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These are my notes taken at, or in the case of my own lectures made before, the

18.199 lectures in Spring 2006.

Please complain to me if the notes do not correspond to the talks or you notice

other evils!

1. 9 FEBRUARY, 2006

Speaker:- Moi
Topic: An overview of Dirac operators.

(1) Dirac’s idea. Clifford algebras and modules (see Taylor’s book, [2]).
(2) First four talks:
Ricardo Andrade:- on Clifford algebra
Yakov Shapiro:- Clifford modules
William Lopes:- Examples, signature, 0 + 5*, Gauss-Bonnet.
Zuoqin Wang:- Lichnerowicz formula.
(3) Analytic properties
Local elliptic regularity
Spectrum and resolvent
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Fredholm condition
Unique continuation
Heat kernel
Parity — homologocal even/odd-ness; parity operator in even dimensions
Numerical index theorem — McKean-Singer
Getzler’s rescaling, local index formula.
Families index, determinant bundle
Determinants, analytic torsion, holomorphic torsion.
Odd families index, eta invariant
Positive scalar curvature
Non-compact manifolds — commutative, Callias’ theorem and extensions
Witten’s proof of positivity of mass
Non-compact manifolds — non-commutative. Atiyah-Patodi-Singer theo-
rem.

Other things T added as a result of questions (and I will add some references

later).

Twisted Dirac operators

Higher index, higher torsion invariants (twisting by the fundamental group).
Novikov conjecture.

Projective twisting (twisting by a gerbe).

Families APS and K-theory.

K-theory

Connection with product-type pseudodifferential operators (from last se-
mester).

Equivarant index.

Quantization commutes with reduction.

Algebraic index theorem.

Foliations.

Other comments and questions (as interpreted by me).

Max suggests following Berline-Vergne proof of AS theorem via principal
bundle (and equivariant index).

Zuoqin asks — Can we prove APS without heat kernel? There is the proof
by Piazza using the complex powers. It would be interesting to translate
the McKean-Singer type proof into explicit operations on the resolvent.
Silvia asked something interesting too, but I cannot remember what it was!

2. 16 FEBRUARY, 2006

Future talks

William Lopes:- Examples, signature, 0 + 5*,

Zuoqin Wang:- Lichnerowicz formula.

Ricardo Andrade:- finish up periodicity for Clifford algebra.
Yakov Shapiro:- finish up Zy grading in even-dimensional case.

2.1. Ricardo Andrade:- Clifford algebras, Pin and Spin groups.

(1)
(1)

Clifford algebra on a vector space V with quadratic from ¢ (over field K of
characteristic # 2)

CUV,q) =T(V)/ Ty, Tq = {v@v+4q()])
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where 7 is the tensor algebra.

V= Cl(V,q)

Universal property for an algebra over K, V. — A for an algebra A such
that f(v) - f(v) = —q(v)1 extends to an algebra homomorphism Cl(V) —
A.

Zo grading comes from —1Id.

CL(V,0) = A*V.

The grading of the tensor algebra descends to a filtration of C1(V,¢) and
the associated graded algebra is A*V.

So, as vector spaces C1(V,q) = A*V.

(V,q) = (Vi,q1) ® (Va, g2) orthogonal then

CI(V, q) =~ CL(V1,q1)&® CL(Va, ga).
Pin and Spin.
CI*(V,q) = {a C(V, q); 3b € CI(V, q), ab = ba = 1d}
Action of this group on Cl(V,q)
Ad: CI*(V,q) : CV, q) — Aut(CL(V,q)).

ForveV

—Ad,(w) =w — 2q(v,w)

q(v)

is reflection in the plane with normal v. This is an orthogonal transforma-
tion. Then Pin(V, q) is the subgroup of C1*(V, q) generated by v € V and
Spin(V, q) is the intersection with the even part.
Then Pin — O(V, q) is surjective as is Spin(V, ¢) — SO(V, q).
Short exact sequences

1— F—Spin(V.q) — O(V,q) — 1
where F =Zs ifi=+v—-1€Kand F =74 if v/—1 € K.

2.2. Yakov Shapiro:- Clifford modules and connections. Mostly based on
the appropriate section of my book [1].

(1)

(7)

As before, V' with positive definite quadratic form —g, ClI(V'). Action on
A*V,

c(v)w =vAw+ipw

extends uniquely to an action, C1(V) — hom(A*V'). Proof by passing to
an orthonormal basis.

Let X be a Riemannian manifold, then 77X is a Euclidean vector space
and Cl,(X) = Cl(T} X) is a smooth bundle of algebras over X. Smoothness
follows by reference to local coordinates. The action above gives a smooth
action of Cl(X) on A*X.

A Clifford module on X is a vector bundle E — X together with a smooth
aclion cl : C1(X) — hom(FE).

If F has an Hermitian inner product then the Clifford action can be required
to be Hermitian.
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(5) Connection is a linear differential operator

(8) V:C®(E)— C*ERT*X)
satisfying
(9) Vv (fw) = fVvw+V(f)w.
(6) The connection is Clifford if
(10) Vv (cl(§)w) = cl(§)Vvw + cl(VyEuw

where Vy is the Levi-Civita connection.
(7) V is Hermitian (unitary) if
(11) u{v,w) = (Vyv,w) + (v, V,w).

The Dirac operator associated to a Clifford module with Clifford connection
is

(12) 0p :C®(X;E) — C®(X; E), 0p = iclV
defined as the composite of the connection and the contraction map given
by the Clifford action cl: C*(X;T*X ® F) — C*(X; E).
(8) In terms of any local orthonormal basis v; of TX and dual basis a; of T* X,
(13) 6E = ZCI(O&j)Vin
i
where the factor of i corresponds to the sign normalization in the Clifford
algebra.

Theorem 1. Any Hermitian Clifford module has a unitary Clifford con-
nection.

3. 23 FEBRUARY, 2006

3.1. William Lopes:- Examples.
(1) (M,g) a compact Riemann manifold, V the Levi-Civita connection on T'M
and hence on associated bundles. Clifford action on A*
(1) dPw=pANw—ipw
is Clifford. The associated Dirac operator is d + d*.

(2) 01(0)(&) = icl(§).
(3) Grading A* = A®V°" @ A°dd and d + d* : C°(M; A®V™) — C>°(M; A°99),

(2) ind((d + d*)even) = x(M) = / e(M)

is the Gauss-Bonnet theorem.
(4) M oriented and even-dimensional, dim M = 2n. Volume form is e; A. .. ea,
and
(3) r=1i"cl(ey)---cl(ea,), 72 =1d.
d + d* is odd with respect to this grading.
(5) If n is odd then 7* = 7 and * is an isomorphism exchanging signs os.

(4) ind((d + d*),) =0
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(6) In case n is even
(5) ind(d+ ")) = sen(M) = | 1(01)
is the signature and Hirzerruch’s formula.

3.2. Zuoqin Wang:- (notes as well as talk) Lichnerowicz Formula.

» Notation/Review

¢ (X, g) is Riemannian manifold.

e Clifford algebra CI(V,q) £ T(V)/Z, = @ V" /{v@w+w®@v + 2q(v,w) | v,w € V}.
neN
e Clifford bundle CI(X) = bundle with fiber Cl,.(X) = Cl(T; X, g%).
e Clifford Module £ = bundle with a C'* action Cl : C*®(CI(X)) x C*(E) —
C>=(E).
e Clifford connection A =linear connection with [A,, CI(§)] = CI(V,€).
o AM = 3" gY[A;A; — Y T} Ag] is the Laplacian with respect to A.
i B
e rx = > Rynim is the scalar curvature of X.
l,m

e R¢ is the action of Riemannian curvature R on &, by R (e;, ¢;) = > Ryxi;ClL(e¥)CI(e!).
Kl

o F€/S = A% — R? is the twisting curvature.
e Dirac operator Dy =Clo A =) CI(§;)A;.
J

o ¢(FE/5) = 3" F&/3(e;,e5)Cl(e?)CI(e7).
1<j
» Lichnerowicz Formula

Lemma 1. (1) Rijp = —Rijik, (2) Rijii = —Rjii,
(3) Rijii + Rikij + Rije =0,  (4) Rijii = Ryaij-

Lemma 2. Under the decomposition End(&) = Cl(X)® Endey(x)(&), the curvature
A2 decomposes as A*> = R® + F¢/83.

Proof: Let a € T(X,T*X). Since V2a = Ra and [R?, c¢(a)] = ¢(Ra), we get
[A%, c(a)] = [A, [A, c(a)]] = [A, ¢(Va)] = ¢(V?a) = ¢(Ra) = [R®, c(a)].

So F€/5 commutes with the operators c(a), i.e. F¢/3 is a differential form with
value in Ende(x)(&). Q.E.D.

Lemma 3. },_; Cl(e")Cl(e?)A% (e, el) = —% D ikl Rii;Cl(e")Cl(eh)Cl(eF)Cl(e!) +
c(FE€/9).

Lemma 4.

cl(eHel(edcl(er) = é > sgn(o)Cl(e?D)Cl(e”D)Cl(e” M) =5 Cl(e¥) ~67%Cl(e) +6MCl(e7).

g€S3

Theorem 2 (Lichnerowicz Formula).

D2 = AR 4 ¢(FE/%) + %
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Proof: By the local formula of Dy, we get
DI = Ci(&) Ai Cl(&) A

= Z %[Cl(fi)a(fj) = Cl(&)CL(E&)]AA; + Z[Cl(fi)AiCl(fj)Aj — Cl(&)CL(E ) AA]

+ 3 SOUEICHE At + Ayt
2,9

72 (60 §i)Aig) + 3 CUEICHV &) Ay + D CUE)CIE A Ayl

%, 1<j
- fZgJA A +22rgkcz E)CUER)A; + D CUE)CL(E) (A, Ay
1<j
= fZg” [AA; — Zrk Ar]+ > CUE)CHE) A, Aj]
i<j
= M+Zcz )CL(eM)A% (e, e7)
z<j

= AR = Zkacz )Cl(eh)Cl(eF)Cl(e!) + c(FE/5)

ljk‘l

Z Rjii;Cl(e" Z RyiiClL(eM)Cl(e") + ¢(FE/9)

a5l 1]!

=A% 4 é > Rui[ClL(e)Cl(eY) + Cl(eh)Cl(eD)] + e(FE79)
ijl

= A + 4 X o(FE19),

» Applications
% Spin manifold

Let % be the spinor bundle over spin manifold X, # ® € be a twisted spinor
bundle, Dy g¢ be the Dirac operator on 4 associated to the Clifford connection
VW®<5 V” @1+ 1® V%, Then the twisting curvature F€/5 equals F”', the
curvature of V7. So we get
Lichnerowicz formula for twisted spinor bundle

rx
DY o = AVEC 4 o(F”) + -

In particular, for the spinor bundle € itself, we have
Lichnerowicz formula for spinor bundle

o T

DP=aT T

where D is the Dirac operator on % w.r.t the Levi-Civita connection V% .
The following result is the first application, due to Lichnerowicz:

Corollary 1. If X is a compact spin manifold with nonnegative scalar curvature
which s strictly positive at some point. Then the kernel of the Dirac operator
vanishes. In particular, its indez is 0.
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1
/(DQS,S) dx:/ |Vs|? dx—l—f/ rx|s|? dr.
bl X 4 Jx

So Ds=0=> Vs =0 and rx|s|> =0 = s is constant=> s =0 . Q.E.D.
The above result is always referred as “no harmonic spinor”. From the above
proof, we see that in the case rx =0, |Vs| = 0 for any harmonic spinor s, i.e.

Proof:

Corollary 2. If rx =0, then the harmonic spinors are globally parallel.
Since the Laplacian is positive operator, we get immediately

min rx (x)

Corollary 3. The eigenvalues of the Dirac operator satisfy |)\|2 > 1

% Riemann manifold

The Dirac operator associated to AT*X and its Levi-Civita connection is the
operator d + d*. In this case, the Lichnerowicz formula becomes the famous
Weitzenbock Formula:

(d+d*)? = ANTX =N " Ryjuehiledsd.
ijkl

E Rijrie ekl = E Ri; etk — E Ricije'?,
ij

ijkl ijkl

Since

we get
(d+d*)? = A"T"X L Ric  on 1-forms.

Corollary 4. If X is compact Riemannian manifold with positive Ricci tensor,
then the deRham cohomology group H(}R(X, R) =0.

Proof: By Hodge theorem, we only need to prove H(X) = 0. In fact,
u€HY(X) <= du=0,du=0= (d+d*)u=0.
So by Weitzenbock Formula,
0= |(d+d*)ul3. = (Ric(u),u) + |Vul3,.

Thus u is constant and the constant must be 0. Q.E.D.
% Kahler manifold

Suppose X is Kihler manifold, then d + 0* is Dirac operator. Let # be an
Hermitian holomorphic bundle over X. In this case, the Lichnerowicz formula is
Bochner-Kodaira Formula

90" + 09 A°‘+Z dz')u(dz0 ) F7ON' T X (5, 0.).

Corollary 5 (Kodaira Vanishing Theorem.). If £ is a Hermitian holomorphic line
bundle over a compact Kahler manifold X such that the line bundle ¥ @ A"T10X
is positive, then

H(X,0(ZL)=0  fori>D0.
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4. 28 FEBRUARY, 2006

Future talks

Maksim Lipyanskiy:- Spin and spin-C structures
Yakov Shapiro:- Finish Zs grading

Ricardo Andrade:- Unique continuation
William Lopes:- K-theory

Zuoqin Wang:- Heat kernel

4.1. Ricardo Andrade:- Periodicity. Periodicity — completing earlier talk.

With V=R, g(z) =i+ - +22 — 22— — 24,
(1) Clys = Cl(V.q), v* = —q(v).
In terms of generators {e;}/ 7
A
(2) eiej + eje; = ior=T
§ij 1,] >T.

The Hyese, for S C {1,...,r+ s}. Then in terms of Zs graded tensor product
(3) Cl,, =~ CI & IS, -

Main statements are ungraded

@ Cly,,0 ® Clp,2 = Clg n42,

Cly,n, ®Clp,2 = Cly42,0Cly s @ Cly 1 = Clygq 41 -

Proved by using the universal property. Explicitly compute Cl; o = C, Cly o = H,
Cl()’l = R@R, C1072 = R(?), 01171 = ]R(2) etc.
Complex case.

4.2. Fangyun Yang:- Elliptic regularity. M closed Riemannian, i.e. compact
without boundary, E Hermitian bundle over M, V a connection on E. Sobolev
norms

(5) ¢}z = /M |92+ |Vo|> +...|[Vo...Vo|]?

complete to Sobolev space L% (M, E). Hilbert space independent of choices up to
equivalence of norms.
Alternatively use local coordinates. On S(R™) Sobolev s-norm for

(6) Jul? = / (1 -+ [€2)2s]a(e) [2de.

Localize and use partition of unity to get the same spaces and, using coordinate-
invariance get general real order Sobolev spaces.
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Elliptic differential operator. A differential operator is a linear map between
sections of vector bundles

(7) P:C®(M;E) — C®(M;F)
and in local coordinates P = > A%(x)0%. The principal symbol is a well-defined
map “
() o(P):m"E — 7*F
m:T"M — M, E€TiM
(9) o(P)(§ =i D A%(@)E™.
la|=m

If o(P)(£) is an isomorphism for each £ # 0 then P is said to be elliptic.
Coordinate-free definition ¢ € C*®(M), ¢(x) = 0 dp(z) # 0 then for u €
C>*(M; E)

(10) o(P)(dp(x)u(z)) = P((ip)"u)(z).
Compute the symbol of a Dirac operator
(11) o(D)(€)u = icl(§)u.

So Dirac operators are elliptic.
If P is a differential operator of order m then P* is the formal adjoint of P

(12) /M<Pu, v) = /M<u,P*v>.

Since o(P*) is o(P)* if P is elliptic then so is P*.
Garding inequality.

Proposition 1. If P : C*(M,E) — C®(M; F) is elliptic of order m then there
exists a constant C), then

(13) 1@l Ls+m < Cr((|PllLr + ¢l Lx)-

Proof. Assume same result for domains in R™ with trivial bundles. Use Fourier
transform in constant coefficient case. Freezing coefficients to pass to general case.
(]

4.3. Maksim Lipyanskiy:- Spin representation. In the even dimensional, com-
plexified, case the Clifford algebra has a unique irreducible representation. Alge-
braically this is because C1(R?") is a matrix algebra. To see the spin representation
directly. In terms of orthonormal bundle ¢; = ieg;eq;11 all have square Id and
[ci, ¢;] = 0. If CI(R?*") acts on W then W splits into the summands on which each
¢; acts with a a fixed sign. Let W be the subspace on which they are all Id. So in
fact

(14) W =W, ®C?*

decomposes into the irreducible.
Example:- Almost complex case.
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5. 2 MARCH, 2006

5.1. Maksim Lipyanskiy:- Spin and Spin-C structures. Source:- Hatcher,
Bott and Tu.oups

Principal bundle P with structure group G on a space X, conventionally a right
action. Example — frame bundle of a vector bundle. Conversely a representation of
G gives a vector bundle or a general action of G gives a fibre bundle with structure
group G. For a homomorphism of groups G — H; — Hs

(1) (P Xa Hl) X H, H2=P Xa HQ.

For a group G BG is a classifying space for G, quotient of a contractible space
by a free G-action. Equivalence class of principal bundles over X are classified by
[X, BG]. To construct, consider

(2) EG X(;P

which is a bundle over X with contractible fibre so has a section which gives a map
into BG.

In real case H*(GR,(R),Z2) = Zs[z1,...,%n, |z;] = i. In the complex case
H*(GR,(C),Z) = Zca, . . ., cnl, |ci] = 2i.

Given a homomorphism of groups G — H, there is an equivariant map ¢ :
EG — EH.

Here we are interested in SO — O and Spin — SO . The first corresponds to
orientation of a real bundle. This corresponds to asking for a lift of f : X — BSO
to f: X — B Spin. This is the case if and only if f*x9 = 0. So,

Theorem 3. For an oriented manifold manifold M the SO bundle given by oriented
orthonormal frames has a spin structure, i.e. the manifold has a Spin bundle, if
and only if wa(TM) = 0.

Uniqueness:- All other structures arise from non-trivial H'(X) — H'(P) —
H'(SO). Thus spin structures form an affine space by H'(X,Zs).

The group Spin —C is the image of Spin(n) x U(1) in Cl. This is a 2-1 cover of
Spin —C. The map

(3) Spin —C — SO(n) x SO(2)

The existence of a Spin —C structure is equivalent to the existence of a Spin
structure on the tangent bundle on TM @ det(M), the determinant bundle. Then

(4) wa(Pson)xso() = W2(Pso(n) + w2(Pso(2)-
So a Spin-C structure exists if and only if wo has an integral lift.

5.2. William Lopes. On almost complex manifolds there is a natural Spin —C
structure. The complexified form bundle decomposes into types

(5) o= > o

ptq=r
The Clifford algebra acts on Q%* by
(6) v-w= V2" Aw — wlw.
Hence there is a Dirac operator

2n
(7) 5’(/) = Zeiveﬂﬂ.

i=1
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In the Kéhler case (iff) there is a holomorphic coordinate system at each point
in terms of which g;; = &;; + O(|z]?).

5.3. Yakov Shapiro:- Z,-grading. Suppose F — X is a Clifford module over an

even-dimensional oriented manifold. Then if &, ..., &3, is an oriented orthonormal
basis,
(8) Z ="V (&) - el()2n),

is independent of the choice of basis. Z anticommutes with cl(a) for and 1-form «
and Z2 = Id. Has eigenspaces 1 when acting on any Clifford module which are
of equal dimensions, £ = E & E_. Then the Dirac operator is odd with respect
to this grading.

5.4. Me.

e Azumaya bundles — bundles of algebras over a manifold X which are locally
trivial, with their algebra structures, and isomorphic to matrix algebras over
C. The case hom(FE) for a vector bundle F is supposed to be the ‘trival case’

e Equivalence — two such bundles A;, A, are equivalent if there are vector
bundles E;, F5 such that A7 ® hom(E;) = As ® hom(F5) (as bundles of
algebras).

e Serre’s theorem — the equivalence classes form an Abelian group under
tensor product and this group (the small Brauer group) is the torsion part
of H3(X; 7).

e For a vector bundle E denote by Hom(E) the bundle over X2 which has fi-
bre Em®E; at (z,y), linear maps from F, to E,. This is important because,
for instance, differential operators on E can be identified with certain distri-
butional sections of Hom(E) over X2. Even though these distributions are
supported at the diagonal (and are ‘smooth along it’) they are not sections
of hom(FE) = Hom(E)|Diag.

e For an Azumaya algebra it is therefore natural to ask whether it can be
extended from the diagonal in X2 (Diag = X) to a neighbourhood U as a
bundle A with a multiplication like Hom(E), namely

(9) A(m,y) & A(y,z) I A(aﬁ,z)a (SU, Z)a ((E, y)v (ya Z) ev.

satisfying the obvious associatitivity condition with three points.

e The answer is YES, it is always possible to find such an extension and hence
to define an algebra of differential operators ‘valued in A’ (even though there
is in general no bundle for this to act on).

6. 7 MARCH, 2006

6.1. Ricardo Andrade:- Unique continuation. Reference, Aronszagn — strong
unique continuation. For scalar operators, if

) Au(@)” < M (zﬁg;? I+ |u<x>2>

i=1

where A is elliptic an everything is real, v € H? and the inequality holds ae and if
u vanishes to infinite order at a point in the sense that

(2) / lu| = O(r®*™) ¥ n,

r
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then u = 0.
Instead deal with weak continuation. Consider a ‘Dirac bundle’, E — M, i.e.
Clifford with compatibile connection. Then D = cloV, D = Y cl(e;)Ve,. The

(3

symbol
(3) o(D)=icl(§) = D = ch(ei)ei + order 0.

Booss-Bavnbek: Consider a closed hypsersurface, ¥ C M, normal bundle trivial.
Collar neighbourhood
(4) Yx(-1,1) = M, ¥ =Xy, Xy — M.
If X4, is the unit normal X} form a local orthonormal basis then
(5) D =cl(dt) X gt + ch(Xk)X;c + order 0 = cl(Xg¢)Xat + cl(Xat) By

k

is the splitting into normal and tangential part. THen the adjoint is

(6) Bf =) Xi(cl(X3))* (cl(Xar))” = By
k

So the self-adjoint part %(Bt + By) is self-adjoint and elliptic, the skew part is of
order 0.

We take the collar to be derived from Riemannian normal coordiantes around a
point with ¥ the spheres.

Now, we want to show that if is M connected, u € T'(F) and u|Q = 0 for some

open set, then u = 0. Take Q = {u =0} so Q has non-empty interior. Choose a ball
centred in the interior with T' the radius at which the sphere hits the boundary.
Show that in fact w vanishes in a larger ball. Take ¢ to be the radius shifted by a
constant so ¢t = 0 is the ball on which u vanishes.

Take a cutoff function ¢ € C*(R),0< ¢ <1, ¢(t) =1int < 8/10, ¢(t) =0 in
t > 9/10. Consider v(t,y) = ¢(t)u(t,y) and show that
(7)

T T
R/ / R0 o (t, y | *dydt < / / ePT=0%| Du(t, y|dydt, ¥ R >> Ry.
0 St 0 St

This implies the result. Indeed,

RT?/4 T/ 2 /2 R(T—t)? 2
e lo||*dydt < e lv||*dydt <
0 St 0 St

T/2 > (T2
9 eR(Tft)QHDUszydt < 96% |\Dv||2dydt
R R
0 S, 0 St

R T/2 C , [T/2
— f'T /4/ ullPdydt < —=e KRT / | Dv||*dydt,
0 St R 0 St

(8)

K =21/100, R — oc.
To derive the Carleman inquality set vg = e

T T
v
O [ [ wlPagde <0 [T [ 150+ (Bt vy + BT~ twlPdydt = a.
0 St 0 St

R(T=t)*/2y; then we want
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Then
_ dvg 2 2
(10) a= HﬁvoJerOH + || Bivg + R(T — t)vo||* + 5,

8= 2Re//<%vo + Cyg, Bivg + R(T — t)vg).

Now

(11) p=-2 Re//(vo,at(Bt + R(T —t))vg) — 2Re//<fuo,C’tBtv0>

://<UO,—at(Bt)’UO+RUO>+//<’U0,[Bt70t]1}0> :R//||v0”2+%
7= //<007_8t(3t)”0 + [By, Cilwo)

and

(12) <y (f [l [ [ e - wl?)

6.2. Zuogin Wang:- (notes as well as talk) Heat kernel. Let (M,g) be n-
dimensional Riemannian manifold, A be the scalar Laplacian acting on functions
on M. In local coordinates it is given by

(13) A= g"(2)0:,00, + Y _bi(x)0s,.
5 i=1

Definition 1. A heat kernel is a function k € C*°((0,00) x M x M) satisfying
(at - AI)k(ta L, y) =0,

14 i
( ) tEIgl+k(t7x7y) = 51!(17)

We begin by considering M = R"™, then by Fourier transform one can solve and
get the heat kernel explicitly

(15) k(taxay) = (47rt)7”/26*|95*y\2/4t'

Remark: The above formula is true not only for the standard inner product on
R™, but also for any inner product given by positive definite matrix.
Unfortunately for general Riemannian manifold M, it is usually impossible to
find such an exact formula for the heat kernel. However, for many problems, an
approximate solution is sufficient.
The main theorem is

Theorem 4 (Minakshisundaram-Pleijel). Suppose M is compact without boundary,
then there exists a unique heat kernel. More over, for each x € M there is a complete
asymptotic expansion

(16) k(t,z, x) ~ (47t) "2 (ag () + a1 (z)t + as(2)t> + - - ), t— 0.
where the a;’s are smooth functions on M.

The standard proof of the Theorem use either Riemannian normal coordinates
or the theory of pseudodifferential operators with parameter. In this lecture we will

develop a heat calculus proof, appeared in Daniel Grieser’s online notes [1], which
was inspired by Melrose’s treatment in [2].
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6.2.1. heat calculus. We will use the notation
0%((0.00)1/2) = {f | £(t) = g(v/B), ¥t > 0 for some g € C(R)}
and the symbol Df‘/{ vy BCANS differential in variables v/, z, y.

Definition 2. Let M be a manifold and s < 0. The heat space ¥$;(M) is the set
of functions A on (0,00) x M x M satisfying

(a) A is smooth.

(b) For z # v, Dgz’yA(LLy) = O(too) as t — 0. (‘Off diagonal decay’)

(c) Locally A(t,z,y) = A(t, v Y y) for some A € C>([0, 00)1/2 X R" x U),
which is rapidly decaying in the second variable:

(17) D% Al X,y)| = O(X]7), |X] - o0

for all o, uniformly for bounded ¢ and y.

For such a function A, we can define an operator, still defined by A, by
(18) Aftta) = [ Alta)i) d

Definition 3. The ‘top symbol’ of A is defined to be o3,(A)(X,y) = A0, X, 7).

Definition 4. The convolution product is
t
(19) (A= B)(t,x,y) = / At — s,x,2)B(s, z,y) dzds.
M

The next proposition shows that the heat calculus is very similar to the standard
pseudodifferential calculus: the W9, also forms a filtered algebra, the ‘top symbol’
corresponds to the principal symbol for PsDO, there is a similar short exact se-
quence, and we also has the asymptotic summation.

Proposition 1. (a) \I!Z,_l/z(M) C s (M).

(b) 03, (A) is well-defined and defined invariantly as a function on T'M, rapidly
decaying in the fiber direction: 0%, (A) € CSsivers) (TM).

(c) We have the following short exact sequence

0— \IJ;—I_l/Q(M) - \IJSH(M) - Cg'?fibers) (TM) — 0.
(d) If A € U3, (M), B € Vi (M), with s,t <0, then A% B € U (M), and

(20)
Ty}
saem X = [ [ a-om e oL o) ) azie

For proof, see [1]

The following is the central calculation for the heat kernel construction.

Lemma 5. Let A € U$,(M) with s < —1, then (3; — A;)A € U5 (M), and
(21)

o((0r—A0g)A)(X,y) = n+2 - —*ZX Ix, —Zg” )0x,0x, | o(A)(X,y).
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Proof: Denote | = (n + 2)/2 + s, then

A = 0yt~ At = y) = —it T A - Zt-l‘”l ox, A+ t70,A

\[ 2¢3/2

=174 Zxax )A+t710,A

where 719, A € \I/;H/Q(M) since 0y = 2%/28\/;.
Next, by
0, A =0, (t71TA) =t7"Y295 A

and Taylor expansion

we get

AgA=t"1" 129” )0x,0x, A+ 717 1/225 X, A

—1 - 129” J0x,0x, A+ 7 72(Y_hY (y + XV y) XOx, Ox, +Zb (v + XVD)ox)A

4,J

where the last term also contained in W3 /(M)

result. Q.E.D.

Remark: The following observation is very important: when computing the top
symbol of (0; — A;)A at y, one may forget the lower order part of A, the z-
dependence of the leading term of A, and the ¢-dependence of Al

. Combine the above, we get the

Lemma 6. If A € V' (M) and f € C®(M), then Af € C>([0,00) 5 X M), and

(22) Af(0,z) = f(x)/ o(A)(X,x) dX.
T, M

In particular, if A € U5, (M) with s < —1, then Af(0,z) = 0.
Proof:

= lim —n/2 A -y

Af(0,2) = lim ¢ L AG \/i y)f(y) dy
= lim A, X,z — XVt) f(x — XVt) dX
t—0+ Jgn
_ f(x)/na(A)(X, z) dX. Q.E.D.

6.2.2. Constructing of Heat Kernel. To construct the Heat kernel in general case,
a natural way is 1) first construct a approximate heat kernel k;, 2) then correct it
step by step.

In view of the heat kernel in R™, it is very natural to take

(23) ki(t,z,y) = (47rt)_”/26_|x_y‘§<y>/4t,
Obviously ky € \Ilﬁl with leading symbol

J(kl)(Xa y) = (4’/T)7n/26_|x‘§(y)/4'
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By Lemma 2, lim; o4 k1 = dy(x). Let r = (0y — Ay)k1, then Lemma 1 tell us that

r € U9 (M) with top symbol ¢%(r) = 0. So in fact r € ¥, /2 Now we only need
to prove

Claim 1. The Volterra series

(24) ki —kisr+kixrsr—---

converges in C>®((0,00) x M?) to a heat kernel k € W' (M).
We will use the following

Lemma 7. For any A € U4 (M) with a < 0, we have

(O —Ag) (k1 A)=A+rx*A,
lim &y A = 0.

t—0+

(25)

‘Proof” of Lemma: The second identity comes from Lemma 2. For the first one,

Op(ky x A)(t,x,y) = //klt—sxz)A(szy)dzds
:/ kjl(O,x,z)A(t,z,y)dz+/ / Ok (t — s,2,2)A(s, z,y) dzds
M 0o Jm

t
— At,a,y) + / / (Dt — 5,2,2) +r(t — 5,2,9))Als, 2,y) dds
0 M

= At z,y) + Aa(ky x A)(t,2,y) + (r« A)(t, z,y). Q.E.D.
Proof of Claim: For fixed N > 5 +1, s = rN ¢ \I/;In/271
t. Let C' = sup(g 4)xmrx s |5], then

is bounded for bounded

m+1)| / / t -1, 7, Zl) (tl —t9, 21, ZQ) (tm 1 — tm, Zm—1, Zm)s(twu Zm, y) déd{
A (t) m

tm volM)mCm+1
m!
where A,,(t) is the set 0 < t; < -+ <, <t, and we used vol(A,,(t)) = t"™/ml.
Note that k7 is uniformly bounded for bounded ¢,

ky # pEHMADN) | < (O™l Vi=0,--- N —1,¥m €N

for some constant C’. Thus the Volterra series converges in C°. Similar estimates
holds with [ derivatives, with N replaced by N > n/2 4+ 1 4 [ instead. So the
Volterra series converges in C'°°. Let k be the limit. Then by lemma 3, k is a heat
kernel, since (0; — A,)(ky * r*™) = p*™m 4 pr(m+1), Q.E.D.

6.2.3. Properties of Heat Kernel.

Proposition 2 (Uniqueness). Suppose {¢;} is an orthonormal basis of L?(M) with
Ad), = 7)\1‘(;5,', then

(26) k(t,z,y) Ze_)‘ Lo (2)d;(y).

In particular, the heat kernel k is unique.
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Proof: Write k(t,z,y) = fi(t,y)pi(x), then fi(t,y) = [,, k(t,z,y)¢:i(x) dx. Thus
A fi(t,y) :/ Agk(t,z,y)¢i(z) dx :/ k(t, 2, y)Aai(x) dw = =X fi(t,y).
M M

so there exists function k;(y) such that f;(t,y) = ki(y)e~**. On the other hand,
for any function f(x) =>_ a;¢;(x), we have

f) = tim [ k(t.2.y)f@) do = lim / DM ko) Dastyto

t—0+ Jar t—0+
— it
N t1—1>I(I)1+ e kil Z Fil
Thus k;(y) = ¢:(y) and thus k(t,z,y) = > e Nto,(2)d;(y). Q.E.D.

Remark: There are two other ways to prove the uniqueness. One is by energy
estimate, see [3], the other is by adjoint operators, see [2].

Proposition 3 (Asymptotics). We have the following asymptotic expansion
k(t,x,y) ~ (4mt) "> (ao (2, y) + a1 (z,y)t + as(z,y)t* + - ).
In particular,
k(t,z,x) ~ (4mt) " (ag(x) + ar (x)t + as(x)t? + )
Before proving this theorem, let’s first introduce an definition:

Definition 5. Suppose s € —N/2. Call an element K € ¥ (M) even if for the
Taylor coefficients k; (X, y) of K(t, X,y) ~ Z] “o k(X y)tj/2 is even function in X
for j/2+4 s € Z and odd in X otherwise.

Lemma 8. a) K is even = 0K, 0, K, f(x)K are even.
b) K1, K5 are even = K x Ky is even.

Proof of Theorem 3: Since k; is even, by the above lemma, the heat kernel k£ con-
structed in the last section is even. So the terms in the Taylor expansion vanishes
for odd j. This gives the required expansion. Q.E.D.

Let a; = [;, ai(x) dz. By the construction, we can see that ag(x,y) comes from
k1, and ao(z) =1, thus ag = Vol(M). The next term a; comes from kq, k; * r and
k1 7% 7, and can by computation a;(x) = %SM(:E) is the scalar curvature, thus
a1 = % [y, sm(z) dz. We omit the computation here. In general the coefficients
a; are certain algebraic expression in metrics and connection coefficients and their
derivatives.

6.2.4. Applications and Generalizations. Applications to Spectral Geometry
By (14), we have

o0

Z(t) = /M k(t,z,z)dx = Z e Nt = tr(et?).

i=1
On the other hand, by (4) we have
Z(t) ~ (4mt) "% (ag + art + ast® + - - )
with a; = [, a;(z) dz. Thus

(27) (4rt)"™/? Z e Nt~ ag+art +ast? 4.
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Corollary 1. The spectrum of A determines the dimension n, the volume a;, the
total scalar curvature as and other geometric quantities a;’s.

We can also use (15) in the other direction: knowing the geometric quantities
a;’s, we can discover information about the spectrum! The following Weyl’s theorem
is well known:

Corollary 2 (Weyl theorem). Let N(\) denote the number of eigenvalues of A less
than A, then
VOI(M) n/2

(28) N~ (4m)"/2T(n/2 + 1)

‘Proof’ From (15) we get
/2 Ze_kit — (4m) " ?vol(M), ast— 0.

Now (16) follows from an abstract Tauberian theorem of Karamata. For details,
see [3] or [4]. Q.E.D.
In other words, the k*" eigenvalue of A has an asymptotic estimate

vol(M) \*'" .,
(29) A ~ 41 (F(n/2+1)) k2/m,

As a corollary, the zeta function
(30) C(s) =) A"
k
is well defined for Res > 5. This will go to another story - - -

Applications to Index theorem
Let E(A) = {¢ | D*D¢ = Ap} and F(N\) = {¢ | DD*¢ = A}, then for A # 0,
the map D : E(\) — F()) is an isomorphism:
D*D¢ = A\p = (DD*)D¢p = AD¢,
D¢ =0= 0= ||Dg¢||? = (D*D¢, ¢) => ¢ € ker(D*D).

Thus
ind(D) = dimkerD*D — dimkerDD* = Y " e %' = Y " et = tr(e”PP) — tr(ePP7)
;=0 n;=0
=Y a(D*D)t 2 =% "a;(DD*)t " = ay, 5(D*D) = an2(DD”).
j=0 j=0

As a corollary, ind(D) = 0 for odd n.

Generalizations

e Note that the lower order terms of A do not affect any things, so the heat
kernel expansion holds for generalized Laplacian.

e Moreover, A may be replaced with any Petrovski-elliptic(all eigenvalues of
the principal symbol have negative real part — a condition to ensure the
‘model solutions’ are rapidly decaying off the diagonal) self-adjoint differ-
ential operator P of order d > 0. Essentially the same procedure works,
with v/¢ replaced by ¢/
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e For manifold with boundary, one can also develop a b-heat calculus to show
that there exists a unique heat kernel which admits a similar asymptotic
expansion. For detail, see [1], [2].

e It also can be shown that a smooth family of generalized Laplacians will
give a smooth family of heat kernels. For details, see §2.7 of [4].

References:

[1] Daniel Grieser, Notes on Heat Kernel Asymptotics, Online notes at
http://www.math.uni-bonn.de/people/grieser /wwwlehre /heat.pdf

[2] Richard Melrose, The Atiyah-Patodi-Singer index theorem. §7.1-§7.5.

[3] John Roe, Elliptic Operators, Topology and Asymptotic Methods.

[4] N.Berline, E.Getzler and M.Vergne, Heat Kernels and Dirac Operators.

7. 9 MARCH, 2006

7.1. Zuoqgin Wang:- (more of his notes) Heat kernel continued.

7.2. Maksim Lipyanskiy:- Heat kernel. I failed to take notes. I will try a
reconstruction.

8. 14 MARcH, 2006
8.1. William Lopes:- Periodicity. Periodicity for complex K-theory. Show that
(1) K(X x§%) = K(X)® K(S?).

Definition of K (X). Consider vector bundles over X, taken compact. The direct
sum F @ F and tensor product ¥ ® F are well-defined vector bundles. Consider
the isomorphism classes of such vector bundles. It has an additiive identity 0 and
multiplicative, C, the trivial line bundle. Consider pairs (E, F'), representing £ S F
and declare (E, F) ~ (G, H) if there exists a bundle P such that

(2) EQHOP=F®GaP.
Theorem 5. K(X xS? = K(X)[t]/ {(t—1)>=0}.

In fact if L — X is a line bundle then

(3) K(P(L®C) = KX)[t]/{(Lt =1)(t = 1) = 0}
Subsets of S* = CP! = C U {oo} :
(4) DO = {o] < 1}, D* = {]2] > 1] U{oo}, S = {|2] = 1}.

Given bundles E° — X x D° and E* — X x D* and an isomorpism f :
EY — E> over X x S, this gives a vector bundle over X x S2, f is called the
clutdching function. Homotopic isomorphisms f, f’ give isomorphic bundles.

Consider the projection z : X x S — S and its powers z*, z € Z. If a;, : E° —
E*° is a bundle map over X x S then we can form the bundle map
(5) Z apz” over X x S.

k=—n

Since our bundles E° and E* are bundles over X x D they are both isomorphic
to the pull-back of bundles over X. For any f take the Fourier coefficients and get
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bundle maps (over X x S)

(©) Sn= ) ar(w), ax(z) = ﬁ/gf(x,z)z_k_ldz

|k|<n

n
The Cesaro mean f, = %kz Sy converges uniformly to f. So for large enough n,
=0
frn is an isomorphism homotopic to f and hence gives an isomorphic bundle.
The map z: X xS — S € GL(1, C) is a clutching function for the trivial bundle

and
(7) (C,z,C) = H*

is the canonical line bundle over X x S2.

Given a polynomial clutching function p for EY, E> then we can find bundles
V0= (n+1)EY and V> = (n + 1)E* and a linear clutching function p’ between
them such that

(8) (E°, p, B®) +n(E°, 1, E°) ~ (VO,p/, V™)

8.2. Yakov Shapiro:- Chern-Weil theory. Let £ — M be a vector bundle,
QF(M) the k forms on M,
QF(E) = QF (M) @ > (E)

A connection on F is a linear map

(9) V:C*(E) — QYE)
such that
(10) V(fs)=df @ s+ fVs.

In local coordinates V = d + w where w is a matrix of 1-forms. A connection can
be extendded to a superconnection

(11) OF(B) — Q"Y(E), V(a®s) =da®s+ (-1)*a® Vs.
The curvature of V is

(12) F=V?:0FE) — QF?

and in terms of a local trivialization

(13) F=dv+tw- w

is a matrix of 2-forms.

Let P is a polynomial in one indeterminate then P(F) is a matrix and Tr(P(F"))
is the Chern-Weil character of V corresponding to P, in the sense that it defines a
cohomology class independent of the choice of V.

Theorem 6. P(F) is closed and its cohomology class does not depend on the V.
Proof.

Lemma 9. If B € QF(End(FE)) is a homomorphism valued in k-forms then

(14) dTr(B) = Tr (VB + (-1)**'BV)
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Proof. Computing in terms of a local trivialization
(15)
VBs+(—1)"'BVs = (d+w)B+(-1)*" B(d+w)s = (dB)s+wBS+(—1)*"!Bws
Taking the trace gives (14). Hence dTr(P(F)) = Tr(VF) = 0 by the Bianchi
identity. ([
Lemma 10. If V; is a family of connections for t € [0,1] then

0 A

(16) &T\T(P(Ft)) = dﬁ(ﬁpl(ﬂ))-

9. 16 MARCH, 2006

9.1. Yakov Shaprio:- Chern-Weil continued. Chern-Weil form for a connec-
tion on a vector bundle Tr(P(F)) for P(z) a formal power series in one variable.
The class [P(F)] € Hev".

9.2. Maksim Lipyanskiy:- Impromptu discussion of McKean-Singer. Index:-
Even dimensional Dirac operator. The index is

(1)  ind(D") = dimnull(D") — dimnull(D~) = Tr((ftD_D+ - e*tD_DJr).
Discussion of eigenvalues and cancellation. Local index theorem.

9.3. Zuoqgin Wang:- Notes (not a talk) on McKean-Singer. Let (M, g) be
n-dimensional compact Riemannian manifold without boundary, A be a generalized
Laplacian. Then the heat kernel is given by the Volterra series

(2) ki —kysr+kpxrsr—-.-.

where ki(t,z,y) = (47rt)*"/26_‘aj_yli(w/475 and r = (0 — Ay)k1. Thus a smooth
family of generalized Laplacians will give a smooth family of heat kernels.
The heat kernel generate a semigroup of operators

e_tAsrr = x S .
(3) () /Mkos, W)s(y) dy

Moreover, suppose {¢;} is an orthonormal basis of L?(M) with A¢; = — s,
then the heat kernel has the following expansion

(4) Kt y) = Y e (2)0;(y).
§=0
Thus
(5) tr(e t) = k(t,z,x)dx = Z e~ Nit
M i=1

Now suppose D is a Dirac operator. Denote the eigenvalues of D*D by \;,
eigenvalues of DD* by p;. Let E(\) = {¢ | D*D¢ = Ao}, F(u) ={¢ | DD*¢ =
Ap}.

Lemma 11. For A # 0, the map D : E(\) — F(\) is bijective, with inverse \=1 D*.

Proof: Suppose ¢ € E()\), then (DD*)D¢ = AD¢, i.e. Dy € F(\). By symmetry,
D* maps F()\) to E(\). Moreover, A\™*D*D =1 on E(\), and A"!DD* = 1 on
F(X). This proves the lemma. Q.E.D.
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Theorem 7 (McKean-Singer). ind(D) = tr(e tP"P) — tr(e~tPP").

Proof: Obviously ker(D) C ker(D*D). On the other hand, ker(D*D) C ker(D)
since ||D9¢||? = (D*D¢, ¢). Thus ker(D) = ker(D*D). By symmetry, ker(D*) =
ker(DD*). So
ind(D) = dimkerD — dim kerD*
= dimkerD*D — dimkerDD*

— § e*)\jt_ E ef,ujt
;=0

;=0
i
Aj M
= tr(e P"P) — tr(e PP, Q.E.D.

Remark: Moreover, let f be any rapidly decreasing smooth function on
RT with f(0) = 1, then ind(D) = tr(f(D*D)) — tr(f(DD?*)). In fact, let g(z) =
f(z) — et it suffices to show that tr(g(D*D)) — tr(g(DD*)) vanishes. But now
g is rapidly decreasing with g(0) = 0. So g(x) = xh(x) for some rapidly decreasing
function h, which implies tr(g(D*D))—tr(g(DD*)) = Z)\ Ajh(Aj) =22, M h(p;) =

0.

Corollary 3. Let D; be a continuous family of Dirac operators, then ind(Dg) =
lIld(Dl)

Proof: Since the heat kernels of D; varies continuous w.r.t. ¢, while the index is
a integer. Q.E.D.

A very useful fact about heat kernel is that on the diagonal it admits the following
asymptotic expansion

(6) k(t,z,x) ~ (47rt)_"/2(1 +ay ()t + az(x)t> +---)
Write a,, = fM an(x) d.

Corollary 4. The index of D is zero when n is odd, is (477)‘”/2(an/2(D*D) —
an/2(DD¥)) when n is even.

Proof:

ind(D) = tr(e7 P P) — tr(e PP

(4mt)~"/? Z (D*D)t= "/ — Za (DD*)t= /2t
7=0 7=0

= (47)""%(a,/2(D*D) = ayo(DD*)).  Q.E.D.

Corollary 5. Tf M is a k-fold covering of M, then ind(D) = kind(D).

Proof: Since a,, /o is a local expression which is the same on M as on M.
Q.E.D.
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n
9.4. William Lopes:- End of periodicity. From last time:- p = Y ap2¥ :
k=0

E% o — E.s is clutching data for a bundle over X x S?. Found a linear map
L(p): VY — V> where VY = (n + 1)E? and V> = (n + 1)V*°.
Now we can see directly that in K-theory

(7) (Vis1, £ (2p), Vish) = (Vi) £7(p), Vi) @ (E°, 2, B>)
and
(8) (V7?+1’ £7L+1(p>7 noil) = (Vr?v En(p)v Vnoo) D (an 1, EO)

where H is the dual of the canonical line bundle. This shows that (H —1)? =0 in
K(X x S?) then

(9) KX)[t]/(t—1)?* — K(X xS?), t— H
is well defined.

Lemma 12. For V a vector bundle, T € End(V) S a circle in C missing all the
etgenvalues then

(10) Q= /S(z —T) 'dz

is a projection and commutes with T. If VT = QV, V= = (Id—Qvy then V =
Vte V- splits T=TtoT.

This extends to bundles with linear clutching functions, provided the circle is
fixed, so p = P, +p_ and p1 : EY — E° then

(11) (E°,p, E®) = (EY,2,EY) ® (EY,1,ET).
Applied to the general clutching construction this gives

n
Finally then if f is any rational clutching function f = 3" ap2* p, = 2" f(2) put
—n

(13) Un(f) = Ven(E%, p, EX)(t" ™" —t") — 1" € K(X)[t].

For large n this is independent of n and denpends, modulo (¢t — 1)? only on the
homotopy class of f. Can define v(E) as the image of v, (f) in K (z)[t]/(t — 1)? so

(14) pv(E) = ...

so proves the isomorphism.
10. 21 MARcH, 2006

10.1. Ricardo Andrade:- Mehler’s formula and scaling. Euclidean vector
space V, orthonormal basis e;, A a finite-dimensional commutative C algebra (to
be the even part of the exterior algebra). Let R be an n X n antisymmetric matrix
with entries in A and consider

1
(1) w= ZZRijxjdxj € ANV, A)
4,7
and the connection

V,=0; + w(&l) =0; + ZRijx]’
J
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acting on C*(V, A). THen for F' another N x N matrix with values in A,

(2) H:*ZViﬂLF:7Z(ai+ZRij$J’)2+F

7

want existence and uniqueness of solutions of the heat equation associated to this.
Set
3 Ry = det (L2 0) =1, ju(tR) =13 t*b(R
1 = t 1 = 1 t = t
B ) = et () 0 = L) = 1Y

k>1
is holomorphic in |¢t] < 1 as is

i coth(E
2 2

).

Proposition 2. The function

(4)  fi(e,R.F) = (4nt)" % ji * (tR) - exp (—it<x|tf coth(?)h:) exp(—tF))
is a solution of

(5) (O + Hy) fo(x) = 0.

Proof. Consider

(B

(6) qi(x) = (4nt)"2e w0,
If ®;(z) is a formal power series in ¢ then

(7) (0 + H)qu®y) = (0 +t7'r + H)®y, r = inai

2

so is a formal solution if and only if
(8) (0 +t7r + H)®;, = 0.
O

10.2. Fangyun Yang:- Eta invariant. For B a self-adjoint elliptic differential
operator on a compact manifold X let A\; be the eigenvalues then

(9) n(s) =Y sen(h)|A] "
A;70
On an even-dimensional manifold for a Dirac operator n(s) = 0. In the odd-

dimensional case 7(s) is meromorphic and regular at s = 0. If A is a positive
self-adjoint pseudodifferential operator the zeta function is

(10) Cals) = Z po =Tr(A™9).

n>0

By Seeley the sum converges for Re(s) > n/m and extends to be meromorphic in
the complex plane with poles only at

N a
(11) )= [antals) = > S en(s)

i 8 +k/m

with ¢ (s) holomorphic in Re(s) > —N/m with

(12) ap = /Cvk, CA(O
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For a smooth family of such operators, A,,, the expansion is smooth in u. Even
if A, has zero eigenvalues at some point the coefficients in the expansion of ((A,)
remain smooth since they are determined by the symbol.

Now B is a self-adjoint Dirac operator on can deduce the meromorphy of the eta
function. The convergence follows from the convergence of the zeta function for B2
in Re(s) > n. In fact 0 is a possible pole since if we write

3 1 3 1
13 By =-|B -B, B, =—-|B| - =B.
(13) 1 2| |+2 , B 2| \ 5

These are both non-negative and if u, —v are positive and negative eigenvalues of
B then 2u, v are eigenvalues of By and u, 2v are the eigenvalues of By. Thus

(14) (B,(5) = CBy(s) = (27° = D)n(s).

So, a priori, np has a simple pole at s = 0 with residue

(15) R(B) = (60, 0) = 5, (0) = [ w,

In fact this vanishes. It is homotopy invariant =B, = 0. It follows that R(B)
descends to a function R : K}(T*X) — R.
11. 23 MARCH, 2006

11.1. Ricardo Andrade:- Local index formula. M Riemannian manifold, Clif-
ford module, F, Clifford connection, V. Heat kernel

(1) e P’ = K, e I(ER E*) over R* x M x M).
Restricted to the diagonal, Diag: M — M x M EX E* = E® E* = hom(E) =
End(FE). Then we can take the pointwise trace

(2) I(t,z) = str(K;(z,x)) is smooth down to ¢t = 0 and ind(D") = / I1(0, z)dx.

M
Lichnerowicz formula
(3) D2=v*v+R=v*v+%M+cl(F),
where R is valued in A?(End(E)) and locally in terms of an orthonormal bundle
1

(4) R=; > cl(e;) cl(ex) R(ej, ex)

.k
and
(5) cl(F) = ZF(ei,ej)cl(ei)cl(ej).

i<y

Work near zg € M in Riemannian normal coordinates in U with F = Ej.
Then F is trivial using radial translation and the Clifford action of the Riemannian
orthonormal basis is constant, i.e. trivial. Then

(6) End(E) = CI(T) ® End'(E)

where the second part commutes with the Clifford action. There is a corresponding

splitting of the bundle F = S ® W locally, where S is the spinor bundle. Rescaling

(7) a € C®R" xU; A*TR®End'(E), §,a(t,z) = Zu_%a(ut,u%x)(i), 0<u<l.
i=0
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Thus we get a rescaled heat kernel
(8) r(u,t,z) = u? (5,K)(t, x).
For the action of the
6.0:0, 1 =u~'0,,
5,06, =u" 70,
(9) 0ud(x)8, " = d(uta), ¢ € C(U),
Sula A6 = u*%(a A
Sula(-6,t = w?(al,a €T
Now, if L(u) = ué, D?5, 1,

(10) (0 + DYYK = 0 = (0; + L(u))r = 0.
Then L(u) is smooth down to u = 0 and
(11) (0¢ + L(0))ro =0

where 7q is the leading term in the expansion in u of r.

Lemma 13. The connection becomes
1
(12) Ve =eit3 Z Rysijzy + Y fi(z) cl(ex) cl(er) + gi(x),
dyk<l k<l
where the fo vanish quadratically at x = 0 and g; vanishes linearly but is valued in
End'(E).

Rescaling the connection it follows that

1 2
(13) L(0) = —Z(ei - ZZeiijg) +F
i J
where
Qij = <R0€i76j> S AQT
Now the expansion of the heat kernel shows that
2N

(14) r=q)t(x) Z u i (t, ) + O(u?)
uniformly in all variables, where the ~; are polynomials and the ; for ¢ > 0 vanish
at 0. The leading term B; must satisfy

(15) (0 + L(0))Bi(t, z) = 0.

and from the uniquess of solutions to this all the singular terms are zero and so the
leading term is in fact the u® term. From Mehler’s formula this leading term is
(16)

. t0/2 1, th
ro = q(x)yo(t, x) = (4wt)™2 det <Slnh(£9/2)) exp <—4t(x, - coth(t9/2)x>> exp(—tF).

Computing the supertrace at x = 0 we just get

(17) inf(D) = /M ACH (E).
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11.2. Index theorem outlined again. On a 2d-dimensional compact manifold.

e Clifford algebra, filtered by degree (minimum number of factors),

(18) Cl= [ JCly,

Z € Cl(aq) chiral element, str(a) = tr(Za), Patodi’ Lemma

0 — Cligq-1) — Cl S Cc—0 exact,

(19) @((Cl(j)/(CI(j,l) = A" as algebras.

J

Hermitian Clifford module F, unitary Clifford connection, filtering of

hom(F) = Zhom(j) = Z(Cl(j) ® hom'(E),
J J

twisting Chern character Ch'(E).
e Dirac operators, Z-grading, ellipticity

(20) ind(0") = dim null(d") — dim null(d 7).
e Heat kernel, McKean-Singer formula
(21) ind(d) = Str(e ") V ¢ > 0.

Local index theorem, Getzler’s rescaling

k(t,xz) = et (t,z,x) € C*([0,00); hom(E)),
2d
k=Y t"k;(t,x), k; € t79C®([0,00); homy; (E)),
§=0

oL e (B2 : .
> k] = (47r)2dd t (Smh(R/z)) Ch'(E) € A*.

J

(22)

Atiyah-Singer
ind(d*) = / ACH (E).
M

12. 4 ApriL, 2006

12.1. Fangyun Yang:- Eta invariant cont. P an elliptic self-adjoint invertible
operator.

s  s41
(1) (s, P) = sgn(A)|A|"° = Tr(P(P?*)~"7).
A#£0

For Re(s) >> 0 this is holomorphic
©) 1

i 2 1 1 - Rt 2
/ et = T L) san (VA (s, P) = —— / 5 Te(PeP )t

0 2 F( 2 ) 0
Then

(3) Tr(Pe*tPQ) ~ Z
n=0
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Splitting the integral into t > 1 and ¢ < 1 give an entire and a meromorphic splitting
and the expansion of the heat kernel

1 ! 2d
—— a, + regular.
m

(4) (s, P) =

In principle n(s, P) may have a simple pole at s = 0.
For a smooth family P, of such invetible self-adjoint operators

(5) (s Pa) = —s Te(P(P?) ™75

by differentiating the definition. It follows that the residue at s = 0 is homotopy
invariant. Define R(P) = dxresidue. This satisfies
R(P(P?)?,s) =n(P, (20 + 1)s),
R(P® Q) = R(P)+ R(Q), ord(P) = ord(Q),
R(F) = R(P),
R(P)=0, P>0.

(6)

The principal symbol Py : S*M — End (V). Splits into positive an negative parts
V =V, ®V_ and Vs defines an element of K(S*M). This defines a homomor-
phism

(7) r: K(S*M) — R, r(V}) = R(P).

This satisfies (7*W) = 0 and hence on trivial bundles. Complementing V' stabilizes
with a bundle of the same rank (after stabilizing) gives a symbol which generates
V as its negative part.

By looking at generators we can see that in fact » = 0. If M is odd dimensional
consider the signature operator (d + d); on N = M x (0, 1). The twist by bundles
on M, generates K (S*M) over Q.

13. 6 APRrIL, 2006

13.1. Maksim Lipyanskiy — Index theorem again. Consider a principal bun-
dle with compact Lie group G as structure group

(1) G——P

|

M.

Take a connection w on G Given and Ad-invariant metric on G and a metric on M
gives a metric on P. If X is a vector field on M then X is its horizontal lift to P
and the curvature is

(2) QX,Y)=[X,Y] - [X,Y].
Then
(Va,¥) = (VX V) = L(OQ(X,Y),0)
3) Vb= 5[ b
(VX 0) = (0, Q(X, V)
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Proof:- use the definition of the Levi-Civita connection on M. For a in the Lie
algebra 2 - a is an endomorphism of T'M.
The idea. Take an action of G on V. The connection Laplacian on V is

(4) AV =3 Vi

and the Laplacian on P for the metric is

(5) AP =-N"Vv2 -> Vi

Proposition 3. AY — AV = Cas on f: P — V is the Casimir of the represen-
tation.

Proof. Computing the action of the connection of f. O

Note that the Casimir commutes with AL,

Proposition 4. The lift k. of the heat kernel of the V -Laplacian satisfies

(6) kr(prgr, paga) = p(gr ) ke(p1, p2)p(g2)
and
(7) ki(p1,pa) = et /G he(p1,p29)p(9™")dg.
Now pass to the spin case, G = Spin, V = S* @& S~. Then
) Str(p(c®)) = (~20)# PE(@)j(a), v (a) = dot(Tm2))

2

and Pf(a), the Pfaffian of a is the top order term in the expansion of %.

13.2. Zuoqin Wang:- Zeta function. % Let (M, g) be n-dimensional compact
Riemannian manifold without boundary. It is well known that the spectrum of the
(positive) Laplacian A is real and discrete which accumulate only at +00. Thus we
can enumerate them as

The well-known Weyl asymptotic law asserts that the k*" eigenvalue of A has an
asymptotic estimate

vol(M) \*" ,,.
(9) i ~ 4m (F(n/2+1)) k2m,

Thus the zeta function

(10) Cals) =Tr(A™") =D A

is well defined for Res > 3.

The first important result for these spectral zeta functions is that, like the original
Riemannian zeta function, they can be extend to a meromorphic function on the
whole complex plane.

Theorem 8. (a(s) is holomorphic for Re s > %5 and can be extend to a meromor-
phic function with at worst isolated simple poles at n/2 — Ny, and is holomorphic
ats=0,—1,—2,---.
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Proof: By definition of the Riemannian gamma function,

oo
A;sr(s):/ e~ Pngs =L gt
0

thus

(11)  T(s)Ca(s) —/()Oot51tr(etA) dt = </01+/1°°) 5 lr(e 2 dt

In view of (1), the floo part converges to a holomorphic function. On the other
hand, by heat kernel expansion

(12) tr(e”2) = / k(t,x, z)dx ~ (4nt) "2 (ag + art + agt? +---),
M

we get

1 1 oo
/ ts—ltr(e—tA) ds = (47T)—n/2/ Zakts—1+k—n/2 ds
0 0 ,_
(13) h=0

— (4 —n/2 ak )
(4m) kzzoerkfn/Q

Now the result comes from the fact that I'(z) has isolated simple poles at the points
s=0,-1,-2,---. Q.E.D.

Corollary 6. (1) (a(0) = (47)~"/2a,, /5. In particular, (a(0) = 0 if n is odd.

(2) Suppose D is dirac operator, then index(D) = {p~p(0) — (pp-(0).

In general, suppose P is a self-adjoint positive elliptic operator of degree d on
M, then all the above properties preserved and the zeta function

(14) Cp(s) =Tr(P™°) =Y A
k

is well defined for Res > Z. As in the case above, (p(s) can be extended to be a
meromorphic function on C.

Even more general, suppose P is a self-adjoint positive elliptic operator of order
d > 0, and @ is a differential operator of order a, then we have the “heat trace
expansion” (cf.[1])

(15) Tr(Qe™'") ~ Y ax(P, Q)=o) e,

k=0

Thus we have

Theorem 9. The “generalized zeta function”
(16) Cp(5,Q) = Tr(QP ") = > Tr(mp(NQ)A™*
A>0

(rp(N) is the projection onto the A-eigenspace of P.)
has a meromorphic extension to C with isolated simple poles at s = (n+a —k)/d

fork=0,1,2,---.
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Some Remarks:

1. Given elliptic differential operator P of order d > 0, there are three operator
families: Resolvent (P — \)~!, Heat operator e ' and Power operator P~*
(defined as 0 on ker(P)). They can be obtained from one another, Say

—s 1 > s—1_—tP 1 —s —1
(17) P _r(s)/o et = o [ 0= Py
So each one of the spectrum, the trace of heat kernel, and the zeta function de-
termines the other two. Since zeta function is meromorphic, the value of the zeta
function on any open set in C will determines the whole spectrum of P. In other
words, there is no possible to compute the zeta function on any open set explicitly
in general!
2. We can release the positivity condition to the semi-bounded condition (Pf, f) >
C (f, f). In this case the zeta function is defined as the summation over nonneg-
ative eigenvalues. Then the negative part is finite sum, thus will not affect the
meromorphic continuation. One of the difference is that (p(0) will decrease by
—dimKerP since I'(s)(p(s) = [;° t"ttr(e™*” —Ip) dt in this case. One of the
amazing corollary is that the nonzero spectrum of P determinants the multiplicity
of the zero spectrum in odd dimension!
3. We can even release P, () to be pseudo-differential operators instead of differen-
tial operators. In this case we have the heat trace expansion (See Seeley, Grubb
and Seeley)

Tr(Qe™') ~ Y " apt® =0/ LN (b log t + ¢ )t
k>0 k>0
and thus the (meromorphic extension of) zeta function has pole structure

a b c
PP (5.Q) ~ X a2 ((s—kkk)? + s:k)

k>0 k>0

So in this general case, 0 is not a regular point.
4. The eta function of a self-adjoint elliptic pseudo-differential operator is just the
generalized zeta function np(s) = (p(s, P|P|71).

% Given the meromorphic extension, one of the natural problems is to compute
the residues at these poles. Of course the residue can be computed via the heat
coefficients ay’s, but this is almost of no use since we don’t have an efficient way to
compute ai. Now we will relate the zeta function residues to the noncommutative
residues developed by Wodzicki and Guillemin.

Lemma 14. Suppose P is positive, T is a pseudo-differential operator, then for
z € C,

(18) [P~*,T) = (ZZ)T(UP_Z_I—F(_;) 7@ p-—2, . +<—]€z) T iy .

where T° =T and T = [P, T"1].

Proof: We shall use Cauchy’s formula

—z 1
1 PP = — [ N*(A—P) P71 a).
(19) () B
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Use the resolvent expression of the power operator, we compute

[P~2,T) = ﬁ/k‘z[(/\—P)‘l,T] d\

1
_ _—,//\*Z(/\—P)*l[)\—P,T]()\—P)*l i
271
1
=— [ A0 =P) 7O\ = P)" L a)
i ( ) ( )
1 1
=TO _— [ X2\ = P)" 2 d\ —//\*Z A—P)" L 7M1\ - P)~1 d)
5 ( ) t5 [( ) THN( )

— 1
= ( f) THp==1 4 %/A‘Z(A —P)'TA (N = P)"2 dx

_ <—1,Z> 7(1) p—z—1 + <—22> T7(2) p—2—2 R <_]€z> Tk) p—2—k +--- N

Recall that a trace functional on a associated algebra is a linear functional that
vanishes on commutators.

Theorem 10. The residue functional
(20) T(T) = Resy—o Tr(T'P™7)
is a trace on the algebra of (classical) pseudo-differential operators.
Proof: We only need to prove
Res,—oTr(TSP™%) = Res,—oTr(STP 7).
This amounts to show that
Res,—oTr(SP™*T) = Res,—oTr(STP~?).

Use the previous lemma, we get

SP=*T — STP* =Y (Z) STW p===i,
— \ J
J_
SO
Res.—oTr(SP™*T — STP™*) = Y Res.—q (<_Z> Tr (ST‘”P‘Z"' )) .
© J
j=1
Note that order of TW) P~*=7 decreased by 1 as j increased by 1, the sum is finite
sum. Moreover, since each trace function has at worst simple pole, which is canceled
out by the factor z in (77), all the residues in the sum is 0. This proves the
theorem.ll

Now we can apply the well known fact that up to a multiplication constant
there is only one trace functional on the algebra of (classical) pseudo-differential

operators, given by
1
res(A) = W A*Ma_ndU,

where a_,, is the degree —n term in the expansion of symbol of P:
o(A)(x,€) ~ am(2,§) + am—-1(2,8) + -+ + am—j(@,8) + - -
where a,,—;(z,t&) = t™Ja(z,§) for [£] > 1,t > 1.
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It was proved by Wodzocki that the multiplication constant is the order d of P:

1 e
res|S:leCp(s) = Eres(P* dk), 1<k<n

As a corollary, we get an expression of heat coefficient via noncommutative residue
(or verse vise):

1 n—=k n—k
I —Ta < k<n.
ar(P) dr( — )res(P d), 1<k<n

% Via these zeta functions, Ray and Singer define a zeta function determinant as

o e~ Pis invertible
(21) det¢(P) .—{ 0 " else

Why we call this “determinant”? Well, formally,

Cp(s) =D A" = Cp(s) == ) _ At log \p = PO = eZulosd =TT .
k k k

Note that the zeta function determinant only depend on the eigenvalues of P,

and not depend on the underline Riemannian metric. The following property is
immediate from the definition:

Proposition 4. 1) If P has real coefficients, det.(P) is nonnegative real number.
2) det¢(pP) = pr O det(P) for p > 0.

3) det¢(P®) = det¢(P)* for s > 0.

4) det¢ (A @ B) = det¢(A) + det¢(B).

5) Suppose A is invertible, then det; (A1 PA) = det¢(P).

Proof: 1) This comes from the fact (p(5) = (p(s) = (p(0) € R.
2) For p > 0,
Cpp(0) = (p°Cp(5)) s=0 = Cp(0) log (p) + (p(0),
thus
(22) dete (pP) = po7 O detc (P).

(This shows that the dimension of the infinitely dimension space has been “renor-
malized” to (p(0).)
3) Since Cpr () = Cp(st) = Cp. (0) = sCp(0).
4) This is obvious.
5) The eigenvalues of P is the same as eigenvalues of A~'PA. |
But, the zeta function determinant is not a determinant, i.e. in general

det,¢ (AB) # det¢ (A)detc (B).
This comes from the fact that (p(s) = Tr(P~°) is not a trace:
Cavn(s) # Cals) + CB(s).

One of the applications of zeta function determinant is that it gives the Quillen’s
metric for determinant line bundle:

Theorem 11. The function det;(D*D) is smooth as a function of D.
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Proof: Suppose D’ is not invertible. The eigenvalues A, (D*D) are smooth as
a function of D, and each D*D has discrete spectrum, thus we can find u > 0
and neighborhood U of D’ such that u is not an eigenvalue for any D € U. Now
(D D(5) = Caps) + Cop(5), thus

e~ Cp*p(0) — =€, (0),—¢L,(0) — det(D*D|FM)e_</>H(O)

where F), is the span of eigenfunctions with eigenvalue less than p. The first term
tends to 0 as D tends to D’, and the second term is bounded for U sufficient small.
Thus proves the theorem. |
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14. 11 ApriL, 2006

14.1. Yakov Shapiro:- Determinant bundle. Families index setting
(1) E

a fibration with a vector bundle over the today space. Given a family of Dirac
operators on E, can one find a family of finite rank smoothing operators, smooth
on B so that 0, + A, is invertible. For each fixed 2, null(d, ) and null(d_) are finite
dimensional; the vanishing of the numerical index is equivalent to the existence of
such a perturbation for each point.

Suppose H = (H*, H™) is a superbundle over B, with dim(H ') = dim(H ™).
Suppose Dy : HY — H™ is a homomorphism then set

(2) det(H) = A"H™ @ (ANH") *.

Then det(D4) : A"H= — A™H~ and hence det(D,.) € det(H) is well defined.
For the Dirac case the null spaces may jump in dimension, so one cannot proceed

so simply. Set

(3) Ux = {z € B; X no an eigenvalue of 3~ 01}, A > 0.

Let H, [jg » be the sum of the eigenspaces of OF 0% for eigenvalues in [0, \). This is a
bundle over Uy, with possibly different dimensions over the components.

Suppose p > A > 0. Then

£ + +
4) Hy )= Hg @ HE ) over UxNUy.

In the finite-dimensional case if H; and Hy are two superbundles then
(5) det(IHh D Hg) = det(Hl) X det(Hg)
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So
(6) det(H[U’H) = det(H[O’H) ® det(H()\w)

so we need to construct a trivialization of det(H, ,); but in fact det(d, ) gives

a section. The cocycle condition follows from the multiplicativity of the usual

determinant. This defines the determinant bundle of the Dirac operator, Det(d).
There is also a metric on Det(d). The H[jOE’ N have metrics induced by the L2

norm, and hence on det(H*) over each Uy. We need to introduce another factor
into the metric to remove the dependence on A\. If A < g and \;, i = 1,...,m are
the eigenvectors of 3~0" between y and X then the identification of det(Hjo,») and
det(Hjp,,,) multiplies the metrics by /A1 ... v/ An. We need to use the fact that

(7) ¢'(0,070%,0) = ¢'(0,075%, ) + > _log(Ai).

7

So the Quillen norm

1, -
®) ol = exp(~5¢ 0,370 el
14.2. Zuoqin Wang:- Zeta function continued.

15. 20 APriL, 2006

15.1. Ricardo Andrade: Atiyah, Patodi and Singer. Give a generalization
of the signature theorem to the case X # (). So take dim X = 4. If 9X = () then
) 1
(1) sign(X) = g/ p1, p1 = — Cha(TX ® C).
X

In the case of a manifold with boundary with a product-type metric near the bound-
ary then

) sign(X) = % /X o+ F(0X).

Here f(0X) is a spectral invariant, essentially the eta invariant, which changes sign
under reversal of orientation. In fact

F(0X) = —5na1s(0).

Consider an ‘elliptic boundary value problem’ D on X, where near the boundary

(3) D= a(% + A)

where u is an inward normal coordinate and A is an elliptic selfadjoint differential
operator. The boundary condition on Y = 0X is

(4) ¢|8X € {Span of negative eigenspaces} .

So the general setting is an elliptic first-order differential operator on a compact
manifold with boundary

(5) D :C®(X;E) — C>®(X; F)
for bundles F and F and takes the form (3) near the boundary. So the domain is
(6) {u € C™(X;B); P_(f[,) =0}
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and as an operator from this domain to C*°(X; F) it is Fredholm and the index is

(7)
where « is the contant term in the asymptotic expansion of the heat kernel on the
double, restricted to X, h = dimnull(A) and 7 is the eta invariant of A.

In particular in our standard setting of Dirac operators, with the metric, Clifford
action and connection product near the boundary

(8) ind(d, P_) = / ACH'(E)
b'e
Specializing to the signature operator, take d + § acting on A* with grading
induced by 7 = ?®~D+2Px on \P. Then

(9) sgn(X) = ind(d + 6) = /X

and eta invariant can be simplified. The Hirzebruch polynomials are determined
by homogeneity, multiplicativity and normalization.
Remarks on proof.

_htn

L(p) — %n

16. 25 APRIL, 2006

16.1. Fangyun Yang:- Families index. Setup. m : M — B is Riemannian
fibration, a fibration with typical fibre X (even dimensional) and &€ — M is a
Hermitian bundle over M with a fibrewise (smooth) Clifford module structure for
the fibrewise Riemann metrics, cl :* (M/B) — hom(€) compatible with Lev-
Civita. Choose a connection on the fibration

(1) TM =T(M/B)® Ty B, P:TM — T(M/B).

Choose a metric on B and combine with the connection to get a metric on M

(2) gM = 9gu/B + 7 gB-
The connection on the vertical tangent bundle
(3) vM/B = pyIp

is independent of the choice of metric on B and only depends on the fibre metrics
and the connection on the fibration.

So, the objective is to compute the Chern character of the index bundle of the
family of Dirac operators on the fibres. Let 7.€ be the infinite dimensional bundle
over B with fibre over z C*°(M.; £). By definition a smooth section is just a smooth
section over M. Set
(4) AB;m.&) =T(M;7*(A*T*B) @ £) = T'(M;E).

A superconnection on this infinite dimensional A is a differential operator acting
on A(B,m,E) which is odd with respect to the Z» graing and satisfies
(5) A(v-s) =dpr As+ (—=1)"lvAs
If Ag = O then A is sait to be associated to 0.

Bismut gives a particular superconnection. Set
(6) VO = VM/B 4 72+ B on TM.

Compare this to the Levi-Civita connection on M then
(7) 9(V&Y,Z) = g(VRY, Z) + w(X)(Y, Z)
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where w € A (M; A>°T*M) is given by

®) 1 1 1
w(X)(Y,Z)=8(X,Z)(Y)-S(X, Y)(Z)+§(Q(X, Y), Z)_i(Q(X7 Z),Y)+§(Q(Z, Y), X)
where Q(X,Y) = —P([X,Y]) and

) 2S(X,Y), 2) = Z(X,Y) — (P2, X],Y) — (P[(Z,Y], X).

Rescale the metric and Clifford structure corresponding to

(10) gu:gM/B+u_lgB on TM.
Then for the rescaled objects
(11) Vi =V® + %Tu(w).
On E over M consider
(12) VE® — VB @ [d+ d@VE, Vi — VE® | %mu(w)
where
(13) My 2 Cy(M) — End(E), my(a) = a A —utg

on the first factor and the usual action on the second factor. This has a limit as
u — 0 with mg given by wedge product on the first factor.

16.2. Zuoqgin Wang:- Analytic torsion(his notes). Suppose (M,g) is a n-
dimensional compact oriented Riemannian manifold without boundary, (E,V) is
a flat vector bundle over M. Let Q*(M;E) = Q*(M) ® E denote the space
of F-valued C'*° differential forms on M. We have the usual exterior derivative
d: Q*(M; E) — Q*F1(M; E) which gives us the twisted deRham complex

(14) 0032 Lo,

From the Riemannian structure, we can define a *-operator * : QP — Q"~P which
provides QP an inner product

(15) (w1, wa) ::/ w1 A *wo.
M

Relative to this inner product, d has the formal adjoint § = (—1)"PT"*1 x dx. Now
the Laplacian on p-forms is defined to be
(16) Ap=di+6d: QP — QP

It is well known that A, is self-adjoint nonnegative operator, which has a pure point
spectrum. We assume that A, are positive for all p. Note that by Hodge theory,
Ker(A,) = HP(M;E). So this amounts to say the the twisted deRham complex
(1) is acyclic. As in the scalar Laplacian case, we can define the zeta function
(17) Gols) = TH(AS*) = —— / £ Tr(et20) dt

L'(s) Jo

which can be extended to a meromorphic function on the whole plane C and which
is holomorphic at the origin 0. The zeta regularized determinant is
(18) det(A,) := 5 (0

Now we can give the marvelous definition of Analytic Torsion due to Ray and
Singer:
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Definition 6. Suppose the twisted deRham complex (1) is acyclic. The analytic
torsion 7' is defined to be

1
(19) logT' = —2 > (—1)Pplogdet(A,).
P

Remark: This definition is an analytic analogue of the Reidemeister-Franz
torsion (R-torsion). The latter one is a secondary topological invariant, i.e. only
defined when the cohomology groups vanish (thus defined at the cochain level).
The R-torsion is originally used to distinguish lens spaces which has the same
cohomology groups and homotopy groups but non-homeomorphic. It was proved
by Ray and Singer that the Analytic torsion possessed many of the key properties
of R-torsion (See theorem 1 - theorem 3 below). Later, Cheeger, Muller, Bismut
and Zhang, Braverman etc each proved independently (by using different methods)
that the analytic torsion coincides with the R-torsion. We will discuss this in the
future.

Theorem 12. Suppose the dimension n is even, then the analytic torsion T = 1.

Proof: We will show that if n is even, then
(20) D (CDPpG(s) =0, Vs,
P

which of course imply the result. In fact by definition it is easy to check that
*Ap = Aj,_p*, but x-operator is an isomorphism, thus A, and A,,_, are isospectral.
This implies that (,(s) = (u—p(s), s0

n
D (=1)Ppéy(s) = 5 D (=176 (9).
P P
On the other hand, A,;1d = dA, implies that d maps the A-eigenspace Ef of A,
to the A-eigenspace Eﬁ\’“ of Ap41, thus we get a complex

(21) 0-E L B4 .. L pr .

Moreover, this sequence is exact, since if w € Ef is d-closed, then w = YApw =
d(+éw), and Low € E{~'. As a result, we get

> (~1)?dim E§ = 0.
P

So the coefficient of A* in }_ (—1)P(,(s) is 0 for any eigenvalue A, which implies
>, (=1DPG(s) =0.  Q.E.D.
Theorem 13. The analytic torsion is independent of the metric g on M.

Proof: In view of the last theorem, we can assume that n = dim M is odd.

Suppose gop and g; are two arbitrary Riemannian metrics on M, then g, =
(1 —=7)go +791(0 < r < 1) are all Riemannian metrics on M. Let A,(,T) and T,
denote the Laplacian (on p—forms) and the Analytic Torsion corresponding to g;.
To prove T is independent of g, we only need to show d—dTTr = 0. The function

(22) f(r,s) = %Z(—l)pp /000 tsflTr(eftAg)) dt,

p=0
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is well defined for Re(s) big enough, and can be extended to a meromorphic function
in the s—plane. Note that near s = 0, we have

P(s)¢7(5) = Ts) (G57(0) + 5¢i7'(0) + O(s%)) =2 ¢ (0),
where we used the fact CI(,T) (0) = 0 and lim,_,q sT'(s) = 1. So by rewriting f(r, s) as
7lr5) = 3 S -1 9),
P

we can see that log T, = — f(r,0). So we have to show that < f(r,0) = 0.
To compute the derivative, formally we have

d \ . .
(23) (e ") = —tTr(A e A7),

This can be proved via some computation on heat kernel, see [1] Prop. 6.1 or [2]
Prop. 5.14. So we have

n

(24) %f(r, s) = —% Z(_l)pp /‘X’ tsTr(A,(f)e_mg)) dt

p=0 0

for Re(s) big enough. We omit this proof of (10) and proceed to compute A;E,r).

In the definition of Aé”, only the x-operator depends on the metric. We write
a ="t = —x~! then

Al = dii(d(s +0d) = dii((—l)"”“‘”“d s d % 4+(=1)"PFDFHL gy )

(25) = (—1)”p+7l+1%(d*d*— *d*d)
= (=1)"Pt T (dkd % +d * dk — %d * d — *d¥d)
= —dad + déa — add + dad.

To compute ’IY(AI()T)e*tA;T)), note that e~*4%" is of trace class, and adde=tA5)
is bounded on L?, thus

Tr(éade*mz(f)) = Tr(e*%Az(ﬂr) 6ade*%Ag)) = Tr(ade*mg)é) = Tr(adée*mgzzl)7
and similarly
Tr(daée*m;r)) = Tr(adéefmy—)l), Tr(d&ae*mg)) = Tr(adée*mg)).
As a result,
Tr(A;T)e*tAz(ﬂr)) = —Tr(a5de*mg))+Tr(ad667m§2 )—Tr(aédefmg—)l)—i—Tr(adée*tAz(ﬂr)),

Note that Tr(adde*2%") = 0, we get

S (=1PpTe(AD e A7) = S (=1)7(Tr(adde™*25") + Te(adse25”))
p=0 p=0
= Z(—l)pTr(aAz(f)e_mg))
p=0
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Plugging this into (11) and integrating by parts, we get

d 1o >~ d NG
—f(rs) = 5ZH)P/O * = Tr(ac A7 dt
(26)

n

1 © r
—55 > (=17 / F e (ae ™) dt,

p=0 0

where the boundary terms vanishes for Re(s) large because Tr(ae*mz(ﬂr)) decreases

exponentially for large ¢t and is O(t= / 2) for small t. Use the heat expansion

(27) Tr(ae 2") ~ (Z / tr(auf,;(r))> th=%

k=0"M

we know that the function
° O
s/ 51 Tr(ce ™20 7) dt
0

has a meromorphic continuation to C whose value at 0 is [, tr(au? /2 (r)), and thus
vanishes for n odd. This proves the theorem. Q.E.D.

Theorem 14. Suppose M’ is oriented compact simply connected manifold without
boundary. Then

(28) log TJ\/[XM’ = X(M’) log T]\/[7
where x(M') is the Euler characteristic o M.

Sketch of Proof:
Step 1: By the last theorem, we can choose the product metric on M x M’. Now the
Laplacian on M x M’ comes from the Laplacians on M and M’, and Aﬁ/[XM/ have
eigenvalues A+ p with multiplicities Ny, (A, M)N,(u, M), where A, 11 are eigenvalues
of A;‘,/[ and Af]‘/[/ with multiplicities N, (X, M) and Ny (p, M') respectively, and p +
q=r. As a result,

MM ) =N A+ 1) Np(A M)N (s, M),
A,pu ptHg=r

Step 2: Similar to the proof of Theorem 1, we can show

n1

Y (FLPN,(A M) =0

p=0
for all A (M x M’ is acyclic and 71 (M') = 0 implies M is acyclic), and

na

D (1IN (u, M) =0

q=0
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for nonzero eigenvalues p of Aé‘/f "
Step 3: Now we have

S (M () = S0 ) (i(—l)ppzvp@,m) (i(—an(u,M'))

r=0 A, p=0 q=0
+Y (A (i(—l)pr(M M)) <i(—1)"qu(u7 M’))
A, p p=0 q=0
=) A (Z(—l)Ppr(/\,M)> <Z(—1)qu(0,M’))
A p=0 q=0

ni

= X(M') Y (=1 pG(s).

p=0
References:
[1] D. Ray and I. Singer, R-Torsion and the Laplacian on Riemannian Manifolds,
Adv. in Math. 7, 145-210.
[2] S. Rosenberg, The Laplacian on a Riemannian manifold.
17. 27 APRIL, 2006

17.1. Zuoqgin Wang:- Analytic torsion (continued).

17.2. Fangyun Yang:- Families index. The rescaled superconnection

1
(1) V]E,u —_ VIE,O 4 imu(w)
is a Clifford connection for the Clifford action m,,
(Va2 my(a)] = ma (Ve Mia

by considering separately horizontal and vertical vector fields. So we can define a
‘Dirac operator’ associated to it, which is the Bismut superconnection

2) A AB,mE) — AB,mE), A= mivEL,

Then A is odd with respect to the grading and
(3) AwS) = (dpv)S + (-1)"IvAS, v e A(B), S € T(M,E).
Splitting into horizontal and vertical parts

| 1
(4) A=) VP04 Vel 1 D wlea)(en e)mimimG =0+ Apy + Ap).

abc

Let AM/B € T'(B,End(7.£)) be the family of fibrewise connection Laplacians.

Theorem 15. The curvature is
1
(5) A%2=AM/B 4 1M/t > mimbFE/5(eq, ), Ch(indg) = Str(e™").
a<b
Now e~*” acts on T'(M,E) and has a kernel
(6) Ki(z,y) e T(M X M;7* A® EK, EY).
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Theorem 16. On the diagonal

(7) Ky (z,x) ~ (4mt)""/? itiKi(x), K;€ Y AY(M;End(€)).
i=0 §<2i
Rescaling gives a superconnection
(8) Ay = t268ABP) T =t Ay + Apy + A
(T})Len the limit as t — 0 of Str(e‘A?) exists and gives the explicit families index
9
Ch(A,) = /X 5P Str (K, (2, 2))dz, 68 Str(Ky(w, 2)) — (2mi)~3 / A(M/B)Ch(£/S) as t — 0.

18. 2 MAY, 2006

18.1. Yakov Shapiro:- Connection on the determinant bundle. Usual fam-
ilies setting of a fibration and the infinite dimensional bundle 7,.€ and Dirac oper-
ators on the fibre. Determinant bundle defined earlier from H[io x) over

Uy = {z € B; X is not an eigenvalue of 9, }.
Quillen metric, obtained by modifying the L? metric with a factor

C'(0,5‘6+,A)| N

lle=e" L2

To get a metric connection start from the local super connections induced by
the superconnection on 7,&. Define

Ay = Proo)d + V™E, Ay = 57 Py o) + V™.

Then set
8A)\ 2
1 =T, o [ 2o AN
1) o = Troe (e )
First claim is that the 1-form components are equal
+ _ —
2) ) = Oy

There are exapnsions as s — 0

o0
at ~ g oz,fsi.

k=—n

Consider
(3) / at (N s) = Z w,:ftg + @t logt.

t k—=n
Set
(4) BE=wf —q@F, BT+ B €ER, BT - €iR.

Next claim is that

(5) d¢’'(0,870%,\) = — (B + By).

The local connection over Uy on the determinant bundle of Hjg x)

v+ 6.
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This patches to give a global connection which is compatible with the Quillen met-
ric. Moreover its curvature can be computed and is the 2-form part, in cohomology,
of the Chern character of the index bundle.

18.2. Jonathan Campbell:- Suspension and 7 (his notes). The following is
an exposition of the first half of [1].

We want to be able to define an eta invariant for a larger class of operators. We
have two definitions of the eta invariant already that work for self-adjoint differential
operators and dirac operators and can be extended to other classes on certain
manifolds. Namely, these definitions are

ngn )Nl

s=0
and

C’/ t2 Tr(ﬁe*tSQ)dt.
0

There is another way of defining the eta invariant that with some finessing will
work for pseudo-differential operators of any order, provided these pseudodifferen-
tial operators come from a sufficiently nice space. Before I actually define what
space they come from, I'll give the general form of what we want our eta invariant
to look like, and explain why this makes sense in some way. The way we want our
eta invariant to look is something like

o= [ (a0)

where A is some operator depending on a parameter. Unfortunately, in general this
thing isn’t well defined, there are some problems we’ll see later.

To see why this definition makes sense, we’ll look at it operating on some very
very nice set of operators. Let A be finite rank, self-adjoint and invertible. Then
the eigenvalues all exist. Consider the family of operators A = A + iT associated
with A. Then by the definition of our eta invariant

~ 1 1
n(A) = f,/TI‘(Ail(T)Z')dT = 7/TI‘(A71(T))dT.
™ JRr ™ JrR
Suppose the eigenvalues for A are Aq,..., \,, then the eigenvalues for A= A+ir
are \; +i7,..., A, + i7, and we have

~ [ mae)

%/RZ()\-i-iT)_l = %Z/R(Ajﬂ'f)—l

T .
/\j-‘rlT
%Thlréozlo (Aj —iT)

Now we’ll just look at each term in the summation

= lim 7210g P+ iT)

T—oo T

) J AT 2
lim Aj +iT —lmlog ti = lim log et 1
T—o0 )\j —T Aj — T—o00 |)‘J/T2 —’L'P
T

Note the stuff inside the parenthesis is going to -1, however, when A; > 0, it
approaches -1 from above (i.e. in quadrant II), and when A; < 0 it approaches +1
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form below (quadrant III). Taking the logarithm as the principal branch we have
that
. (/\j + iT) i )\j >0
lim - = .
T—o00 >‘j —T —T >‘j <0

_ Z msgn(A;) = signature(A).
=
j

Thus

So at the very least, for a very very nice case, this version of eta invariant gives
us something nice. Now we’ll extend this invariant to some larger class of operators.

By virtue of our definition, we’ll want the operators to depend on a paramter,
but in a nice way. Let Y be a compact manifold, we’ll start off looking at ¥*(Y xR),
the space of classical pseudodifferential operators (i.e. they’ll just have a formal
development).

We want to turn this into an algebra (which it isn’t now), and we want it to
behave nicely. Note that for the kernels are maps A : C°(Y x R) — C>*°(Y x R).
In order for it to behave nicely, we just declare that the kernels will behave nicely,
off of a compact set:

A=V xR;QY) +S(Y? x R;QY).

In order for the kernels to be defined on Y2 x R we’ll require that the operators be
translation invarint, i.e. if T, : Y xR — Y xR is translation in ¢, T'(y,t) = T(y,t—7)
then

TXAf = AT f Vr eR, f € C(Y x R).
Very informally, this makes it so that the kernel of A € U*(Y x R), A(y,v/,t,s)
depends only on ¢ — s (since it doesn’t matter if we translate then integrate, or
integrate and then translate), so the operator should have the form

// (4t —8)f(y', 5)ds.

This makes A into a convolution operator, i.e. its of the form [ A(t — s)u(s)ds.
If A, B are two operators whose kernels decrease quickly (are Schwarz) and are
convolution operators, then A % B is of the same form. So we’ve made ¥*(Y x R)
into an algebra by giving it some restrictions.

Definition 1. We define U7l (Y) C ¥ (Y x R) to be the set of pseudodifferential
operators that satisfy the conditions above. Also define the set of pseudodifferential
operators action on sections of a bundle E over Y by

V(Y3 B) = U5 (Y) @cx(y) C(Y? Hom(E))

sus sus

The key property of U* (Y; E) is that the symbol of each operator is a symbol
in both y and ¢ variables.

From A € U7 (Y; E) we define the indicial family, as the family of operators
A(r)g = e " A" g)

sus (

or in terms of kernels

Atr) = [ ety v

This is a smooth 1-paramter family of pseudodifferential operators.
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Proposition 5. A € U (Y; E) elliptic, then A(7) is elliptic in O™ (Y; E) for all
T € R and is invertible with inverse ¥~ (Y; E).

Y; E) elliptic and A(t) is invertible for all T € R then
W (Y5 E).

Proposition 6. A € ¥ (

A is invertible with inverse in U,

We'll now define a notion of the trace of A, as it will obviously be necessary in
order to extend our formula for n(A). The regularized trace will be give in terms
of the indicial family

mm:%/wﬂama

— 00
This is only really defined in m < —dimY —1, but we’ll want to extend it somehow.
The way we’ll do this is to consider derivatives

B dr A(T)
hp(T) =Tr ( i >

it is not too hard to show, and its done in [1], that

dr A( )
drp

We’ll basically differentiate repeatedly until the the operator is sufficiently smooth-

ing, and then we’ll be able to integrate. What is really important is the following

Aevo™

sus

(Y; B) =

€ U P(Y; E).

Lemma 15. h,(T) has a complete asymptotic expansion as T — %00,

7_) ~ Z hil|T|m—p+dimY—1
l

Proof. Trust me. Or see [1]. O
Then We’ll define the trace of A as

[/ / / T)drdr .. .dT, ] p>m-+dimY
2 _r

as 7 — 00. This has an asymptotic expansion
(6) Go(7) ~ D gy HHERY ST /() 4 6" () log 7.
7>0
Lemma 16. The above does not depend on p. Also for m < —dimY —1 the above
is equivalent to 2wTr(A).

Proof. We’ll show that the expression is invariant when we increase p by 1. Then

gp+1 / / / + go ))d?‘dﬁ .o.dTy

We get this from integrating hy,i1(7) = =th,(7). go(r) is actually a constant
polynomial, and the p + 1 other integrals turn this into a polynomial, but without
constant term, because of the f_TT term. So the coefficient of 79 is the same in

gp+1(7) and g, (7). U

A desirable property of a trace functional is that it must vanish on commutators.
Next we’ll show that this is indeed the case

Lemma 17. Tr vanishes on commutators.



18.199-S06 47

Proof. We want that Tr([A4, B]) = 0, or

coeff (19)7 7 [/ / / (r)drdr .. drp} =0.

Since A, B are convolution opertors, [A,B] [A, B], and

dA(T)
dr

dB(T)

’ B(T> dr

A(r),

d . )
A, B(r)) =

Notice that differentiating like this reduces the order of the operator by 1. Thus
if we differentiate enough times, it should happen that [A(T), B(7)] = 0. Then
the trace will be 0, by the above lemma. O

Finally, we can define the eta invariant.

Definition 2. For A € U™ (Y; E) elliptic and invertible

sua(
n(A) = 27Tr([A,]A71)

or, equivalently since the indicial family of [4, 7] is %alg(:),

o2 o [ [ [ [0 () (202400 )ttt

Lemma 18. 7 : Inv(¥

rus Y3 E)) — C is an additive homomorphism.

Proof. Fun with commutators! A, B € Inv(¥

sus

(Y; E)) then
[AB,t)(AB)~! = [A,t]A™! + A[B,t)B~'A~L.

Since Tr vanishes on commutators, it is invariant under conjugation. Take the trace
of both sides and we see that n(AB) = n(A) + n(B). O

We will now show that if we define a suspended dirac operator by passing to the
“most trivial” family of operators that one could associate with it, we get the eta
invariant of APS back.

Theorem 17. Let

+
6sus

0
=n+ — e Ul

ot sus(Y; E)

Then the 0=

2.5 are tnvertible if O is invertible and

(0%, = / 4 Te(0e 10" )dt = ()
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Proof (Quick, Sloppy, and Wrong).

1 /oo 1 g2 RO m2, 2
L[ i m@e )dt:/ / Te(@e 1@+ drdt
V7 Jo ( 0 Jowo

:/ / TI‘((5+Z.T)67t(82+T2)dth
—o0 JO0
e 0+ it
= [mTr (52 +T2) dr
d

o ~_q d

REFERENCES
[1] The Eta Invariant and Families of Pseudodifferential Operators, Richard B. Melrose.
[2] Spin Geometry, Michelson and Lawson

19. 9 MAY, 2006

19.1. Maksim Lipyanskiy — Bott peridicity and index. For a locally compact
Hausdorff space

(1) K(X)=ker(p), p: K(XT) — K(+), + — XT.

For a product

(2)
0— K(XxY) — K(XtTxY") — K(XTaeK{Y™ ), (XxY)T = XTxY T /(XTx+)u(+xXT).

Set

(3) K™X)=KR"x X)

and Bott periodicity becomes

@ K" 2(X)~ K "(X),
K(X)x K(Cx X)=K(R?x X).

Explicity maps are given by the Bott map

(5) B:K(X)— K 2%(X), vi— bXuv

where the Bott class b € K(R?) generates the K-theory. Want to construct and
inverse a : K2(X) — K(X).
Suppose one can construct a so that
(1) a(b) = Lin K({pt}).
(2) The diagramme

(6) K2(X xY)~— K2(X)® K(Y)
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The diagramme is just

(7) KR2x X)@ K(Y) —= K(R?2x X xY)

KX)@K(Y)— > K(X xY)
If X = {pt} then this implies
(8) ab-u)=a(b) - u=u

SO « is surjective.
Next, take Y = R? giving

(9) K(R? x X)® K(R?) — K(R2 x X x R?)

3 5
K(X)® K(R?) ——— K(X x R?)
Now, o : (v,z,w) — (w, z,v) is properly homotopic to the identity. Then
(10) a(ub) = o(bu) =4
where, if u € K(R? x X) then @ € K(X x R?) is the corresponding element. Thus
« is injective.

Thus it is only necessary to construct «, and only for compact X.

For a compact manifold M and compact Hausdorff space X consider K (M x X).
This can be represented by bundles which are smooth over M. If d : E — F is an
elliptic differential operator then the index is an element of K(X). Can twist by
any vector bundle over M x X. This constructs a map K(M x X) — K(X) given
by the index of dg. This is a homomorphism over the module action of K(X).

So, to construct d consider 8 : A%°(§?) — A%! has index 1. Then consider the
anti-canonical bundle O(—1) then 9, has index 0. Now, 1—b € K (R?) corresponding
to K(R?) — K(S?) — Z. So we get a by composing
(11) KR?x X) — K(S* x X) — K(X)
has all the desired properties.

20. 11 MAY, 2006
21. ZuoQIN WANG:- CHEEGER-MULLER THEOREM (HIS NOTES)

I. Statement of the theorem

e (M,g) compact odd dim Riemannian manifold, (F,g") flat vector bundle over
M.

e If F is a n-dimensional vector space, set detF = A™(E).

o If (V*,0) : 0 — VO 2yt % .2 yn 0 be a chain complex of finite
dimensional vector spaces, H*(V) = @ ,H* (V) be its cohomology, set

detV* = @l (detV) D', detH*(V) = ©o(det (V)"

e Claim: There is a canonical isomorphism detV*® ~ detH*(V).
Proof: For 0 < i < n we have short exact sequences
0— 0V — Ker(9;41) — H*T — 0, 0 — Ker(9;41) — Vit — 9(Vitl) — 0.
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These exact sequences give canonical isomorphisms

det(Vit1) ~ det(Ker(9;41))®@det(Q(ViTL)), det(Ker(d;41)) ~ det(d(V?))@det(Vi+L).
This gives the required isomorphism.

e Given metrics on V?, which induces metrics ||+ ||get1+ on detV?, we can canonically
construct a metric on det(V*) by || - [lactve = @oll [l gepyiy-vi- Let ||+ [laeerrs (v
be the corresponding metric on det H*(V') by the above isomorphism.

e Let 9* be the adjoint of d. By Hodge theory, H(V*®,0) ~ {v € V! | Ov = 0*v =
0}. Denote | - [qetre(v) be the metric inherited from the metric on V*.

e Set A = 99" +0%0, and let A’ = Aly+. Define det’(A?) to be the product of the
nonzero eigenvalues of A’

e The torsion T of the complex (V*,0) is logTM = 1 3" (—1)%ilog det’ A’

o Claim: |- |laetrre(v) = | - laetre vy - T

e Let f: M — R be a Morse function satisfying the Thom-Smale transversality
conditions, i.e. for any two critical points z,y of f, the stable manifold W*(z) and
the unstable manifold W*(y) (w.r.t Vf) intersects transversely. Let B be the set
of critical points. For « € B, let [W"(z)] be the real line generated by W*(x).

e Set C'(W*, F) = @reBind(z)=i [W"(2)]* ®r F;. By result of Thom-Smale, there
are well-defined operators @ : C* (W%, F) — C*tY(W", F) such that (C*(W", F),d)

is a chain complex, and there is a canonical identification of Z—graded vector spaces
H*(C*(W*¥, F),8) ~ H*(M, F). Thus detH*(M, F) ~ detC*(W*, F).

e The metric g’ induces a metric on C*(W4, F'), thus a metric on detC*(W", F).
By above isomorphism, we get the Milnor metric || - ||é\gttH.(M)F) on the line
detH*(M, F). Milnor proved that this metric coincides with the Reidemeister met-
ric, thus doesn’t depend on f, g, g*.

o Let (Q°(M, F),d") be the deRham complex of smooth sections of A(T*M) ® F.
The cohomology of this complex is H®*(M, F'), which is isomorphic to the space of
harmonic forms in Q*(M, F). Thus the L?-metric on Q®*(M, F) induces a metric

|- |§C€H‘(M,F) on detH* (M, F).

e The Ray-Singer metric is defined to be || - ||dRe§H.(M7F) = |§£H.(M,F)
TRS

. TRS

where is the corresponding Ray-Singer torsion.
Now we can state the theorem:

Theorem 18 (Cheeger-Muller). || - ||§£H.(A17F) = - ||£§tH.(M7F).

e The pair (g7, f) is called a generalized triangulation of M if f is a Morse function
satisfying the Thom-Smale transversality condition, and in a neighborhood of each
critical point 2, one can introduce local coordinate (y1, - - ,¥,) with g7™ Euclidean
in it, such that f(y) = f(z) — i+ +vi) + 3Wi, 1+ +v2)

We only need to prove the theorem for (g, f) being a generalized triangulation.

II. Technical Lemmas

Set df = et/ dFetf | then dF'" = et/§Fet/. The Witten Laplacian is defined
to be Ay = df'df” +df df. Denote A%, = Agiloia,r)- Let THS(f,t) be the
corresponding Ray-Singer torsion.

On the other hand, consider the metric g/ = e~ 2/g¥" on F. Let |-|(}f£H.(M’F),f’t
be the corresponding L2-metric on det H*(M, F). It is easy to see ] = €2/ §Fe=2tf,
thus @ + 6f = ' (df' + df")e "/, so the corresponding new Laplacian satisfies
Apy=(dF +6F) =etl(df +df")2e = et/ Ape~t. Since the map a — e o
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is isomorphism on the space of forms, the new Laplacian and the Witten Laplacian
is isospectral. Thus T7%(f,t) equals the Ray-Singer torsion with respect to gf" and
g™ Tt follows that || - |55 e ar ) = | [ pre (ar, iy .0 - T75 (f11)-

It is well-known that spec(Ay) C [0, e 1C)U(C”|t], 00) for t big. Let TES(f,t)
be the Torsion of the complex with V? the space with small eigenvalues, Tf;s (f,t)
be the “Ray-Singer” Torsion corresponding to (j,(s), the zeta function defined by
big eigenvalues. Clearly, we have TH9(f,t) = TES(f,t) - TES(f,t) for |t| > to.

Set R(M, F, f) =log]|| - ||§£H.(M7F) —log|| - Hé‘;‘tH%M’FY Note that R(M, F, f)
is in fact independent of f, and we only need to prove R(M, F, f) = 0.

Lemma 19 (Bismut-Zhang). Suppose (g, f) is a generalized triangulation, then
log 25 (f,1) = R(M, F, ) + txank(F)Ty2[f] — 1(F)log (£) + o(1),
ast — 400, where Tr2[f] = 3 (—1)™4) f(z), ¥ (F) = rank(F) Y (—=1)™®ind(z).
reB zeB
Lemma 20 (Braverman). Let M, M be Riemannian manifolds with same odd di-
mension, F, F be flat vector bundles with same rank, f : M — R and f: M — R be
Morse functions with same critical point structure, i.e. there exists U C M, UcM
neighborhoods of the sets of critical points such that f = f o ¢ for some isometry
¢:U —U. Then 5
log TS (f,t) —log TRS (f,t) = Z;OZO (a;(t/[tht? + b;(t/|t])t log [t]) + o(1),
as t — oo, and the free term satisfies ap(1) + ap(—1) = 0.

Lemma 21 (Milnor). There exists generalized triangulation (gMXS2,f1) of M x S?
and (gMXSlXS1 , f2) of M x St x St such that fi and fo have same critical structure.

ITI. Proof of the theorem.

By definition we have Ay _; = A_;,, thus TRS(f, —t) = TES(—f,t). So by
Lemma 1, R(M, F, f) —R(M, F, f) equals the free term of the asymptotic expansion
of log TR%(f,t) — log Tllis(f, t). Hence from Lemma 2 we conclude

(1) [R(M,F, f) = R(M, F, )] + [R(M, F, —f) = R(M, F, = )] = 0.

But R(M, F, f) is in fact independent of f, thus we have R(M, F, f) = R(M, F, f)

On the other hand, suppose N is a compact manifold of even dimension, (g7, fV)
is a generalized triangulation on N, then f(z,y) = f(x)+ f~(y) is a Morse function
on M x N, and by exactly the same proof of the theorem on Analytic torsion of
product manifolds, we have log T}25(f,t) = x(N)log T,25(f,t). Thus by Lemma 1

a a

we obtain R(M x N, F, f) = x(N)R(M, F, f). As a corollary, we have
(2) R(M x S?,F,f)=2R(M,F,f), R(M xS'x S F' f)=0.

Now the theorem follows from Lemma 3.
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