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DIRA C OPERA TORS AND BOUND ARIES
8. Lecture VI II, 2 October, 2003
Handwritten notes: Pages1-10

(1) nevenk:%;0<eI 1

The polesof ugM canonly be in the sameplaces.
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9. Lecture IX, October 7, 2003

Let me start today by doing a little pieceof analysisusing the Mellin transform.

Lemma 1. If u2 x 'L([0;1)) for somet > 0 hassupprt in x < 1 and is such
that x2u 2 L2([0;1)) then there exists u; 2 C ([0;1)) suchthat u; ! u in
x 'L2([0;1) and xZu; ! xZu; in LE([0;1 ):

Exercise 1. If you are so inclined, nd a proof which does not use the Mellin
transform!

Proof. First notethat if u2 L,(X)thenx u! uinLZ(X)as #O0forany compact
manifold with boundary.

Exercise 2. Write out a careful proof of this.

Since we know that x& : H}(0;1) ! L2([0;1)) is continuous and that
C! ([0;1)) isdensein HL([0; 1)) it su ces to shaw that the sequencecan be chosen
in this space. So, the obvious way to get such a sequencds to take u; = x i u; with
i #0: From the Paley-Wiener theorem, the Mellin transform of u is holomorphic
in Ims < tandis squareintegrable on real lines in this half spacewith uniformly
bounded L? norm. On the other hand,

1) (X%U)M = isum

must be similarly holomorphic and L2 in Ims < 0: Thus certainly, u; ! u in
X LZ([0;1) forany xed > 0 (and in particular u liesin this space.) Now

d d
x&(x u) = x (x&u)+ X u

and as already noted, the rst term corvergesin L2 to x Zu as #0soit suces
to show that the secondterm corvergesto 0 in this space. The square of the L?

norm of its Mellin transform may be estimated as follows:
z

2 ju(s i )j2ds

R Z z

i(s i)u(s i)j%ds+ i(s i)u(s i)j%ds
i8] isj

wherein the rst term the estimatejs i j? isusedandin the secondjs ij 2

By the assumedsquare-integrability of x%u both terms tend to O with :

NP
NP

Using this and somerelated analysis| next want to write down the domains of
d+ that we have beendiscussing. First, we always have

2) X ?THHX;® ) Da\ Dg:

This is a direct result of the fact (discussedfurther below) that

©) c(X; ) x FTLHEX;C )

is densewith respect to the natural Soholev norm and

(4) d; ix TPRHEX;C ) 1 L3(X :C )

are cortinuous. Thus for an elemert u 2 x >*1HX(X;C ) there is an approxi-
mating sequence j 2 Ct (X; );with ;! u;d;! duand ;! wuallin

L3(X; )
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From the behaviour of solutionsto du= 0and u = 0in the model casewe can
add a few more piecesto the domains. Theseare all determined by the eigenfunc-
tions of the limiting metric, hg; on the boundary. Choose 2 C!' (X); a cut-o
function supported very near the boundary and identically equal to 1 in some
neighbourhood of it. Then set, for n odd

n 1
Ea=  Hily(@);
n 1
Er= dx*HZ 2 (@X)

in terms of the Hodge cohomology i.e. harmonic forms, on the boundary for the
metric hg:

Similarly we x spacesassa@iated to non-harmonic eigenformsof the tangential
Laplacian. If is sud an eigervalue for exact k forms on the boundary, sothere is
a non-trivial

(6) 06e 2C (@; ¥);e =de®;de = e

we consider

(5)

(7) f =x 5 (x%( is +k)e + x¥ dx~ €°); where
r

n n n n
i« - h_.n e _ n 24 n .
is > 12 ki+e; e (2 k) 12 Kj
and then let
n 1 X
Gz 2 = Cf :
0ce <hik=% b
G? = Cf
8 il
® O<e <1; k=%
n 1 X
Gz*z = Cf

1. K=n
O<e <3, k=5+

N

be the corresponding nite dimensionalsubspaceof k-forms on X : Here, eat eigen-
value of the boundary Laplacian on exact k forms, with e in the indicated range,
is repeated with its (nite) multiplicit y, asthe e run over a basis. Of coursethe
rst and third spacesonly make sensewhen n is odd, and the secondwhen n is
even.

Obsene that ead of these spacesis cortained in LS(X; ) but intersectsthe
smallerspaceng(X; ) in 0: The point hereis that

(9) du; ou2 C(X; ); u2G

provided o correspondsto a product-type conic metric, equal to dx? + x2hy near
the boundary.

Exercise 3. Ched (9) carefully! It follows from the formul for d and and the
fact that the 2-vector implicit in (7) is a null vector of the 2 2 matrix implicit in
the computation of the joint (formal) null spaceof d and ( above

1 is +k is +k
is (n k) 1

Here of courses hasbeenchosensothe matrix hasrank 1:

(10) =0
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This takescare, aswe shall see,of all the possiblepoleswe discoveredwithin the
“critical strip' 5 < Ims< %+ 1for the Mellin transform of a form annihilated
by d and o: We needalso to consider the poleson the line Ims = 3 + 1. To
handle these we consideran in nite-dimensional spaceof functions on the line

. d

(11) L= h2x L3[0;1)); >0h=0inx>1; xgh2 L2([0;1))
Notice that Lemma 1 appliesto elemeris of this spaceand shows in particular that
it is independert of the choiceof : With thesefunctions ascoe cien ts we consider
spacesrelated to thosein (5) and determined by the harmonic 5 1 forms on the
boundary with respectto hg :

noq no1
EZ "= LOO Hiyn, (@)

(12) 0 ) "o
EZ " =x°L(x) dx* Hﬁo(ho)(@<):

Exercise 4. Again you should do the little computation to seethat if n is eventhen

1

(13) EZ ' L2X; )andu2E? ‘=) dup ou2 L3(X; )

Similarly we considerspacescloselyrelated to thosein (8) involving the form (7)
corresponding to an exact boundary k-form which is an eigenformfor the boundary
Laplacian:

1 X
GF ?= L f;
e =L k=0 1
. f(' 2 2
G? = L f;
(14) L ’
e:l;k:n_
n4 1l X
G2 = L f
e=hik=+}

Notice that the non-trivialit y of these spacescorrespondsto an “accidert' in which
there is a positive eigernvalue for which e takeson a specic value.

Exercise 5. If you haven't thought about this already, given an example of a func-
tion which isin L but is not in L2([0; 1 )):

Finally we getto an explicit description of the domains.
Prop osition 1. For a conic metric on a compact manifold with boundary
(15) D= u2Lj(X; )du; u2Li(X; )
=x TPHYX:C Y+ E,+Eg+ G +E_+G;
and Dp and Dr are the samewithout the summandsGg and G, resgctively.

Remark 1. a) Before proceedingto the proof of this, note that the di erence
betweenD, and Dgr amounts to the repalacemen of a nite dimensional
subspaceof the domain by another, of the same dimension { becauseby
Poincare duality H = %(@<) have the samedimension.
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b) The “complicated' (in particular in nite-dimensional) extra terms in (15),
E, and G, are really rather insigni cant. As follows from the discussion
below, if we give D the obvious norm

(16) kuk? = kuk?, + kduk?; + k uk?,

n n

thenx z*1HI(X;C )+ E_ + G, isthe closureofx z*1H(X;¢ ) (and
hencealsoof Ct (X; ))in D:

c) In particular this meansthat the quotient of D by Dyg; the closure of
Ct (X; )inD;is nite dimensional.

Exercise 6. Ched the statemert following (16); the discussionbelowv shows that
this set is contained in the closure; the corverseamourts to the exclusion of the
other setsE,; Egx and G : For the rst two this is done below and a similar
argumert also works for the third.

Exercise 7. Show that the bilinear f%rm
a7) W:D D3 (uv)7! ((du+ u;v) (u;dv+ v))dg
X

is antisymmetric (if we are dealing with real forms and the real pairing) and van-
isheson Dg: Let D, = Da \ Dr be the subspaceof D consisting of the elemerts
have approximating sequencess; 2 Ct (X; ) sudthat u; ! uanddy ! duin
Lé and also are approximable in Lg by a possibly di erent sequencev; for which
v; corvergesin Lé: Shaw that W vanisheson D, and that that D=D,, is a sym-
plectic vector spacein which D=Dg and Dgr=Dg are complemenary Lagrangian
subspaces.

Proof. From elliptic regularity (which | still have to prove) we “know' that
(18) U2 L3(X;C );du; u2L3(X:C )=) u2x THp(X;C ):

Thus, we start o with one factor of x lessthan we needto getinto the rst term
in the putativ e expansionof D:

Exercise 8. Ched againthat you know why all the terms in (15) arein L3(X ;¢ ):

Now, we are dealing with a conic metric which is not necessarilyof product type
near the boundary. On the other hand, the result we are looking for only depends
on the limiting metric hy and not the higher perturbations

(19) g= dx?+ x2h(x;y;dy;dx) = go + xq(x; y;xdy; dx); go = x>+ xZho(y; dy):
To seethis directly obsene that the Hodge star operator has a similar property
(20) 9= 25, + XA
where A is a smooth homomorphism of ©
Exercise 9. Seeif you can do this reasonablyneatly!
This in turn implies that
(21) 9= g+ B;B2Di {(X;¢ ):
Thus B hasno 1=x factor. Now,

(22) D xPHIX:;C ) T L2(X;C )
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from which it followsthat D; D and Dr for the metric g are the sameasthey are
for a product metric go with the samelimiting metric ho: Thus we are reducedto
the caseof a product-type metric for which we were able to do computations using
the Mellin transform.

All the terms in the expansionof D; apart from the rst, correspond to the poles
we discoveredin examining the condition du = ou = 0: We are now working with
wealker regularity, namely that du; ou 2 LS: Thus, writing out u 2 D in terms of
its normal and tangential parts as beforetangertial parts

dt X@ + k Un
0 dt Uy

2x FLLE(0;1 ) L3(@X))
(23)

n

0 Un 5y 34112(0;1 ) L2(@X))

t
X@ (n k) ¢ Ut

The analysis of the (truncated) Mellin transform proceedsvery much as before
except that the right side in (23) leads only to a holomorphic Mellin transform
in Ims < 5+ 1 with L? integral on real lines in this set uniformly bounded.
Moreover, the invertibilit y of the full matrix

dt t X@+k
@ (n k) di+ ¢

o the imaginary axis follows as before and it only has a nite number of poles
in % < Ims < 5+ 1of nite multiplicit y. Thus we conclude that uy is
meromorpic as a function in Ims < 2 + 1 with valuesin H(@ ;¢ ) and suy
is square-irtegrable, with valuesin L?; on real lines except possibly near Res = 0:

Writing out the stepsin the argumert we nd

(1) From the tangential part of the rst condition and the normal part of the
second, the coexact part of u; and the exact part of u,; in terms of the
Hodge decomposition with respect to hg; must be the Mellin transforms of
functions in x z**H(@;¢ ):

(2) The harmonic parts must be such that ( is + k)ull,, and (is n+ k)uf},
are the Mellin transforms of functions in x 2*! ([0;1 )) with valuesin this
vector space.

(3) For the exactpart of up,y and the coexact part of ui.m the projection onto
the span of the eigenformswith eigervalueslarger than someR are neces-
sarily in x 2** H}: Each of the componerts corresponding to an eigervalue

satisfy the sameequation as beforewith an error in xz** H1([0;1 )):

Sothe polesin Ims < % + 1 of the Mellin transform of u 2 D are therefore
precisely the same as thos of the solutions of du = ou = 0 as analysed before.
The terms in the spacesG,; Ggand E have exactly these poles, with arbitrary

coe cien ts of the appropriate type. Thus, subtracting them we may arrange that

(24)

um hasno polesbelov Ims = 3 + 1. However the result may still not be the
Mellin transform of a function in x Z*'H}(X ;€ ): However, a similar argumert
for the poleslying on Ims = 3 + 1 givesrise to terms in G, and E : After

n

subtracting theseterms the result is a form in x z*1H}(X ;€ ) which showsthat
D is indeed given by (15).

To shawvsthat Dg is asindicated, we needto show that all terms apart from E
are contained within it, andthat Ea\ Dr = f0g: The rst requiresthe construction
of approximations u; 2 Ct (X; )suchthat uj ! uanddy; ! duin LS: For terms
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in Ex a simple cut-o suces. For termsin E; and G, approximabilit y follows
from Lemma 1. For the terms in G ; which are of the form

x & (x( is +k)e +xk ldx» €%)
we rst approximate the normal term using a simple cut-o  setting
Un =X S (1 (x=))( is +Kkydx" e
and then x the tangertial part by solviEg
X
(25) Upg = (is +k) ()x Xt 1@ (t=)dte:
0

That
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10. Lecture X; in part

So, | had somedi culties in this lecture! Zhang Zhou pointed out subsequetly
that the proof of self-adjointnessof d+ with domain Dg is inadequate. This is a
caseof me trying to avoid work earlier, only to causetrouble later. The dicult y
is that from the de nition of Dg;

(1) Dg= u2Lj(X; )Dg3 7! hd+ ); ui

extendsby cortinuity to L3(X; )
it doesnot follow directly that the domain is order-graded. That is, we certainly
deducethat (d+ )u?2 Lé for the distributional action of the di erential operator
but we do not know that du; u are separatelyin Lé: So, we are forced to go badck

to the earlier analysis and work harder to derive not just the structure of D but
the structure of the, in generallarger, space

() Dmax(d+ )= u2L5(X; )(d+ Ju2Li(X; )
As | said, | should have donethis directly but maybe it is better to postponeit to
this point where we have the experienceto do it relatively easily.

Prop osition 2. The maximal domain D may (d+ ) = D + U%wher U%is the nite
dimensional vector space which for evenn is

(3) U%= (x)spfx ' *K((is (n k 2) ¢ dx~dly)
whete the linear span is over k and coexactk-forms ¢ which are eigenformsof the
boundary Laplacian, k = k with
r
n n n
is= —+ — 24+ >
4 is > 1 ( > 1 k) >

It follows immediately that such forms can occur only in for dimensionsk = % 1if
nisevenofk= % 1 % if nisodd. The formsin (3) can never be degree-graded,
unlesszero of course.

Proof. Elliptic regularity applies as beforeto show that if u 2 Dpax(d+ ) for a
conic metric then u 2 x n?Hl}(X ;€ ): Thus, exactly aswith the discussionof D;
the spaceD nax is the samefor any two metrics with the sameboundary metric
ho: We can therefore work with a product-type metric and analysethe conditions
under which

X
(5) V= (Kuge (x) + x* Tdx A upk 1(x))
k
is such that (d+ )u 2 L2; giventhat u itself is in L?2; which is just the condition

(6) Un iU 2X ZLA(X;  (@X)):

The Hodge decomposition on the boundary allows thesetangential and normal
parts to be divided. Namely we set

) L2(@; )+ L¥@; )=H+G+U

whereH is the harmonic part in all degreesG is the part we discussedextensively
before

(8) u2G() up2dHY(@; ); u2 HY@; )
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and U is the remaining part
(9) u2U () uy2 HY@; ); u2dHi(@; ):

The harmonic part is nite dimensional, given by a smoothing operator applied to
(ut; un) whereasthe componerts in G and U are given by the action of pseuddif-
ferertial projections of order 0: This meansthat, as necessarywe can track their
regularity in Sobolev spaces.

The point of the decomposition (7) is that it is directly related to the action of
d+ ; in the product-conic case. Thus, di + ; maps exact to coexact forms and
conversely so the componerts of (u,;u;) in H; G and U are mapped, respectively,
into H; U and G so must separately take valuesin LS: The H and G componerts
were analysed earlier, so considerthe componert in U: From the form of d and
(and taking careto get the value of k right for the action in a given form degree)
we arrive at the condition

(10)  oUnk+1 + (X@ + K)ugk 2XL3( x@ (0 Kk 2))Unk+1 + dugk 2 XL

as conditions betweenthe tangertial componert in degreek and the normal com-
ponert in degreek + 1 (as opposedto k 1 for G:)
As beforewe analysethe degreeto which the condition (10) doesnot imply that

u2x z1HL(X;C ) by using the Mellin transform to nd any possiblepolesin

the strip 5 < Ims % + 1: Such polesmust satisfy

(11) ke1 +(is+K) «x=0; (s (n k 2) ksa+d =0

where k+1 isexactand  is coexact. Eliminating betweenthe equationsasbefore
gives

(12) kt (s (n k 2)( is+k) «x=0
which is to say that (is n+ k+ 2)(is k) = must be a positive eigervalue of
acting on coexact k-forms. Completing the squarewe nd
r
n n
is= = _ 2
(13) is 2+1 (2 1 k)2+

This of courseis pure imaginary and can lie in the “critical strip' only when the
signis and then only whenk = 3 3; k=15 1lork % 3 andonly for
correspondingly small eigervalues, namely nsg < %; n;< land n: < %: In
particular there are never such “acciderial poles'on the line is = 5+ 1. These

polescan be removed by subtracting a term asin (3).

N

Now, the defect form Q iszde ned on the whole of D nax :
(14) Q(u;v) = (Md+ )ujvi  hu;(d+ )vi)dg:
X

Moreover by the approximabilit y conditions already discussedit vanishesif either
factor is in

(15) Dmn(d+ )= u2L2(X; )

un! uinl up2C (X; ); (d+ Jup ! (d+ )Juin Ly :
For the momert we know at leastthat D, contains all put the nite dimensional
parts E5; Egr; G in D and U in Dmax: There remainsa little computation to do:
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Lemma 2. The defect (or boundary) pairing Q de nes non-degeneate pairings
between E, and E; and alsobetween G and U and vanisheson all other pairings.

Proof. Well, we already know the rst part. The secondpart follows by a similar
integration-by-parts argumert and the eigendecompsition of boundary forms.

Exercise 10. Carry through the argumert here!
So, with this extra work we can seewhy
(16) Dy = Drk:

Namely, u 2 Dy certainly implies that u 2 Dmax (d+ ): Then the de nition implies
that Q must vanishonDr Dg:Thefactthat G~ Dgr andthe lemmaabovethen
shavsthat U \ Dy = f0Og; whichisto say D D wherethe previous argumert,
just the pairing argumert for E takesover and shovsthat Dy~ Dg; and hence
they are equal.

Exercise 11. Usethe sameargumert to decideon the exactidentity of D mi, (d+ ):
Shaow that an self-adjoint operator gg which is givenby d+ acting on somedomain
Dg with Dmin B Dmax correspondsto a maximal subspaceof E + G + U
on which Q vanishes.

Sincemy handwritten lecture notes for today are at best misleading on blow-up
of a boundary face of a manifold with corners| have typed up something closerto
what | actually said.

Rather than just de ne X 2 = [X ?; (@X )?]; which we needfor the de nition of the
algebra bl (X); I will givethe generalde nition of [Z; F] whereF is a boundary
face of a compact manifold with corners,Z: By de nition (and this is what makes
this easierthan the generalcaseof an appropriately embeddedsubmanifold) there
are global de ning functions for F: Namely, if H; are the boundary hypersurfaces

the simultaneous vanishing of the x; de nes F; at least locally near F (there may
be other componerts of the intersection of thesek hypersurfaces).

Now to de ne a manifold it su ces to give the spaceof smooth functions on it.
We can set

(17) C' (Z;F) =
fu2 C' (Z nF);uis smooth in any normal polar coordinates at a point of Fg:

Here, by normal polar coordinates, | mean polar coordinates in the de ning func-

I will, for the momert, mean “projective’ polar coordinates. Theseare the k func-
tions

(18) r=xp+ +xk;ti:);—i;i:1;:::;k 1y

Notice that (as always locally near F) r = 0 only at F: It is only becauseit is a
“corner' of Z that we cando this. We can replaceany one of the “angular' variables
ti by ty = %<; or more generallytake any k 1 of thesek variables as coordinates.
To seethat the de nition (17) really makes sense,we needto show that it does
not actually depend on the choicesof the x; and y;; although the latter is pretty

obvious.
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Lemma 3. If F : U;0 ! U%O0is a di e omorphism of (relatively) open subsets
of R™ with F(0) = 0 then the pull-back under F of any C! function of the polar
coordinatesr; t1;:::;tx 1;Y; is alsoa C! function of thesevariables.

Proof. It suces to show that the pull-pack functions F r; F t; and F y; are Ct

functions of r; t; and y;; sincethen the sameis true for any smooth function of
thesevariables. It is clear than any relabelling of the x; has this property, sowe
can assumethat F maps ead of the boundary hypersurfacesx; into itself (rather
than permuting them). ThusF x; = a;x; with 0 < a a C' functions near 0 on
RM™K : Sincex; = tir; it follows that

X X
(19) Fr= Fxi=( at)r=r;0<:

i=1 i=1
Herewe usethe fact that thet;; 1= 1;:::;k 1takevaluesin the standard simplex
iNnRK L:je. 0 t landt;+ +tc 1 1 Sincety=1 t; ty 1 and

the a in (19) are smooth and positive, it is indeed the casethat the coe cien t
is positive and a smooth function of the polar variables. From this the rest follows
easily, sincefor instance

F Xi

(20) Ft= S Laiti:

Exercise 12. Ched that these projective coordinates are equivalent to polar coor-
dinates in the usual sense.That is, show that the functions R = (x3+  + x2)?
and ! ;| = x;=R are smooth functions of r and the t; and conversely Notice that
the !'; are the coordinates of a vector in S¢ Lk 1 = gk 1\ Rkk: and that any
k 1ofthe!; canbe usedascoordinates at a point on the sphere,exceptif there
is one which takesthe value 1 at the point, in which caseonly the others form a
coordinate system.

Having shown that the de nition (17) doesactually make senseindependert of
coordinates, we needto ched that the spaceof functions so de ned is indeed the
spaceof all C' functions on a compact manifold with corners. To make this space
concretewe can usethe chosende ning functions x; to identify it as

(21) [Z;:F]= (ZnF)] F: =ft2RK Yk L+ 4+t g

Prop osition 3. Once the de ning functions x; are xed, the space in (17) gives
[Z;F] in (21), for F a boundary face of a compact manifold with corners Z; a
natural structure as a compact manifold with corners.

Proof. Already provedreally. We canidentify a neighbourhood of F in Z with the
product F U where U is a neighbourhood of 0 in RKK of the form x1 +  + X< ;

> 0: Then the functions r and t; = x;=r allowsusto identify the part of the union
in (21) consistingof nF and F with F [0; )r: This is consistert with the
de nition of C* ([Z;F]) and sogivesthe spacea C' structure.

Exercise 13. If you want to de ne [Z;F] as a set, canonically and not asin (21)
by referenceto some particular collection of de ning functions, it is not hard to
do; sodo it! The usual way is to introduce the normal bundle to F: This is the
quotient of the tangent bundleto Z over F; Tg Z; by the tangent bundle to F: Thus
NpF = T,Z=T,F for all p2 F: It is a bundle of rank k over F and has a positive
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‘quadrart' bundle, namely the image of the tangent vectorswhich satisfy Vx; 0
for all i: This condition is independert of the choice of de ning functions x;: If we
let N* F denotethis "quadrant bundle' we can passto the corresponding “fractional
spherebundle' { really a bundle of simplices{ given by the quotient by the bre
R* action, SN*F = (N*F n0)=R": After all this we can set, as a set,

(22) [Z;F]=(ZnF)[ SN™F:
Ched that the choiceof de ning functions x; givesa natural identi cation SN*F =
F and the Ct structure induced on [X ;F] in (22) by this choice is actually

independert of the choice.

Now, the blown up spacecomeswith a smooth map badk to the original
(23) TXGFL Y Zy (nty) = (rty);

which is independert of any choices,sinceit is just the canonicalidenti cation on
the rst part of (21), or (22), and the projection onto F on the secondpart. Under
this map, the ‘new' boundary facer = 0 is identied with F; sometimes| call
r = 0 the “front face' of the blow up, or if a suddenalgebraic wave overcomesme,
the (exceptional) divisor. The lifts (proper transforms) of the old boundary faces
X; = 0 are the tj = 0; which are mapped smoothly onto them; | will often usethe
notation  (H) for the lift of a boundary hypersurfaceand ( ) for the front face.
Notice however that

(24) l(in:09)=fr:09[ fti=0g= ()] fxi = Og;

so the preimage of a boundary hypersurface containing F is the union of its lift
(proper transform) and the front face (divisor).

Exercise 14. Make sure you seethat in this real setting, blowing up a boundary
hypersurfacedoesabsolutely nothing.

Now, badck to the matter at hand. We want do identify the spaceof “order
1 b-pseuddli erential operators' on X with a spaceof smooth kernelson X 2 =
[X 2; (@X)?]: To do so, we should be careful and include the obligator right density
factors. Sincewe are in this “b-category'it is natural (and wise) to take the density
to be a b-density.

To do so, let me introduct another little bit of notation. Sincewe will needto
talk about the projections of X ? onto the factors, set

(25) RIXZ 1 X; rO6xY=x% X2 1 X; ((xx9=x
Then we needthe corresponding “stretched' maps from X 2 :
(26)  bR:IXE D OX: br= R 5 obLiXE ! X; opL = oL

De nition 1. On any compact manifold with boundary we set
@7) 5 (X)=fA2C (X§ pr b)A Oat (@ X)[ (X @)g

recall that u 0 at H for a smooth function u indicates that it vanisheswith its
Taylor seriesat eat point of H; soall derivativesvanish there.

Now, as we shall see,these are operators and form an algebra.

Let me show rst that the act on the smallest reasonablespace,Ct (X): It is
easyto seethat the Schwartz kernel theorem applies here and shows that A 2

bl (X) doesde ne an operator from C! (X) to C! (X); the spaceof extendible
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distributions (the dual of Ct (X; ) : This is pretty unimpressive, and would not
allow us to composethe operators. To do so, obsene how the action should go.
We want to “de ne' 7

(28) Af = A(z;29f (2%
X

wheref 2 Ct (X) and | have formally written z; z° for the two “variables' in X:
Notice that the kernel A is supposedto carry within it the density factor needed
to carry out the integral.

Trying to interpret (28) rigourously, we have to think of A asa smooth function
on X 2: The functin f is on X but in (28) this is clearly supposedto be interpreted
asthe right factor of X 2: Sowe can considerthe product

(29) A prf 2C (X& br b):

Here we are using the obvious fact that .o f 2 Ct (X 2) which is just the smooth-
nessof the map, but alsothe fact that it vanishesto innite orderat \ (X
@) = b;Fle(@(); simply becausef ; by assumption, vanishesto all orders at the
boundary. Now, A already vanishesto in nite order at the old boundaries so the
product in (29) does, as claimed, vanish to in nite order at all boundaries.

Now, oneelemertary property of the blow-up procedureis that it inducesan iso-
morphism on functions that are smooth and vanishto in nite order at all boundaries

(30) (@) ' d(z;F)

for the blow-up of any boundary face. This allows us to interpret the product in
(29) as a section of the b-density bundle

(31) Af 2C (X% 5 p)=C (X% Rr)

where we usethe fact that the sectionsof | which vanish to in nite order at the

boundary are the same,naturally, asthe sectionsof ;the ordinary density bundle.
Finally then we seethat 7

(32) bo(X) A (X)3(Af)T! Af 2 (X)
X

is actually a cortinuous bilinear map. In particular we get the desired operator
interpretation

(33) ACt(X) ! (X)) A2 b (X))

Exercise 15. Ched that this action is faithful, i.e. if A vanishesas an operator
(33) then it vanishesas an elemen of the space bl (X):
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11. Lecture Xl: October 14

Last time | de ned (again) the space 51 (X) and showvedthat its elemeris are
operatorson Ct (X): Today | want to prove that they form an algebraand discuss
someof its properties, relating them in generalto geometric properties of X 2 (‘the
b-double space’). As a warm-up exercise,that turns out to be closeto the proof of
the composition theorem, let me discuss

Prop osition 4. The elementsof bl (X) acton Ct (X):

Of coursethis is alsoimportant in its own right, asa further justi cation that the

elemerts of bl (X)) act on “almost everything'.

Proof. We are supposedto get this action in the sameway asthe action on Ct (X):
Notice that . : C (X) ! C' (X2) sothe big di erence is that we do not have
vanishing at the preimageof the boundary, hencenot at (X 2): We can summarize
the operations in the little diagram

1) X 2
L b }} R; b
o

X X
In fact it is clear from the de nition that
(2) b (X)isacC! (XZ)-module.

Thus, in trying to showv that when we integrate A o f over the right factor of X
we get an elemen of Ct (X); we might aswell forget about f and just integrate a
generalA: Thuswe aretrying to show that the push-forward map to the left factor
gives

®3) (o) @ p (X) ! C(X):

Note that if the map in questionwasa bration, asthe left projection from X 2 is,
then this is a version of Fubini's theorem. Howewver . is NOT (quite) a bra-
tion. If it werea bration then (3) would be true without the vanishing conditions
on the “old boundary faces'which are inherent in the de nition of bl (X) and
C' (X&; pgr b) itself would push-forward into C' (X); it doesnot, sowe have to
make use of this vanishing.

So, to business.To prove (3) we canwork locally on X 2: Indeed using a partition
of unity we cancut the kernel, A; up into small piecesand assumethat it hassupport
in the preimage of the product of coordinate neighbourhoods in the two factors of
X: If we are away from the front face of X 2; so away from the corner downstairs'
in X 2; then (3) is obvious { the map is locally a bration and in any casewe are
back to the previous result and the image is actually in Ct (X):

Thus, we can assumethat A hasits support in a “polar coordinate' neighbour-
hood [0; ), [ 1;1k U U%whereU;U° are open neighbourhoods of 0 2 R" !
with coordinatesy; y%andr = x+x%t = (x x%=r are projective polar coordinates.
Then

(4 A= adx—)fdyo; a2 (1 Hk@+o¥ctqo;) [ L1 U UY8kk™
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Here the factorsof 1 t and 1+ t re ect the assumedrapid vanishing at the old
boundaries,which aret = 1: In fact, becausewe want to discussthe map bad to
X; y variables, it is conveniert to introduce the singular projective coordinates

1 s
5 s= x%=x;x;y;y%sot= ——: r = (s+ 1)x:
®) iy T+ s (s+1)
These are valid coordinates in someregion0 r ;t2( L1jwitht=1; 1

correspondingto s = 0;1 : My claim is that, despite the singularity of these coor-
dinates, we can translate the conditions on a to imply

6) aYsixy;y)=a(rty;y)=) a®2s(0;1 )G (0, ) U U9:

By this | just meanthat a®is C' has support contained in [0;1) K for some
compactK [0; ) U U%and all derivatives (meaningin s; x; y and y° of all
orders) vanish rapidly ass! 1 :

Thisisclearin 0 s S wherethe coordinates are legitimate. Ins S > 0 for
any xed S;we canintroduces®= 1=s (= x=xY taking valuesin (0; 1=S): We still
do not quite get legitimate coordinates sincet = §2+11 is ne, but r = (1+ s9)x=s°
is not smooth. Sincex = x%% s% x0 are legitimate coordinates in this region, with
r = (1 + s9x°sowe do get a smooth function, b; of s x%y;y? which vanishesto
in nite order at s°= 0 and has bounded support in x% Notice that sud a function
can indeed be written asa smooth function of s% x; y;y°:

(7) bYs% x; y;y9) = (s gj; y;¥9

becausethe singularities in the secondvariable, ass®! 0 are swamped by the rapid
decay in s% For instance we can write

b= (sH™ by (s g);y;y"); by C

from which it follows that the rst N 1 derivativesin x are contin uous down to
s = 0: Now, for a function to be smooth and vanish to in nite order at s°= 0 is
equivalert to its being ‘Sdwartz' in the variable s = 1=s"nears = 1 : Thus we do
really have (6).

Exercise 16. Prove the corverseto (6) that this (with the correct support con-
straints) doesactually characterize the kernelsof elemerts in bl (X):

Finally then we can write our push-forward integral as
z 1 z XO dXO 0
(8) 0 _— a(;vxa y,yO)Wdy
where the supports in x°and y° are actually bounded. Changing variable from x°
to s = x%=x this becomes
Z,Z2 ds
€) a(s;x; y;y)—dy°
0 Rn 1 S
Note that the measure has “miraculously’ becomeregular exceptat s = 0; 1
wherewe have corresponding rapid vanishing (or deca) in the integrand. Thusthe
integral (9) corvergesabsolutely and uniformly to a smooth function of x and y:
This is what we needto prove.
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This proof is a bit hands-onfor my taste! For later purposesl will generalize
this result and make it more geometric. The results | will formulate next will rst
(as usual you might say) be usedto prove something worthwhile, in this casethe
composition theorem, and then later it will be proved. The proof can be based
on computations in singular coordinates just like that above, but there are other
approadestoo.

First think about the properties of smooth maps between compact manifolds
with corners. We know what smoothnessmeansalready, but we needto add some
conditions asto how boundaries are mapped. Recall that the boundary hypersur-
faceseat have de ning functions (if you like these are simply generatorsof the
C' -module of functions which vanish on the boundary hypersurfacein question),

n foreach H 2 M1 (X):

De nition 2. A smooth map F : X | XPis a b-map if eadr boundary de ning
function 9o, H92 M1(X 9 pulls back to a product of boundary de ning functions
for X : v

(10) f %o= ano HHY: a< ago2 C (X):
H2M1(X)

It is an interior b-map if it maps the interior of X into the interior of X% It is a
simple b-map if it is a b-map and in addition the exponerts e(H; H 9 take only the
valuesO; 1: It is ab-normal map if it is ab-map and in addition for eadhH 2 M1(X)
there is at most one H%2 M1 (X 9 sud that e(H;H9 6 0:

A simple b-normal map is one which is simple and b-normal, etc, duh.

Exercise 17. Translate thesede nitions into statemerts about the behaviour of the
ideals corresponding to boundary faces.

Now recall that the b-cotangert bundle T X isthe ordinary cotangert bundle in
the interior, but nearaboundary facehasaslocal basisthe “logarithmic di eren tials'
dx;=x; and dy; in terms of our usual adapted coordiantes. The b-tangert bundle,
its (pre-)dual, has corresponding basisx; @, ; @), :

Prop osition 5. Any interior b-map the usual di er ential on the interior extends
by continuity to a “b-di er ential' and its dual

1) f PPT X0 L PTOX f i PTpXO 1 PT X forallp 2 X:

Note that despite somedanger of confusion, | will generally denote this “new' dif-
ferertial by f or f ; just like the usual one.

Exercise 18. Seeif you can carry the proof through.

De nition 3. An interior b-map f : X 7! X?9is said to be a b-submersionif it
is surjective and f p = f : T,X ! T(pX%is surjective for ead p 2 X: A
b-submersionwhich is also b-normal is said to be a b- bration

Exercise 19. Ched that thesede nitions are not at all vacuous!

(1) Show that the blow-down map :[X;F] ! X for F a boundary face of
a manifold with cornersis always a b-submersionbut not a submersionin
the usual senseunlessF is a boundary hypersurface(in which caseit is the
identity map).
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(2) Shaw that this blow-down map is never b-normal, and henceis not a b-
bration, unlessH is a boundary hypersurface.

(3) Show that the “stretched projection’ .p : X2 ! X is a b- bration but
is not a bration in the usual sense.

| will discussthe general structure of b- brations, and so on, later. For the
momert | will just quote a push-forward result

Theorem 1. For a simple b- bration f; suppmsefor each H%2 M1 (X 9 for which
e(H;H9% 6 0 for someH 2 My(X) a particular suchH = p; (H9 is chosen,then
push-forwad ( br e-integration) givesa map

(12) f @ u2C (X; p);u OatH 2 My(X)

unlessH = pr (HY for someH%2 My(X% 1 C (X% p):
Of courseyou are very welcometo try to prove this, but it is easierwhen we have
a little more machinery at our disposal. For the momert | suggest

Exercise 20. Show that this theorem does imply Proposition 4 in the form (3).
Hint: Sincethe theorem dealswith b-densitiesand (3) is about “partial' b-densities,
something hasto be done! First show that there is a natural isomorphism

(13) (o) b(X) (rb) b(X) b(X$)

(Hint-within-a-hin t, the corresponding statemert on X 2 is true). Now to get (3),
choosea positive b-density 0 <, 2 Ct (X; p) and shaw that Theorem 1 can be
applied to bl (X)  Lp b: Ched that the result is independert of the choice of
b-

Despite appearancesthere is something going on here to do with b-densities as
opposedto ordinary densities.
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14. Lecture XIV, 23 October, 2003

What have | not done to complete the treatment of the “conic case'at least as
far asthe identi cation of the L2 cohomology the relative Hodge cohomologyand
the appropriate intersection cohomologyis concerned?! have not

(1) Treated the composition of nite-order b-pseuddi erential operators.

(2) This in turn is only really needed(for the momert) for the proof of the
Soholev cortinuity of such operators, that A 2 ¥(X) always de nes a
bounded linear operator from xSH[" (X ) to xSH|" K(X) for any m; s: This
is what givesus elliptic regularity.

(3) | have not yet discussedintersection cohomologyat all.

| will add to the notes, but probably not devote a lecture to, the rst two of these.
My reasoninghere is that thesereduce, given what we already know, to the same
issuesin the boundarylesscase,sol do not feelthe needto gothrough the discussion
fully here.

Rather than gothrough the conic caseagain, | will now quickly describe the same
sort of approac to another classof degeneratemetrics which | will call “cusps'but
are often called “horns'. | do not want to take the time to gothrough all the details,
but I will attempt to write down everything to the point whereit is “straightforw ard'
to ched the claims that | make.

The metrics we consideragain exist on any compact manifold with boundary, but
with a somewhatdi erent degenerationthan for conic metrics. Thus, we suppose
that in the interior, g is a metric and nearthe boundary there is a boundary de ning
function  such that

M g=dZ+ Mh

whereh is asbefore,a smooth symmetric 2-cotensorwhich restricts to the boundary
to a metric hp and N 2; the conic casecorrespondsto N = 1: The extreme case,
N = 0; is that of a regular boundary problem, which can also be handled the same
way but leadsto somewhatdi erent analytic issues(and a di erent L2 cohomology
of course,namely the absolute cohomology).

Exercise 21. Let Y" X "*1 be a singular submanifold of a compact manifold
without boundary whereY hasjust an isolated singular point (or perhapsse\eral)
near which there are local coordinates z; ; in which it takesthe form

X
(2) 2N = ZFrf(zinz)izn O

wheref (real-valued) vanishesto order 3 at least at 0: Show that the intro duction
of the singular coordinates zo; zj=z) resolvesY to a manifold with boundary to
which a metric on X restricts to a “horn' metric (note that zo might not quite be
X:)

For extra credit (!) show that the samething can be accomplishedby repeatedly
blowing up the singular point, namely it needsto be blown up N times.

Problem 1. Describe the L? and Hodge cohomologyfor a metric of this “cusp'type.
In fact we want to do “ewerything' in a sensethat should be getting clearer by now.

The approad | will useis, and of coursethis is one of the main points, essetially
the sameasin the conic casealthough someof the “details' are necessarilydi eren t.
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Namely, rst look at the structure of d+ in terms of a Lie algebraof vector elds
sudh that we can give an elliptic regularity result for the assaiated enveloping
algebra(and dewelop a full calculus of pseuddli eren tial operatorsto go along with
this). This is usedto analysethe relative and absolute domains, which have the
samede nitions as before, deduceself-adjointnessand the Fredholm property and
hence get the Hodge decomposition and identity of L? cohomology and relative
Hodge cohomology It turns out that in this casethe Hodge cohomologiescan
be identi ed in terms of the usual relative/absolute cohomologyand subsequetly
in terms of appropriate intersection cohomology Rather surprisingly perhapsthe
spaces(say L? cohomology)on a xed manifold for di erent metrics and di erent
valuesof N 1 turn out to be canonically isomorphic.

So, rst we look for a Lie algebra of smooth vector elds with which to describe
the Laplacian and d+ : If welook at vector elds of nite length they will generally
be singular at the boundary, with the worst singularity beingO( ) (takeN = 2
if you want). Sowe can look at the vector elds V which are smooth and satisfy

(3) jVig=0( "):

Sincethe part 2N h of the metric already givessucd an order of vanishing for any
smooth V; this is equivalert to

(4) V 2 NG (X)() V2 Vne(X):

Locally, in adapted coordinates, in which x =  must always be an admissible
de ning function, i.e. onefor which (4) holds, this Lie algebraand C' (X ) module
is spannedby

(5) xN@; @ :

It follows that it is the spaceof all smooth sectionsof a vector bundle, N¢T X ; for
which (5) givesa local basis. In the caseN = 2| introducedthis Lie algebralong
ago; it dependson the choice of as a trivialization of the normal bundle to the
boundary, but nothing more. For N 3 it only dependson the choiceof modulo
terms O( N) asis clear from (4).

Exercise 22. Can you give a ‘geometric' description of an N -cusp structure on
a compact manifold with boundary, analogousto the trivialization of the normal
bundle in caseN = 2?

Similarly we de ne the N -cusp cotangert, and form, bundlesbasedon C* com-
binations of the forms

(6) dx; Ndy,

I will denotethesebundlesN¢T X and N¢ X ; note that they depend on more than
N!

SinceN°T X is, by de nition, the dual of N°T X ; a smooth section of the latter,
V 2 Ve (X); de nes a smooth function on the former which is linear on the bres;
we normalize this by dening (V) to be iV thought of as a linear function. A
function f 2 C* (X) similarly de nes asmooth function onN¢T X which is constart
on the bres (and we do not put ani in the identi cation of (f) with f in this
sense). Let Di Iﬁ,c(x) be the spaceof N -cusp di erential operators of order k (at
most). Thus P 2 Di K.(X) is an operator, for example on C! (X ); which can be
written asa nite sum of up to k fold products of elemerts of V¢ (X ); this onecan
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think of as the ernveloping algebra of V¢ (X ) asa Lie algebraand C* (X ) module
(in particular k = 0 factors meansthe action of f 2 C* (X ) by multiplication); the
Di ch (X) clearly form a (n order-) ltered algebra. Moreover, from the fact that
Vne (X)) is a Lie algebra

(7) [Di §c(X);Di \(X) Di f' *(X)

we seethat the commutativ e product in Ct (N°T X)) leadsto a short exact sequence

(8) Di .'(X) ! Di §o(X) ' P¥™T X):

Here the quotient spaceis the spaceof smooth functions on N°T X which are
homogeneous(polynomials) of degreek on the bres. The symbol map is de-
termined by the fact that it is multiplicativ e and our earlier normalization on
Ct (X) = Di ge(X) and Vye(X):

We canextend thesede nitions to sectionsof vector bundleswithout pain. Either
localize everything, which is a bit painful, or interpret the tensor product in

9) Di §e(X;E;F)=Di {(X)  (x)C" (X;hom(E;F)):
Of courseit is important that this de nes a space of operators Ct (X;E) !
Ct (X;F):

Exercise 23. Ched that there are no surprises and the symbol extends in the
obvious way and givesrise to a short exact sequenceas in (8) but with bundles
inserted appropriately.

As usual, ellipticit y meanspreciselythat (P) is invertible o the zero section
of NeT X:
Now we look at d+ from this point of view.

Lemma 4. For an N-cuspmetric (1), d+ 2 N Di §.(X;N¢ ) is elliptic in
this sense.

Proof. Tochedk that d2 N Di #.(X ;N ) just work out its action on the local
basisof 1-forms (6):

X 1 X 1
(10) d(adx + boxMdy ) = x N( (@ a)xNdy; ~ dx
k=1 j=1
X 1 X 1
+ V@b + NxN thgdx A xNdy + (@ b )xN dy A xN dyi
k=1 k=1

Remark 2. It is precisely at this point that we seea simpli cation arising in the
casesN 2 relative to the conic case,N = 1. Namely in the middle, “cross',term
here the term of order 0; which arisesfrom the x-di eren tiation of xN in the basis
of forms, vanishesat x = 0 if N > 1: This meansthat this term will not show up
in the “'model' operator we later consider, as we consideredthe model coneearlier.
For this reasonthe non-zero eigernvalue problems that appearedfor the cone, and
causedmost of the computation work, do not showv up at all for N > 1: | did say
the conewas the hardest caseearlier! It also meansthat the “model operator' for
d+ ; whenwe try to look at what happensto leading order at the boundary is
not, or at least should not be thought of, asthe operator for the model problem.
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For the latter this xN * term would appear, but it is irrelevant to the analysisand
is better dropped. Make of that what you will.

Then we can either ched, exactly as before, that Hodge ? is an isomorphism of
Ne  X; which is essetially immediate from the de nition, or elsethat the adjoints
with respect to a measuresuch as

(11) dg= N D -0< 2C (X;);

and non-degenerate bres inner products, of elemens of Di K.(X;E;F) are in
Di ch (X; F; E): Anyway, we easily concludethat 2 Di hc (X;Ne ).

The argumert for ellipticit y is the sameas before. We can seefrom (10) that
the symbol of d at (p; ); 2 NCTpX; isi ~ acting on N¢ pX: The symbol of the
adjoint is the adjoint of the symbol (or use?) sothe symbol of is ic in terms
of metric contraction. The result is a Cliord action of NT X onN¢ X and in
any caseis elliptic sinceits squareis diagonal and given by multiplication by the
metric (remember, this is a courseon Dirac operators, except | have only talked
about onesofar!)

We want uniform elliptic estimates (and more, we really want a way to write
down the inverseof d + ): To get these we will work on a double spacewhich
resolves V¢ (X ): This is supposedto be obtained through iterated blow-up,
X2. ! X2 andbe sud that we canlift Vyc smoothly from either factor of X and
the resulting smooth vector elds are transversal to the lifted diagonal. We also
want the stretched projections n.ne = H :H = L; R; to be b- brations which
are transversalto the lifted diagonal (among other things this meansthat the lifted
diagonal is di eomorphic to X): Let's try to do it; maybe just sticking to N = 2
would be wise, but | will go on and outline the generalcase.

Locally our vector elds arexN @ and @, : Just asin the conic casewe do not
want, in fact cannot, do anything to the tangertial @, vector elds, sincethey are
already non-degenerate. Basically this resolution problem is again 1-dimensional,
or since we are in the double space, 2-dimensional, just involving x and x% An
obvious thing to look at is the lift of xN @ to the spaceX 2; which resolvesV, (X ):
In the coordinates s = x=x°x% y; and y? near a point on the lifted diagonals = 1;
y = y%in X2 we know that x@ = s@: (So that the lift of V,(X) is everwhere
transversalto the diagonal). So of course,xN @ lifts to (x9N sN @: Sinces= 1
on the diagonal, this vanishesexactly at x°= 0 on the lifted diagonal, which is to
sa at its boundary. Howewer, we cannot blow-up the boundary of the diagonal,
sincethe @, are not tangent to it! The smallestreasonablething to blow up is

(12) B,=fx’=0;s=1g (X?):
Exercise 24. Ched that this is actually a well-de ned submanifold of X 2 which
depends(only) onthe choiceof cuspstructure, i.e. the de ning function : Note that

it is a boundary p-submanifold, i.e. is an interior p-submanifold of the boundary
hypersurface (X 2:

Even though the notation is not quite de ned, we consider
(13) X2 = [X£;Bal:

| have not de ned the blow up of a boundary p-submanifold such as B but it is
a straightforward generalization of the blow up of a boundary face. We get a new
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boundary face and b-map as blow-down map. The main (big) di erence is that
this map is not a b-submersion, if fact it is a b-submersionexactly when B is a
boundary face, which it is not here. This is replaced by the fact that

Lemma 5. The Lie algeba V,(X;Y) of vector elds tangentto the boundary faces
of X and to the p-submanifold Y lifts smaothly to [X ;Y] to span Vp([X;Y]) asa
module over C* ([X;Y]):

Thus we do in fact know the range of
Exercise 25. Ched this in the particular caseof interest here,namelyfor B, X ?:

Prop osition 6. The cuspalgeba V¢, (X ) de ned by a choice of boundary de ning
function 2 C!' (X) on a compact manifold with boundary lifts, from the right
or left factor, to a space of smaoth vector elds on X2, (de ned of course by the
same choiee of ) to be transversalto the lifted diagonal, which is an interior p-
submanifoldDiag,, X 2,: The left andright stretched projections, o:cu = o cu;
O = L; R; are b- brations which are transversalto Diag,, :

Proof. That the cusp algebra lifts, we know from Lemma 5. In any caseit is a
rather straightforward computation which | will do! We canignore @, throughout
and we have only to deal with the one vector eld, which starts o asx?@: After
we lift it to X 2 it is x%2@ in terms of the coordinates x% s = x=x° which are valid
nearthe boundary of the diagonal. We can drop the s? sinceit is non-vanishing and
switch from sto t = s 1 which hasthe virtue of vanishingat B, = fx°= 0;t = Og
and our vector eld is a non-vanishing smooth multiple of x°@: The lifted diagonal
isy = y°t = 0 and near it we can use the singular coordinates x° and t, = t=x°
(together with y and y9: In terms of these our vector eld has become@,; so
with @, we do indeed get a set of smooth vector elds transversalto the interior
p-submanifold Diagy,, :

So, X 2, doesresolve V¢, (X ): Now we needto ched that we haven't gonetoo far
somehav. S0, gr.qy IS a well-de ned b-map. Why is it a b-submersion? Consider
the vector eld x@ + x°%@o: This is in V,(X?) and so lifts to X2 to be smooth.
Near B, it hasbecome

t n@+x@ (t 1)@ =xQ:

in terms of the coordinatest = s 1= (x x%=x’and x% Herethe rst term is the
lift of x@ and the secondis the lift of x°%@ = s@+ x°@o in the new coordinates.
Thusit is certainly tangent to B, and so lifts to be smooth on X2, by Lemma 5.
But this meansthat the vector eld to which it lifts pushesforward under |.¢,
(or Rr.cu for that matter) to x@ on X: Soin fact ( L.cy) :P°TpX2, ! PTeX
must always be surjective! Sincethe image manifold is a manifold with boundary
the additional condition of b-normality is void. Thus ., is a b- bration. That
this b- bration is transversalto Diag,, is the statemert that the null spaceof the
(ordinary or b-) di erential ( gr.cy) cortains a complemer to the tangent spaceof
Diag., at eadh point. This we already know, sincethe lifts from the left factor of
elemeris of V¢, (X) must be killed by g.cy; and this lift spanssuch a complemernt
at ead point.

Now, having done this in the cusp case,N = 2; | may as well go on into the
higher cusp cases.First try N = 3: Then we have x3@ in place of x>@: So, when
we lift it up to X2, from the left, we can seefrom the computation above that in
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the coordinates t,; x° (and always y; y9 that we get a smooth positive multiple of
x%@,: So,we haveto blow up Bz = ft, = 0;x%= 0g X Z,: Thus we concludethat

(14) Vac(X) is resolved on X 2, = [X2,;B3]:

In fact the sameargumert clearly works for any N: Proceedingby induction we
can claim that the functions

0

X", 0

-y y°

(15) ty = )EXW;X

lift to X3, to give coordinates near the lifted diagonalin which it becomesty = 0;
y = y%and suc that xN*1 @ lifts from the left factor to be a smooth positive
multiple of x°@, : Then we cande ne By+; = fx°= 0;ty = Og and de ne the next
spaceas

(16) X (2N+1)c = [X lglc; BnI:

Prop osition 7. Proposition 6 carries over to the N-cusp algeba with X 2, replacd
by X 2. :

With this behind us, we can de ne
(17) ch(x): fA2 Ik(xlglc;Diach; R; Nc NC);A Oat@(lglcn Nc G
where pne= N =  Nn

Exercise 26. | leave it to you to shov how to de ne the operators on sections of
vector bundles.

There are lots of things to say about theseoperators, and | will say at leastsome
of them. The rst thing isto seethat Di K,C(X) K. (X): The placeto start here
is the identit y operator! In Iozcal coordinates it can be written

(18) dui;y)=  (x x) (v y)ux®y9jdxdyd:

To lift the kernel up to X 2 we needto introduce say s = x=x° as variable in place
of x: Sinceit is essetially a parameter we can usethe fact that the delta “function’
is homogeneousf degree 1; so

(19) x xX9=09 t(s D= *@®):
But the factor of x°just turns dx?into dx%x° and we get a coe cien t b-density:
_dx°
(20) (t) (y VO)JWdy(i 2 B(X):
We can cortinue this way up to X 3. to seethat
. dx°
(21) Id= (tn) (y y(’)JWdy‘i 2 Re(X):

Clearly it is elliptic, sinceit hassymbol 1:

Exercise 27. Now use the fact that Vnc(X) lifts from the left fact to be smooth
vector elds inn Vp(X2.) to shaw that Di {(X) K. (X):

Prop osition 8. The elementsof [.(X); for any m 2 R; de ne continuous linear
operators on Ct (X):
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Proof. This is an application of the push-forward theorem using the fact that the
stretched projections are b- brations; it is also necessaryto sort out the behaviour
of the density factors.

Prop ositon 9. The K (X) form an order- Iter ed asymptotically complete *-
algeba of operators on C! (X) with multiplicative symiol map giving a short exact
sgquen@

(22) Ne T Rex) 1 (8M=s" H(T X)
andeachA 2 .(X) is bounded on L2(X):

Proof. So,| have left a bit of a hole in the preparation for the product formula { in
particular | don't quite have the machinery in placeto prove eventhe composition
formula in the boundarylesscase,so | will have to talk about that too. So this
whole proof will take a little while { maybe you should bypassit as| will doin the
lecture!

First we consider the composition formula for operators of order 1 ; which
of courseis part of the claim. The idea here is exactly the same as before. We
want to nd a triple product with appropriate properties. This will involve a
bit of an e ort. Let's start with the triple b-product X 3: We already know that
X2 maps back under O;b to X2: Now, inside X2 we have the submanifold B,
that we needto blow up to turn X2 into X2,: So, we consider the inverseimage

O:lb(Bg) = B0 for O = F;S;C: Two of the boundary facesof X2 are mapped
into the front face of X 2 under eac of the stretched projections sowe actually get
two, intersecting, boundary p-submanifolds asthe preimageof B, from ead of the
projections. Somewherethere are somepictures of what is going on!

In particular our elliptic construction from the boundaryless casecarries over
unchanged.

Prop osition 10. If P 2 §.(X;E;F)is elliptic thenthere existsQ 2 ch(x i FE)
suchthat P Q 1d2 . (X;F)andQ P 1d2 . (X;E):

One important point is that, asin the conic case, (x=x9% is a multiplier on
the space K.(X;E;F); although as we shall see,much more is true for N > 1:
Anyway, by conjugating and using ellipticit y it follows that
(23) u2L2x;N ) N@d+ Ju2L3(x;Ne =) w2 FHE OGN )
Here | have put in the weight that comesfrom the metric. The Sobolev spaceon
the right is just that basedon V(X ); sou 2 Hf,C(X) just meansthat V(X ) u
LZ.(X) for all j  p: This of courseappliesto the maximal, ungraded, domain

(24) Dmax = U2 L2(X;N );(d+ Ju2 L2(X;N ) FHEXGN )

So, we then want to work out more precisely what this domain, and the various
smaller oneswe have de ned, D; Da; Dr and Dy, are. This turns out to be
fairly straightforward when N 2 usingthe ner conjugation property anticipated
above. Namely, for any real ;

(25) exp(i (% X—lo) is a multiplier on X, (X):
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More generally
(26) expi (x N x° N) is a multiplier on Iﬁ,c(x):

Exercise 28. Ched this by seeingwhat happensto the function whenlifted to X 3.;
i.e. show that it is smooth except at the part of the boundary where the kernels
are assumedto vanish rapidly whereit only has a singularity of nite order.

Now, the maximal graded domain
(27) D= u2Li(X; )du; u2Li(X; )
with norm kuk3 = kuk?, + kduk > + k uk_ . and the relative and absolute domains
(28)
Dr=fu2D;9C (X; )3up! uinLj(X; )stdu,! duinLi(X; )g Da= Dg:
Lemma 6. If k = %t (sonis odd) and U : Hf,, (@; ¥) | D;andV :
HyZn (@) ! D suchthat
(29) U= + C(X; Vv =dr + c(x; ¥y

Proof. For 2 H,'j,o;ho(X); let (x) bethe represenativ e harmonic with respect to
the varying metric h(x; y; dy;0): The termss in dx can be suppressedsince these
are already O(x?) with respect to the metric. It then followsthat U =  (x); for
an appropriate cut-o ; isin D and then wecantakeV = U:

Basically there is nothing else!
Theorem 2. For a cusp metric asin (1) the graded L2 domain
(30) D=x FAHLOGE )+ UHpZ, (@) + VUH,Z, (@X);
whete the closure is with respect to k kp ; and the relative domain

n 1
(31) Dr=x z*HL(X; )+ UHZ (@)

and with this domain, d + is a self-adjoint Fredholm operator with consejuent
Hodge decomposition

(32) LA(X;* )=Hy(X) dDr  Dg
and null space canonically isomorphic to the L? deRham cohomola@y.

Proof. This involves computations similar to, but easierthan, those in the conic
case.
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17. Lecture XVI |, 4 November, 2003

Next lecture will be Thursday November 13 (and it will be a short one!)
Last time | constructed a principal bundle assa@iatedto any family A 2 Ct (Y; X(X;E;F))
of elliptic pseuddli eren tial operators on a compact manifold without boundary, X;
ofr a compact parameter spaceY: The structure group of this bundleisG* (X;E)
or G! (X;F) asthe numerical index of the family if negative or positive. Assum-
ing for the sameof de niteness that # ind(A) 0; the bundle

(1) G! (X;F) —/Pan

Y

has bre aty2 Y
(2) Pany = B2 ! (X;E;F);Ay+ B hasnull spaceexactly N
where N C! (X;E) is xed but is chosenarbitrarily with dimension equal to
# ind(A):

Esserially by de nition, this bundle is trivial if and only if there exists a smooth
mapE 2 Ct (Y; ! (X;E;F)) suct that Ay + E, is surjective for all y 2 Y and
has null spaceN:

Exercise 29. Ched this carefully, starting from the de nition of trivialit y of a
principal bundle.

Thus, the trivialit y of the principal bundle, together with the vanishing of the
numerical index is precisely the obstruction to “perturbativ e invertibilit y'.
Also recall that | de ned

3 K Y(Y)=1[Y;G' ]
(4) K 2(Y)=[Y sY figG* ;id]
i.e. K (Y) is the set of homotopy classesof smooth mapsinto G (for any

model) and K 2(Y) is similarly the set of homotopy classesof smooth maps from
Y Sinto G! taking Y flgto Id: We canalsothing of (4) as

(5) K 2(Y)=[Y;LG! ;Id]
whereLG?! s the loop group:
(6) LG! = F:s ! G! ;F@)=1d

The de nitions (3) and (4) depend on the fact, which is the essetial nature of Bott
Periodicity that

fOg j ewven
7 (G )=
(7) (G2 )= 5 j odd.
Exercise 30. Assuming (7) show that

Z jewen
8 [(LGY )=
®) i ) fOg j odd

where the higher homotopy groups can be consideredas mapsinto the componert
of the identity.
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Exercise 31. What areK (S") and K 2(S")?
| will provethe rst part of (7). The rst claim is
Lemma 7. G! is connected.

Proof. This is a direct consequenceof the fact that for any smoothing operators
A2 1 (X;E) the family Id +zA is invertible for A2 CnD whereD C is
discrete (i.e. countable and without points of accunulation). We can either use
the Fredholm determinant to prove this or proceeddirectly. Fix a value z of z:
If Id +zA is invertible then we know it has a bounded inverse as an operator on
L2(X ; E) and by the opennessof the set of invertible operators (i.e. corvergenceof
the Neumann series)it remainsinvertible for jz  zjkAkk(ld zA) 'k < 1: ThusD
is closed. If Id + zA is not invertible then we use nite rank approximation to write
A = A1+ A, whereA; is a nite rank smoothing operator and A, hassmall norm,
for instancejzjkAzk 2 < %: Then Id + zA; hasinverseld + B(z) for jz zj< with
B (z) holomorphic with valuesin the smoothing operators and we are reduced to
considering

(Id +B(2))(Id +zA) = Id +A%Yz2); A%z) = (Id +B(2))zA;

Thus A%z) has nite rank, at most the rank of A1; and is holomorphic near z so
Idy +AYz) is invertible for 0< jz zj< °for some > 0and D is discrete.

Thusif Id + A isinvertible then it can be connectedto the identit y by an inverible
family Id + z(s)A:

Exercise 32. Usesuch a nite rank approximation to de ne the Fredholm determi-
nant det(ld + A) asan ertire function of A, extending the usual de nition for nite
rank operators, suc that (Id +A) ! existsif and only if det(ld + A) 6 0 with the
usual multiplicativ e and di eren tial properties

det((Id + A)(Id +B)) = det(ld + A) det(ld + B);
9
®) % det(ld +zA) = det(ld +zA) Tr(ld +zA) A) where det(ld +zA) 6 0:

The second,and more substartial, part of (7) is

Prop osition 11. If F:S ! GZl (X; E) is a smaoth loop then
(10) W(F):Z—li STr F() 1? d 22
there exists a smaoth map
(11) F:[0;1] S ! G! (X;E)with F(0)= F andF(1)=(d )+ z"F)
where is a projection of rank one.
We start o with a simple case,where the family is actually a ne.

Lemma 8. If A;B areN N complexmatricesand A+ zB is invertible on jzj = 1
then, for jzj = 1; it is homotopicto (Id )+ z wher is a projection of rank
W(A + zB):

Proof. If A is not invertible, we may perturb the family slightly and sodeformit to
(A+tld)+ zB wherethe constart term is invertible. Then, usingthe connectedness
of GL(N); which follows from the proof above, we may deform away the constart
term and replacethe family by Id +zB% B%= (A+ tld) 'B:Onthecirclez= € ;
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dz=ie' d sofor afamily which is holomorphic near the circle the integral in (10)
can be written asa contour integ£al

_ 1 1dF(2)
(12) w(F) = 2T Tr F() = dz
In this casedF=dz= B and the intggral, without the trace, becomes
(13) M = i (Id+zBY B%z
20 jz=1

which is in fact the projection onto the span of the generalizedeigenspace®f B for
outside the unit circle (and with null spacethe spanof thoseinside). We don't need
all of this information but we do needto seethat M is a projection (or perhaps
better to say an idempotent, M? = M): Indeed the square can be written as the
double integral

1 Z z

(14) M2= = (Id +zBY (1d +zB9Y 1(BY2dzdz®
(2 )% jzi=1 jz9=1+

for > 0small (using Cauchy's theorem). Now the resolvert identit y can be written

(15) (Id +zBY *(d +zB9 B°=(z° 2) ! (1d+zB) ' (d+zBY ; z6 z*

Inserting this into (14), one of the integrals can be carried out for ead term. Indeed
the secondis holomorphic in jzj 1 sointegratesto zero, while for the rst hasa
simple pole in z% at z° = z and so the z° integral may be replaced by the residue
which is just M:
Furthermore M and B ° commute, sinceB° commutes with (Id +zB9 ! and
(16)
(Id +zB% M is holomorphicin jzj 1; (Id +zB9% (ld M) is holomorphic in jzj
This involvesan argumert similar to that above, to prove the rst write
Z
1
(Id +zBY M = > (1d +zB9Y (d +sB9 B%Us
jsj=1
Z
1

= = (s z) * ((d+zBY ' (d+sBY ! ds:
21 jgj=1

Here the rst term vanishes(for jzj > 1); by Cauchy's theorem, and the secondis
holomorphic. The other caseis similar.
Finally, we concludethat under the deformation B = t(ld M)B%+ M (tB°+

2(1 1)) (Id+zB9 * remainsholomorphic nearjzj = 1 and results in a family as
desired.
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18. Lecture XVI |l, 13 November, 2003

Handwritten notes: Pages1-11

19. Lecture XIX, 18 November, 2003

Handwritten notes: Pages1-10
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