SECOND ASSIGNMENT, DUE SEPTEMBER 18 IN CLASS
18.155 FALL 2001

RICHARD MELROSE

In the main these questions form theorems in Hérmander’s book [1], so the proofs
are available there. I suggest that you try to work them out on your own and in
any case | expect written proofs, even if you need to get the idea from the book.
Of course, at the very least, you will have to translate the notation.

Problem 1. [Hérmander, Theorem 3.1.4] Let I C R be an open, non-empty interval.
i) Show (you may use results from class) that there exists ¢ € C°(I) with

Jp (z)ds = 1.
ii) Show that any ¢ € C°(I) may be written in the form
p=o¢+cp, ceC, ¢eCX) with /55:0.
R

iii) Show that if ¢ € C2°(I) and qu; = 0 then there exists p € C°(I) such that

d“ =¢in I.
iv) Suppose u € C~°°(I) satisfies —Z =0, ie.
d
u(-2) =0V pecEm,

show that u = ¢ for some constant c.
v) Suppose that u € C~°°(I) satisfies —7; = ¢, for some constant c, show that
u = cx + d for some d € C.
Problem 2. [Hormander Theorem 3.1.16]

i) Use Taylor’s formula to show that there is a fixed ¢ € C3°(R™) such that
any ¢ € C°(R™) can be written in the form

¢=c+ Yz
j=1
where ¢ € C and the ¥; € C2°(R") depend on ¢.
ii) Recall that dg is the distribution defined by
do(¢) = (0) V ¢ € C*(R");
explain why dp € C~°(R"™).
iii) Show that if v € C™>°(R") and u(z;¢) = 0 for all ¢ € C°(R") and j =

1,...,n then u = ¢dy for some c € C.
iv) Define the ‘Heaviside function’
— [ oz v o @)
0

show that H € C~(R).
v) Compute L H € C~<(R).
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Problem 3. Using Problems 1 and 2, find all u € C~*°(R) satisfying the differential
equation

d
xﬁ =01in R.
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