MONOMIAL CRYSTALS AND PARTITION CRYSTALS

PETER TINGLEY

ABSTRACT. Recently Fayers introduced a large family of combinatorial realizations of the
fundamental crystal B(Ap) for ;[n, where the vertices are indexed by certain partitions. He
showed that special cases of this construction agree with the Misra-Miwa realization and with
Berg’s ladder crystal. Here we show that another special case is naturally isomorphic to a
realization using Nakajima’s monomial crystal.
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1. INTRODUCTION

Fix n > 3 and let B(Ag) be the crystal corresponding to the fundamental representation of
sl Recently Fayers [2] constructed an uncountable number of combinatorial realizations of
B(Ap), all of whose underlying sets are indexed by certain partitions. Most of these are new,
although two special cases have previously been studied. One is the well known Misra-Miwa
realization [12]. The other is the ladder crystal developed by Berg [1].

The monomial crystal was introduced by Nakajima in [13, Section 3] (see also [5, 10]). Naka-
jima considers a symmetrizable Kac-Moody algebra whose Dynkin diagram has no odd cycles,
and constructs combinatorial realizations for the crystals of all integrable highest weight mod-
ules. In the case of the fundamental crystal B(Ag) for sl,,, we shall see that the construction
works exactly as stated in all cases, including n odd when there is an odd cycle.

Here we construct an isomorphism between a realization of B(Ag) using Nakajima’s mono-
mial crystal and one case of Fayers’ partition crystal. Of course any two realizations of B(Ag)
are isomorphic, so the purpose is not to show that the two realizations are isomorphic, but
rather to give a simple and natural description of that isomorphism.
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2. CRYSTALS

In sections 3 and 4 we review the construction of Nakajima’s monomial crystals and Fayers’
partition crystals. We will not assume the reader has any prior knowledge of these construc-
tions. We will however assume that the reader is familiar with the notion of a crystal, so will
only provide enough of an introduction to that subject to fix conventions, and refer the reader
to [9] or [6] for more details.

We only consider crystals for the affine Kac-MOOdX algebra sA[n For us, an sA[n crystal is
the crystal associated to an integrable highest weight sl, module. It consists of a set B along
with operators &, f; : B — B U {0} for each 7 modulo n, which satisfy various axioms. Often
the definition of a crystal includes three functions wt, p,e : B — P, where P is the weight
lattice. In the case of crystals of integrable modules, these functions can be recovered from
knowledge of the €; and fg, so we will not count them as part of the data.

3. THE MONOMIAL CRYSTAL

This construction was first introduced in [13, Section 3|, where it is presented for symmetriz-
able Kac-Moody algebras where the Dynkin diagram has no odd cycles. In particular, it only
works for sl, when n is even. However, in Section 5 we show that for the fundamental crystal
B(Ap) the most naive generalization to the case of odd n gives rise to the desired crystal, so
the results in this note hold for all n > 3.

We now fix some notation, largely following [13, Section 3].

e Fix an integer n > 3.

e Let I be the set of pairs (, k) where 7 is a residue mod n and k € Z.

e Define formal variables Y; ; for all pairs (i, k) € I

e Let M be the set of monomials in the variables }Cﬂ To be precise, a monomial m € M

is a product H Ygu];k with all u;;, € Z and u;;, =0 for all but finitely many (7, k) € I.

Gk)el
e For each pair (i,k) € I, let A=Y 1Y kJFl}/z—}—i kY;% Py
e Fix a monomial m = H YM”“ € M. For L € Z and i € Z/nZ, define:
(E,n)ef
Wt(m) = Z ug,kA%
(i,k)el
= uz(m), gi(m) := max{e; (m) | L € Z}, p;(m) := max{L € Z | &;,,(m) = &5(m)}
I>L
ip(m) =i (m), ;(m) = max{p; (m) | L € Z}, g;(m) := min{L € Z | g; 1,(m) = ¢;(m)}.
I<L

Note that one always has ¢;(m),e;(m) > 0. Furthermore, if ;(m) > 0 then p; is finite, and if
©;(m) > 0 then ¢;(m) is finite.
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e Define é%\/", ng: M — MU {0} for each residue i modulo n by

i 0 if &:(m) = 0,
it o {A_ i
ips(my—1m if g5(m) >0,

@ Vv 0 if p;(m) =0
- if p;(m ,
f; m) = _ .

(m) Aaqlz(m)ﬂm if p;(m) > 0.

Definition 3.1. m is called dominant if u;;, > 0 for all (i,k) € I.

Definition 3.2. Assume n is even. Then m is called compatible if uz; # 0 implies k = i
modulo 2.

Definition 3.3. Let M(n}) be the set of monomials in M which can be reached from m by
applying various é%‘/f and ng .

Theorem 3.4. [13, Theorem 3.1] Assume n is even, and let m be a dominant, compatible
monomial. Then M(m) along with the operators é;M
B(wt(m)) of the integrable highest weight sl, module V (wt(m)).

and ng 1s isomorphic to the crystal

Comment 3.5. Notice that although Theorem 3.4 only holds when n is even, the operators

é;M and ng are well defined for any n > 3 and any monomial m. When n is odd or m does

not satisfy the conditions of Theorem 3.4, M(m) need not be a crystal. However, as we prove
in Section 5, even when n is odd M(Y5 ) is a copy of the crystal B(Ao) of the fundamental

representation of sl,.

We find it convenient to use the following slightly different but equivalent definition of éEM
and ng . For each i modulo n, let S;(m) be the string of brackets which contains a “(” for
every factor of Y7 in m and a “)” for every factor of Yfkl € m, for all k € Z. These are ordered

from left to right in decreasing order of k, as show in7Figure 1. Cancel brackets according to
usual conventions, and set

M (1) 0 if there is no uncanceled “)” in m,
(3 m )=
g A; p_ym if the first uncanceled “)” from the right comes from a factor YZ—._kl,
(2) ’
M (m) 0 if there is no uncanceled “(” in m,
= m )=
E A- kl L if the first uncanceled “(” from the left comes from a factor Y .

It is a straightforward exercise to see that the operators defined in (2) agree with those in (1).

4. FAYERS’ CRYSTAL STRUCTURES
4.1. The general construction. Fix n > 3.

Definition 4.1. An arm sequence is a sequence A = Ay, Ao, ... of integers such that

(i) t—1<A < (n—1t forallt > 1, and

(11) At+u S [At + Au,At + A, + ].] fOT all t,u>1.
Definition 4.2. Let b be a box. The coordinates of b are the coordinates (x,y) of the center of
b, using the axes shown in Figure 2. Note that the coordinates are half integers, not integers.

Definition 4.3. Let b = (x,y) be a bozx in A\. The arm length of b is arm(b) := A\, —y —1/2,
where Ay is the length of the row through b. See Figure 2.
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FIGURE 1. The operators éM and fM on a monomial m € M for n = 4. We

calculate € ei and flM . The factors Y; i of m are arranged from left to right by
decreasing k. The string of brackets S7(m) is as shown above the monomial

The first uncanceled “)” from the rlght corresponds to a factor of Y7 ;. Thus
'ev%/[(m) = Ajpm =Y Y3 1135, 12Y m. The first uncanceled “(” from the

left corresponds to a factor of Y19, so fi (m) = Al 1om = Y7, 1Y 11Y0,10Y2,10m

9876 543 210-1-2-3-4-5-6-7-8-9 -~

FIGURE 2. The partition (7,6,5,5,5,3,3,1), drawn in “Russian” notation.
The parts are the lengths of the “rows” of boxes sloping up and to the left. The
center of each box has coordinate (z,y) for some (z,y) € Z+ 1/2. For the box
labeled a, © = 2.5 and y = 1.5 The content c(a) = y — x records the horizontal
position of a, reading right to left. In this case, ¢(a) = —1. The other relevant
statistics are hook(a) = 8, arm(a) = 3 and h(a) = 4. This partition is not in
BH for 5A[4, since the box a is AH-illegal.

Definition 4.4. Letb = (x,y) be a boz in X\. The hook length of b is hook(b) := )\m—y+/\;—x,
where A, is the length of the row containing b and )\; 1s the length of the column containing
b. See Figure 2.

Definition 4.5. Let A be an arm sequence as in Definition 4.1. A box b in a partition X\ is
called A-illegal if for some t € Z~g, hook(b) = nt and arm(b) = Ay. A partition X is called
A-regular if it has no A-illegal bozes. Let B denote the set of A-reqular partitions.

Definition 4.6. The content of a box b = (z,y) is ¢(b) := y — x. The color of b is the
residue ¢(b) of ¢(b) modulo n. See Figure 2.

Definition 4.7. Fiz a partition \. Define
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e A()) is the set of boxes b which can be added to A so that the result is still a partition.
e R(\) is the set of boxes b which can be removed from A so that the result is still a
partition.

For each residue i modulo n, define
o A;(\) ={be A(\) such that ¢(b) = i}.
o R;(\) ={be R(\) such that ¢(b) = i}.
Definition 4.8. Fiz a partition \. Let b = (z,y),t = (2/,y") € A;(A\)UR;(\), and find t such
c(b') — e(b) = nt. Notice that, by the construction of A;(\) and R;(X\), t # 0. Interchanging b
and V' if necessary, assume t > 0. Define b =4 b if y —y > Ay, and b =4 b otherwise.

It follows from the definition of an arm sequence that >4 is transitive, and so defines a
total order on A;(\) U R;(A).

Fix a partition A. Construct a string of brackets S{‘()\) by placing a “(” for every b € A;(\)
and a “)” for every b € R;(\), in decreasing order from left to right according to > 4. Cancel
brackets according to the usual rule. Defines operators é{‘, f{‘ from the set of partitions to
the set of partitions union {0} by

AN A\b if the first uncanceled “)” from the right in SEA corresponds to b
é =
! 0 if there is no uncanceled “)” in S{‘,

(3)

A = AUb if the first uncanceled “(” from the left in S{‘ corresponds to b
: ~ )0 if there is no uncanceled “(” in S{‘.

Theorem 4.9. [2, Theorem 2.2] For any arm sequence A, B4 U {0} is preserved by the

operators é;.A and ng, and forms a copy of the crystal B(Ag) for sl,.

Comment 4.10. The operators €; and f; are defined on all partitions. However, as noted in
[2], the component generated by a non A-regular partition need not be an sl,, crystal.

4.2. Special case: the horizontal crystal. Consider the case of the construction given in
Section 4.1 where, for all ¢, A; = [nt/2] — 1 (it is straightforward to see that this satisfies
Definition 4.1). This arm sequence will be denoted A”. For convenience of notation, we
denote BA” simply by B and the operators é’?H and f‘EAH from Section 4.1 by é;H and ng ..

Definition 4.11. Let b = (x,y) be a box. The height of b is h(b) := z + y.

Lemma 4.12. Fiz A € BH | and let b,V € A;(\) U R;(\). Then V' = 4u b if and only if
(i) h(t') > h(b), or
(i) h(t') = h(b) and c(b') > c(b).

Proof. Follows immediately from the definition of > 4&. O

Lemma 4.12 implies that é{{ and ng are as described as in Figure 3.

5. A CRYSTAL ISOMORPHISM

Definition 5.1. VU is the map from partitions to M defined by
o -1
v = ] Yewnrorr 11 Yeupnmer
beA(N) bER(N)
where A(N), R(\) are as in Definition 4.7.
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98765 4321 0-1-2-3-4-5-6-7-8-9

FIGURE 3. The partition A = (11,7,4,2,1,1,1,1,1,1) is an element of B
for f/:\[4, since no box b in A is Af-illegal. We demonstrate the calcula-
tion of fs(\). The string of brackets SH(X) has a “(” for each 2-addable
box and a “)” for each 2-removable box, ordered from left to right lexico-
graphically, first by decreasing height h(b), then by decreasing content c(b).
The result is shown on the right of the diagram (rotate the page 90 degrees
counter clockwise). Thus f3()\) is the partition obtained by adding the box
with coordinates (z,y) = (10.5,0.5). The map ¥ from Section 5 takes A

—1y -1y —ly —1y 1 . .
to Y3,11YQ,SYQ,G}%,syi,5Y§,10YQ,12YL9 YL7 YQ,6 }%’H. After reordering and sim-

plifying, this becomes YQ_112Yi 10YI_91Y§ 8Y1_71Yi Y3 .. The string of brackets
Séw(\ll()\)) is the same as the string of brackets SQH()\), except that a can-
celing pair () has been removed. The condition that A has no A -illegal nodes
implies that S{{ (M) and S;.M (P(A)) are always the same up to removing pairs

of canceling brackets, which is essentially the proof that W is an isomorphism.

Theorem 5.2. For any n > 3, any i modulo n, and any A € B we have \I/(é{{)\) = ~%‘4‘110\)
and \Il(j;H)\) = ng‘IJ(A), where égM, ]EEM are as in Section 3 and é?, ﬁH are as in Section 4.2.

Before proving Theorem 5.2 we will need a few technical lemmas.

Lemma 5.3. Let A and p be partitions such that p = AU b for some box b. Then ¥(u) =

-1
AE(b

), (b)

W(N).

Proof. Let i = ¢é(b). It is clear that the pair (A(X), R())) differs from (A(p), R(r)) in exactly
the following four ways:

b e A;(AM)\A;(p).

b € Ri()\R;(N).

Either (i): Az 1(1)\Az1(A) = 0" and Ry 1(\) =
h(b) + 1, or (ii): Rz 1(A)\Rz11(p) = and Az, 1(
h(b) = h(b) — 1.

7+1(p) for some box b’ with h(b)
) = Az, 1(p) for some box b with

Either (i): A;_;(p)\4;_1(A) = b" and R;_;(\) = R;_1(u) for some box b"” with
h(b") = h(b) + 1, or (ii): R;_;(AN)\R;_7(p) =b" and A;_7(\) = A;_7(p) for some box

b with h(b") = h(b) — 1.
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By the definition of V¥, this implies that ¥(u) = }E,h(b)—ll/%,h(b)+1}/%+1,h(b)Yifi,h(b)
-1
AZ,h(b)\Ij()‘)' O
Lemma 5.4. Let A € BY, and choose b € A;(\), b' € R;(\). Then

(i) h(b) # h(b') + 1.

(ii) If h(b) = h(V') then c(b') > c(b), so b = 4u b.

(iii) b= 4u b if and only if h(b) —1 > h(b') + 1.

(iv) If h(b) — 1 = h(V') + 1, then for all ¢ € A;(N\)J R;(N\) with b > u ¢ = 4u b, either
(a): c € A;(N\) and h(c) = h(b) or (b): ¢ € R;(\) and h(c) = h(V').

Proof. By the definitions of A;(\) and R;(\), b and b’ cannot lie in either the same row or
the same column, which implies that there is a unique box a in A which shares a row or
column with each of b,b". It is straightforward to see that if (i) or (ii) is violated then this a
is Af-illegal (see Figure 4).

To see part (iii), recall that by Lemma 4.12, b > 4u ' if and only if h(b) > h(d') or both
h(b) = h(b') and c(b) > ¢(b'). This order agrees with the formula in part (iii), since parts (i)
and (ii) eliminate all cases where they would differ.

Part (iv) follows because any other ¢ with b =4u ¢ >4# b would violate either (i) or
(ii). O
Proof of Theorem 5.2. Fix A € B and i € Z/nZ. Let SiM(m) denote the string of brackets
used in Section 3 to calculate éEM (m) and ﬁM (m). Let S{I (M) denote the string of brackets
used in Section 4 to calculate éf{ (\) and ﬁﬂ (M), and define the height of a bracket in S;H (M)
to be h(b) for the corresponding box b € A;(\) U R;(A).

By Lemma 5.4 part (iv), for each k > 1, all “(” in SZ.H()\) of height k + 1 are immediately to
the left of all “)” of height k — 1. Let T' be the string of brackets obtained from S (X) by, for
each k, canceling as many “(” of height k+ 1 with “)” of height £ — 1 as possible. Notice that
one can use 7T instead of S{{ (A) to calculate é{{ (M) and ng (M) without changing the result.

By the definition of W, it is clear that

(i) The “(” in T' of height k + 1 correspond exactly to the factors of Y7, in W(\).
(ii) The “)” in T of height k — 1 correspond exactly to the factors of Yfkl in U(A).

Thus the brackets in T’ correspond exactly to the brackets in SM(¥())). Furthermore, Lemma

5.4 Part (iii) implies that these brackets occur in the same order. The theorem then follows
from Lemma 5.3 and the definitions of the operators (see Equations (2) and (3)). O

Corollary 5.5. For any n, M(Yg ) is a copy of the fundamental crystal B(A(0)) for sl

Proof. This follows immediately from Theorem 5.2, since, by Theorem 4.9, BY is a copy of
the crystal B(Ag). O

6. QUESTIONS

Question 1. Nakajima originally developed the monomial crystal using the theory of q-
characters from [4]. Can this theory be modified to give rise to any of Fayers’ other crystal
structures? One may hope that this would help explain algebraically why these crystal struc-
tures exist.
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FIGURE 4. The hook defined by b € A;(\) and b' € R;(\). There will always be

a unique box @ in A which is in either the same row or the same column as b and
also in either the same row or the same column as b'. Taking n = 3, we have
b€ Ag(A) and ¥ € Ry(\). Then hook(a) =9 = 3 x 3 and arm(a) = 4 = AH,
so a is Af-illegal. It is straightforward to see that in general, if either (i):
h(b) = h(b') + 1 or (ii): h(b) = (V') and ¢(b) > ¢(V'), then the resulting hook
is Af-illegal, and hence \ ¢ B,

Question 2. In [11], Kim considers a modification to the monomial crystal developed by
Kashiwara [10]. She works with more general integral highest weight crystals, but restricting her
results to B(Ag) one finds a natural isomorphisms between this modified monomial crystal and
the Misra-Miwa realization. The Misra-Miwa realization corresponds to one case of Fayer’s
partition crystal, but not the one studied in Section 4.2. In [10], there is some choice as to
how the monomial crystal is modified. Do other modifications also correspond to instances of
Fayers crystal? Which instances of Fayers’ partiton crystal correspond to modified monomial
crystals (or appropriate generalizations)?

Question 3. The monomial crystal construction works for higher level ;[n crystals. There are
also natural realizations of higher level sl,, crystals using tuples of partitions (see [3, 7, 8, 14] ).
Is there an annalogue of Fayers’ construction in higher levels generalizing both of these types
of realization?
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