SUPPLEMENT ARY EXER CISES (without solutions)
for Chapter 7 (symmetric functions) of
Enumerative Combinatorics vol. 2
by Richard P. Stanley

version of 15 July 2008

1. [2] Find the number f (n) of pairs(; )sudthat ~ nand covers
in Young'slattice Y. Expressyour answer in terms of p(k), the number
of partitions of k, for certain valuesof k. Try to give a direct bijection,
avoiding generatingfunctions, recurrencerelations, induction, etc.

2. [2] Let pr(n) denotethe number of partitions of n of rank r. Find the
generatingfunction

X
Fr(t) = pr(N)t":

n O

3. [1] Expressthe symmetric function p;e in terms of elememary sym-
metric functions.

4. [2] Let

Fa(X) = ( X2+ Xo+ Xz+  +Xp)(X1 X+ Xz+  + Xp)
(X1 + Xz + +Xn 1 Xn):
Show that

X
Fa) = ( Df2ael © el
k=2
in the ring |, of symmetric functions in n variables.

5. [2+] Fobwhat real numbers a is the symmetric formal power series
F(x) = ~,(1+ ax + x?) e-positive, i.e., a nonnegatiw (in nite) linear
combination of the e 's?

6. [2+] Find all symmetric functionsf 2 " that are both e-positive and
h-positive.

7. [1+] Find all f 2 " for which ! f = 2f .



8.

10.

11.

12.

13.

[2] Let P(x) be a polynomial satisfying P(0) = 1. Express! Qi P (xi)
asan in nite product.

. [2{] Let j; k 1. Expand the monomial symmetric function my;; asa

linear conbination of power sumsp .

(a) [3{] Let 7 denotethe (additive)abeliangroupwith basisfm g .
Let 7 denotethe subgroupgeneratedby fp g -,. Thus by the
Note after Corollary 7.7.2,

whered = Qi 1 mi( ). Show that in fact
n n M
7= 7 = Z=d Z:

n

(b) [2] (for readersfamiliar with Smith normal form) Let X,, denote
the charactertable of S,,. Deducefrom (a) that X, hasthe same
Smith normal form as the diagonal matrix with diagonal ertries
d, ~n.

[2{] Let 4 2 R (or consider to be an indeterminate). Expand the
product " (1+ X;) asan (innite) linear conbination of the power
sumsp .

[2]Letf(x;y) 2 (x) (), ie.,f(x;y)issymmetricwith respectto
X1;Xp; ... andseparatelywith respectto y,;y,;:::. Let @)k@()x)f (x;y) de-
note the partial derivative of f (x; y) with respectto px(x) whenf (X;y)
is written asa polynomial in the p;(x)'s (regard the y;'s as constarts).

Find a simple formula for

@ Y
@) |

1 xy)

[2+] Fix n 1. Find a simple formula for the number of pairs (u;v) 2
S, S, sud that uv = vu. Generalizeto any nite group G instead
of S,.



14. (a) [2+] Shaw that the symmetric power series

P
T - Pn 0 h2n+1
no hn

is a power seriesin the odd power sumsps, ps, Ps;:::.
(b) [3{] Identify the coe cients whenT is written as a power series
in the power sums.

15. [5{] De ne for n 3 the symmetric function (in n variables)

Y
Ho= (Xi+ 2X2+ 4+ Xp);

Show that when 3H,, is expandedas a polynomial in the power sums
p;, the coe cien ts are integers. (This conjecture has beenveri ed for
n 5 but is probably false.)

16. (a) [2+] Let p be a prime, and de ne the symmetric function

X X P 1

wherethe rst sum rangesover all p-elemen subsetsof 1;2;:::,
2p 1. Shaw that whenF, is written asa linear combination of
monomials,every coe cient is divisible by p.

(b) [2+] Deducefrom (a) the Erdps-Ginzburg-Zivtheorem: given any
(2p 1)-e|en|yem subsetX of Z, there is a p-elemen subsetY of
X sudhthat ,, i O(modp).

(c) [2+] Showv that when F, is written as a linear conbination of
power sumsp , ewvery coe cient is an integer divisible by p.

17. Givenf 2 g andk 2 P, letf (kx) denotethe symmetricfunction f in k

copiesof ead variable X1; X5; :::. Thusfor instancem;(kx) = kmj(x).
(@) [2{] Letfu : ° ngbeabasisfor §, and let
X
f (kx) = c (k)u : (1)

n



Shawv that ¢ (k) is a polynomial in k (with rational coe cien ts).
This allows us to useequation (1) to de ne f (kx) for any k (in
someextension eld F of Q, s&).

(b) [2{] Forany j 2 F, let g(x) = f(jx). Forany k 2 F shav that
g(kx) = f (j kx).
(c) [2] Expressf ( x) intermsof f(x) and! .

18. [2+] Evaluate the scalarproduct thyin 2; hopn i

19. [2+] Fix n 1. Find the dimensionof the subspaceof ¢ spannedby
fh +e : ° ng

20. (a) [3{] De ne alinear transformation' : &! by '(e)=mo
Find the sizeof the largestblock in the Jordan canonicalform of

(b) [5{] Find the ertire Jordan canonicalform of ' .

(c) [5{] Do the samefor sud linear transformationsase 7! m ,
h 7'm,p 7'm,p 7' h.

21. Let h; i denotethe standard scalarproduct on . Two linear trans-
formations A;B : o ! o are adjoint if bAf;gi = H;Bgi for all
f 0 2 Q-

(@) [2] Find the adjoint to ! + al, wherel denotesthe idertity trans-
formation and a is a constan.

(b) [2] Let @C‘?if denote the partial derivative of f 2 with respect
to pp whenf is written asa polynomial in p;;p.;:::. De ne the
linear transformation M; by M;(f) = p;f . Expressthe adjoint of

M; in terms of the operators @(??.

22. [2] Let k 2. Compute the Kostka number K x):k 1k 1:16%2)-

23. (@) [2+] Let " nand hk"i. Give a bijective proof that
KI’k”i=;f(k nnj = f
(b) [2] Deducefrom (a) that Kpni.nk 1yn:10i iS equal to the number

of permutations in S, with no increasingsubsequencef length
k+ 1.



24. [2{] How many SYT of shape (n") have main diagonal(1; 4; 9; 16;:::;n?)?
25. [3]Let = (m 1,m 2;:::;1). De ne skew shapes

n (n;mn Lin 2::052)= 4 1
n (n;n;n;n Lin 2:::;2)=,
n (n;nyn;n Lin 20 D)=

For instance,the diagram below showvs .

Shaw that
fooo= (3n 2)|E2n 1
(2n 1)122n 2
foo= (3n 1)|E2n 1
(2n 11220 1
c.oL GEM ' DEy

(2n  1)122n 1220 1Y’
whereE,, 1 denotesan Euler number.
26. [2{] For any partitions and , expresss s asa skew Scwr function.

27.[2] Let1 k nand = (k;1" X) (called a hook shag). For any
" n nd asimpleformula for the Kostka number K

28. [2+] Let A bethem n matrix ofall 1's. If A I (P; Q), then descrite
the SSYT'sP and Q.



29. (a) [3] Let Dbe a partition with distinct parts. A shifted standad
tableau (SHSYT) of shape is de ned just like an ordinary stan-
dard Youngtableau of shape , exceptthat ead row is indented
one spaceto the right from the row above. An example of an
SHSYT of shape (5; 4; 2) is given by

112359
4168|111
7110

Call two permutations u;v 2 S,, W-equivalent if they belongto
the sameequivalenceclassof the transitiv e closureof the following
relation: either (i) they have the sameinsertion tableau under the
RSK-algorithm or (ii) u(1) = v(2) and u(2) = v(1). For instance,
the W-equivalenceclassedor n = 3 are f123 213 231, 321g and
f312 1323. Show that the number of W-equivalenceclassesn S
is equalto the number of SHSYT of sizen.

(b) [5{] Can this be generalizedin an interesting way?

30. Let be a partition of n with distinct parts, denoted E n. Letg
denotethe number of shifted SYT of shape , asde ned in Problem 29.

(@) [3{] Prove by a suitable modi cation of RSK that
2" () g “=n (2)

(b) [3] The \shifted analogue"opr_oroIIary 7.13.9is the following cu-
rious result. Let = (1+i)= 2= € 78, Let

X ooy
Fn
Show that
X t" t+ 12
u(n)—I e "2 (3)
- n!

31. [2+] Evaluate the sums

X _ X _
f=%f and f =2



32. [2+4] Given an SYT T, let (T) be the largest integer k sud that
1,2;:::;k appear in the rst row of T. Let E, denote the expected
value of (ins(w)), wherew is a random (uniform) permutation in S,
andins(w) denotesthe insertion tableau of w underthe RSK algorithm.
Thus X

1

E, = o (ins(w)):

w2Sh

Find ”mn!l E..

33. [3] Showv that asn ! 1, for almost all (i.e.,, a (1 o(1))-fraction)
permutations w 2 S, the number of bumping operations performedin
applying RSK to w is

128 3=
1+ dl))ﬁn

Moreover, the number of comparisonoperations performedis

64 _
(1+ o(1)) ﬁn&2 log, n:

34, (a) [2+] Letn = pg w 2 S, and w ™ (P;Q). Supposethat the
shapeof P andQ isap (qrectangle. Shov that whenthe RSK
algorithm is applied to w, every bumping path is vertical (never
movesstrictly to the left).

(b) [2] Let P = (&) and Q = (by) in (a). Deducefrom (a) that
w(by) = ap1 5

35. [2] Leti;j; n 1. Evaluate the sum
X _ .
fni;j) = s (1)s (1):
‘n

P
36. [3{] Lety, = ., S. Find the generatingfunction
X .
F(@ = My ynidh
n 0

@(press your answver in terms of the generating function P(x;t) =
C,(1 ) L



37.

38.

39.

40.

[3] Let * +
X X
f(n) = %S,
‘n n

where2 = (2 1;2 5;:::). Thus
(f (0);f (1);:::;1(20)) = (1;1;3;5;12 20, 44; 76, 157, 281; 559):

Shaw that
X Y 1 Y 1
f(n)g" = P PR R
n o 1 1L d ;1 )
[3+] Let V, = Ql i n(Xi Xj). Shaw that for k O,
ko2 _ ((2k+ 1))l
Ve Vel = ok D

The notation h;i, indicates that the scalar product is taken in the
rng o, i.e., the Scwr functionss (xy;:::;%,) with () n form an
orthonormal basis.

“2n

P n ,
Find the generatingfunction F (t) = 0an‘n—!. (A resultin Chapter5
may prove useful.)

(@) [3{] Find the number f (n) of ways to move from the empty parti-
tion ; to ; in n steps,whereead step consistsof either (i) adding
a box, (i) removing a box, or (iii) adding and then removing a
box, always keepingthe diagram of a partition (evenin the middle
of a step of type (iii)). For instance,f (3) = 5, correspnding to
the v e sequences

;L) @) (@)

;L) 1 ;

; 2,1)

(151
; (1)

S



Expressyour answer asa familiar combinatorial number and not,
for instance,asa sum.

(b) [3{] Given a partition , let f (n) be the sameasin (a), except
we move from ; to in n steps. De ne

X
T, = f (n)s :
For instance,

T3= 5+ 10s; + 65, + 6511 + S3+ 2Sy1 + Sq11:

Find hT,; Thi. Asin (a), expressyour answer as a familiar com-
binatorial number.

41. (a) [2+] Let h(t) 2 C[[t]] with h(0) 6 O, and let g(t) 2 C[[t]]. Write

p=p= X. Let bethe operatoron ¢ dened by
@
= + h(p)—=:
g9(p) + h(p) @
De ne X "
F(x;p) = r‘(1)m:
n 1 ’
Shaw that

F(x;p)=exp M(p)+M(L" “(x+ L(p) ;

where

ths

o h(s)
‘g(s)ds,
o h(s)’

and whereL" ¥ denotesthe compositional inverseof L.

(b) [1+4] Let g(t) = t and h(t) = 1, soh "(1);s i is the number of
oscillating tableaux of shape and length n, asde ned in Exer-
cise7.24(d). Shaw that

L(t)

M (t)

F(x;p) = exp px+ %xz



(c) [2] Let f (n) be the number of ways to move from the empty
partition ; to in n steps,wherethe stepsare asin Problem 40.
Use (a) to show that

X X tn
f(n)s —=exp( 1 p+ (1+pe):

n!
n 0 2Par

(d) [2{] Let g (n) be the number of ways to move from ; to in n
steps, where eat step consistsof adding one squareat a time
any number i of times (including i = 0) to the current shape and
then either stopping or deleting one square (always maintaining
the shape of a partition). Show that

X X X" P
g(ms =exp 1 p (1 p?
n 0 2Par )
In particular,
|
X n X k'
g =exp x+ (2k 3=
oonl k!
n 0 k 2

(e) [2{] Letj (n) bethe number of waysto movefrom; to " kinn
steps,whereead step consistsof adding onesquareat a time any

number i of times (including i = 0) to the current shape or else
deleting one square(always maintaining the shape of a partition).
Shaow that N

j(m=nt 1T

whereasusualf denotesthe number of SYT of shape .

42. [3]Let w= aya, ay, 2 S,,. Supposethat g + az,+1 | = 2n + 1 for
all1 i n. Show that the shape of the insertion tableau ins(w) can
be coveredwith n dominos.

43.[2{] Let d;n 1 and = € =9 a primitive dth root of unity. Let

f 2 " Showthat f(1; ;:::; 9 1) = 0unlessdjn.
44. [3{] Let (n 3)=2 m n 1. Show that
X X i) ..
f=1t(n) L,

inj!
“n il 0 J
() m 2i+j+21=n m 1

10



45.

46.

47.

48.

49.

wheret(j) denotesthe number of involutions in S;.

[2{] Let u be a squareof the skew shape = . We can de ne the hook
H(u) = H- (u) just asfor ordinary shapes, viz., the set of squares
directly to the right of u and directly below u, courting u itself once.
Similarly we can de ne the hook lengthh(u) = h- (u) := #H (u). Let
(= )" denote = rotated 180, asin Exercise7.56. Show that

X X
h- (U) = h(: i (U):
u2 = uz2(= )"
[3{] Let ( ) bethe number of hooks of length k of the partition
Show that X X
k() =k m():
‘n ‘n

As usual, my( ) denotesthe number of parts of equalto k. Note that
Problem 1 is equivalent to the casek = 1. Is there a simple bijective
proof similar to the solution to Problem 17?

[3+] Givena partition andu 2 , let a(u) and "(u) denotethe arm
and leg lengths of u asin Exercise7.26. De ne

()=#fu2 :a(u I(u)=0or1ig:

Shaw that X X
q()= q();
'n 'n

where () denotesthe length (number of parts) of

[2]Let = (n 1,n 2;:::;0)asusual,andlet 2 Parwithn ().
Find the Scwr function expansionof the product

[2] Let Ex denotean Euler number (the number of alternating permu-
tations of 1;2;:::;k). Evaluate the determinarts
N R
2+2 1y,

11



50.

51.

52.

and

E n
B - 2i+2j 3 .
"o@+ 3
Hint. UseExercise7.40.

[2+] Let f (n) be the number of permutations w 2 S, sud that both
w and w ! are alternating. Let

1+ X
X

L (x) log

1
271
X3
3

+ =+

5
5
Use Corollary 7.23.8and Exercise7.64to shaw that

X +

X X L(X)2k+1

f (2k + 1)X2k+l — 2 e —

o o 2k 1)
X f (2k)x* = p—l X g L0

E2k7’
o T, (k)

whereE,, denotesan Euler number.

[3{] Let a(n) denotethe number of alternating involutions in S, i.e.,
the number of involutions in S, that are alternating permutations in
the senseof the last two paragraphsof Section3.16. Let E, denotean
Euler number. UseProblem 83 belon and Exercise7.64to show that

a2k + 1)x&+1 = A2 gan 1x 2 g
(2k+1) R EEVY 9T %
k 0 iij O
X 1 X Eoio: . 1+ x2 j
2k)x* = p_— “2%2] _ tapn 1x 2| :
koa( = Ry X3, o (2)1]14 an =x 097

[3+] Let  n, andlet a;b;c;d be (commuting) indeterminates. De ne

P P P P
W( ): a d i 1:2€b b o 1:2CC d 2i:2€d bziZZC:

12



53.

For instance,if = (5;4;4,;3;2) then w( ) is the product of the ertries
below in the diagram of

ababa
cdcd
abab
cdc
ab

P
Lety = w( )s , where rangesover all partitions. Show that

X 1 X 1
log(y) o0 cpan 2 0Cd"Pan 2 Qllpy; psi ps; -2
n 1 n 1
Note that if weseta=ot, b q 't,c=qt *,d=q 't * andthen set
g=t = 0,theny becomes s, where rangesover all partitions
such that eacr ; and {is ewen.

Let!,: (x;y)! (x) (y) bethe algebrahomomorphismde ned
by

Lypa(Xy) = pa(X) + ( 1)" *pa(y): (4)
Equivalertly, ! , is the automorphism! acting on the y-variablesonly.
Write ! (f (x;y) = f (x=y). In particular, s (x=Y) is calleda super Schur
function. Let

=im(ty)=ff(x=y) : f 2 g

a subalgebraof ( x) ().

(@) [2{] Shaw that

X
s (x=y) = s (X)s o= oy): (®)

(b) [3{] Let g(x;y) 2 ( x) (y), and let t be an indeterminate.
Shav that g2 if and only if

906 Vix=trye= ¢ = 906 Vi, =0 : (6)

13



(D *plys:iyn), i 1

(d) [2{] Show that forany f 2 , f(x=x) is a polynomial in the odd
power sumspy; Ps; Ps; ;i : -

(e) [3{] De ne a sugertableau of shape to bean array T of positive
integersof shape sud that (i) the rows and columnsare weakly
increasing, and (ii) the diagonals from the upper left to lower
right are strictly increasing(equivalertly, thereisno2 2 square
of equal ertries). A maximal rookwise-connectedubsetof equal
ertries is called a compnent of T. Let ¢(T) denotethe number
of componerts. For instance,if T is given by:

3]

w wiN
B S \N]

then T has one componert of 1's, two componerts of 2's, three
componerts of 3's, and two componerts of 4's,soc(T) = 8. Show
that X
s (x=x) = 2¢MxT:

T
where T rangesover all supertableaux of shape and x™ hasits
usual meaning.

(f) [2] Let (n™) denotean m n rectangular shape. Shav in two
di erent ways that

Yoo
Stnmy (X132 7 3 Xm=Ya5 0155 Yn) = (Xi + )
i=1 j=1
The rst proof (easy) should use Exercises7.41 and 7.42. The

secondproof shoulduse(b) above (in the easy\only if" direction)
but no RSK, Caudy idertity, etc.

14



(9) [3{] More generally let , be partitions with "( ) m and
() n. Let [m;n; ; ] denotethe partition obtained by ad-
joining  to the right of (n™) and °belov (n™), as illustrated

below.
n
a
m
bl
I
Show that
Simn:: (X151 Xm=Yas 1l Yn)
4
=8 (X135 %Xm)S (Y1515 Yn) (Xi +Y;):
i=1 j=1

54. (a) [3]De ne agradingonthering of symmetricfunctionsby setting
degE;)) = 1foralli 1. Thusdegp )= ( ). Let 8§ denotethe
terms of least degreeappearing in the expansionof s in terms
of power sums. (It is an easyconsequencef Exercise7.52 and
the Murnaghan-Nalayama rule that this least degreeis equalto
rank( ).) For instance,

15 1 5 1 , 1, 1 1 .
Spo1 = ﬂpl 1—2sz1 épspl"' §p2p1+ Zp4p1 épspz.
SO

&, = 1 1 _
221 = er4p1 épspz-

Let V,, denote the subspaceof o spannedby all § sud that
" n. Show that a basisfor V, isgivenby f§ : rank( )= "( )g.

(b) [2] Deducefrom (a) that dimV, is the number of ~ n whose
parts dier by at least2. (By the Rogers-Ramanjan idertities,
this is alsothe number of ~ n whoseparts are 1(mod5).)

15



(c) [3] De ne the augmentd monomial symmetric function m
r{rp,! m, where = hi't;272::::i. Lett denotethe result

of substituting ip; for p; ir|3,the expansionof § in terms of power

sums. Supposethat t = a p . Show that

(d) [§{] Let W, denote g;e spaceof all f 2§ sud that if f =
Find dimW,. DoesW, have a

a p,thenf = a m.

nice basis?
(e) [5{] Let ' k(s ) denotethe terms of the leastk degreegqthat is, of
degreesrank( ), rank( )+ 1;:::, rank( )+ k 1) appearingin

the expansionof s in terms of power sums,soin particular §
"1(s). Let Vi denotethe subspaceof § spannedby all* «(s ).

Shaw that a basisfor Vi is givenby & :rank( ) () 1g.
3. Note. It

(f) [5{] Find abasisand/or the dimensionof Vi for k

is false that a basisfor V% is givenbyfé :rank() () 29
55. (a) [3] Let t be anindeterminate. Let #: ! [ t] bethe specializa-
tion (homomorphism)de ned by

Xk
#(p) = t+ E

i=1

Show that
0 1

X = Y
)= 5@ (row)As;
Toou2=

wherec(u) denotesthe cortent of the squareu.

(b) ??
|

56. [3{] De ne a Q-linear transformation' : o ! Q[t] by
Qn

'(s)= izl(t+Hi+n .

16



where = ( 1;:::; n)  nandH denotesthe product of the hook
lengthsof . Shawv that forany ~ nwith ()= "andmy( )=m
(the number of parts of equalto 1), we have

A
()= ( 1 Ty @i

i=0

57. [5] Let | beacollectionof subintervalsfi; i+ 1;:::;i+jgof[n]. (With-
out loss of generality we may assumethat | is an antichain, i.e., if
1;J21 andl J,thenl = J.) De ne

fi(x)= XiiXi; Xy ;
i1i2 in
whereiii, i, rangesover all n-tuples of positive integerssud that
if;k2121 andj 6 k, thenx;, & x;.. Thusf, 2 . For instance,if
| =; thenf, = €], andif | = f[n]gthenf, = nle,. Shawv that f, is
e-positive.

58. (a) [2+] Fix integersl m n. Find simple formulas for the four

sums
X X X
a(m;n) = fffec
x" X "x"
b(m;n) = ffc
x" X "x"
c(m;n) = ffec
x" X "x"
dim;n) = fc;

m 'nm "n

wherec denotesa Littlew ood-Richardson coe cient. Someof
the formulas may involve the number t(k) of involutions in S for
certain k.

(b) [2+] Let X X X
e(m;n) = fc:

m n m “n

17



Shaw that

X X ) y y?
e(m; m + k)xmw = P(x) exp

m Ok O

whereP (x) = Qi 1 xh) L
(c) [5{] Do somethingsimilar for

X X X
f(m;n) = c :

59. [3{] Show that
1

2 P
C ) = Q— . 7
60. [3{] Letk 1and X
Bi(Xx) = s (X);
() Kk
asin Exercise7.16(a). Showv that

(s (x)
By(x) = Q ;
x) Yi(l Xi) Yi<j (1 xix))
where rangesover all partitions whose Frobenius notation has the

form
- ay a a
at+k at+tk a + k

andwherec = (j j rk+r)=2.

61. [4{] Let ; ; Dbepartitions andn 2 P. Shov that ¢ 6 0if and only
ifch., 60.

62. [4{] Let ; ; Dbe partitions of length at mostn. If Aisann n
hermitian matrix with eigervalues ; 2 n, then write
spec(A) = ( 1;:::; n). Show that the following two conditions are
equivalen:

Thereexistn n hermitian matricesA; B; C sudithat A= B+ C,
spec(A) = ,specB) = , andspec(C) =

18



¢ 6 0,wherec denotesa Littlew ood-Richardsoncoe cien t.

63. (a) [2{] Find all partitons ~ nsudthat ( )6 Oforall " n.
(b) [5{] Find all partitons "~ nsucthat ( )6 Oforall " n.

64. [2+] Given ~ n, let H denotethe product of the hook lengths of |,
soH = nl=f . Show that for k 2 N,

1
H"2——#f(W1,W2;::"Wk)ZS" wiws - wg = 1g:
'n

Hint. UseExercises?.69(b) (or more precisely its solution) and 7.70.

65. (a) [2+] Show that
X X 2Y XN t
(F) (t+c) =@ x5
n 0 “n u2 )
wherec, denotesthe cortent of the squareu in the diagram of .
(b) [3+] Show that

X X Y _
(f )2 (t+h)—= @ x)*5

n 0 u2 i1

whereh, denotesthe hook length of the squareu in the diagram
of .

(c) [3] Shaw that for any r 0 we have

1 X X ¥t o (2r)!
m 7@ = arpties ®
(d) [2] Deducefrom equation (8) that
LXK UK (@)
ol ‘n(f )2L12 & = . T(kj)( - 1)|2( )i+1;

whereT (k;j) is a central factorial numker (EC2, Exercise5.8).
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(e) [3] Shaw that for any r 0 we have

1 X LY 1 2 2r+2 .
m i n(f ) e (hu I ) - 2(r + 1)2 r r + 1 (n)l’+l .
9)
(f) [2] Deducefrom (e) that
1 X X X1 1 2 1) 2
—  f2 h¥*x=  T(kk+Lj)= . o (n);;

whereT(k + 1;j) is asin (d).
(9) [3]Let F = F(x) 2 ¢ beasymmetric function. De ne

1 X
n(F) = o (f )ZF(hﬁ u2 )

HereF(h2 : u2 ) denotessubstituting the quartities h2, where
u is a square of the diagram of , for n of the variables of F,
and setting all other variablesequalto 0. Shov that ,(F) is a
polynomial function of n.
(h) [3] Let G(x;y) be a power seriesof boundeddegree(say over Q)
that is symmetric separatelyin the x variablesand y variables.
Let
1 X
n(G)=m (f )?G(c, :u2 ; ; i:1 i n)
‘n

Shav that (G) is a polynomial function of n.

66. Letk landp 2. Show that the number of p-cores(as de ned in
Exercise7.59(d)) with largestpart k is ";pzz .

P
67. Fix apartition ~ k,anddene N(n; ) = .o f 7 . Lett(j) denote
the number of involutions in S;.

(@) [2+] Show that for all n;k 0 we have
X X

N(n+k; )= . = tin j):
i=0 J Tk
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(b) [3{] Let ~bethe partition obtainedfrom by replacingead ewen

part 2i with i;i. Equivalertly, if w is a permutation of cycletype
, then w? hascycletype ~. Show that forn Kk,
Xk i X _
N(n; )= dn D) z b (51
o (kD)
mi( )=ma( )=0

For instance,
N (n;32)= N(n;221)= 2—14(t(n) dt(n 3)+ 6t(n 4)):

68. (a) [3{] Fix a partition ~ k. Given "~ n Kk, dene

1.

1"

Let p g denote the partition with p parts equalto g. Fix a

partition w 2 Sy of cycletype ,andlet (w) denotethe number
of cyclesof the permutation w 2 S. Show that

PG P9 (1 p U g O

uv=w

b(, 1" k): (n)k

where the sum rangesover all k! pairs (u;v) 2 Sy Sy satis-
fying uv = w . Hint. Usethe Murnaghan-Nakayama rule and
Exercise7.70.

(b) [3+] [to be inserted]
69. (a) [2+] Let (w) denotethe number of cyclesof w2 S,,. Shawv that

1
n(n + 1) ((q+ n)n+1 (q)n+l):

X
Pn(CI) = q (w(1;2;::5n)) —
w
wherew rangesover all (n 1)! n-cyclesin S, andw(1;2;:::;n)
denotesthe product of w with the n-cycle (1;2;:::;n). For in-
stance,

X 1;2:3 1
q wiiz3) = 1—2((q+ 3)s  (dPa)

= g+q

(W)=(3)

Hint. UseExercise7.70.
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70.

71.

(b) [2+] Show that all the zerosof P,(q) have real part O.
(c) [5{] It follows from (a) that

1 b(nxl):2c
Pa(Q) = — cn+ 1;n 2)q %
2 i=0

wherec(n + 1;n 2i) denotesthe number of permutations w 2
Snh+ with n 2 cycles. Is there a bijective proof? (In fact, it
isn't soobviousthat ¢(n+ 1;n 2i) is divisible by ”;1 . J. Burns
hasprovedthe strongerresultthat if -~ n+l1and" = 1,then

(n+ 1)!=z is divisible by "3' .)

(d) [3] Generalize(b) asfollows. Fix ~ n. De ne

P (q) - q (W(1,2,...,n));

(w)=

wherew rangesover all permutations in S, of cycletype . Show
that all the zerosof P (q) have real part O.

[3] De ne two compositions and of n to be equivalentif sz = sg
(as de ned in x7.23). Descrike the equivalenceclassesof this equiva-
lencerelation, shaving in particular that the cardinality of eat equiv-
alenceclassis a power of two.

Note. A \trivial* equivalenceis given by

It is surprising that an equivalenceclasscan have more than two ele-
merts, e.9.,f(1,2,1,3,2);(2;3,1,2,1); (2,1, 2,3,1); (1, 3,2, 1, 2)g.

[3] De ne the rank of a skew shape = to be the minimal number
of border strips in a border strip tableau of shape = . It it easyto
seethat when = ; this de nition agreeswith that on page289. Let
j= j=n,andlet be a partition of n satisfying "( ) = rank(= ).
Shavthat = () isdivisible by m;( )!m,( )! . (Incidentally, note
that by the de nition (7.75)of = ( )wehave = ()= 0if ()<
rank(= ).)

22



+ |- +

Figure 1. Outside and inside diagonalsof the skew shape 8874411

72. Let = be a skew shape, identi ed with its Young diagram f(i; ) :

P < i0. We regard the points (i; j) of the Young diagram as
squares. An outside top corner of = is asquare(i;j) 2 = sud
that (i 1;j);(i;j 1) 62= . An outsidediagonal of = consistsof
all squares(i + p;j + p) 2 = for which (i;j) is a xed outside top
corner. Similarly an inside top corner of = isasquare(i;j) 2 =
suhthat (i 1;j);(;j 1)2 = but(i 1;j 1)62= . An inside
diagonalof = consistsof all squareqii+ p;j+p) 2 = forwhich (i; j)
isa xed insidetop corner. If = ;,then = hasoneoutsidediagonal
(the main diagonal) and no inside diagonals. Figure 1 shows the skew
shape 8874411, with outsidediagonalsquaresmarked by + andinside
diagonalsquaresby . Letd" (= ) (respectively, d (= )) denotethe
total number of outside diagonal squares(respectively, inside diagonal
squares)of =

Generalizingthe code C of Exercise7.59,de ne the code C- of =
to be the two-line array whosetop line is C and whosebottom line is
C , wherethe indexingis \in phase." For instance,
C _ 011110111010012
887l — 00100111011111

[3{, for the rst four] Show that the following numbers are equal:

The rank of = , asde ned in Exercise71 above.
d’(=) d (=)
The number of rows in the Jacobi-Trudi matrix for = (i.e., the

matrix of Theorem7.16.1)which don't cortain a 1.
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The number of columnsof C- equalto § (or to 9).
[34] The largest power of t dividing the polynomial s- (1').

73. [2+] Let (w) denotethe number of cyclesof w2 S,. Regard asa
classfunction onS,. Let ~ n. Show that

8 P ‘
3 =5 it =(n)
i i= (O e 1= (g ” 91 q> 0

0; otherwise

74. (a) [3] De ne aclassfunctionf, :S,! Z by
fa(w) = ni( () + 1) %

where (w) denotesthe number of cyclesof w. Show that f, is a
characterof S,,.

X' .
(b) [3{] Let F(x) = xX , soF(x)" 1 = x'™*. Let the Taylor series
expansionof F (x) about x = 1 be given by

X (x 1)
F(x) = an
n 0 ’
u? ud u? u® u®
= l+u+2§+9§+5%+480§+5094§+ :

whereu = x 1. Show that i ,;sgn = a,, wheresgndenotesthe
sign character of S,,. In particular, by (a) it followsthat a, O.

75. Let E( ) (respectively, O( )) bethe number of SYT of shape whose
major index is even (respectively, odd).

(a) [2+] Expressthe symmetric function

X
Ro= (EC) OC)s

in terms of the power sum symmetric functions.

24



(b)

[2+] Deducefrom (a) that if ~ n,thenE( ) = O( ) if and only
if one cannot placebn=2c disjoint dominos(i.e., two squareswith
an edgein common)on the diagram of

(c) [2+] Shaw that (b) cortinuesto hold for skew shapes = when

(d)

j = ] is ewen, but that the \only if" part canfail whenj= jis
odd.

[2+] Let p be prime. Generalize(a){(c) to the caseAq( ) =
Ai() = = A, 1( ), whereA;( ) denotesthe number of SYT
T of shape satisfyingmaj(T) i (modp).

76. (@) [5] A problem super cially similar to 75(b) is the following. We

(b)

can regard an SYT of shape (or more generally a linear ex-
tension of a nite posetP) asa permutation of the squaresof
(or the elements of P), wherewe x someparticular SYT T to
correspnd to the identity permutation. De ne an even SYT to
be onewhich, regardedasa permutation, is an even permutation,
and similarly odd SYT. For which is the number of even SYT
the sameas the number of odd SYT? (It's easyto seethat the
answver doesnot depend on the choice of the \identity SYT" T.)
This problem hasbeensolved for rectangular shapesby a di cult
argumern (rating [3] or even [3+]).

[3] Given an SYT T with n squares,let wy be the permutation
of [n] obtained by reading the elemens of T in the usual reading
order (left-to-right, top-to-bottom). Write sgn(T) = sgnfwr), i.e.,

sgn(T) = 1if wy is an even permutation, and sgn(T) = 1 if wr
is an odd permutation. Show that
X
sgn(T) = 27,

T

whereT rangesover all SYT with n squares.

P
77. (a) [24] Letg = x2 %20 where rangesover all reverse

(b)

plane partitions of shape , and ¢( ) is the number of columns
of that cortain the part i. Shav that g is an (inhomogeneous)
symmetric function whosehighestdegreepart is s .

[3] De ne an elggant SSYT of skew shape = to be an SSYT
of shape = for which the numbersin row i lie in the interval
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[1;i 1]. In particular, there are no elegan SSYT of shape = if

the rst row of = isnonemptl. Letf bethe number of elegan
SSYT of shape = . Shaw that
X
g = fs

In particular, g is Sdwr positive.

Example. Let = (2;1). Then there is one elegah SSYT of
the empty shape (2;1)=(2;1) and one elegan SSYT of shape
(2;1)=(2). Henceg,1 = S21 + So.

P .
(c¢) [8]Fork Oandn 1,let gr(]k) = jnzo kK 1 h, j . Forinstance,

J
¢ = hyandg® = hy+ g, 1+ +hy+ 1 Setgld = 1and

g(kg =0forn> 0. Shawvthat if = ( 1;:::; m), then
— (i 1

g _det gi I+J i;j:l-

78. (a) [2+] A set-valuel tableau of shape = isa lling of the diagram
of = with nonempty nite subsetsof P sud that if ead subset
is replacedby one of its elemens, then an SSYT always results.
If T is a set-\alued tableau, then let x™ = x3(Mx%™ " _ where

G (T) isthe number of boxesof T containing i. SetjTj=  ¢(T),

the total number of elemerts appearingin all the boxes. De ne

X N
G- (x) = ( YT = Ik
T

where T rangesover all set-valued tableaux of shape = . For
instance,
n+1 n+ 2
G =€ nNeyp + 2 €n+2 3 €n+3 T

Shavthat G- isasymmetricformal power serieqi.e., anelemen
of the completion * of the ring  of symmetric functions) whose
leastdegreepart iss- .

26



(b) [3]Let f have the meaningof the previousproblem. Shov that

X
S = f G:
For instance,
+1 +2
Sin = € = Gy + NGpyq + n Gnio + n G +
2 3
(c) [2] Deducefrom (a) and (b) that hg ;G i = , Whereg hasthe

meaningof the previous problem. .

(d) BlFork Oandn 1,let GY =", o 1) *! 2 spuin).
For instance,Gﬁl) = Sy Sm1) T S . Set GE,") = 1and
G(kr), =0forn> 0. Shavthat if = ( 1;:::; m), then

— (m i+1)
G =det G ] .

79. [3] Let L bethe symmetric function of Exercise7.89(f), where ~ n.
Let 2 Comp(n), and let B be the correspnding border strip (as
de ned on page383). Shaw that

L o;sgi=#fw2S,: (w=; D(w)=Sg;
where D (w) denotesthe desceh set of w.
80. (a) [2+] Fix n 1. GivenS;T [n 1], let
(S;T)=#fw2S, :Dw)=S;D(w ) =Tg:

Let f(n) = maxst n 1y (S;T). Shav that there is someS
[n 1] for which f (n) = (S;9).

(b) [5{] Show that f(n) = (S;S), whereS = f1;3,5;:::g\ [n 1].

P
81. [3{] Lety:= s . Shaw that

| |
X Y B
e (O
S DA pmo

where denotesinternal product.

y y=¢exp
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82.[5{] Letj= j=nand
f= (a) S(l P ) @ dYs= (Ligd:)
- graim:
T

whereT rangesover all skewSYT ofshape = . (SeeProposition7.19.11.)
We canregardf = (q) asthe \natural" g-analogueoff = . Investigate
whenf = (q) hasunimodal coe cien ts. This isn't always the case(e.qg.,
= (2;2); =) butit doesseemto be unimodal in certain casessud
aswhen = ; and is an arithmetic progressionendingwith 1.

83. [2{] We follow the notation of Sections7.19and 7.23. Let 2 Comp(n)
and ~ n. Shovthat hsg ;s i isequalto the number of SYT of shape
and desceh setS .

84. (a) [2{] For a sequenceu = u; u, of positive integers, de ne the
desent set D(u) in analogyto permutations, i.e.,

D(u)=fi:u>u+xg [n 1]

GivenS [n 1],dene

X
fs= Xuy Xup 3

whereu; u, rangesover all sequencesi of positive integers of
length n satisfying D(u) = S. Show that fs = sg_,, using the
notation of Sections7.19and 7.23.

(b) [2+] Let St denotethe set of all nite sequencesi;u, u, of
positive integerscortaining no strictly decreasingactor of length
k, i.e., we newer have u; > Uj+; > > Ui+k 1. Show that

1
1 e + & &+1 t ex Ex+1 t €3¢ €3k+1 T

85. (a) [3{] Let L be asin (7.89). Supposethat s = f + g, where
f;g2 andf;garelL-positive. Shav that f = Oor g= 0.

28



86.

87.

88.

89.

90.

91.

(b) [2+] Give an exampleof an L-positive symmetric function that
isn't s-positive.

[2{] Let A, denote the alternating group of degreen (regardedas a
subgroupof S ). Expressthe cycleindex Z,, asa linear conbination
of Sdr functions.

P
[2+] Let beacharacterof S,,. Let ch( ) = -, € m . Show that
c =hj;ls i;

the multiplicit y of the trivial character 1s of the Young subgroup
S =S, S, in the restriction j of to S . In particular,
if is a permutation represetation then c is the number of orbits of
S .

(a) [1+] Let X be a nonempty subsetof S,. Supposethat the cycle
indicator Zy is s-positive. Shav that X cortains the identity
elemen of S,,.

(b) [5] What can be said about subsetsX of S,, for which Zx is s-
positive or h-positive? (Seeequation (7.120), Exercise7.111(c,d),
and Problem 89 below for someinformation.)

Let G beasubgroupof S , for which the cycleindicator Z¢ is h-positive.

(@) [2+] Shaw that Zg = h for some ~ n.
(b) [3{] Show in fact that G is conjugateto the Young subgroupS .

[2] Let I, denote the set of all indecompsable permutations in S,,,
as de ned in Exercisel.32(a). Let Z;, denote the augmerted cycle
indicator of | ,,, asde ned in De nition 7.24.1.Shawv that
X 1
Zl n X" = | n )
- n oNthpx
a direct generalizationof Exercisel1.32(a).

[3{] Give a super-analogueof Theorem7.24.4(Polya's theorem). More
precisely when Zg(x=y) is expandedas a linear conbination of the
m (x)m (y)'s, give a combinatorial interpretation of the coe cien ts.
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92. (a) [2+] Let T bean SYT of shape ~ n. We canregardthe tableau
evac(T) (asde ned in Appendix 1) asa permutation of the ertries
1,2;:::;n of T. Shaw that this permutation is even if and only if
the integer 5 +(O( ) O( 9)=2is even, whereO( ) denotesthe
number of odd parts of the partition . (Note that this condition

dependsonly onthe shape of T.)

(b) [3] Let g(n) denotethe number of permutations ~ n for which
evac(T) is an ewven permutation of T, for some(or every) SYT T
of shape . Let p(n) denotethe total number of partitions of n.

Shaw that &(n) = (p(n) + (1)) (n))=2, where
F(n)x" = - (1 x4)(1+ x4 2)2

n 0

93. [2] Expressexf [g] in terms of exf and exg, where ex denotesthe
exponertial specializationand f [g] denotesplethysm.

94. [2+] Expand the plethysm h;[h,] in terms of Sdur functions.

95. The plethysticinverseoff 2 isasymmetricfunctiong?2 satisfying
f[g] = g[f ] = p: (the identity elemen of the operation of plethysm).
(SeeExercise7.88(d).) It is easyto seethat if g exists,thenit is unique.
Moreover, g existsif and only if f hasconstart term 0 and [p,]f 6 O.

P
(a) [2] Describethe plethystic inverseoff = |, a,p}, wherea; 6 0,
in terms of \familiar" objects.

P
(b) [2] Let f = | ;a.pn, Wherea; 6 0. Describe the plethystic
inverseof f in terms of Dirichlet corvolution. The Dirichlet con-
volution f g of two functionsa;b: P! C is de ned by
X
a bin)=  f(d)g(n=d):

djn

96. [2{] The group GL(n; C) actson the spaceMat(n; C) of n n complex
matrices by left multiplication. Expressthe character of this action as
a linear conbination of irreducible characters.
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CHR ONOLOGY OF NEW PROBLEMS (beginning 4/13/02)

Someitems prior to November 22, 2007,may be missingfrom this list.

61. April 13,2002

62. April 13,2002

92. May 5, 2002

59. June 8, 2003

10. June 10, 2003

73. October 6, 2003

74. October 6, 2003

52. October 10, 2003

54. October 10, 2003

81. October 10, 2003

70. October 13, 2003
4. July 3, 2004

72. August 17,2004

58. (b) January 1, 2005

28. February 13, 2005

34. April 16,2005

33. April 17,2005

41. Decenber 13, 2005

50. Decenber 13, 2005

90. Decenber 31, 2005
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51.
84.
16.
60.
25.
77.
78.
23.
87.
77(c).
78(d).
66.
80.
65.

65.
56.

January 3, 2006
August 2, 2006
October 22, 2006
August 7, 2007
Septenber 4, 2007
Septenber 29, 2007
Septenber 29, 2007
November 22, 2007
February 13, 2008
March 14,2008
March 14,2008
March 25, 2008
April 26,2008
June 29, 2008

. July 11,2008

(expanded)July 15,2008
July 15,2008
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