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8. Lecture VI I I, 2 October, 2003

Handwritten notes: Pages1-10

(1) n even k =
n
2

; 0 < ej � 1:

The polesof ud
t;M can only be in the sameplaces.
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9. Lecture IX, October 7, 2003

Let me start today by doing a little pieceof analysisusing the Mellin transform.

Lemma 1. If u 2 x � t L 2
b([0; 1 )) for somet > 0 has support in x < 1 and is such

that x d
dx u 2 L 2

b ([0; 1 )) then there exists uj 2 _C1 ([0; 1 )) such that uj ! u in
x � t L 2

b([0; 1 ) and x d
dx uj ! x d

dx uj in L 2
b ([0; 1 ):

Exercise 1. If you are so inclined, �nd a proof which does not use the Mellin
transform!

Proof. First note that if u 2 L b(X ) then x � u ! u in L 2
b(X ) as� # 0 for any compact

manifold with boundary.

Exercise 2. Write out a careful proof of this.

Since we know that x d
dx : H 1

b ([0; 1 ) � ! L 2
b ([0; 1 )) is continuous and that

_C1 ([0; 1 )) is densein H 1
b ([0; 1 )) it su�ces to show that the sequencecanbechosen

in this space.So, the obvious way to get such a sequenceis to take u j = x � j u; with
� j # 0: From the Paley-Wiener theorem, the Mellin transform of u is holomorphic
in Im s < � t and is squareintegrable on real lines in this half spacewith uniformly
bounded L 2 norm. On the other hand,

(1) (x
d

dx
u)M = � isu M

must be similarly holomorphic and L 2 in Im s < 0: Thus certainly, uj ! u in
x � � L 2

b ([0; 1 ) for any �xed � > 0 (and in particular u lies in this space.) Now

x
d

dx
(x � u) = x � (x

d
dx

u) + �x � u

and as already noted, the �rst term convergesin L 2
b to x d

dx u as � # 0 so it su�ces
to show that the secondterm convergesto 0 in this space. The squareof the L 2

norm of its Mellin transform may be estimated as follows:

� 2
Z

R
ju(s � i� )j2ds

� �
Z

j sj� �
1
2

j(s � i� )u(s � i� )j2ds +
Z

j sj� �
1
2

j(s � i� )u(s � i� )j2ds

wherein the �rst term the estimate js� i� j2 � � is usedand in the secondjs� i� j � � 2:
By the assumedsquare-integrabilit y of x d

dx u both terms tend to 0 with �: �

Using this and somerelated analysis I next want to write down the domains of
d + � that we have beendiscussing.First, we always have

(2) x � n
2 +1 H 1

b (X ; C� � ) � DA \ DR :

This is a direct result of the fact (discussedfurther below) that

(3) _C1 (X ; � � ) � x � n
2 +1 H 1

b (X ; C� � )

is densewith respect to the natural Sobolev norm and

(4) d; � : x � n
2 +1 H 1

b (X ; C� � ) � ! L 2
c(X : C� � )

are continuous. Thus for an element u 2 x � n
2 +1 H 1

b (X ; C� � ) there is an approxi-
mating sequence� j 2 _C1 (X ; � � ); with � j ! u; d� j ! du and � � j ! � u all in
L 2

g(X ; � � ):
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From the behaviour of solutions to du = 0 and � u = 0 in the model casewe can
add a few more piecesto the domains. Theseare all determined by the eigenfunc-
tions of the limiting metric, h0; on the boundary. Choose � 2 C1 (X ); a cut-o�
function supported very near the boundary and identically equal to 1 in some
neighbourhood of it. Then set, for n odd

(5)
EA = � � H

n
2 � 1

2
Ho( h0 ) (@X );

ER = � � dx ^ H
n
2 � 1

2
Ho( h0 ) (@X )

in terms of the Hodge cohomology, i.e. harmonic forms, on the boundary for the
metric h0:

Similarly we �x spacesassociated to non-harmonic eigenformsof the tangential
Laplacian. If � is such an eigenvalue for exact k forms on the boundary, so there is
a non-trivial

(6) 0 6= e� 2 C1 (@X ; � k ); e� = de0
� ; d� e� = �e �

we consider

(7) f � = x � is � (xk (� is � + k)e� + xk � 1dx ^ e0
� ); where

� is � = �
n
2

+ j
n
2

� kj + e� ; e� =

r

(
n
2

� k)2 + � � j
n
2

� kj

and then let

(8)

G
n
2 � 1

2 =
X

0<e � < 1
2 ; k= n

2 � 1
2

C�f � ;

G
n
2 =

X

0<e � < 1; k= n
2

C�f � ;

G
n
2 + 1

2 =
X

0<e � < 1
2 ; k= n

2 + 1
2

C�f �

be the corresponding �nite dimensionalsubspaceof k-forms on X : Here,each eigen-
value of the boundary Laplacian on exact k forms, with e� in the indicated range,
is repeated with its (�nite) multiplicit y, as the e� run over a basis. Of coursethe
�rst and third spacesonly make sensewhen n is odd, and the secondwhen n is
even.

Observe that each of these spacesis contained in L 2
g(X ; � � ) but intersects the

smaller spacexL 2
g(X ; �) in 0: The point here is that

(9) du; � 0u 2 _C1 (X ; � � ); u 2 Gk

provided � 0 corresponds to a product-t ype conic metric, equal to dx2 + x2h0 near
the boundary.

Exercise 3. Check (9) carefully! It follows from the formul� for d and � and the
fact that the 2-vector implicit in (7) is a null vector of the 2 � 2 matrix implicit in
the computation of the joint (formal) null spaceof d and � 0 above

(10)
�

� 1 � is � + k
is � � (n � k) �

� �
� is � + k

1

�
= 0:

Here of courses� has beenchosenso the matrix has rank 1:
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This takescare,aswe shall see,of all the possiblepoleswe discoveredwithin the
`critical strip' � n

2 < Im s < � n
2 + 1 for the Mellin transform of a form annihilated

by d and � 0: We need also to consider the poles on the line Im s = � n
2 + 1: To

handle thesewe consideran in�nite-dimensional spaceof functions on the line

(11) L =
�

h 2 x � � L 2
b([0; 1 )) ; � > 0;h = 0 in x > 1; x

d
dx

h 2 L 2
b ([0; 1 ))

�
:

Notice that Lemma 1 applies to elements of this spaceand shows in particular that
it is independent of the choiceof �: With thesefunctions ascoe�cien ts we consider
spacesrelated to those in (5) and determined by the harmonic n

2 � 1 forms on the
boundary with respect to h0 :

(12)
E

n
2 � 1

L = L(x) � H
n
2 � 1

Ho( h0 ) (@X );

E
n
2 +1

L = x2L(x) � dx ^ H
n
2 � 1

Ho( h0 ) (@X ):

Exercise 4. Again you should do the little computation to seethat if n is even then

(13) E
n
2 � 1

L � L 2
g(X ; � � ) and u 2 E

n
2 � 1

L =) du; � 0u 2 L 2
g(X ; � � ):

Similarly we considerspacescloselyrelated to those in (8) involving the form (7)
corresponding to an exact boundary k-form which is an eigenformfor the boundary
Laplacian:

(14)

G
n
2 � 1

2
L =

X

e� = 1
2 ; k= n

2 � 1
2

L � f � ;

G
n
2
L =

X

e� =1 ; k= n
2

L � f � ;

G
n
2 + 1

2
L =

X

e� = 1
2 ; k= n

2 + 1
2

L � f � :

Notice that the non-trivialit y of thesespacescorresponds to an `accident' in which
there is a positive eigenvalue for which e� takeson a speci�c value.

Exercise 5. If you haven't thought about this already, given an exampleof a func-
tion which is in L but is not in L 2

b ([0; 1 )) :

Finally we get to an explicit description of the domains.

Prop osition 1. For a conic metric on a compact manifold with boundary

(15) D =
�

u 2 L 2
g(X ; � � ); du; � u 2 L 2

g(X ; � � )
	

= x � n
2 +1 H 1

b (X ; C� � ) + E �
A + E �

R + G� + E �
L + G�

L ;

and DA and DR are the samewithout the summandsG�
R and G�

A respectively.

Remark 1. a) Before proceedingto the proof of this, note that the di�erence
betweenDA and DR amounts to the repalacement of a �nite dimensional
subspaceof the domain by another, of the samedimension { becauseby
Poincar�e dualit y H

n
2 � 1

2 (@X ) have the samedimension.
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b) The `complicated' (in particular in�nite-dimensional) extra terms in (15),
E �

L and G�
L ; are really rather insigni�can t. As follows from the discussion

below, if we give D the obvious norm

(16) kuk2
D = kuk2

L 2
g

+ kduk2
L 2

g
+ k� uk2

L 2
g

then x � n
2 +1 H 1

b (X ; C� � ) + E �
L + G�

L is the closureof x � n
2 +1 H 1

b (X ; C� � ) (and
hencealso of _C1 (X ; � � )) in D :

c) In particular this means that the quotient of D by D 0; the closure of
_C1 (X ; � � ) in D ; is �nite dimensional.

Exercise 6. Check the statement following (16); the discussionbelow shows that
this set is contained in the closure; the converseamounts to the exclusion of the
other sets E �

A ; E �
R and G� : For the �rst two this is done below and a similar

argument also works for the third.

Exercise 7. Show that the bilinear form

(17) W : D � D 3 (u; v) 7�!
Z

X
((du + � u; v) � (u; dv + � v)) dg

is antisymmetric (if we are dealing with real forms and the real pairing) and van-
isheson D0: Let Dm = DA \ DR be the subspaceof D consisting of the elements
have approximating sequencesuj 2 _C1 (X ; � � ) such that uj ! u and duj ! du in
L 2

g and also are approximable in L 2
g by a possibly di�eren t sequencevj for which

� vj convergesin L 2
g: Show that W vanisheson Dm and that that D=Dm is a sym-

plectic vector spacein which D A =D0 and DR =D0 are complementary Lagrangian
subspaces.

Proof. From elliptic regularity (which I still have to prove) we `know' that

(18) u 2 L 2
g(X ; C� � ); du; � u 2 L 2

g(X ; C� � ) =) u 2 x � n
2 H 1

b (X ; C� � ):

Thus, we start o� with one factor of x lessthan we needto get into the �rst term
in the putativ e expansionof D :

Exercise 8. Check again that you know why all the terms in (15) are in L 2
g(X ; C� � ):

Now, we are dealing with a conic metric which is not necessarilyof product type
near the boundary. On the other hand, the result we are looking for only depends
on the limiting metric h0 and not the higher perturbations

(19) g = dx2 + x2h(x; y; dy; dx) = g0 + xq(x; y; xdy; dx); g0 = x2 + x2h0(y; dy):

To seethis directly observe that the Hodge star operator has a similar property

(20) ?g = ?g0 + xA

where A is a smooth homomorphism of C� � :

Exercise 9. Seeif you can do this reasonablyneatly!

This in turn implies that

(21) � g = � g0 + B ; B 2 Di� 1
b (X ; C� � ):

Thus B has no 1=x factor. Now,

(22) D � x
n
2 H 1

b (X ; C� � ) B� ! L 2
g(X ; C� � )
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from which it follows that D ; DA and DR for the metric g are the sameas they are
for a product metric g0 with the samelimiting metric h0: Thus we are reduced to
the caseof a product-t ype metric for which we were able to do computations using
the Mellin transform.

All the terms in the expansionof D ; apart from the �rst, correspond to the poles
we discovered in examining the condition du = � 0u = 0: We are now working with
weaker regularity, namely that du; � 0u 2 L 2

g: Thus, writing out u 2 D in terms of
its normal and tangential parts as before tangential parts

(23)

�
� dt x@x + k

0 dt

� �
un

ut

�
2 x � n

2 +1 L 2
b([0; 1 ); L 2(@X ))

�
� � t 0

� x@x � (n � k) � t

� �
un

ut

�
2 x � n

2 +1 L 2
b ([0; 1 ); L 2(@X ))

The analysis of the (truncated) Mellin transform proceedsvery much as before
except that the right side in (23) leads only to a holomorphic Mellin transform
in Im s < � n

2 + 1 with L 2 integral on real lines in this set uniformly bounded.
Moreover, the invertibilit y of the full matrix

(24)
�

� dt � � t x@x + k
� x@x � (n � k) dt + � t

�

o� the imaginary axis follows as before and it only has a �nite number of poles
in � n

2 < Im s < � n
2 + 1 of �nite multiplicit y. Thus we conclude that uM is

meromorpic as a function in Im s < � n
2 + 1 with values in H 1(@X ; C� � ) and suM

is square-integrable, with values in L 2; on real lines except possibly near Res = 0:
Writing out the steps in the argument we �nd

(1) From the tangential part of the �rst condition and the normal part of the
second, the coexact part of ut and the exact part of un ; in terms of the
Hodge decomposition with respect to h0; must be the Mellin transforms of
functions in x � n

2 +1 H 1
b (@X ; C� � ):

(2) The harmonic parts must be such that (� is + k)uH
n;M and (is � n + k)uH

t;M

are the Mellin transforms of functions in x � n
2 +1 ([0; 1 )) with valuesin this

vector space.
(3) For the exact part of un;M and the coexact part of ut;M the projection onto

the span of the eigenformswith eigenvalues larger than someR are neces-
sarily in x � n

2 +1 H 1
b : Each of the components corresponding to an eigenvalue

� satisfy the sameequation as before with an error in x
n
2 +1 H 1([0; 1 )) :

So the poles in Im s < � n
2 + 1 of the Mellin transform of u 2 D are therefore

precisely the same as thos of the solutions of du = � 0u = 0 as analysed before.
The terms in the spacesG�

A ; G�
R and E � have exactly these poles, with arbitrary

coe�cien ts of the appropriate type. Thus, subtracting them we may arrange that
uM has no poles below Im s = � n

2 + 1: However the result may still not be the
Mellin transform of a function in x � n

2 +1 H 1
b (X ; C� � ): However, a similar argument

for the poles lying on Im s = � n
2 + 1 gives rise to terms in G�

L and E �
L : After

subtracting theseterms the result is a form in x � n
2 +1 H 1

b (X ; C� � ) which shows that
D is indeed given by (15).

To shows that DR is as indicated, we needto show that all terms apart from EA

are contained within it, and that EA \ DR = f 0g: The �rst requiresthe construction
of approximations uj 2 _C1 (X ; � � ) such that uj ! uand duj ! du in L 2

g: For terms
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in E �
R a simple cut-o� su�ces. For terms in E �

L and G�
L approximabilit y follows

from Lemma 1. For the terms in G� ; which are of the form

�x � is � (xk (� is � + k)e� + xk � 1dx ^ e0
� )

we �rst approximate the normal term using a simple cut-o� setting

uj;n = x � is � (1 � � (x=� ))( � is � + k)dx ^ e0
�

and then �x the tangential part by solving

(25) uj;t = (� is � + k)� (x)x � k
Z x

0
tk � 1� is � (1 � � (t=� )dte� :

That �
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10. Lecture X; in par t

So, I had somedi�culties in this lecture! Zhang Zhou pointed out subsequently
that the proof of self-adjointnessof d + � with domain D R is inadequate. This is a
caseof me trying to avoid work earlier, only to causetrouble later. The di�cult y
is that from the de�nition of D �

R ;

(1) D �
R =

�
u 2 L 2

g(X ; � � ); DR 3 � 7�! h(d + � )�; ui

extendsby continuit y to L 2
g(X ; � � )

	

it does not follow directly that the domain is order-graded. That is, we certainly
deducethat (d + � )u 2 L 2

g for the distributional action of the di�eren tial operator
but we do not know that du; � u are separately in L 2

g: So, we are forced to go back
to the earlier analysis and work harder to derive not just the structure of D but
the structure of the, in general larger, space

(2) Dmax (d + � ) =
�

u 2 L 2
g(X ; � � ); (d + � )u 2 L 2

g(X ; � � )
	

:

As I said, I should have done this directly but maybe it is better to postpone it to
this point where we have the experienceto do it relatively easily.

Prop osition 2. The maximal domain D max (d+ � ) = D + U0 where U0 is the �nite
dimensional vector space which for evenn is

(3) U0 = � (x) spf x � is � + k (( is � (n � k � 2)) k � dx ^ d! k )

where the linear span is over k and coexact k-forms  k which are eigenformsof the
boundary Laplacian, � k = �  k with

(4) � is = �
n
2

+ 1 �

r

(
n
2

� 1 � k)2 + � > �
n
2

:

It follows immediately that such forms can occur only in for dimensionsk = n
2 � 1 if

n is even of k = n
2 � 1� 1

2 if n is odd. The forms in (3) can never be degree-graded,
unlesszero of course.

Proof. Elliptic regularity applies as before to show that if u 2 D max (d + � ) for a
conic metric then u 2 x � n

2 H 1
b (X ; C� � ): Thus, exactly as with the discussionof D ;

the spaceDmax is the samefor any two metrics with the sameboundary metric
h0: We can therefore work with a product-t ype metric and analysethe conditions
under which

(5) v = �
X

k

(xk ut;k (x) + xk � 1dx ^ un;k � 1(x))

is such that (d + � )u 2 L 2
g; given that u itself is in L 2

g; which is just the condition

(6) un; � ; ut; � 2 x � n
2 L 2

b(X ; � � (@X )):

The Hodge decomposition on the boundary allows these tangential and normal
parts to be divided. Namely we set

(7) L 2(@X ; � � ) + L 2(@X ; � � ) = H + G + U

whereH is the harmonic part in all degrees,G is the part we discussedextensively
before

(8) u 2 G ( ) un 2 dH 1(@X ; � � ); ut 2 � H 1(@X ; � � )
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and U is the remaining part

(9) u 2 U ( ) un 2 � H 1(@X ; � � ); ut 2 dH 1(@X ; � � ):

The harmonic part is �nite dimensional, given by a smoothing operator applied to
(ut ; un ) whereasthe components in G and U are given by the action of pseudodif-
ferential projections of order 0: This meansthat, as necessary, we can track their
regularity in Sobolev spaces.

The point of the decomposition (7) is that it is directly related to the action of
d + � ; in the product-conic case. Thus, dt + � t maps exact to coexact forms and
converselyso the components of (un ; ut ) in H ; G and U are mapped, respectively,
into H ; U and G so must separately take values in L 2

g: The H and G components
were analysedearlier, so consider the component in U: From the form of d and �
(and taking care to get the value of k right for the action in a given form degree)
we arrive at the condition

(10) � � 0un;k +1 + (x@x + k)ut;k 2 xL 2
g(� x@x � (n � k � 2))un;k +1 + dut;k 2 xL 2

g

as conditions between the tangential component in degreek and the normal com-
ponent in degreek + 1 (as opposedto k � 1 for G:)

As beforewe analysethe degreeto which the condition (10) doesnot imply that
u 2 x � n

2 +1 H 1
b (X ; C� � ) by using the Mellin transform to �nd any possiblepoles in

the strip � n
2 < Im s � � n

2 + 1: Such polesmust satisfy

(11) � � � k+1 + (� is + k) k = 0; (is � (n � k � 2))� k+1 + d k = 0

where� k+1 is exact and  k is coexact. Eliminating betweenthe equationsasbefore
gives

(12) � �  k + (is � (n � k � 2))( � is + k) k = 0

which is to say that (is � n + k + 2)(is � k) = � must be a positive eigenvalue of
� acting on coexact k-forms. Completing the squarewe �nd

(13) � is = �
n
2

+ 1 �

r

(
n
2

� 1 � k)2 + � :

This of course is pure imaginary and can lie in the `critical strip' only when the
sign is � and then only when k = n

2 � 3
2 ; k = n

2 � 1 or k � n
2 � 1

2 and only for
correspondingly small eigenvalues, namely � n

�
3
2

< 3
4 ; � n

� 1 < 1 and � n
�

1
2

< 3
4 : In

particular there are never such `accidental poles' on the line � is = � n
2 + 1: These

polescan be removed by subtracting a term as in (3). �

Now, the defect form Q is de�ned on the whole of D max :

(14) Q(u; v) =
Z

X
(h(d + � )u; vi � hu; (d + � )vi ) dg:

Moreover by the approximabilit y conditions already discussedit vanishesif either
factor is in

(15) Dmin (d + � ) =
�

u 2 L 2
g(X ; � � );

9un ! u in L 2
g; un 2 _C1 (X ; � � ); (d + � )un ! (d + � )u in L 2

g

	
:

For the moment we know at least that D min contains all put the �nite dimensional
parts E �

A ; E �
R ; G� in D and U � in Dmax : There remains a little computation to do:
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Lemma 2. The defect (or boundary) pairing Q de�nes non-degenerate pairings
between E �

A and E �
R and alsobetween G� and U � and vanisheson all other pairings.

Proof. Well, we already know the �rst part. The secondpart follows by a similar
integration-by-parts argument and the eigendecomposition of boundary forms. �

Exercise 10. Carry through the argument here!

So, with this extra work we can seewhy

(16) D �
R = DR :

Namely, u 2 D �
R certainly implies that u 2 Dmax (d+ � ): Then the de�nition implies

that Q must vanish on DR � D �
R : The fact that G� � DR and the lemma above then

shows that U � \ D �
R = f 0g; which is to say D �

R � D where the previous argument,
just the pairing argument for E �

� takesover and shows that D �
R � DR ; and hence

they are equal.

Exercise 11. Usethe sameargument to decideon the exact identit y of D min (d+ � ):
Show that an self-adjoint operator gB which is givenby d+ � acting on somedomain
DB with Dmin � B � Dmax corresponds to a maximal subspaceof E � + G� + U �

on which Q vanishes.

Sincemy handwritten lecture notes for today are at best misleading on blow-up
of a boundary faceof a manifold with cornersI have typed up something closer to
what I actually said.

Rather than just de�ne X 2
b = [X 2; (@X )2]; which weneedfor the de�nition of the

algebra 	 �1
b (X ); I will give the generalde�nition of [Z; F ] where F is a boundary

faceof a compact manifold with corners,Z: By de�nition (and this is what makes
this easierthan the generalcaseof an appropriately embeddedsubmanifold) there
are global de�ning functions for F: Namely, if H i are the boundary hypersurfaces
of Z which contain F and x i are de�ning functions for the H i ; i = 1; : : : ; k then
the simultaneous vanishing of the x i de�nes F; at least locally near F (there may
be other components of the intersection of thesek hypersurfaces).

Now to de�ne a manifold it su�ces to give the spaceof smooth functions on it.
We can set

(17) C1 ([Z ; F ]) =

f u 2 C1 (Z n F ); u is smooth in any normal polar coordinates at a point of F g:

Here, by normal polar coordinates, I mean polar coordinates in the de�ning func-
tions x i : Thus the local coordinatesare x i ; yj ; j = 1; : : : ; n � k: By polar coordinates
I will, for the moment, mean `projective' polar coordinates. Theseare the k func-
tions

(18) r = x1 + � � � + xk ; t i =
x i

r
; i = 1; : : : ; k � 1; yj :

Notice that (as always locally near F ) r = 0 only at F: It is only becauseit is a
`corner' of Z that we can do this. We can replaceany oneof the `angular' variables
t i by tk = x k

r ; or more generally take any k � 1 of thesek variables as coordinates.
To seethat the de�nition (17) really makes sense,we need to show that it does
not actually depend on the choicesof the x i and yj ; although the latter is prett y
obvious.
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Lemma 3. If F : U;0 � ! U0; 0 is a di�e omorphism of (relatively) open subsets
of Rn;k with F (0) = 0 then the pull-back under F of any C1 function of the polar
coordinates r; t1; : : : ; tk � 1; yj is also a C1 function of thesevariables.

Proof. It su�ces to show that the pull-pack functions F � r; F � t i and F � yj are C1

functions of r; t i and yj ; since then the same is true for any smooth function of
these variables. It is clear than any relabelling of the x i has this property, so we
can assumethat F maps each of the boundary hypersurfacesx i into itself (rather
than permuting them). Thus F � x i = ai x i with 0 < ai a C1 functions near 0 on
Rn;k : Sincex i = t i r; it follows that

(19) F � r =
kX

i =1

F � x i = (
kX

i =1

ai t i )r = �r ; 0 < �:

Herewe usethe fact that the t i ; 1 = 1; : : : ; k � 1 take valuesin the standard simplex
in Rk � 1; i.e. 0 � t i � 1 and t1 + � � � + tk � 1 � 1: Sincetk = 1 � t1 � � � � � tk � 1 and
the ai in (19) are smooth and positive, it is indeed the casethat the coe�cien t �
is positive and a smooth function of the polar variables. From this the rest follows
easily, sincefor instance

(20) F � t i =
F � x i

F � r
= � � 1ai t i :

�

Exercise 12. Check that theseprojective coordinates are equivalent to polar coor-
dinates in the usual sense.That is, show that the functions R = (x2

1 + � � � + x2
k )

1
2

and ! i = x i =R are smooth functions of r and the t i and conversely. Notice that
the ! i are the coordinates of a vector in Sk � 1;k � 1 = Sk � 1 \ Rk ;k ; and that any
k � 1 of the ! i can be usedas coordinates at a point on the sphere,except if there
is one which takes the value 1 at the point, in which caseonly the others form a
coordinate system.

Having shown that the de�nition (17) doesactually make senseindependent of
coordinates, we need to check that the spaceof functions so de�ned is indeed the
spaceof all C1 functions on a compact manifold with corners. To make this space
concretewe can usethe chosende�ning functions x i to identify it as

(21) [Z; F ] = (Z n F ) [ � � F; � = f t 2 Rk � 1;k � 1; t1 + � � � + tk � 1 � 1g:

Prop osition 3. Once the de�ning functions x i are �xed, the space in (17) gives
[Z ; F ] in (21), for F a boundary face of a compact manifold with corners Z; a
natural structure as a compact manifold with corners.

Proof. Already proved really. We can identify a neighbourhood of F in Z with the
product F � U where U is a neighbourhood of 0 in Rk ;k of the form x1 + � � � + x< �;
� > 0: Then the functions r and t i = x i =r allows us to identify the part of the union
in (21) consisting of nF and � � F with F � � � [0; � )r : This is consistent with the
de�nition of C1 ([Z ; F ]) and so givesthe spacea C1 structure. �

Exercise 13. If you want to de�ne [Z ; F ] as a set, canonically and not as in (21)
by referenceto some particular collection of de�ning functions, it is not hard to
do; so do it! The usual way is to intro duce the normal bundle to F: This is the
quotient of the tangent bundle to Z over F; TF Z; by the tangent bundle to F: Thus
NpF = TpZ=TpF for all p 2 F: It is a bundle of rank k over F and has a positive
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`quadrant' bundle, namely the image of the tangent vectors which satisfy V x i � 0
for all i: This condition is independent of the choice of de�ning functions x i : If we
let N + F denotethis `quadrant bundle' we can passto the corresponding `fractional
spherebundle' { really a bundle of simplices { given by the quotient by the �bre
R+ action, SN + F = (N + F n 0)=R+ : After all this we can set, as a set,

(22) [Z ; F ] = (Z n F ) [ SN + F:

Check that the choiceof de�ning functions x i givesa natural identi�cation SN + F =
F � � and the C1 structure induced on [X ; F ] in (22) by this choice is actually
independent of the choice.

Now, the blown up spacecomeswith a smooth map back to the original

(23) � : [X ; F ] � ! Z; � (r; t; y) = (r t; y);

which is independent of any choices,since it is just the canonical identi�cation on
the �rst part of (21), or (22), and the projection onto F on the secondpart. Under
this map, the `new' boundary face r = 0 is identi�ed with F ; sometimes I call
r = 0 the `front face' of the blow up, or if a suddenalgebraic wave overcomesme,
the (exceptional) divisor. The lifts (proper transforms) of the old boundary faces
x i = 0 are the t i = 0; which are mapped smoothly onto them; I will often use the
notation � � (H ) for the lift of a boundary hypersurfaceand � (� ) for the front face.
Notice however that

(24) � � 1(f x i = 0g) = f r = 0g [ f t i = 0g = � (� ) [ � � f x i = 0g;

so the preimage of a boundary hypersurfacecontaining F is the union of its lift
(proper transform) and the front face (divisor).

Exercise 14. Make sure you seethat in this real setting, blowing up a boundary
hypersurfacedoesabsolutely nothing.

Now, back to the matter at hand. We want do identify the space of `order
�1 b-pseudodi�eren tial operators' on X with a spaceof smooth kernelson X 2

b =
[X 2; (@X )2]: To do so, we should be careful and include the obligator right density
factors. Sincewe are in this `b-category' it is natural (and wise) to take the density
to be a b-density.

To do so, let me intro duct another little bit of notation. Sincewe will need to
talk about the projections of X 2 onto the factors, set

(25) � R : X 2 � ! X ; � R (x; x0) = x0; � L : X 2 � ! X ; � L (x; x0) = x:

Then we needthe corresponding `stretched' maps from X 2
b :

(26) � b;R : X 2
b � ! X ; � b;R = � R � � ; � b;L : X 2

b � ! X ; � b;L = � L � � :

De�nition 1. On any compact manifold with boundary we set

(27) 	 �1
b (X ) = f A 2 C1 (X 2

b ; � �
b;R 
 b ); A � 0 at � � (@X � X ) [ � � (X � @X )g:

recall that u � 0 at H for a smooth function u indicates that it vanisheswith its
Taylor seriesat each point of H ; so all derivativesvanish there.

Now, as we shall see,theseare operators and form an algebra.
Let me show �rst that the act on the smallest reasonablespace, _C1 (X ): It is

easy to seethat the Schwartz kernel theorem applies here and shows that A 2
	 �1

b (X ) doesde�ne an operator from _C1 (X ) to C�1 (X ); the spaceof extendible
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distributions (the dual of _C1 (X ; 
) : This is prett y unimpressive, and would not
allow us to compose the operators. To do so, observe how the action should go.
We want to `de�ne'

(28) Af =
Z

X
A(z; z0)f (z0)

where f 2 _C1 (X ) and I have formally written z; z0 for the two `variables' in X :
Notice that the kernel A is supposedto carry within it the density factor needed
to carry out the integral.

Trying to interpret (28) rigourously, we have to think of A asa smooth function
on X 2

b : The functin f is on X but in (28) this is clearly supposedto be interpreted
as the right factor of X 2: So we can consider the product

(29) A � � �
b;R f 2 _C1 (X 2

b ; � �
b;R 
 b ):

Here we are using the obvious fact that � �
b;R f 2 C1 (X 2

b ) which is just the smooth-
nessof the map, but also the fact that it vanishesto in�nite order at � \ � � (X �
@X ) = � � 1

b;R (@X ); simply becausef ; by assumption, vanishesto all orders at the
boundary. Now, A already vanishesto in�nite order at the old boundaries so the
product in (29) does,as claimed, vanish to in�nite order at all boundaries.

Now, oneelementary property of the blow-up procedureis that it inducesan iso-
morphism on functions that aresmooth and vanishto in�nite order at all boundaries

(30) � � : _C1 (Z )  ! _C1 ([Z ; F ])

for the blow-up of any boundary face. This allows us to interpret the product in
(29) as a section of the b-density bundle

(31) Af 2 _C1 (X 2; � �
R 
 b) = _C1 (X 2; � R 
)

where we usethe fact that the sectionsof 
 b which vanish to in�nite order at the
boundary are the same,naturally , asthe sectionsof 
 ; the ordinary density bundle.
Finally then we seethat

(32) 	 �1
b (X ) � _C1 (X ) 3 (A; f ) 7�!

Z

X
Af 2 _C1 (X )

is actually a continuous bilinear map. In particular we get the desired operator
interpretation

(33) A : _C1 (X ) � ! _C1 (X ); A 2 	 �1
b (X ):

Exercise 15. Check that this action is faithful, i.e. if A vanishesas an operator
(33) then it vanishesas an element of the space	 �1

b (X ):
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11. Lecture XI: October 14

Last time I de�ned (again) the space	 �1
b (X ) and showed that its elements are

operators on _C1 (X ): Today I want to prove that they form an algebra and discuss
someof its properties, relating them in generalto geometric properties of X 2

b (`the
b-double space'). As a warm-up exercise,that turns out to be closeto the proof of
the composition theorem, let me discuss

Prop osition 4. The elementsof 	 �1
b (X ) act on C1 (X ):

Of coursethis is also important in its own right, as a further justi�cation that the
elements of 	 �1

b (X ) act on `almost everything'.

Proof. We are supposedto get this action in the sameway asthe action on _C1 (X ):
Notice that � �

b;R : C1 (X ) � ! C1 (X 2
b ) so the big di�erence is that we do not have

vanishing at the preimageof the boundary, hencenot at � (X 2
b ): We can summarize

the operations in the little diagram

(1) X 2
b

� L; b

~~}}
}}

}}
} � R; b

  A
AA

AA
AA

X X

In fact it is clear from the de�nition that

(2) 	 �1
b (X ) is a C1 (X 2

b )-module.

Thus, in trying to show that when we integrate A� �
b;R f over the right factor of X

we get an element of C1 (X ); we might as well forget about f and just integrate a
generalA: Thus we are trying to show that the push-forward map to the left factor
gives

(3) (� b;L )� : 	 �1
b (X ) � ! C1 (X ):

Note that if the map in question was a �bration, as the left projection from X 2 is,
then this is a version of Fubini's theorem. However � b;L is NOT (quite) a �bra-
tion. If it were a �bration then (3) would be true without the vanishing conditions
on the `old boundary faces' which are inherent in the de�nition of 	 �1

b (X ) and
C1 (X 2

b ; � �
b;R 
 b ) itself would push-forward into C1 (X ); it doesnot, so we have to

make useof this vanishing.
So, to business.To prove (3) we can work locally on X 2

b : Indeedusing a partition
of unit y wecancut the kernel,A; up into small piecesand assumethat it hassupport
in the preimageof the product of coordinate neighbourhoods in the two factors of
X : If we are away from the front face of X 2

b ; so away from the corner `downstairs'
in X 2; then (3) is obvious { the map is locally a �bration and in any casewe are
back to the previous result and the image is actually in _C1 (X ):

Thus, we can assumethat A has its support in a `polar coordinate' neighbour-
hood [0; � )r � [� 1; 1]t � U � U0 where U;U0 are open neighbourhoods of 0 2 Rn � 1

with coordinatesy; y0 and r = x+ x0; t = (x � x0)=r are projectivepolar coordinates.
Then

(4) A = a
dx0

x0 dy0; a 2 (1 � t)k (1 + t)k 0

C1
c ([0; � ) � [� 1; 1] � U � U0) 8 k; k0:
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Here the factors of 1 � t and 1 + t re
ect the assumedrapid vanishing at the old
boundaries,which are t = � 1: In fact, becausewe want to discussthe map back to
x; y variables, it is convenient to intro duce the singular projective coordinates

(5) s = x0=x; x; y; y0 so t =
1 � s
1 + s

; r = (s + 1)x:

These are valid coordinates in someregion 0 � r � �; t 2 (� 1; 1] with t = 1; � 1
corresponding to s = 0; 1 : My claim is that, despite the singularity of thesecoor-
dinates, we can translate the conditions on a to imply

(6) a0(s; x; y; y0) = a(r; t; y; y0) =) a0 2 S([0; 1 ); C1
c ([0; � ) � U � U0)) :

By this I just mean that a0 is C1 has support contained in [0; 1 ) � K for some
compact K � [0; � ) � U � U0 and all derivatives (meaning in s; x; y and y0 of all
orders) vanish rapidly as s ! 1 :

This is clear in 0 � s � S where the coordinates are legitimate. In s � S > 0 for
any �xed S; we can intro duce s0 = 1=s (= x=x0) taking values in (0; 1=S): We still
do not quite get legitimate coordinates since t = s0� 1

s0+1 is �ne, but r = (1 + s0)x=s0

is not smooth. Sincex = x0s0; s0; x0 are legitimate coordinates in this region, with
r = (1 + s0)x0 so we do get a smooth function, b; of s0; x0; y; y0 which vanishesto
in�nite order at s0 = 0 and has bounded support in x0: Notice that such a function
can indeed be written as a smooth function of s0; x; y; y0 :

(7) b0(s0; x; y; y0) = b(s0;
x
s0; y; y0)

becausethe singularities in the secondvariable, ass0 ! 0 are swamped by the rapid
decay in s0: For instance we can write

b = (s0)N bN (s0;
x
s0; y; y0); bN C1 ;

from which it follows that the �rst N � 1 derivatives in x are continuous down to
s = 0: Now, for a function to be smooth and vanish to in�nite order at s0 = 0 is
equivalent to its being `Schwartz' in the variable s = 1=s0 near s = 1 : Thus we do
really have (6).

Exercise 16. Prove the converse to (6) that this (with the correct support con-
straints) doesactually characterize the kernelsof elements in 	 �1

b (X ):

Finally then we can write our push-forward integral as

(8)
Z 1

0

Z

Rn � 1
a(

x0

x
; x; y; y0)

dx0

x0 dy0

where the supports in x0 and y0 are actually bounded. Changing variable from x0

to s = x0=x this becomes

(9)
Z 1

0

Z

Rn � 1
a(s; x; y; y0)

ds
s

dy0

Note that the measure has `miraculously' become regular except at s = 0; 1
wherewe have corresponding rapid vanishing (or decay) in the integrand. Thus the
integral (9) convergesabsolutely and uniformly to a smooth function of x and y:
This is what we needto prove. �
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This proof is a bit hands-on for my taste! For later purposesI will generalize
this result and make it more geometric. The results I will formulate next will �rst
(as usual you might say) be used to prove something worthwhile, in this casethe
composition theorem, and then later it will be proved. The proof can be based
on computations in singular coordinates just like that above, but there are other
approachestoo.

First think about the properties of smooth maps between compact manifolds
with corners. We know what smoothnessmeansalready, but we needto add some
conditions as to how boundariesare mapped. Recall that the boundary hypersur-
faceseach have de�ning functions (if you like these are simply generators of the
C1 -module of functions which vanish on the boundary hypersurfacein question),
� H for each H 2 M 1(X ):

De�nition 2. A smooth map F : X � ! X 0 is a b-map if each boundary de�ning
function � 0

H 0; H 0 2 M 1(X 0) pulls back to a product of boundary de�ning functions
for X :

(10) f � � 0
H 0 = aH 0

Y

H 2 M 1 (X )

� e(H ;H 0)
H ; a < aH 0 2 C1 (X ):

It is an interior b-map if it maps the interior of X into the interior of X 0: It is a
simple b-map if it is a b-map and in addition the exponents e(H ; H 0) take only the
values0; 1: It is a b-normal map if it is a b-map and in addition for each H 2 M 1(X )
there is at most one H 0 2 M 1(X 0) such that e(H ; H 0) 6= 0:

A simple b-normal map is one which is simple and b-normal, etc, duh.

Exercise 17. Translate thesede�nitions into statements about the behaviour of the
ideals corresponding to boundary faces.

Now recall that the b-cotangent bundle bT � X is the ordinary cotangent bundle in
the interior, but neara boundary facehasaslocal basisthe `logarithmic di�eren tials'
dxi =xi and dyj in terms of our usual adapted coordiantes. The b-tangent bundle,
its (pre-)dual, has corresponding basisx i @x i ; @y j :

Prop osition 5. Any interior b-map the usual di�er ential on the interior extends
by continuity to a `b-di�er ential' and its dual

(11) f � b : bT �
f (p) X

0 � ! bT �
p X ; f � b : bTpX 0 � ! bTf (p) X ; f orallp 2 X :

Note that despite somedanger of confusion, I will generally denote this `new' dif-
ferential by f � or f � ; just like the usual one.

Exercise 18. Seeif you can carry the proof through.

De�nition 3. An interior b-map f : X 7�! X 0 is said to be a b-submersion if it
is surjective and f � b = f � : TpX � ! Tf (p) X 0 is surjective for each p 2 X : A
b-submersionwhich is also b-normal is said to be a b-�br ation

Exercise 19. Check that thesede�nitions are not at all vacuous!

(1) Show that the blow-down map � : [X ; F ] � ! X for F a boundary face of
a manifold with corners is always a b-submersionbut not a submersionin
the usual senseunlessF is a boundary hypersurface(in which caseit is the
identit y map).
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(2) Show that this blow-down map is never b-normal, and hence is not a b-
�bration, unlessH is a boundary hypersurface.

(3) Show that the `stretched projection' � L; b : X 2
b � ! X is a b-�bration but

is not a �bration in the usual sense.

I will discuss the general structure of b-�brations, and so on, later. For the
moment I will just quote a push-forward result

Theorem 1. For a simple b-�br ation f ; suppose for each H 0 2 M 1(X 0) for which
e(H ; H 0) 6= 0 for someH 2 M 1(X ) a particular such H = pf (H 0) is chosen, then
push-forward (�br e-integration) givesa map

(12) f � :
�

u 2 C1 (X ; 
 b); u � 0 at H 2 M 1(X )

unlessH = pf (H 0) for someH 0 2 M 1(X 0)
	

� ! C1 (X 0; 
 b ):

Of courseyou are very welcometo try to prove this, but it is easierwhen we have
a little more machinery at our disposal. For the moment I suggest

Exercise 20. Show that this theorem does imply Proposition 4 in the form (3).
Hint: Sincethe theorem dealswith b-densitiesand (3) is about `partial' b-densities,
something has to be done! First show that there is a natural isomorphism

(13) (� L; b)� 
 b (X ) 
 (� R; b )� 
 b (X ) � 
 b (X 2
b )

(Hint-within-a-hin t, the corresponding statement on X 2 is true). Now to get (3),
choosea positive b-density 0 < � b 2 C1 (X ; 
 b) and show that Theorem 1 can be
applied to 	 �1

b (X ) � � �
L; b � b : Check that the result is independent of the choice of

� b :

Despite appearancesthere is something going on here to do with b-densities as
opposedto ordinary densities.
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14. Lecture XIV, 23 October, 2003

What have I not done to complete the treatment of the `conic case'at least as
far as the identi�cation of the L 2 cohomology, the relative Hodge cohomologyand
the appropriate intersection cohomologyis concerned?I have not

(1) Treated the composition of �nite-order b-pseudodi�eren tial operators.
(2) This in turn is only really needed(for the moment) for the proof of the

Sobolev continuit y of such operators, that A 2 	 k
b(X ) always de�nes a

bounded linear operator from xsH m
b (X ) to xsH m � k

b (X ) for any m; s: This
is what givesus elliptic regularity.

(3) I have not yet discussedintersection cohomologyat all.

I will add to the notes, but probably not devote a lecture to, the �rst two of these.
My reasoninghere is that these reduce, given what we already know, to the same
issuesin the boundarylesscase,soI do not feel the needto go through the discussion
fully here.

Rather than go through the coniccaseagain, I will now quickly describe the same
sort of approach to another classof degeneratemetrics which I will call `cusps'but
are often called `horns'. I do not want to take the time to go through all the details,
but I will attempt to write down everything to the point whereit is `straightforward'
to check the claims that I make.

The metrics weconsideragainexist on any compactmanifold with boundary, but
with a somewhatdi�eren t degenerationthan for conic metrics. Thus, we suppose
that in the interior, g is a metric and near the boundary there is a boundary de�ning
function � such that

(1) g = d� 2 + � 2N h

whereh is asbefore,a smooth symmetric 2-cotensorwhich restricts to the boundary
to a metric h0 and N � 2; the conic casecorresponds to N = 1: The extreme case,
N = 0; is that of a regular boundary problem, which can also be handled the same
way but leadsto somewhatdi�eren t analytic issues(and a di�eren t L 2 cohomology
of course,namely the absolute cohomology).

Exercise 21. Let Y n � X n +1 be a singular submanifold of a compact manifold
without boundary where Y has just an isolated singular point (or perhapsseveral)
near which there are local coordinates zj ; in which it takesthe form

(2) z2N
0 =

nX

j =1

z2
j + f (z1; : : : ; zn ); z0 � 0;

where f (real-valued) vanishesto order 3 at least at 0: Show that the intro duction
of the singular coordinates z0; zj =zN

0 resolves Y to a manifold with boundary to
which a metric on X restricts to a `horn' metric (note that z0 might not quite be
x:)

For extra credit (!) show that the samething can be accomplishedby repeatedly
blowing up the singular point, namely it needsto be blown up N times.

Problem 1. Describe the L 2 and Hodgecohomologyfor a metric of this `cusp' type.
In fact we want to do `everything' in a sensethat should be getting clearerby now.

The approach I will useis, and of coursethis is oneof the main points, essentially
the sameasin the conic casealthough someof the `details' are necessarilydi�eren t.
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Namely, �rst look at the structure of d + � in terms of a Lie algebra of vector �elds
such that we can give an elliptic regularity result for the associated enveloping
algebra(and develop a full calculusof pseudodi�eren tial operators to go along with
this). This is used to analyse the relative and absolute domains, which have the
samede�nitions as before,deduceself-adjointnessand the Fredholm property and
hence get the Hodge decomposition and identit y of L 2 cohomology and relative
Hodge cohomology. It turns out that in this case the Hodge cohomologiescan
be identi�ed in terms of the usual relative/absolute cohomologyand subsequently
in terms of appropriate intersection cohomology. Rather surprisingly perhaps the
spaces(say L 2 cohomology) on a �xed manifold for di�eren t metrics and di�eren t
valuesof N � 1 turn out to be canonically isomorphic.

So, �rst we look for a Lie algebra of smooth vector �elds with which to describe
the Laplacian and d+ � : If we look at vector �elds of �nite length they will generally
be singular at the boundary, with the worst singularity being O(� � N ) (take N = 2
if you want). So we can look at the vector �elds V which are smooth and satisfy

(3) jV jg = O(� N ):

Sincethe part � 2N h of the metric already givessuch an order of vanishing for any
smooth V; this is equivalent to

(4) V � 2 � N C1 (X ) ( ) V 2 VNc (X ):

Locally, in adapted coordinates, in which x = � must always be an admissible
de�ning function, i.e. one for which (4) holds, this Lie algebra and C1 (X ) module
is spannedby

(5) xN @x ; @y j :

It follows that it is the spaceof all smooth sectionsof a vector bundle, Nc TX ; for
which (5) givesa local basis. In the caseN = 2 I intro duced this Lie algebra long
ago; it depends on the choice of � as a trivialization of the normal bundle to the
boundary, but nothing more. For N � 3 it only dependson the choiceof � modulo
terms O(� N ) as is clear from (4).

Exercise 22. Can you give a `geometric' description of an N -cusp structure on
a compact manifold with boundary, analogousto the trivialization of the normal
bundle in caseN = 2?

Similarly we de�ne the N -cusp cotangent, and form, bundles basedon C1 com-
binations of the forms

(6) dx; � N dyj

I will denote thesebundles Nc T � X and Nc � X ; note that they depend on more than
N !

SinceNc T � X is, by de�nition, the dual of Nc TX ; a smooth section of the latter,
V 2 VNc (X ); de�nes a smooth function on the former which is linear on the �bres;
we normalize this by de�ning � (V ) to be iV thought of as a linear function. A
function f 2 C1 (X ) similarly de�nes a smooth function on Nc T � X which is constant
on the �bres (and we do not put an i in the identi�cation of � (f ) with f in this
sense).Let Di� k

Nc (X ) be the spaceof N -cusp di�eren tial operators of order k (at
most). Thus P 2 Di� k

Nc (X ) is an operator, for example on C1 (X ); which can be
written asa �nite sum of up to k fold products of elements of VNc (X ); this onecan
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think of as the enveloping algebra of VNc (X ) as a Lie algebra and C1 (X ) module
(in particular k = 0 factors meansthe action of f 2 C1 (X ) by multiplication); the
Di� k

Nc (X ) clearly form a (n order-)�ltered algebra. Moreover, from the fact that
VNc (X ) is a Lie algebra

(7) [Di� k
Nc (X ); Di� l

Nc (X )] � Di� k+ l � 1
Nc (X )

weseethat the commutativ eproduct in C1 (Nc T � X ) leadsto a short exact sequence

(8) Di� k � 1
Nc (X ) ,! Di� k

Nc (X )
� k� ! P k (Nc T � X ):

Here the quotient space is the space of smooth functions on Nc T � X which are
homogeneous(polynomials) of degree k on the �bres. The symbol map is de-
termined by the fact that it is multiplicativ e and our earlier normalization on
C1 (X ) = Di� 0

Nc (X ) and VNc (X ):
Wecanextend thesede�nitions to sectionsof vector bundleswithout pain. Either

localize everything, which is a bit painful, or interpret the tensor product in

(9) Di� k
Nc (X ; E ; F ) = Di� k

Nc (X ) 
 C1 (X ) C1 (X ; hom(E; F )) :

Of course it is important that this de�nes a space of operators C1 (X ; E) � !
C1 (X ; F ):

Exercise 23. Check that there are no surprises and the symbol extends in the
obvious way and gives rise to a short exact sequenceas in (8) but with bundles
inserted appropriately.

As usual, ellipticit y meansprecisely that � k (P) is invertible o� the zero section
of Nc T � X :

Now we look at d + � from this point of view.

Lemma 4. For an N -cusp metric (1), d + � 2 � � N Di� 1
Nc (X ; Nc � � ) is elliptic in

this sense.

Proof. To check that d 2 � � N Di� 1
Nc (X ; Nc � � ) just work out its action on the local

basisof 1-forms (6):

(10) d(adx +
n � 1X

k=1

bk xN dyk ) = x � N (
n � 1X

j =1

(@y j a)xN dyj ^ dx

+
n � 1X

k=1

(xN @x bk + N xN � 1bk )dx ^ xN dyk +
n � 1X

l;k =1

(@y l bk )xN dyl ^ xN dyk

Remark 2. It is precisely at this point that we seea simpli�cation arising in the
casesN � 2 relative to the conic case,N = 1: Namely in the middle, `cross', term
here the term of order 0; which arisesfrom the x-di�eren tiation of xN in the basis
of forms, vanishesat x = 0 if N > 1: This meansthat this term will not show up
in the `model' operator we later consider,as we consideredthe model coneearlier.
For this reasonthe non-zero eigenvalue problems that appeared for the cone, and
causedmost of the computation work, do not show up at all for N > 1: I did say
the conewas the hardest caseearlier! It also meansthat the `model operator' for
d + � ; when we try to look at what happens to leading order at the boundary is
not, or at least should not be thought of, as the operator for the model problem.
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For the latter this xN � 1 term would appear, but it is irrelevant to the analysisand
is better dropped. Make of that what you will.

Then we can either check, exactly as before, that Hodge ? is an isomorphism of
Nc � � X ; which is essentially immediate from the de�nition, or elsethat the adjoints
with respect to a measuresuch as

(11) dg = � N (n � 1) � ; 0 < � 2 C1 (X ; 
) ;

and non-degenerate�bres inner products, of elements of Di� k
Nc (X ; E ; F ) are in

Di� k
Nc (X ; F; E): Anyway, we easily concludethat � 2 Di� 1

Nc (X ; Nc � � ):
The argument for ellipticit y is the sameas before. We can seefrom (10) that

the symbol of d at (p; � ); � 2 Nc T �
p X ; is i� ^ acting on Nc � �

pX : The symbol of the
adjoint is the adjoint of the symbol (or use?) so the symbol of � is � ic � in terms
of metric contraction. The result is a Cli�ord action of Nc T � X on Nc � � X ; and in
any caseis elliptic since its square is diagonal and given by multiplication by the
metric (remember, this is a courseon Dirac operators, except I have only talked
about one so far!) �

We want uniform elliptic estimates (and more, we really want a way to write
down the inverse of d + � ): To get these we will work on a double spacewhich
resolves VNc (X ): This is supposed to be obtained through iterated blow-up, � :
X 2

Nc � ! X 2 and be such that we can lift VNc smoothly from either factor of X and
the resulting smooth vector �elds are transversal to the lifted diagonal. We also
want the stretched projections � H ;Nc = � H � � ; H = L; R; to be b-�brations which
are transversal to the lifted diagonal (among other things this meansthat the lifted
diagonal is di�eomorphic to X ): Let's try to do it; maybe just sticking to N = 2
would be wise, but I will go on and outline the generalcase.

Locally our vector �elds are xN @x and @y j : Just as in the conic casewe do not
want, in fact cannot, do anything to the tangential @y j vector �elds, sincethey are
already non-degenerate.Basically this resolution problem is again 1-dimensional,
or since we are in the double space, 2-dimensional, just involving x and x0: An
obvious thing to look at is the lift of xN @x to the spaceX 2

b ; which resolvesVb(X ):
In the coordinates s = x=x0 x0; yj and y0

j near a point on the lifted diagonal s = 1;
y = y0 in X 2

b we know that x@x = s@s: (So that the lift of Vb (X ) is everwhere
transversal to the diagonal). So of course,xN @x lifts to (x0)N � 1sN @s : Sinces = 1
on the diagonal, this vanishesexactly at x0 = 0 on the lifted diagonal, which is to
say at its boundary. However, we cannot blow-up the boundary of the diagonal,
sincethe @y j are not tangent to it! The smallest reasonablething to blow up is

(12) B2 = f x0 = 0; s = 1g � � (X 2
b ):

Exercise 24. Check that this is actually a well-de�ned submanifold of X 2
b which

depends(only) on the choiceof cuspstructure, i.e. the de�ning function �: Note that
it is a boundary p-submanifold, i.e. is an interior p-submanifold of the boundary
hypersurface� (X 2

b :

Even though the notation is not quite de�ned, we consider

(13) X 2
cu = [X 2

b ; B2]:

I have not de�ned the blow up of a boundary p-submanifold such as B but it is
a straightforward generalization of the blow up of a boundary face. We get a new
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boundary face � and b-map as blow-down map. The main (big) di�erence is that
this map is not a b-submersion, if fact it is a b-submersion exactly when B is a
boundary face, which it is not here. This is replacedby the fact that

Lemma 5. The Lie algebra Vb (X ; Y) of vector �elds tangent to the boundary faces
of X and to the p-submanifold Y lifts smoothly to [X ; Y ] to span Vb([X ; Y ]) as a
module over C1 ([X ; Y ]):

Thus we do in fact know the range of � � :

Exercise 25. Check this in the particular caseof interest here,namely for B 2 � X 2
b :

Prop osition 6. The cuspalgebra Vcu (X ) de�ned by a choice of boundary de�ning
function � 2 C1 (X ) on a compact manifold with boundary lifts, from the right
or left factor, to a space of smooth vector �elds on X 2

cu (de�ned of course by the
same choice of � ) to be transversal to the lifted diagonal, which is an interior p-
submanifoldDiagcu � X 2

cu : The left and right stretched projections, � O;cu = � O � � cu ;
O = L; R; are b-�br ations which are transversalto Diagcu :

Proof. That the cusp algebra lifts, we know from Lemma 5. In any caseit is a
rather straightforward computation which I will do! We can ignore @y j throughout
and we have only to deal with the one vector �eld, which starts o� as x2@x : After
we lift it to X 2

b it is x0s2@s in terms of the coordinates x0; s = x=x0 which are valid
near the boundary of the diagonal. We can drop the s2 sinceit is non-vanishing and
switch from s to t = s � 1 which has the virtue of vanishing at B2 = f x0 = 0; t = 0g
and our vector �eld is a non-vanishing smooth multiple of x0@t : The lifted diagonal
is y = y0 t = 0 and near it we can use the singular coordinates x0 and t2 = t=x0

(together with y and y0): In terms of these our vector �eld has become@t 2 ; so
with @y j we do indeed get a set of smooth vector �elds transversal to the interior
p-submanifold Diagcu :

So,X 2
cu doesresolve Vcu (X ): Now we needto check that we haven't gonetoo far

somehow. So, � R; cu is a well-de�ned b-map. Why is it a b-submersion? Consider
the vector �eld x@x + x0@x 0: This is in Vb (X 2) and so lifts to X 2

b to be smooth.
Near B2 it has become

(t � 1)@t + (x0@x 0 � (t � 1)@t ) = x0@x 0:

in terms of the coordinates t = s � 1 = (x � x0)=x0 and x0: Here the �rst term is the
lift of x@x and the secondis the lift of x0@0

x = � s@s + x0@x 0 in the new coordinates.
Thus it is certainly tangent to B2 and so lifts to be smooth on X 2

cu by Lemma 5.
But this meansthat the vector �eld to which it lifts pushesforward under � L; cu

(or � R; cu for that matter) to x@x on X : So in fact (� L; cu )� : bTpX 2
cu � ! bTp0X

must always be surjective! Since the image manifold is a manifold with boundary
the additional condition of b-normalit y is void. Thus � L; cu is a b-�bration. That
this b-�bration is transversal to Diagcu is the statement that the null spaceof the
(ordinary or b-) di�eren tial (� R; cu )� contains a complement to the tangent spaceof
Diagcu at each point. This we already know, since the lifts from the left factor of
elements of Vcu (X ) must be killed by � R; cu ; and this lift spanssuch a complement
at each point. �

Now, having done this in the cusp case,N = 2; I may as well go on into the
higher cusp cases.First try N = 3: Then we have x3@x in place of x2@x : So, when
we lift it up to X 2

cu from the left, we can seefrom the computation above that in
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the coordinates t2; x0 (and always y; y0) that we get a smooth positive multiple of
x0@t 2 : So,we have to blow up B3 = f t2 = 0; x0 = 0g � X 2

cu : Thus we concludethat

(14) V3c(X ) is resolved on X 2
3c = [X 2

cu ; B3]:

In fact the sameargument clearly works for any N: Proceedingby induction we
can claim that the functions

(15) tN =
x � x0

(x0)N ; x0; y; y0

lift to X 2
Nc to give coordinates near the lifted diagonal in which it becomestN = 0;

y = y0 and such that xN +1 @x lifts from the left factor to be a smooth positive
multiple of x0@t N : Then we can de�ne BN +1 = f x0 = 0; tN = 0g and de�ne the next
spaceas

(16) X 2
(N+1)c = [X 2

Nc ; BN ]:

Prop osition 7. Proposition 6 carries over to the N-cusp algebra with X 2
cu replaced

by X 2
Nc :

With this behind us, we can de�ne

(17) 	 k
Nc (X ) = f A 2 I k (X 2

Nc ; DiagNc ; � �
R; Nc 
 Nc ); A � 0 at @X 2

Nc n � Nc g;

where 
 Nc = � � N n +1 
 b = � � N n 
 :

Exercise 26. I leave it to you to show how to de�ne the operators on sectionsof
vector bundles.

There are lots of things to say about theseoperators, and I will say at least some
of them. The �rst thing is to seethat Di� k

Nc (X ) � 	 k
Nc (X ): The placeto start here

is the identit y operator! In local coordinates it can be written

(18) Id u(x; y) =
Z

� (x � x0)� (y � y0)u(x0; y0)jdx0dy0j:

To lift the kernel up to X 2
b we needto intro duce say s = x=x0 as variable in place

of x: Sinceit is essentially a parameter we can usethe fact that the delta `function'
is homogeneousof degree� 1; so

(19) � (x � x0) = (x0)� 1� (s � 1) = (x0)� 1� (t):

But the factor of x0 just turns dx0 into dx0=x0 and we get a coe�cien t b-density:

(20) � (t)� (y � y0)j
dx0

x0 dy0j 2 	 0
b (X ):

We can continue this way up to X 2
Nc to seethat

(21) Id = � (tn )� (y � y0)j
dx0

(x0)N dy0j 2 	 0
Nc (X ):

Clearly it is elliptic, sinceit has symbol 1:

Exercise 27. Now use the fact that VNc (X ) lifts from the left fact to be smooth
vector �elds inn Vb(X 2

Nc ) to show that Di� k
Nc (X ) � 	 k

Nc (X ):

Prop osition 8. The elementsof 	 m
Nc (X ); for any m 2 R; de�ne continuous linear

operators on C1 (X ):
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Proof. This is an application of the push-forward theorem using the fact that the
stretched projections are b-�brations; it is also necessaryto sort out the behaviour
of the density factors. �

Prop osition 9. The 	 k
Nc (X ) form an order-�lter ed asymptotically complete *-

algebra of operators on C1 (X ) with multiplicative symbol map giving a short exact
sequence

(22) 	 m � 1
Nc (X ) ,! 	 m

Nc (X ) � ! (Sm =Sm � 1)(Nc T � X )

and each A 2 	 0
Nc (X ) is bounded on L 2(X ):

Proof. So, I have left a bit of a hole in the preparation for the product formula { in
particular I don't quite have the machinery in place to prove even the composition
formula in the boundarylesscase,so I will have to talk about that too. So this
whole proof will take a little while { maybe you should bypassit as I will do in the
lecture!

First we consider the composition formula for operators of order �1 ; which
of course is part of the claim. The idea here is exactly the same as before. We
want to �nd a triple product with appropriate properties. This will involve a
bit of an e�ort. Let's start with the triple b-product X 3

b : We already know that
X 3

b maps back under � O; b to X 2
b : Now, inside X 2

b we have the submanifold B2

that we need to blow up to turn X 2
b into X 2

cu : So, we consider the inverse image
� � 1

O;b (B2) = B2;O for O = F; S;C: Two of the boundary facesof X 3
b are mapped

into the front faceof X 2
b under each of the stretched projections so we actually get

two, intersecting, boundary p-submanifoldsas the preimageof B2 from each of the
projections. Somewherethere are somepictures of what is going on!

�

In particular our elliptic construction from the boundarylesscasecarries over
unchanged.

Prop osition 10. If P 2 	 k
Nc (X ; E ; F ) is elliptic then there existsQ 2 	 � k

Nc (X ; F; E)
such that P � Q � Id 2 	 �1

Nc (X ; F ) and Q � P � Id 2 	 �1
Nc (X ; E):

One important point is that, as in the conic case, (x=x0)s is a multiplier on
the space	 k

Nc (X ; E ; F ); although as we shall see,much more is true for N > 1:
Anyway, by conjugating and using ellipticit y it follows that

(23) u 2 L 2
g(X ; Nc � � ); � N (d + � )u 2 L 2

g(X ; Nc � � ) =) u 2 � � N n
2 H 1

Nc (X ; Nc � � )

Here I have put in the weight that comesfrom the metric. The Sobolev spaceon
the right is just that basedon VNc (X ); sou 2 H p

Nc (X ) just meansthat VNc (X ) j u �
L 2

Nc (X ) for all j � p: This of courseapplies to the maximal, ungraded, domain

(24) Dmax =
�

u 2 L 2
g(X ; Nc � � ); (d + � )u 2 L 2

g(X ; Nc � � )
	

� � � N n
2 H 1

Nc (X ; Nc � � )

So, we then want to work out more preciselywhat this domain, and the various
smaller ones we have de�ned, D ; D A ; DR and Dmin are. This turns out to be
fairly straightforward when N � 2 using the �ner conjugation property anticipated
above. Namely, for any real � ;

(25) exp(i� (
1
x

�
1
x0) is a multiplier on 	 k

cu (X ):
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More generally

(26) exp(i� (x � N � x0� N ) is a multiplier on 	 k
Nc (X ):

Exercise 28. Check this by seeingwhat happensto the function when lifted to X 2
Nc ;

i.e. show that it is smooth except at the part of the boundary where the kernels
are assumedto vanish rapidly where it only has a singularity of �nite order.

Now, the maximal graded domain

(27) D =
�

u 2 L 2
g(X ; � � ); du; � u 2 L 2

g(X ; � � )
	

with norm kuk2
D = kuk2

L 2 + kdukL 2 + k� ukL 2 and the relative and absolutedomains

(28)
DR = f u 2 D; 9 _C1 (X ; � � ) 3 un ! u in L 2

g(X ; � � ) s.t. dun ! du in L 2
g(X ; � � )g; DA = � DR :

Lemma 6. If k = n � 1
2 (so n is odd) and U : H k

Ho ;h 0
(@X ; � k ) � ! D ; and V :

H
n � 1

2
Ho;h 0

(@X ) � ! D such that

(29) U� = � + � C1 (X ; � k ); V � = d� ^ � + � C1 (X ; � k+1 ):

Proof. For � 2 H k
Ho ;h 0

(X ); let � (x) be the representativ e harmonic with respect to
the varying metric h(x; y; dy; 0): The termss in dx can be suppressedsince these
are already O(x2) with respect to the metric. It then follows that U� = �� (x); for
an appropriate cut-o� �; is in D and then we can take V � = � U�: �

Basically there is nothing else!

Theorem 2. For a cusp metric as in (1) the graded L 2 domain

(30) D = x � n
2 +1 H 1

cu (X ; cu � � ) + UH
n � 1

2
Ho;h 0

(@X ) + VUH
n � 1

2
Ho;h 0

(@X );

where the closure is with respect to k � kD ; and the relative domain

(31) DR = x � n
2 +1 H 1

cu (X ; cu � � ) + UH
n � 1

2
Ho;h 0

(@X )

and with this domain, d + � is a self-adjoint Fredholm operator with consequent
Hodgedecomposition

(32) L 2(X ; cu � � ) = H �
g (X ) � dDR � � DR

and null space canonically isomorphic to the L 2 deRham cohomology.

Proof. This involves computations similar to, but easier than, those in the conic
case. �
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17. Lecture XVI I, 4 No vember, 2003

Next lecture will be Thursday November 13 (and it will be a short one!)
Last time I constructeda principal bundle associated to any family A 2 C1 (Y ; 	 k (X ; E ; F ))

of elliptic pseudodi�eren tial operators on a compact manifold without boundary, X ;
ofr a compact parameter spaceY: The structure group of this bundle is G�1 (X ; E)
or G�1 (X ; F ) as the numerical index of the family if negative or positive. Assum-
ing for the sameof de�niteness that # � ind(A) � 0; the bundle

(1) G�1 (X ; F ) //PA;N

��
Y

has �bre at y 2 Y

(2) PA;N ;y =
�

B 2 	 �1 (X ; E ; F ); Ay + B has null spaceexactly N
	

where N � C1 (X ; E) is �xed but is chosen arbitrarily with dimension equal to
# � ind(A � ):

Essentially by de�nition, this bundle is trivial if and only if there existsa smooth
map E 2 C1 (Y ; 	 �1 (X ; E ; F )) such that Ay + Ey is surjective for all y 2 Y and
has null spaceN:

Exercise 29. Check this carefully, starting from the de�nition of trivialit y of a
principal bundle.

Thus, the trivialit y of the principal bundle, together with the vanishing of the
numerical index is precisely the obstruction to `perturbativ e invertibilit y'.

Also recall that I de�ned

K � 1(Y ) = [Y ; G�1 ](3)

K � 2(Y ) = [Y � S; Y � f 1g; G�1 ; Id](4)

i.e. K � 1(Y ) is the set of homotopy classesof smooth maps into G�1 (for any
model) and K � 2(Y ) is similarly the set of homotopy classesof smooth maps from
Y � S into G�1 taking Y � f 1g to Id : We can also thing of (4) as

(5) K � 2(Y ) = [Y ; LG�1 ; Id]

where LG�1 is the loop group:

(6) LG�1 =
�

F : S � ! G�1 ; F (1) = Id
	

:

The de�nitions (3) and (4) depend on the fact, which is the essential nature of Bott
Periodicity that

(7) � j (G�1 ) =

(
f 0g j even
Z j odd.

Exercise 30. Assuming (7) show that

(8) � j (LG�1 ) =

(
Z j even

f 0g j odd

where the higher homotopy groups can be consideredas maps into the component
of the identit y.
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Exercise 31. What are K � 1(Sn ) and K � 2(Sn )?

I will prove the �rst part of (7). The �rst claim is

Lemma 7. G�1 is connected.

Proof. This is a direct consequenceof the fact that for any smoothing operators
A 2 	 �1 (X ; E) the family Id + zA is invertible for A 2 C n D where D � C is
discrete (i.e. countable and without points of accumulation). We can either use
the Fredholm determinant to prove this or proceed directly. Fix a value �z of z:
If Id + zA is invertible then we know it has a bounded inverseas an operator on
L 2(X ; E) and by the opennessof the set of invertible operators (i.e. convergenceof
the Neumann series)it remains invertible for jz � �zjkAkk(Id � �zA) � 1k < 1: Thus D
is closed. If Id + �zA is not invertible then we use�nite rank approximation to write
A = A1 + A2 whereA1 is a �nite rank smoothing operator and A2 hassmall norm,
for instance j �zjkA2kL 2 < 1

2 : Then Id + zA2 has inverseId + B (z) for jz � �zj < � with
B (z) holomorphic with values in the smoothing operators and we are reduced to
considering

(Id + B (z))(Id + zA) = Id + A0(z); A0(z) = (Id + B (z))zA1

Thus A0(z) has �nite rank, at most the rank of A1; and is holomorphic near z so
IdN + A0(z) is invertible for 0 < jz � �zj < � 0 for some� > 0 and D is discrete.

Thus if Id + A is invertible then it can beconnectedto the identit y by an inverible
family Id + z(s)A: �

Exercise 32. Usesuch a �nite rank approximation to de�ne the Fredholm determi-
nant det(Id + A) as an entire function of A, extending the usual de�nition for �nite
rank operators, such that (Id + A) � 1 exists if and only if det(Id + A) 6= 0 with the
usual multiplicativ e and di�eren tial properties

(9)
det((Id + A)(Id + B )) = det(Id + A) det(Id + B );

d
dz

det(Id + zA) = det(Id + zA) Tr(Id + zA) � 1A) where det(Id + zA) 6= 0:

The second,and more substantial, part of (7) is

Prop osition 11. If F : S � ! G�1 (X ; E) is a smooth loop then

(10) w(F ) =
1

2� i

Z

S
Tr

�
F (� ) � 1 dF(� )

d�

�
d� 2 Z

there exists a smooth map

(11) ~F : [0; 1] � S � ! G�1 (X ; E) with ~F (0) = F and ~F (1) = (Id � � ) + zw(F ) �

where � is a projection of rank one.

We start o� with a simple case,where the family is actually a�ne.

Lemma 8. If A; B are N � N complexmatricesand A + zB is invertible on jzj = 1
then, for jzj = 1; it is homotopic to (Id � � ) + z� where � is a projection of rank
w(A + zB ):

Proof. If A is not invertible, we may perturb the family slightly and sodeform it to
(A + t Id) + zB wherethe constant term is invertible. Then, using the connectedness
of GL(N ); which follows from the proof above, we may deform away the constant
term and replacethe family by Id + zB 0; B 0 = (A + t Id) � 1B : On the circle z = ei� ;
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dz = iei� d� so for a family which is holomorphic near the circle the integral in (10)
can be written as a contour integral

(12) w(F ) =
1

2� i

Z

j zj=1
Tr

�
F (� ) � 1 dF(z)

dz

�
dz

In this casedF=dz = B and the integral, without the trace, becomes

(13) M =
1

2� i

Z

j zj=1
(Id + zB 0)� 1B 0dz

which is in fact the projection onto the spanof the generalizedeigenspacesof B for
outside the unit circle (and with null spacethe spanof thoseinside). We don't need
all of this information but we do need to seethat M is a projection (or perhaps
better to say an idempotent, M 2 = M ): Indeed the squarecan be written as the
double integral

(14) M 2 =
1

(2� i )2

Z

j zj=1

Z

j z0j =1+ �
(Id + zB 0)� 1(Id + z0B 0)� 1(B 0)2dzdz0

for � > 0 small (using Cauchy's theorem). Now the resolvent identit y can be written

(15) (Id + zB 0)� 1(Id + z0B 0)� 1B 0 = (z0� z) � 1 �
(Id + zB ) � 1 � (Id + z0B 0)

�
; z 6= z0:

Inserting this into (14), oneof the integrals can be carried out for each term. Indeed
the secondis holomorphic in jzj � 1 so integrates to zero, while for the �rst has a
simple pole in z0 at z0 = z and so the z0 integral may be replaced by the residue
which is just M :

Furthermore M and B 0 commute, sinceB 0 commutes with (Id + zB 0)� 1 and
(16)
(Id + zB 0)� 1M is holomorphic in jzj � 1; (Id + zB 0)� 1(Id � M ) is holomorphic in jzj � 1:

This involvesan argument similar to that above, to prove the �rst write

(Id + zB 0)� 1M =
1

2� i

Z

j sj=1
(Id + zB 0)� 1(Id + sB0)� 1B 0ds

=
1

2� i

Z

j sj=1
(s � z) � 1 �

(Id + zB 0)� 1 � (Id + sB0)� 1�
ds:

Here the �rst term vanishes(for jzj > 1); by Cauchy's theorem, and the secondis
holomorphic. The other caseis similar.

Finally, we conclude that under the deformation B 0
t = t(Id � M )B 0 + M (tB 0 +

2(1 � t)) (Id + zB 0
t )

� 1 remains holomorphic near jzj = 1 and results in a family as
desired. �
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18. Lecture XVI I I, 13 No vember, 2003

Handwritten notes: Pages1-11

19. Lecture XIX, 18 No vember, 2003

Handwritten notes: Pages1-10
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