2
n>0

and the proof of the first item follows.

The second item follows immediately from the first item and Theo-
rem 2.4.

Lemma 3.5 shows that items two and three are equal, so the proof
follows. 0

The third item in Corollary 3.6 suggests the following question. By
Theorem 3.4 the coefficients of SH,,, when written as a polynomial
in the P;’s (k odd), are nonnegative. Do these coefficients have a
combinatorial interpretation refining some combinatorial interpretation
of r,7 Here is a table of some of these polynomials:

SH, = 2P,

SH, = 6P}

SHy = 20P? +2P;

SHy = T70P!+20PP

SH; = 252P + 140PsP} + 2Ps

SHe = 924P + 840P3P] + 28P5 P, + 14P;.

Note that the coefficient of P* in SH,, is (27?), a special case of Theo-
rem 3.4.

4. A COMBINATORIAL INTERPRETATION?

As mentioned in the Introduction, the one feature missing from this
development is the concept of a shifted parking function. We can give
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a “naive” definition based on equation (3.1), but, as we discuss below,
what is really wanted is a definition based on Theorem 3.4.

The naive definition is the following. A naive shifted parking function
(NSPF) 7 of length n is an ordinary parking function of length n with
each term colored red or blue. Since there are (n + 1)"~! ordinary
parking functions of length n, there are 2"(n + 1)"~! NSPF’s of length
n, which is what we want by Corollary 2.2.

By equation (3.1) we would like to partition the set N, of NSPF’s
of length n into r, blocks such that (a) each block B is associated with
a partition A = A\(B) F n, (b) the size of B is given by

T _ on—t(\) n

#B =dimV), =2 ()\1,)\2,---)7
and (c) the number of blocks B which correspond to A is equal to the
coefficient of V) in the right-hand side of equation (3.1). We can do
this as follows: a block B consists of all NSPF’s o with specified part
multiplicities (i.e., we specify for each i the number a; of i’s in ) and
specified colors for the first (leftmost) occurrence of each part equal to
i (1 <7< n). The partition X\ consists of the a;’s arranged in weakly
decreasing order.

Example 4.1. Let n = 2. There are 12 NSPF’s of length two. The
blocks are listed below. We use an overline for the color red and no
overline for blue.

(11,11}, {1111}, {12,21}, {i2,21}, {12,21}, {12,21}
All the blocks have size two since dim P = dim P, = 2.

We now consider “serious” shifted parking functions. Let S,, be the
(putative) set of all shifted parking functions of “size” m. It should
have the following property: there is a partition ¥ of S, such that each
block B corresponds in a natural way to a partition A of n into odd
parts. The number of elements of B is the coefficient of Py Py, - - -
when SH,, is written as a polynomial in the P;’s for i odd (given by
Theorem 3.4). The size #B of B is equal to

. — gn—t(V) n .
dim V A Ags

This implies that the total number of blocks is r, and that #S, =
2"(n + 1)"7'. The fundamental difference with NSPF’s ¢ is that the
partition A associated with a shifted parking function has only odd
parts.

Also desirable would be a naive shifted analogue or shifted analogue
of the action of &, on parking functions. Ideally we would have a
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suitable action of the double cover (for n > 4) &,, of &, on the complex
vector space with basis NV, or S,. Probably this is too much to hope
for.
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