SUPPLEMENTARY EXERCISES (without solutions)

for Chapter 7 (symmetric functions) of
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1. [2] Find the number f(n) of pairs (A, ) such that A - n and p covers A
in Young’s lattice Y. Express your answer in terms of p(k), the number
of partitions of k, for certain values of k. Try to give a direct bijection,
avoiding generating functions, recurrence relations, induction, etc.

2. [2] Let p.(n) denote the number of partitions of n of rank r. Find the
generating function

Fi(t) =) p(n)t".

n>0

3. [1] Express the symmetric function pjey in terms of elementary sym-
metric functions.

4. [2] Let

Fo(r) = (o1 +a+as+ -+ a,)(0r — 22+ 23+ + Tn)
...(x1+x2+...+xnil_xn)'
Show that

n

F.(x) = Z(—l)kaekeT_k —ef,

k=2
in the ring A,, of symmetric functions in n variables.
5. [2+4] For what real numbers a is the symmetric formal power series

F(z) = [1,(1 + az; + z7) e-positive, i.e., a nonnegative (infinite) linear
combination of the e,’s?

6. [24] Find all symmetric functions f € A" that are both e-positive and
h-positive.

7. [14] Find all f € A™ for which wf = 2f.



8. [2] Let P(x) be a polynomial satisfying P(0) = 1. Express w[[, P(z;)
as an infinite product.

9. [2-] Let j,k > 1. Expand the monomial symmetric function m;y as a
linear combination of power sums p,.

10. (a) [3-] Let A} denote the (additive) abelian group with basis {m } -n.
Let 117 denote the subgroup generated by {px}i-n. Thus by the
Note after Corollary 7.7.2,

Az - 1] = [ [ du,

ukn

where d,, = [[;5, mi(p)!. Show that in fact

Ay = P z/d, 2.

pkEn

(b) [2] (for readers familiar with Smith normal form) Let X,, denote
the character table of &,,. Deduce from (a) that X,, has the same
Smith normal form as the diagonal matrix with diagonal entries
dy, = n.

11. [2-] Let o € R (or consider « to be an indeterminate). Expand the
product [[.(1 + z;)® as an (infinite) linear combination of the power
sums pj.

12. [2] Let f(z,y) € A(x) ® Aly), i.e., f(z,y) is symmetric with respect to
21, T, ... and separately with respect to y1, 4o, .... Let (%%(x)f(x, y) de-
note the partial derivative of f(z,y) with respect to px(z) when f(x,y)
is written as a polynomial in the p;(z)’s (regard the y,’s as constants).
Find a simple formula for

0 1
apk(x) H(l - I'iyj) :

Z?J

13. [2+] Fix n > 1. Find a simple formula for the number of pairs (u,v) €
G, x 6, such that uv = vu. Generalize to any finite group G instead
of G,,.



14. [3] Fixn > 1, and let S be an n-element subset of P. Show that the field
Q(pi(z1, ..., xn), pa(T1, ..., xy,), ... ) of all rational symmetric functions
over Q in the variables x1, ..., z, is generated by {p;(z1,...,x,) : i €
S} if and only if P — S is closed under addition.

15. (a) [2+4] Show that the symmetric power series

ano h2n+1
ano hQn

is a power series in the odd power sums py, ps, s, - - ..

T =

(b) [3-] Identify the coefficients when T is written as a power series
in the power sums.

16. [5-] Define for n > 3 the symmetric function (in n variables)
H, = H(xl + €% 4+ - A+ ann)a

where the product ranges over all sequences (e, ..., €,) € {—1,1}""1.
Show that when 3H, is expanded as a polynomial in the power sums
p;, the coefficients are integers. (This conjecture has been verified for
n < 5 but is probably false.)

17. (a) [2+] Let p be a prime, and define the symmetric function

F,=F,(21,...,091) = Z <le> ,

SCl2p—1] €S
#S=p

where the first sum ranges over all p-element subsets of 1,2, ...,
2p — 1. Show that when F}, is written as a linear combination of
monomials, every coefficient is divisible by p.

(b) [2+4] Deduce from (a) the Erd6s-Ginzburg-Ziv theorem: given any
(2p — 1)-element subset X of Z, there is a p-element subset Y of
X such that )., i = 0 (modp).

(¢) [2+] Show that when F), is written as a linear combination of
power sums p,, every coefficient is an integer divisible by p.

18. Given f € Afand k € P, let f(kz) denote the symmetric function f in k
copies of each variable x1, x5, .... Thus for instance my(kz) = kmy(x).
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(a) [2-] Let {uy : A+ n} be a basis for A, and let

fkz) =" ex(k)ux. (1)

AFn

Show that ¢, (k) is a polynomial in k& (with rational coefficients).
This allows us to use equation (1) to define f(kz) for any k (in
some extension field F' of Q, say).

(b) [2-] For any j € F, let g(z) = f(jx). For any k € F show that
g(kx) = f(jkz).

(c) [2] Express f(—x) in terms of f(z) and w.

19. [2+] Evaluate the scalar product (hgin-2, hgin—2).

20. [2+] Fix n > 1. Find the dimension of the subspace of Af, spanned by
{hx+ex : A n}.

21. (a) [3-] Define a linear transformation ¢ : Ay — Af by @(ex) = my.
Find the size of the largest block in the Jordan canonical form of
®.

(b) [5-] Find the entire Jordan canonical form of .

(c) [5-] Do the same for such linear transformations as ey +— my,
ha /= my, px = my, px = hy

22. Let (-,-) denote the standard scalar product on Ag. Two linear trans-
formations A, B : Ag — Ag are adjoint if (Af,g) = (f, Bg) for all

f,9 € Ag.
(a) [2] Find the adjoint to w+ al, where I denotes the identity trans-
formation and a is a constant.

(b) [2] Let % f denote the partial derivative of f € A with respect
to p; when f is written as a polynomial in py, ps,.... Define the
linear transformation M; by M;(f) = p,f. Express the adjoint of

M; in terms of the operators -
23. [2] Let k& > 2. Compute the Kostka number Kk 5) (5—15—1,15+2)-

24. (a) [2+] Let A+ n and A C (k™). Give a bijective proof that

A
K gemy 3 (e=1ymy = 7



(b) [2] Deduce from (a) that K mny (k—1)m1n) is equal to the number
of permutations in &,, with no increasing subsequence of length
kE+1.

25. [2-] How many SYT of shape (n") have main diagonal (1,4, 9, 16, ...,n?)?
26. [3] Let d,, = (m —1,m —2,...,1). Define skew shapes

a, = (nyn,n—1n—-2...,2)/8,4
Bn = (nyn,nn—1,n—-2,...,2)/5,
Yo = (myn,mn—1,n—2,...,1)/0,.

For instance, the diagram below shows ag.

Show that
o (3n — 2)1Ey,—y
;o= (2n — 1)l22n—2
o = (3n — 1) Ey,
(2n — 1)1220-1
= (3n)!(22""1 — 1) Fy, 4

(2n — 1)122n1(220 — 1)’
where Fs,_1 denotes an Euler number.
27. [2-] For any partitions A and /i, express sys, as a skew Schur function.

28. [3-] Let A\/u be a skew shape. Let M; be the set of all skew shapes
obtained from A/ by removing a vertical strip of size ¢ from pu (i.e.,
adding this strip to the inner boundary of A/u) and adding a horizontal

>



strip of size k — i to A (i.e., adding this strip to the outer boundary of

A/u). Show that
k

SESA/p = Z(—l)i Z Sp.

i=0 peM;

29. (a) [2+] Let A be a partition and m > A;. Let AUm denote the parti-
tion obtained by adding a part of length m to \. Let e;- denote the
linear operator on symmetric functions adjoint to multiplication
by e;. Show that

Sxum = <Z(—1)ihm+ief> Sy.

1>0

(b) [2+] Let 1 < k <n/2. Let fx(n) be the number of permutations
w = a;---a, € G, such that a; < ay < -+ < a,_;, and the
longest increasing subsequence of w has length exactly n—k. Show
that

(c) [3-] Is there a “nice” proof of (b) based on the Principle of Inclusion-
Exclusion?

30. 2] Let 1 <k <nand A = (k,1"%) (called a hook shape). For any
w1 = n find a simple formula for the Kostka number K.

31. [2+4] Let A be the m x n matrix of all 1’s. If A =X (P, ()), then describe

(with proof) the SSYT’s P and Q.

32. (a) [3] Let A be a partition with distinct parts. A shifted standard
tableau (SHSYT) of shape A is defined just like an ordinary stan-
dard Young tableau of shape A, except that each row is indented
one space to the right from the row above. An example of an

SHSY'T of shape (5,4,2) is given by

112131519
11

7110




(b)

Call two permutations u,v € &,, W-equivalent if they belong to
the same equivalence class of the transitive closure of the following
relation: either (i) they have the same insertion tableau under the
RSK-algorithm or (ii) u(1) = v(2) and u(2) = v(1). For instance,
the W-equivalence classes for n = 3 are {123,213,231,321} and
{312,132}. Show that the number of W-equivalence classes in &,,
is equal to the number of SHSYT of size n.

[5-] Can this be generalized in an interesting way?

33. Let A be a partition of n with distinct parts, denoted A = n. Let g*
denote the number of shifted SY'T of shape A, as defined in Problem 32.

34.

(a)

(b)

[3-] Prove by a suitable modification of RSK that

Z on—t) (g)‘)2 =nl. (2)

AEn

[3] The “shifted analogue” of Corollary 7.13.9 is the following cu-
rious result. Let ¢ = (1+414)/v/2 = e*™/®. Let

u(n) _ Z Cé(A)Q(n—é(A))ﬂg)\‘
AEn

Show that

t" 1,2
> uln)— = e (3)

n>0

[2+] Let A\ be a partition with distinct parts. A strict shifted
SSYT (or S4YT) of shape A is a way of filling the squares of the
shifted diagram of A with positive integers such that each row and
column is weakly increasing, and every diagonal from the upper
left to lower right is strictly increasing. A component of an S4Y'T
is a maximal connected set of equal entries. For instance, the
diagram

N[

WIN|PF
A DN

AW W|F
N | AN




is an S4Y'T with seven components, where we have outlined each
component. Given an S4YT T, let k(T) denote its number of
components. Define

summed over all S4YT of shape A. Show that @, (z) is a symmetric
function. For instance

Q31 (ZL‘) = 4m31 + 8m22 + 16m211 + 32m1111.

(b) [3] Show that

Z 27N (2) Qi (y) = H 1ty

1 —ay;’
X i iYj

where the sum is over all partitions of all n > 0.
(c) [3-] A diagonal-strict plane partition (DSPP) is a plane partition
such that there are no 2 x 2 squares of equal positive entries. If

7 is an DSPP, then define k(7) as before (ignoring 0 entries). Let
|| denote the sum of the parts of w. Use (b) to show that

i\ J
; 2mgr = T G J_F Zj)

j>1

= 1+42¢+6¢°+ 16¢> + 38¢* + 88¢° +196¢° + - - - |

where 7 ranges over all DSPP.
35. [2+] Evaluate the sums

Zf)\/Qf)\ and Z (f)\/Q)? ‘

An AFn

36. Let o(A) denote the number of odd parts of the partition A, and d(\)
the number of distinct parts. Let ¢,,_; denote the number of involutions
in Gn—l-



37.

38.

39.

(a) [2] Use the RSK algorithm to show that

Z o\ f* = nt,_,.

AFn

(b) [2+] Show that

> AN =nt, .

AFn

[3] With o(\) as in Problem 36(a), show that

ZF(l—l—q) ZJMHHQ(“)’

AFn q AFn UEA

where h(u) denotes the hook length of u. Equivalently,

h(w)
eXp<1—_i_qt+ t2) Zn,Z H1+q h(u)

n>0 AFn UEA

[2+] Given an SYT T, let o(7T) be the largest integer k such that
1,2,...,k appear in the first row of 7. Let FE, denote the expected
value of o(ins(w)), where w is a random (uniform) permutation in &,
and ins(w) denotes the insertion tableau of w under the RSK algorithm.

Thus
E, I Z o (ins(w

‘weGn

Find lim,,_.. F,,.

[3] Show that as n — oo, for almost all (i.e., a (1 — o(1))-fraction)
permutations w € &,, the number of bumping operations performed in
applying RSK to w is

128
277T2n

(140(1))

Moreover, the number of comparison operations performed is

64
(1+ (1)) 5251 logy n.



40.

41.

42.

43.

44.

(a) [24] Let n = pg, w € &, and w =k (P, ()). Suppose that the

shape of P and () is a p x ¢ rectangle. Show that when the RSK
algorithm is applied to w, every bumping path is vertical (never
moves strictly to the left).

(b) [2] Let P = (a;;) and Q = (b;;) in (a). Deduce from (a) that
w(bij) = api1-ij-

2] Let i, j,n > 1. Evaluate the sum

Falin §) =) sa(19)sa(17).

AFn

[3-] Let y, = >y, $3. Find the generating function

F(q) = (Un, yn)q"

n>0

Express your answer in terms of the generating function P(x,t) =
Hizl(l — tat)~L.
3] Let

f(n) = <Z Sfu ZS2A> )

ukEn AFn

where 2\ = (2A1, 2, ...). Thus
(F(0), F(1),..., F(10)) = (1,1,3,5, 12,20, 44, 76, 157, 281, 559).

Show that

1 1
Zf(n)qn:HMH 2j—2 "

n>0 i>1 i>1 (1—q%)
[3+] Let Vi = [],<jcjcn (@i — 25). Show that for k > 0,

((2k + 1)n)!

L/Qk ‘/Qk W= )
(Vi V) (2k + 1)!I" n!

The notation (, ), indicates that the scalar product is taken in the
ring A, i.e., the Schur functions s, (z1, ..., z,) with /(A) < n form an

orthonormal basis.

10



45. [2+] Let

== <hg, Z 8)\> .
A-2n

Find the generating function F(t) = Y, . an%;. (A results in Chap-
ter 5 may prove useful.)

46. (a) [3-] Find the number f(n) of ways to move from the empty parti-
tion () to () in n steps, where each step consists of either (i) adding
a box, (ii) removing a box, or (iii) adding and then removing a
box, always keeping the diagram of a partition (even in the middle
of a step of type (iii)). For instance, f(3) = 5, corresponding to
the five sequences

0 (10) (1,0) (1,0)
0 (1,0) 1 0
o 1 (2,1) 0
g 1 (1,1 0
0 1 0 (1,0

Express your answer as a familiar combinatorial number and not,
for instance, as a sum.

(b) [3-] Given a partition A, let fy(n) be the same as in (a), except
we move from () to X in n steps. Define

Tn = Z f)\(n)SA.

For instance,
T3 =5+ 1081 + 682 + 6811 + s3 + 2821 + S111-

Find (7,,,,7,,). Asin (a), express your answer as a familiar com-
binatorial number.

47. (a) [2 ] h(t) € C[[t]] with h(0) # 0, and let g(t) € C[[t]]. Write
p= Zx Let © be the operator on Ac defined by
2= g(p) + hip)y

11



Define

n

F(z,p) = ZQ”(l)x—

n!
n>0
Show that

F(z,p) =exp [-M(p) + M(L" " (z + L(p)))] ,

o - [

and where L=1 denotes the compositional inverse of L.

(b) [14] Let g(¢t) = t and h(t) = 1, so (2"(1),s,) is the number of
oscillating tableaux of shape A and length n, as defined in Exer-
cise 7.24(d). Show that

where

1
F(x,p) =exp (pw + 5:52) )

(c) [2] Let fi(n) be the number of ways to move from the empty
partition () to A in n steps, where the steps are as in Problem 46.
Use (a) to show that

> hin)s, ,—exp( L—p+(1+p)e).
n>0 AePar

(d) [2-] Let ga(n) be the number of ways to move from () to A in n
steps, where each step consists of adding one square at a time
any number i of times (including i = 0) to the current shape and
then either stopping or deleting one square (always maintaining
the shape of a partition). Show that

Z ZQ/\ SA_—eXp<1—p— (1_p)2_2$)‘

n>0 AePar

In particular,

ng = exp (aj—i-z (2k — 3)! kk)

n>0 k>2

12



48.

49.

50.

o1.

52.

(e) [2-] Let jx(n) be the number of ways to move from @) to A - k in n
steps, where each step consists of adding one square at a time any
number ¢ of times (including ¢ = 0) to the current shape or else
deleting one square (always maintaining the shape of a partition).

Show that n
()

where as usual f* denotes the number of SYT of shape .

[3] Let w = ajas - - - as, € Ss,. Suppose that a; + ag,11_; = 2n + 1 for
all 1 <4 <n. Show that the shape of the insertion tableau ins(w) can
be covered with n dominos.

[2-] Let d,n > 1 and ¢ = €*/¢ a primitive dth root of unity. Let
f € A Show that f(1,(,...,¢% ) =0 unless d|n.

[3-] Let (n—3)/2 <m <n— 1. Show that

O T D S e A WL

11
Abn i,5,0>0 L)
(M) <m 2i+4j+2l=n—m—1

where ¢(j) denotes the number of involutions in &;.

[2-] Let u be a square of the skew shape \/u. We can define the hook
H(u) = Hyu(u) just as for ordinary shapes, viz., the set of squares
directly to the right of u and directly below u, counting w itself once.
Similarly we can define the hook length h(u) = hy/u(u) == #H (u). Let
(A/u)" denote A/ rotated 180°, as in Exercise 7.56. Show that

> hauw) = > hoyy(w).

ueN u€(N/p)"

(a) [3-] Let mx(\) be the number of hooks of length k of the partition

A. Show that
Z m(A) =k Z my(A).

AFn AFn

As usual, my(\) denotes the number of parts of A equal to k. Note
that Problem 1 is equivalent to the case k = 1. Is there a simple
bijective proof similar to the solution to Problem 17

13



53.

54.

95.

(b) [3-] Part (a) can be rephrased as follows. For u = (4,j) € A, let
r(u) = A;, the length of the row in which u appears. Then the
statistics h(u) and r(u) have the same distribution over all squares
of all A\Fn, ie.,

D) OEEED B DL

A ueX AFn ueX
Show in fact that h(u) and r(u) have a symmetric joint distribu-

tion, i.e., if

AFn ued
then F(z,y) = F(y, ).

[3+] Given a partition A and u € A, let a(u) and ¢(u) denote the arm
and leg lengths of u as in Exercise 7.26. Define

YA) =#{ue X a(u) —I(u) =0or 1}.

Z N = Z q'»,

AFn AFn

Show that

where £(\) denotes the length (number of parts) of .

2] Let 0 = (n—1,n—2,...,0) as usual, and let A € Par with n > ¢()).
Find the Schur function expansion of the product

ss(@1, ..., xp)8x(2F, ..., 22).
[2] Let Ej, denote an Euler number (the number of alternating permu-
tations of 1,2,..., k). Evaluate the determinants
_ | Paitai !
o2 -,
and .
B, — ’ .E2i+2‘j73 '
(20 +25 = 3)!; ;24

HinT. Use Exercise 7.40.

14



96.

o7.

58.

[2+] Let f(n) be the number of permutations w € &,, such that both
w and w™! are alternating. Let
1 1+x
Liz) = =1
() 58—
3 b
= oGt

Use Corollary 7.23.8 and Exercise 7.64 to show that

POVICERIEEIE S S
(2% + 1)

k>0 k>0

)2k

5 1 5 L(x
Yo seRt = e ;E%i(%)! ,

k>0
where FE,, denotes an Euler number.

[3-] Let a(n) denote the number of alternating involutions in &,, i.e.,
the number of involutions in &,, that are alternating permutations in
the sense of the last two paragraphs of Section 3.16. Let F,, denote an
Euler number. Use Problem 89 below and Exercise 7.64 to show that

Za@k + 1) 2%+t = Z _ Bhiojn (tan™! x>2i+1 <log 1+ xQ)j
L i+ 1— 22

k>0

E21+2] 1 \20 1+ a2\’
Z a(2k)z?* \/7354 Z '4] (tan""z)™ ( log )

k>0

[3+] Let A = n, and let a, b, ¢, d be (commuting) indeterminates. Define
w(\) = a2=P2i—1/21p3 [ A2i-1/2] 32121 /2] 301 A2i/2)

For instance, if A = (5,4, 4, 3,2) then w(A) is the product of the entries
below in the diagram of A:

ababa
cded
abab
cdc
ab

15



Let y = >, w(\)sy, where A ranges over all partitions. Show that

1 n T n 1
log(y) =D 5-a" (V' = c"pan = D -a"b""d"p3, € Qllpr,psps. -]
n>1 n>1
Note that if we set a = qt, b = q~'t, c = gt7', d = ¢~ 't~ and then set
q =t =0, then y becomes ), s, where A ranges over all partitions
such that each \; and )] is even.

59. Let wy, : A(z,y) — A(z) ® A(y) be the algebra homomorphism defined
by

wWyPn(2,Y) = Pa(@) + (=1)"pu(y). (4)

Equivalently, w, is the automorphism w acting on the y-variables only.

Write wy, f(x,y) = f(z/y). In particular, sy(x/y) is called a super Schur
function. Let

Y =im(wy) ={f(z/y) : [ €A},
a subalgebra of A(x) ® A(y).

(a) [2-] Show that

sa(@/y) =D su(@)sxw (y). (5)

HCA

(b) [3-] Let g(z,y) € Alx) ® A(y), and let ¢ be an indeterminate.
Show that g € X if and only if

G| P ()| F—— (6)

(c) [3] Prove the following “finite analogue” of (b). Let g € A(z1,...,2y)®
A(y1, ..., Yn). Then

g’xlzt, y1=—t = g(.fl:, y)‘x1=y1=0

¢

if and only if g is a polynomial in the “variables” p;(xy,...,Z,) +
(=D pilyrs - )y i = L.
(d) [2-] Show that for any f € A, f(x/z) is a polynomial in the odd

power sums p1, P3, Ps, - - - -

16



(e) [3-] Define a supertableau of shape A to be an array T of positive
integers of shape A such that (i) the rows and columns are weakly
increasing, and (ii) the diagonals from the upper left to lower
right are strictly increasing (equivalently, there is no 2 x 2 square
of equal entries). A maximal rookwise-connected subset of equal
entries is called a component of T. Let ¢(T') denote the number
of components. For instance, if T is given by:

3]

N[
N[

2 2
3|4
3|4

NP PR

AN N NP

w
A AW

3
4

then 7" has one component of 1’s, two components of 2’s, three
components of 3’s, and two components of 4’s, so ¢(T) = 8. Show

that
sy(x/x) = Z 26D T
T

where T ranges over all supertableaux of shape A and z” has its
usual meaning.

(f) [2] Let (n™) denote an m x n rectangular shape. Show in two
different ways that

m n

S(nm)(l'l, s 7xm/y17 s 7yn) - HH(‘IZ + y])

i=1 j=1

The first proof (easy) should use Exercises 7.41 and 7.42. The
second proof should use (b) above (in the easy “only if” direction)
but no RSK, Cauchy identity, etc.

(g) [3-] More generally, let «, 8 be partitions with ¢(«a) < m and
0(B) < n. Let [m,n,a, 3] denote the partition obtained by ad-
joining « to the right of (n™) and ' below (n™), as illustrated
below.

17



60.

(b)

(c)

Nn

Show that
S[m,n,a,ﬁ](xb cee >xm/y1> s ayn)

= Sa(T1, s )3 (Y1s -, Yn) HH T + ;).

=1 j=1

[3] Define a grading on the ring A of symmetric functions by setting
deg(p;) = 1 for all i > 1. Thus deg(py) = ¢(\). Let s, denote the
terms of least degree appearing in the expansion of s, in terms
of power sums. (It is an easy consequence of Exercise 7.52 and
the Murnaghan-Nakayama rule that this least degree is equal to
rank(A).) For instance,

B I . 1 g 1 2 1, N 1 1
S221 = 24]91 12]32]91 6P3P1 8]92]91 4]94]91 6P3P2>
SO ] 1
S221 = ZP4P1 - 6]93]92-

Let V,, denote the subspace of Ag spanned by all 55 such that
A F n. Show that a basis for V,, is given by {5y : rank(\) = ¢(\)}.

2] Deduce from (a) that dimV,, is the number of p = n whose
parts differ by at least 2. (By the Rogers-Ramanujan identities,
this is also the number of p F n whose parts are = +1 (mod 5).)

[3] Define the augmented monomial symmetric function my =
rilral- - my, where A = (1,22 .. .). Let ¢, denote the result
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of substituting ip; for p; in the expansion of §, in terms of power
sums. Suppose that t), = Z“ ax,pu- Show that

t>\: E a,\ﬂmﬂ.
“w

(d) [5-] Let W, denote the space of all f € Af such that if f =
Zu axup, then f = Z“ ay,my,. Find dim W,,. Does W,, have a
nice basis?

(e) [5-] Let pg(sy) denote the terms of the least k degrees (that is, of
degrees rank(\), rank(A) + 1,..., rank(\) + & — 1) appearing in
the expansion of sy in terms of power sums, so in particular s =
©1(sn). Let V¥ denote the subspace of A% spanned by all py(sy).

Show that a basis for Vi\”) is given by {8) : rank(\) > £(\) — 1}.

(f) [5-] Find a basis and/or the dimension of V¥ for k > 3. Notk. It
is false that a basis for Vi) is given by {8x : rank(\) > £(\) —2}.

61. (a) [3] Let ¢ be an indeterminate. Let ¥ : A — A[t] be the specializa-
tion (homomorphism) defined by

I (pr) =t+i (I;)p

Show that
fA/u

UOVEDY

—~ ‘)\/,U" H (t—l—C(U)) Sps

ueEN/p

where ¢(u) denotes the content of the square u.

62. [3-] Define a Q-linear transformation ¢: Ag — Q[t] by
[, (t+Xi+n—1)
H, ’
where A = (A1,...,A\,) F n and H, denotes the product of the hook

lengths of A. Show that for any p = n with ¢(u) = ¢ and my(u) = m
(the number of parts of i equal to 1), we have

o) = (13 (et 1) (e i )

p(sx) =
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63. [5] Let Z be a collection of subintervals {i,i+1,...,i+j} of [n]. (With-
out loss of generality we may assume that Z is an antichain, i.e., if
I,J€Z and I C J, then I = J.) Define

fl—(x) - Z TiyTig * Ly

1112+ in

where 4115 - - - 7, ranges over all n-tuples of positive integers such that
if j,k €l €Zand j+#k, then x;; # x;,. Thus fr € A. For instance, if
Z = () then fr =€}, and if Z = {[n]} then fr = nle,. Show that f7 is
e-positive.

64. (a)

(c)

[2+] Fix integers 1 < m < n. Find simple formulas for the four

sums
almn) = Y Y Y e,

pEm vkEn—m AFn

bmn) = > > > e,

pEm vkEn—m AFn

c(m,n) = Z Z Zf” Acﬁy

puEm vkEn—m AFn

d(m,n) = Z Z kac;);w

puEm vkEn—m AFn

where CZ\W denotes a Littlewood-Richardson coefficient. Some of
the formulas may involve the number ¢(k) of involutions in &, for
certain k.

[24+] Let
e(mmn)=> "> Y f,
puEm vkEn—m AFn
Show that
y* y y?
ZZe(m,m—i—/{:)x e P(z)exp (1 — o —x2)) ;
m>0 k>0

where P(z) = [[;5,(1 —2")7"

[5-] Do something similar for

fmmy =2 > >

puEm vkEn—m AFn
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65.

66.

67.

68.

69.

70.

[3-] Show that
1

Z (CQV)QQW = Hizl(l —2¢) (7)

JTRZ9

[3-] Let £ > 1 and
Bi(z) = Z sx(x),

(N<k
as in Exercise 7.16(a). Show that
S
[L(1 =) [[ie; (1 — i)’

where p ranges over all partitions whose Frobenius notation has the
form

o aq 9 e Q-
P=\a+k ao+k - aptk )
and where ¢, = (|p| —rk +1r)/2.
[3+] Let A, i1, v be partitions and n € P. Show that ¢}, # 0 if and only
it e £,

n,ny

[4-] Let A, u,v be partitions of length at most n. If A is an n xn
hermitian matrix with eigenvalues a; > ay > -+ > «, then write
spec(A) = (aq,...,a,). Show that the following two conditions are
equivalent:

e There exist n xn hermitian matrices A, B, C' such that A = B+C,
spec(A) = A, spec(B) = u, and spec(C') = v.

° cf;l, # 0, where cf;,j denotes a Littlewood-Richardson coefficient.

(a) [2-] Find all partitions A - n such that x*(u) # 0 for all u - n.
(b) [5-] Find all partitions u = n such that x*(u) # 0 for all X - n.

[2+] Given A F n, let H, denote the product of the hook lengths of A,
so Hy = n!/f*. Show that for k € N,

1
ZH/]\“’Q = ﬁ#{(wl,wg,...,wk) €&k wiwi---wi =1}
AFn '

HINT. Use Exercises 7.69(b) (or more precisely, its solution) and 7.70.
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71.

(a) [2+] Show that
S PP Sy =

where ¢, denotes the content of the square v in the diagram of \.
(b) [3+4] Show that

DPBIOE | (B AR | (R R
n>0 AFn UEN i>1

where h,, denotes the hook length of the square u in the diagram
of A.

(c) [3] Show that for any r > 0 we have
(2r)!
n'z.f)\ ZHC _Z T+1)'2( )7"1'1‘ (8)
AFn ueN 1=0
(d) [2] Deduce from equation (8) that
)l
n'z f)\ ZCQk ZT +1)'2( )J+17
Arn ue

where T'(k, j) is a central factorial number (EC2, Exercise 5.8).
(e) [3] Show that for any r > 0 we have

S TI0E - = g (7) (7)) o

AFn ueN 1=1
(9)

(f) [2] Deduce from (e) that

ISR vamm 3 (YD) ()

A uel J-1 J

where T'(k + 1,7) is as in (d).
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(g) [3] Let F = F(x) € Ag be a symmetric function. Define

B, (F) = %Z(f*)QF(hi ue ).
" AFn

Here F'(h? : u € \) denotes substituting the quantities h2, where
u is a square of the diagram of A\, for n of the variables of F,
and setting all other variables equal to 0. Show that &, (F) is a
polynomial function of n.

(h) [3] Let G(z;y) be a power series of bounded degree (say over Q)
that is symmetric separately in the x variables and y variables.
Let

U,.(G) = —Z(f’\)QG(cu Tu€EN N—i:1<i<n).
AFn

Show that W, (G) is a polynomial function of n.

72. Let k > 1 and p > 2. Show that the number of p-cores (as defined in
Exercise 7.59(d)) with largest part k is (k;ff).

73. Fix a partition p - k, and define N(n; ) = >°,., f**. Let t(j) denote
the number of involutions in &;.

(a) [2+] Show that for all n,k > 0 we have
Y /n
N(n+kip) =) ( ) > M)t — ).
=0 M\

(b) [3-] Let o be the partition obtained from v by replacing each even
part 2¢ with ¢,7. Equivalently, if w is a permutation of cycle type
v, then w? has cycle type 7. Show that for n > k,

N(n;p) = Z i(kn__j])? Z z, (D, 1F9).

k
Jj=0

vkj
my (v)=mg(v)=0

For instance,

N(n;32) = N(n;221) = 2—14(15(71) —4t(n —3) 4+ 6t(n —4)).
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74. (a) [3-] Fix a partition u = k. Given A\ Fn > k, define

(n)ix* (1, 1)
XA1)
Let p x ¢ denote the partition with p parts equal to ¢. Fix a

partition w, € &y, of cycle type 1, and let (w) denote the number
of cycles of the permutation w € G;. Show that

X, 177F) = (=1)F Y7 pr (=g,

uv=wy,

(1) =

where the sum ranges over all k! pairs (u,v) € &) x &, satis-
fying uv = w,. HINT. Use the Murnaghan-Nakayama rule and
Exercise 7.70.

(b) [3+] [to be inserted]

75. (a) [2+] Let k(w) denote the number of cycles of w € &,,. Show that

1
P, — k(w(1,2,...,n)) _ +n)piq — " .
() Ew q 1) (@ = (@)
where w ranges over all (n — 1)! n-cycles in &,, and w(1,2,...,n)

denotes the product of w with the n-cycle (1,2,...,n). For in-
stance,

1
Z g w1:23) = E((q +3)s = (q)a)

= ¢’ +aq
HiNT. Use Exercise 7.70.
[2+] Show that all the zeros of P,(q) have real part 0.

) [5-] It follows from (a) that

| o= |
Pu(q) = 7 Y, cln+1,n—2i)g" >,
(") =
where ¢(n + 1,n — 2i) denotes the number of permutations w €
S,1 with n — 2i cycles. Is there a bijective proof? (In fact, it
isn’t so obvious that ¢(n+1,n—2i) is divisible by (”;’1) J. Burns
has proved the stronger result that if A\ - n+1 and €y, = —1, then

(n+1)!/2, is divisible by ("3').)
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76.

77.

78.

(d) [3] Generalize (b) as follows. Fix A i n. Define

where w ranges over all permutations in &,, of cycle type A\. Show
that all the zeros of P,\(q) have real part 0.

[3] Define two compositions o and 3 of n to be equivalent if sp, = sp,
(as defined in §7.23). Describe the equivalence classes of this equiva-
lence relation, showing in particular that the cardinality of each equiv-
alence class is a power of two.

NoOTE. A “trivial” equivalence is given by
(Oél, Ao, ...y Oék) ~ (Oék, oy (g, Oél).

It is surprising that an equivalence class can have more than two ele-
ments, e.g., {(1,2,1,3,2),(2,3,1,2,1),(2,1,2,3,1),(1,3,2,1,2) }.

[3] Define the rank of a skew shape A\/u to be the minimal number
of border strips in a border strip tableau of shape \/u. It it easy to
see that when g = () this definition agrees with that on page 289. Let
|IA/p| = n, and let v be a partition of n satisfying ¢(v) = rank(\/u).
Show that x**(v) is divisible by m,(v)! ma(v)!---. (Incidentally, note
that by the definition (7.75) of x**(v) we have x*(v) = 0 if ¢(v) <
rank(\/p).)

Let A\/pu be a skew shape, identified with its Young diagram {(,7) :
wi < j < X\}. We regard the points (7,7) of the Young diagram as
squares. An outside top corner of A/ is a square (i,j) € A/u such
that (i — 1,7), (4,7 — 1) € \/p. An outside diagonal of \/u consists of
all squares (i + p,j + p) € A/ u for which (i,7) is a fixed outside top
corner. Similarly an inside top corner of A/ is a square (i,7) € A\/p
such that (i —1,7),(¢,j —1) € A/ubut (i — 1,5 — 1) &€ A/ u. An inside
diagonal of A/ consists of all squares (i+p, j+p) € A/u for which (4, )
is a fixed inside top corner. If g = (), then A/ has one outside diagonal
(the main diagonal) and no inside diagonals. Figure 1 shows the skew
shape 8874/411, with outside diagonal squares marked by + and inside
diagonal squares by —. Let d™(\/u) (respectively, d=(A/u)) denote the
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+(—| [+

Figure 1: Outside and inside diagonals of the skew shape 8874/411

total number of outside diagonal squares (respectively, inside diagonal
squares) of A/ .

Generalizing the code C) of Exercise 7.59, define the code C), of A/
to be the two-line array whose top line is C'y and whose bottom line is
C\,, where the indexing is “in phase.” For instance,

c - 01 111011101001
WHALT .. 001001 11011111
[3—, for the first four| Show that the following numbers are equal:

e The rank of A/u, as defined in Exercise 77 above.
o dF(\/p) —d (N p)

e The number of rows in the Jacobi-Trudi matrix for A/u (i.e., the
matrix of Theorem 7.16.1) which don’t contain a 1.

e The number of columns of Cy,, equal to | (or to ]).

e [3+] The largest power of ¢ dividing the polynomial s,,(1").

79. [2+] Let x(w) denote the number of cycles of w € &,,. Regard « as a
class function on &,,. Let A F n. Show that

S5 i A= (n)
(5, xY) = ()" Py, A= (¢, 17779, ¢>0

0, otherwise.
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80. (a) [3] Define a class function f, : &, — Z by
fa(w) = nl(k(w) + 1)")=1

where k(w) denotes the number of cycles of w. Show that f, is a
character of G,,.

(b) [3-] Let F(z) =27 | so F(x)"" = 2'/*. Let the Taylor series
expansion of F'(x) about x = 1 be given by

F(z) = Zan(x_l)n

n!
n>0

2 3 4 5 6

u u u u
= Lut 207+ 957 +50 5 + 4805 + 50045+

where v = x — 1. Show that (f,,sgn) = a,, where sgn denotes the
sign character of &,,. In particular, by (a) it follows that a, > 0.

81. Let E(A) (respectively, O())) be the number of SYT of shape A whose
major index is even (respectively, odd).

(a) [2+] Express the symmetric function

R, =Y (E(\) = O0M\)s\

AFn

in terms of the power sum symmetric functions.

(b) [2+4] Deduce from (a) that if A i n, then E(\) = O()) if and only
if one cannot place |n/2] disjoint dominos (i.e., two squares with
an edge in common) on the diagram of \.

(c) [2+] Show that (b) continues to hold for skew shapes A/ when
|A/p| is even, but that the “only if” part can fail when |A/p| is

odd.
(d) [2+] Let p be prime. Generalize (a)—(c) to the case Ag(\) =
Aj(N) =--- = A, 1()N), where A;(\) denotes the number of SYT

T of shape A satisfying maj(7") = i (mod p).
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82. (a) [5] A problem superficially similar to 81(b) is the following. We
can regard an SYT of shape A (or more generally, a linear ex-
tension of a finite poset P) as a permutation of the squares of A
(or the elements of P), where we fix some particular SYT 7' to
correspond to the identity permutation. Define an even SYT to
be one which, regarded as a permutation, is an even permutation,
and similarly odd SYT. For which A is the number of even SYT
the same as the number of odd SYT? (It’s easy to see that the
answer does not depend on the choice of the “identity SYT” T'.)
This problem has been solved for rectangular shapes by a difficult
argument (rating [3] or even [3+]).

(b) [3] Given an SYT T with n squares, let wy be the permutation
of [n] obtained by reading the elements of 7" in the usual reading
order (left-to-right, top-to-bottom). Write sgn(7") = sgn(wr), i.e.,
sgn(T') = 1 if wy is an even permutation, and sgn(7") = —1 if wy
is an odd permutation. Show that

Z sgn(T) = 21"/2)
T

where 7" ranges over all SYT with n squares.

83. (a) [3-] Let g = 2 29 ™22™ ... where 7 ranges over all reverse
plane partitions of shape A, and ¢;(7) is the number of columns
of m that contain the part i. Show that g, is an (inhomogeneous)
symmetric function whose highest degree part is s,.

(b) [3] Define an elegant SSYT of skew shape A\/u to be an SSYT
of shape \/u for which the numbers in row ¢ lie in the interval
[1,7—1]. In particular, there are no elegant SSYT of shape A/ if

the first row of A/p is nonempty. Let f{ be the number of elegant
SSYT of shape A/p. Show that

g\ = Z f;fsu'
HCA
In particular, gy is Schur positive.

Ezample. Let A\ = (2,1). Then there is one elegant SSYT of
the empty shape (2,1)/(2,1) and one elegant SSYT of shape
(2,1)/(2). Hence ga1 = s2.1 + 2.
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(c) [3] Fork > 0andn > 1, let g = > i-o (k_]l.ﬂ) hy,—;. For instance,
g = h, and g = Ry 4 guoq + -+ hy + 1. Set g(gk) = 1 and

g(_kg =0 for n > 0. Show that if A = (Ay,..., \y,), then

g)\ g)\i—zJ,»J i,j:l

84. (a) [2] A set-valued tableau of shape A/ is a filling of the diagram of
A/p with nonempty finite subsets of P such that if each subset is
replaced by one of its elements, then an SSYT always results. If T’
is a set-valued tableau, then let 27 = 2522 ... where ¢;(T)
is the number of boxes of T' containing i. Set |T'| = > ¢;(T'), the
total number of elements appearing in all the boxes. Define

Gu(z) = Z(_l)m—lk/ule,

where T ranges over all set-valued tableaux of shape A/u. For
instance,

n+1 n-+2
Gin =€, —nepy1 + N €nio — 5 €nts+ .

Show that G5/, is a symmetric formal power series (i.e., an element
of the completion A of the ring A of symmetric functions) whose
least degree part is sy/,,.

(b) [3] Let f{ have the meaning of the previous problem. Show that

su= Y _ LG

ADp

For instance,

n+1 n—+ 2
sln:en:Gn—}-nGnH—}-( 5 )Gm_g—i-( 5 )Gn+3+....

(c) [2] Deduce from (a) and (b) that (g, G,) = 0,, where g, has the
meaning of the previous problem.
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85.

36.

87.

38.

(d) [3] For k > 0 and n > 1, let G = >ijzo(—1) (") S 1) -

For instance, G,(ll) = Sp — S(n,1) T S(n,1,1) — * -+ Set Gék) =1 and
G™ =0 for n > 0. Show that if A = (A1, .-y Am), then

Gy =det (G110)"

Ai—i+j ij=1 :

[3] Let Ly be the symmetric function of Exercise 7.89(f), where A - n.
Let a € Comp(n), and let B, be the corresponding border strip (as
defined on page 383). Show that

(Lx, sp,) = #{w € &, : p(w) = A, D(w) = Sa},
where D(w) denotes the descent set of w.
(a) [2+] Fix n > 1. Given S,T C [n — 1], let
B(S,T)=#{w € &, : D(w)=S, D(w™?') =T}.

Let f(n) = maxgrcp-1)3(S,T). Show that there is some S C
[n — 1] for which f(n) = 5(S,S).

(b) [5-] Show that f(n) = g(S,S5), where S ={1,3,5,...} N [n—1].
[3-] Let y := >, sx. Show that

~1/2
yry e (Z ETiTi pgn_a) | <H“ ‘p2)> |

n>1 n>1

where % denotes internal product.
[5-] Let |[A/u| =n and
Pra) = Q=)@ =) (1 —q")snu(lq.¢% )
_ Z qmaj(T)7
T
where 7" ranges over all skew SYT of shape A\/j. (See Proposition 7.19.11.)
We can regard f#(q) as the “natural” g-analogue of f**. Investigate
when f*#(q) has unimodal coefficients. This isn’t always the case (e.g.,

A =(2,2), n = 0) but it does seem to be unimodal in certain cases, such
as when 1 = () and ) is an arithmetic progression ending with 1.
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89. [2-] We follow the notation of Sections 7.19 and 7.23. Let a € Comp(n)
and A F n. Show that (sp_, s)) is equal to the number of SYT of shape
A and descent set S,.

90. (a) [2-] For a sequence u = u; ---u, of positive integers, define the
descent set D(u) in analogy to permutations, i.e.,
D(u)={i : u; > w1} C[n—1].

Given S C [n — 1], define

fs =D @u e,

where u; - - - u, ranges over all sequences u of positive integers of
length n satisfying D(u) = S. Show that f¢ = sp using the
notation of Sections 7.19 and 7.23.

(b) [2+4] Let Sk denote the set of all finite sequences wujus - - -u, of
positive integers containing no strictly decreasing factor of length
k, i.e., we never have u; > u;4 1 > -+ > u;1p_1. Show that

E xul-.-l’uﬂ‘

uy--un €Sk

co(S)?

1
C l—er+ep — enp1t Cor — Copy1 + €36 — €3p41 + -
91. (a) [3-] Let L, be as in (7.89). Suppose that sy = f + g, where
fig € A and f, g are L-positive. Show that f =0 or g = 0.

(b) [2+] Give an example of an L-positive symmetric function that
isn’t s-positive.

92. [2-] Let 2(, denote the alternating group of degree n (regarded as a
subgroup of &,,). Express the cycle index Zg, as a linear combination
of Schur functions.

93. [2+] Let x be a character of &,,. Let ch(x) =>_ , .. ¢,m,. Show that

ukEn
e = (Xl 1Gu>’

the multiplicity of the trivial character 1g, of the Young subgroup
S, =6, x8,, x--- in the restriction x|, of x to &,. In particular,
if x is a permutation representation then c, is the number of orbits of
S,.
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94.

95.

96.

97.

98.

(a) [14] Let X be a nonempty subset of G,,. Suppose that the cycle
indicator Zx is s-positive. Show that X contains the identity
element of G,,.

(b) [5] What can be said about subsets X of &,, for which Zx is s-
positive or h-positive? (See equation (7.120), Exercise 7.111(c,d),
and Problem 95 below for some information.)

Let G be a subgroup of &,, for which the cycle indicator Zg is h-positive.

(a) [2+] Show that Zg = hy for some A - n.
(b) [3-] Show in fact that G is conjugate to the Young subgroup &,.

2] Let 3, denote the set of all indecomposable permutations in &,,
as defined in Exercise 1.32(a). Let Zj, denote the augmented cycle
indicator of J,,, as defined in Definition 7.24.1. Show that

~ 1
Zyat=1— ———
j{: T L E:non“hnxn>

n>1
a direct generalization of Exercise 1.32(a).

[3-] Give a super-analogue of Theorem 7.24.4 (Pélya’s theorem). More
precisely, when Zg(x/y) is expanded as a linear combination of the
my(z)m,(y)’s, give a combinatorial interpretation of the coefficients.

(a) [2+] Let T be an SYT of shape A - n. We can regard the tableau
evac(T) (as defined in Appendix 1) as a permutation of the entries
1,2,...,n of T. Show that this permutation is even if and only if
the integer (3)+(O(X) —O(X))/2 is even, where O(u) denotes the
number of odd parts of the partition p. (Note that this condition
depends only on the shape \ of T'.)

(b) [3] Let e(n) denote the number of permutations A - n for which
evac(T') is an even permutation of 7', for some (or every) SYT T'
of shape A. Let p(n) denote the total number of partitions of n.

Show that e(n) = (p(n) + (—1)(2) f(n))/2, where

0 142!
Z fln)a" = H (1 — 24)(1 + a4i-2)2

n>0 1>1
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99. [2] Express ex flg] in terms of ex f and exg, where ex denotes the
exponential specialization and f[g] denotes plethysm.

100. [2+] Expand the plethysm hy[h,] in terms of Schur functions.

101. The plethystic inverse of f € A is a symmetric function g € A satisfying
flgl = glf] = p1 (the identity element of the operation of plethysm).
(See Exercise 7.88(d).) It is easy to see that if g exists, then it is unique.
Moreover, g exists if and only if f has constant term 0 and [p;]f # 0.

(a) [2] Describe the plethystic inverse of f = > ., a,pf, where a; # 0,
in terms of “familiar” objects.

(b) [2] Let f = >_,-) @upn, Where a; # 0. Describe the plethystic
inverse of f in terms of Dirichlet convolution. The Dirichlet con-
volution f * g of two functions a,b : P — C is defined by

axb(n) =Y f(d)g(n/d).

din

102. [2-] The group GL(n,C) acts on the space Mat(n,C) of n x n complex
matrices by left multiplication. Express the character of this action as
a linear combination of irreducible characters.
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CHRONOLOGY OF NEW PROBLEMS (beginning 4/13/02)

Some items prior to November 22, 2007, may be missing from this list.

67. April 13, 2002

68. April 13, 2002

98. May 5, 2002

65. June 8, 2003

10. June 10, 2003

79. October 6, 2003

80. October 6, 2003

58. October 10, 2003

60. October 10, 2003

87. October 10, 2003
76. October 13, 2003
4. July 3, 2004

78. August 17, 2004

64. (b) January 1, 2005

31. February 13, 2005

40. April 16, 2005

39. April 17, 2005

47. December 13, 2005

56. December 13, 2005

96. December 31, 2005
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o7.
90.
17.
66.
26.
83.
84.
24.
93.
83(c).
84(d).
72.
86.
71.

1.
62.
36.
37.
34.
28.
29.

52(b).
14.

January 3, 2006
August 2, 2006
October 22, 2006
August 7, 2007
September 4, 2007
September 29, 2007
September 29, 2007
November 22, 2007
February 13, 2008
March 14, 2008
March 14, 2008
March 25, 2008
April 26, 2008
June 29, 2008

. July 11, 2008

(expanded) July 15, 2008
July 15, 2008

October 9, 2008
February 20, 2009
February 20, 2009

March 22, 2009

March 22, 2009

April 4, 2009

November 17, 2009
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