A FORMULA FOR THE R-MATRIX USING A SYSTEM OF
WEIGHT PRESERVING ENDOMORPHISMS

PETER TINGLEY

ABSTRACT. We give a formula for the universal R-matrix of the quantized
universal enveloping algebra Uy (g). This is similar to a previous formula due to
Kirillov-Reshetikhin and Levendorskii-Soibelman, except that where they use
the action of the braid group element T, on each representation V', we show
that one can instead use a system of weight preserving endomorphisms. One
advantage of our construction is that it is well defined for all symmetrizable
Kac-Moody algebras. However we have only established that the result in
equal to the universal R-matrix in finite type.

1. INTRODUCTION

Let g be a finite type complex simple Lie algebra and U,(g) the corresponding
quantized universal enveloping algebra. In [KR] and [LS], Kirillov-Reshetikhin and
Levendorskii-Soibelman developed a formula for the universal R-matrix

(1) R=(X"oX HAX),

where X belongs to a completion of Uy(g). The element X is constructed using the
braid group element 73,, corresponding to the longest word of the braid group, and
as such only makes sense when g is of finite type.

The element X in Equation (1) defines a vectors space endomorphism Xy, on each
representation V of Uy (g), and in fact X is defined by the system of endomorphisms
{Xv} . Furthermore, any natural system of vector space endomorphisms {Ey } can
be represented as an element E in a certain completion of U,(g) (see [KT]). The
action of the coproduct A(E) on a tensor product V' ® W is then simply Evgw.
Thus the right side of Equation 1 is well defined if X is replaced by E = {Ey }.

In this note we consider the case where g is a symmetrizable Kac-Moody algebra.
We define a system of weight preserving endomorphisms © = {©y } of all integrable
highest weight representations V' of Uy(g). When g is of finite type, we show that

(2) R=(©1'267hHA(0),

where the equality means that, for any V' and W, the actions of the two sides of
Equation (2) on V@ W agree. We expect this remains true in other cases, although
this has not been proven.

Our endomorphisms Oy are not linear over the field C(g), but are instead com-
patible with the automorphism which inverts ¢. For this reason, © cannot be
realized using an element in a completion of U,(g), and it is crucial to work with
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systems of endomorphisms. There is a further technically in that ©y actually de-
pends on a choice of global basis for V. Nonetheless, we give a precise meaning to
Equation (2).

This note is organized as follows. In Section 2 we fix notation and conventions.
In Section 3 we review the universal R-matrix. In Section 4 we review a method
developed by Henriques and Kamnitzer [HK] to construct isomorphisms V@ W —
W ®@ V. In Section 5 we state some background results on crystal bases and global
bases. In Section 6 we construct our endomorphism ©. In Section 7 we prove our
main theorem (Theorem 7.13), which establishes Equation (2) when g is of finite
type. In Section 8 we briefly discuss future directions for this work.

1.1. Acknowledgements. We thank Joel Kamnitzer, Noah Snyder, and Nicolai
Reshetikhin for many helpful discussions.

2. CONVENTIONS

We must first fix some notation. For the most part we follow [CP].

e g is a complex simple Lie algebra with Cartan subalgebra b, and A = (a;;); jer
is its Cartan matrix.

e (-,-) denotes the paring between h and h* and (-, -) denotes the usual symmetric
bilinear form on either h or h*. Fix the usual bases «; for h* and H; for b, and
recall that (H;, o) = a,;.

[ ] dz = (Oéi,Oéi)/Q, so that (Hz,H]) = dj_laij. Let B denote the matrix (dj_la,-j).

g =q".

e p is the weight satisfying («;, p) = d; for all i.

e H, is the element of h such that (a;, H,) = d; = (o, p) for all 7.

e 0 is the diagram automorphism such that wo(a;) = —ag(;), where wq is the
longest element in the Weyl group.

e U,(g) is the quantized universal enveloping algebra associated to g, generated
over C(q) by E;, F; for all i € I, and K,, for w in the co-weight lattice of g. As
usual, let K; = Kp,. For convenience, we recall the exact formula for the coproduct:

AE;, =E K, +1QFE;
(3) AF, =F®1+K '®F,
AK; =K, ®K;

[ ] [n] - q;”:qq:ln, and X(TL) = W:]P]
e V) is an irreducible integrable representation of U,(g) with highest weight A.
e B, is a fixed global basis for V), in the sense of Kashiwara (see [K]). by and

bl/\ow are the highest weight and lowest weight elements of B) respectively.

3. THE R-MATRIX

We briefly recall the definition of a universal R-matrix, and the related notion
of a braiding.

Definition 3.1. A braided monoidal category is a monoidal category C, along with
a natural system of isomorphisms a%’}jw VW =WV for each pair V,W € C,
such that for any U, V,W € C, the following two equalities hold:

(4) ofw ®Ido Id® oty = offgyw
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The system o®" 1= {J%ZW} is called a braiding on C.
Let Uy(g) ® Uy(g) be the completion of Uy(g) ® Uy(g) in the weak topology
defined by all matrix elements of representations V) ® V,,, for all ordered pairs

(A, 1)

Definition 3.2. A universal R-matriz is an element R of U,(g) @ Uy(g) such that

U{%’{,V := Flipo R is a braiding on the category of Uy(g) representations.

The following theorem is central to the theory of quantized universal enveloping
algebra. See [CP] for a thorough discussion when g is of finite type, and [L] for the
general case.

Theorem 3.3. Let g be a symmetrizable Kac-Moody algebra. Then U,y(g) has a
universal R-matrizx. (]

Comment 3.4. The universal R-matrix is not truly unique. However there is a
well studied standard choice. We discuss how this R can be realized In Section 7.

4. CONSTRUCTING ISOMORPHISMS USING SYSTEMS OF ENDOMORPHISMS

Here and throughout this note a representation of U,(g) will mean an integrable
highest weight representation. When g is of finite type, this means a finite dimen-
sional representation. In this section we review a method for constructing natural
systems of isomorphisms oy, : VW — W ®V for any representations V' and W
of Uy(g). This idea was used by Henriques and Kamnitzer in [HK], and was further
developed in [KT]. The data needed to construct such a system is:

(i) An algebra automorphism C; of U,(g) which is also a co-algebra anti-
automorphism.

(ii) A natural system of invertible (vector space) endomorphisms £y of each
representation V' of U,(g) which is compatible with C¢ in the sense that
the following diagram commutes for all V:

3
1% - v
/% »
) )
Ce
Uq(9) Uq(9).
It follows immediately from the definition of coalgebra anti-automorphism that
(6) oy = Flipo (65 @ &) o vew

is an isomorphism of U, (g) representations from V@ W to W V.

We will normally denote the system {&y } simply by £, and will denote the action
of € on the tensor product of two representations by A(£). This is justified since,
as explained in [KT], £ in fact belongs to a completion of Uy(g), and the action of
€ on V ® W is calculated using the coproduct. With this notation o := {Ug/,w}
can be expressed as

(7) o =TFlipo (£ ® &) o A(€).
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In the current work we require a little more freedom: we will sometimes use
automorphisms C¢ of U,(g) which are not linear over C(g), but instead are bar-
linear (i.e. invert ¢). This causes some technical difficulties, which we deal with
in Section 6. Once we make this precise, we will use all the same notation for a
bar-linear C¢ and compatible system of C vector space automorphisms £ as we do
in the linear case, including using A(£) to denote £ acting on a tensor product.

Comment 4.1. To describe the data (C¢,¢), it is sufficient to describe C¢, and
to give the action of &y, on any one vector v in each irreducible representation
V. This is usually more convenient then describing &y, explicitly. Of course, the
choice of C¢ imposes a restriction on the possibilities for &y, (v), so when we give a
description of £ in this way we are always claiming that the action on our chosen
vector in each V) is compatible with C¢.

5. CRYSTAL BASES AND GLOBAL BASES

In order to extend the construction described in the Section 4 to include bar
linear £, we will need to use some results concerning crystal bases and global bases,
which we review here. We state only what is most relevant to us, and refer the
reader to [K] for a more complete exposition.

Unfortunately, the conventions in [K] and [CP] do not quite agree. In particular,
the theorems from [K] that we will need are stated in terms of a different coproduct,
so we have modified them to match our conventions.

Definition 5.1. Fiz a representation V of g, and i € I. Define the Kashiwara
operators F;, E; : V. — V by linearly extending the following definition:

{Fi(ﬂ(’” (v) = F" (0)

K2

Ei(F" (v)) = F{" Y (v).

K2

(8)

for allv € V such that E;(v) = 0.

Definition 5.2. Let A, = C[g~ o be the algebra of rational functions in ¢—* over

C whose denominators are not divisible by ¢~ 1.

Definition 5.3. A crystal basis of a representation V' (at ¢ = 00) is a pair (L, B),
where L is an Ax-lattice of V and B is a basis for L/q~ 1L, such that
(i) £ and B are compatible with the weight decomposition of V.
(ii) L is invariant under the Kashiwara operators and BUO is invariant under
~ -1 ~ —1
their residues e; := Ei("wdq ﬁ), fi = Fi(mOdq £ L/qg L — L/qg7 L.
(iii) For any b,b’ € B, we have e;b =1V if and only if f;b' =b.

Definition 5.4. Let (£, B) be a crystal basis for V. The highest weight elements
of B are those b € B such that, for all i, e;(b) =0

Theorem 5.5 ([K], Theorem 1). Let V,W be representations with crystal bases
(L, A) and (M, B) respectively. Then (L@ M, A® B) is a crystal basis of V@ W.
Furthermore, the highest weight elements of A ® B are all of the form a"9" @ b,
where a™9" is a highest weight element of A. O

Definition 5.6. Let (L, By) and (L, B,,) be crystal bases for V\ and V,. Set:
(9) 8%, :=1{b€ B, :bx®Db is a highest weight element of Bx ® By, of weight v}.
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We will in fact need more then just the notion of a crystal basis. For any Vj,
and any choice of highest weight vector by € V), there is a canonical choice of a
basis B for V), which contains by, and such that (B + ¢£, L) is a crystal basis
for V, where L is the Ay .-span of By. That is not to say there is a unique basis
for V), satisfying these two conditions, only that one can find a canonical “good”
choice. This is known as the global crystal basis for V). A complete construction
can be found in [K], although here we more closely follow the presentation from
[CP, Chapter 14.1C]. In the present work we simply use the fact that the global
basis exists, and state the properties of B) that we use. First we need the following

Definition 5.7. Cyqr : Uy(g) — U,(g) is the C-algebra involution defined by

Chrarq = qil
C ark; = K‘il
(10) ' l
Crarls; = E;
Crarl'; = F;.

Theorem 5.8. Kashiwara [K] Fiz a highest weight vector by € V). There is a
canonical choice of a “global” basis By of V. This has the properties (although is
not defined by these alone) that:
(1) by € B,.
(ii) By is a weight basis for V.
(iii) Let Lo be the Ao span of By. Then (Bx+q Lo, Loo) is a crystal basis
for Vy at ¢ = oco.
(iv) Define the involution bary, of Vi by bary, (f(q)b) = f(q=1)b for all f(q) €
C(q) and b € By. Then bary, is compatible with Cpar, in the sense dis-
cussed in Section 4. O

Definition 5.9. If V is any (possibly reducible) representation of U,(g), we say a
basis By of V is a global basis for V if there is a decomposition of V' into irreducible
components such that B is a union of global bases for the irreducible pieces.

6. THE ENDOMORPHISM © AND THE ISOMORPHISM ¢©.

We now introduce a C-algebra automorphism Cg of U,(g). Notice that this
inverts ¢, so it is not a C(q) algebra automorphism, but is instead bar linear:

Co(E;) = B;K; !
Co(F;) = K;F;
Co(Ki) =K'
Co(q) =q "

One can check that Cg is an algebra involution and a coalgebra anti-involution.
We must now define a C-vector space automorphism Oy, of each V) which is com-
patible with C'g. This is complicated by the fact that C'g does not preserve the
C(q) algebra structure, but instead inverts g. In order to define Oy,, we must
first modify the category of representations slightly. We will actually work in the
category of representations with a chosen basis for the highest weight space of each
isotypic component. By Theorem 5.8, this is the same as the category of repre-
sentations with a chosen global basis. An element of this category will be denoted
(V, B), where B is the chosen global basis of V.

(11)
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Definition 6.1. The action of Oy, B,) on Vi is defined by requiring that it be
compatible with Co, and that it send bg\"“’ to q*()"A)/Q*()"p)bl)\W. This is extended
by naturallity to define ©(y,py for any (possibly reducible) V.

Comment 6.2. One can show that ©y gy acts on any element b € B of weight u
as multiplication by ¢~ ##)/2+(r)  Thus we could have normalized our definition
of © by setting Oy, p,)(bx) = g~ AN/2H(AP) b, - We have chosen to use bYY instead
because it simplifies certain computations.

Comment 6.3. We have not specified a chosen a global basis for ©y, p,)V), and
in fact it is not clear to us what the natural choice should be. For this reason we
consider Oy, p as a map to V considered in the category of representation with-
out a chosen basis. We are careful to always apply © to representation where a
global basis for the original representation has been chosen, or to apply ©~! to
representations where a global basis for the image has been chosen.

The construction described in Section 4 uses the action of £y gw on V@W. Thus
we will need to define how © acts on a tensor product. In particular, we need a well
defined notion of tensor product in the category of representations with a chosen
global basis. This will use the existence of global bases in a somewhat stronger way
then the definition of ©(y, g). We first need a few preliminary definitions.

Definition 6.4. Let U;Z be the submodule of Vx @ V,, consisting of the union of
all isotypic components corresponding to highest weights p > v.

Similarly, let U)\ZZ be the submodule of V\ ® V,, consisting of the union of all
isotypic components corresponding to highest weights p > v.

Definition 6.5. Q¥ , :=U5,/US".

Comment 6.6. QKW is in fact isomorphic as a U,(g)-module to the v-isotypic
component of V) ® V,,. However, it will be useful for us to think of it as a sub-
quotient.

We can now define our tensor product:

Definition 6.7. The tensor product (V, B) @ (W, C) is defined to be (V @ W, A),
where A is the unique global basis of V @ W such that the projections of the highest
weight elements of A of weight v in QKM are equal to the projections of by ® b for
those b € S5 .

Comment 6.8. Lemma 5.5 implies that {by ® b : b € 5%} is a basis for the
highest weight space of QX ,, so Definition 6.7 makes sense.

Proposition 6.9. Let (V, B) and (W, C) be two representation with chosen global
bases, and let A for the global basis for V@ W from Definition 6.7. Then

(12)  ofm) o) = Fline (O 5 @ Oy Owew,a) : VEW = WaV

s an isomorphism of representations, and furthermore is independent of the choice
of global bases B and C.

Proof. That this is an isomorphism of representations follows from the fact that
Co is a coalgebra anti-automorphism (see section 4). To see that it independent
of the global bases B and C| it is sufficient to consider that can when V and W
are irreducible. Then the global bases are unique up to an overall rescaling. One
simply checks that USW does not depend on the choice of scalars. O
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Definition 6.10. For any pair of representation V and W, set aSW VoW —
W&V to be Flipo (@(_VlB) ® @(_V%/C))@(V(@WA) for any choice of global bases B of
V and C of W. This is well defined by Proposition 6.9.

Comment 6.11. As we did in Section 4, we will denote the action of © on a
tensor product of two representations (with chosen global bases) by A(©). Thus
0® =Flipo (67! @ ©71)A(O).

Comment 6.12. The choice of © in our construction is not canonical. For instance
one can replace © with K, o © for any weight w, and ¢® will remain unchanged.

7. PROOF THAT, WHEN g IS OF FINITE TYPE, 0© IS THE STANDARD BRAIDING

For this section g is of finite type. The main result is that (07! @ ©71)A(O) is
equal to the standard R-matrix, or equivalently that o® is the standard braiding.
We prove this using a relationship between the R-matrix and the braid group ele-
ment T, first observed in [KR] and [LS]. For this reason we must restrict to finite
type, although we hope the result will prove to be true in greater generality.

We will need to introduce a few more automorphisms of Uy,(g), and of its repre-
sentations:

Definition 7.1. Cr is the C-hopf algebra automorphism of U,(g) defined by
Cr(E;) = =Ko Fog

Cr(F;) = _Ee(i)Kgi(;)
Cr(K;) = Ko

Cr(g)=q7 "

Define the action of I'(y, B,y on Vi as the unique C-linear endomorphism of each
V\ which is compatible with Cr, and which is normalized so that T'(by) = blv.

Extend this by naturallity to get the action of I'¢y,py on any (possible reducible)
representation V.

(13)

Comment 7.2. It is a simple exercise to check that Cr is in fact a hopf algebra
automorphism, and is compatible with an C vector space automorphism of V) which
takes by to bl)f’w. As with ©, we do not specify a chosen global basis for I'(yv )V

Recall that the braid group acts on U,(g) representations, and that there is a
compatible action on U,(g) by algebra automorphisms. Let T, be the braid group
element corresponding to the longest element in the Weyl group. We will use Cr,,,,
to denote the action of T, on U,(g), and reserve T, to mean the action on a
representation V. As discussed in [KT, Lemmas 5.3 and 5.6] we have:

Cr,, (Ei) = —Fyi) Ko
(14) CTwO (Fz) = _K;(i)EO(z)

Cr,, (Ki) = Ku,(m), so that Cr,, (K;) = K;(;).

Furthermore, For all A, we have T, blf“’ = by.

Lemma 7.3. T = baro TJOI, where bar is the involution defined in Theorem 5.8,

part (iv).

Proof. A simple calculation shows that Cr = CparCr 1 Also, one can easily check
0

w

that both maps take by to blx\Ow for all A\. The lemma follows. [
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Definition 7.4. Let C; be the algebra automorphism of U,(g) defined by:

C;(E;) = KiE;
(15) Cy(Fy) = FK; "
Cy(Ky)=Kpg

As in [KT], this is compatible with the system of linear automorphisms J of each

representation V defined by letting J act on a vector of weight p as multiplication
by q(m)/2+(mp)

Comment 7.5. In some cases J acts on a weight vector as multiplication by a
fractional power of q. To be completely precise we should adjoin a fixed k" root of
unity to the base field C(g), where k is twice the dual Coxeter number of g. This
causes no difficulties.

Comment 7.6. We will denote the action of ' (Definition 7.1), “bar” (Theorem
5.8 part (iv)) and J (Definition 7.4) on a tensor product by A(T"), A(bar) and A(J)
respectively. When a chosen canonical basis is needed for the tensor product, this
is always chosen using Definition 6.7.

Lemma 7.7. I''0 = JT,,.

Proof. 1t follows immediately from definitions that Cr-1¢ = Cyr,, . Furthermore,
both T='© and JT,, take o™ to ¢AN/2+(Xe)p, O

We will need to use two different expressions for the R-matrix, which we now
recall. These are presented as elements in the h-adic completion of Uy, (g), whereas
here we are working in U,(g). However, it is straightforward to check that these
expressions for R give a well defined endomorphism of V ® W for any finite dimen-
sional U,(g)-representations V and W.

Lemma 7.8. [CP, Theorem 8.3.9] The standard universal R matriz is given by the
expression

(16)  Ri=cxp [ WY (B )yHi@ H; | [Texp,, [(1-a5))Es @ Fal
4,J B

where the product is over all the positive roots of g, and the order of the terms is
such that 3, appears to the left of Bs if r > s. g

We will not explain all this terminology here, since the only thing we use is the
fact that Eg always acts as 0 on any highest weight vector. We also need the fol-
lowing construction of the R matrix due to Kirillov-Reshetikhin and Levendorskii-
Soibelman. Due to a different choice of conventions, our Ty, is K, 'T, ! in those
papers, so we have modified the statement accordingly. We have also simplified the

statement using the fact that K, is group-like.

Theorem 7.9. [KR, Theorem 3|, [LS, Theorem 1] The standard universal R-matriz
for Un(g) can be realized as

(17) R=exp |h Y (B™)iH; @ H; | (T @ T )A(Tw,). O
i,5€1
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Corollary 7.10.

(18) (T @ T )A(Tuy) = [T exp,, [(1 = 452 Ba @ Fa)
B

where the product is over all the positive roots of g, and the order of the terms is
such that B, appears to the left of Bs if r > s.

Proof. Follows immediately from Theorems 7.8 and 7.9. (|
As discussed in [KT], the following is equivalent to Theorem 7.9:

Corollary 7.11. Let X = JT,,. Then R= (X' ® X 1)A(X). O
Before proving our main result, we need the following technical lemma:

Lemma 7.12. The operator (I @ T)A(T) ™! acts on Vy ® V,, as the identity.

Proof. Cr is a hopf algebra automorphism of U,(g), so, as in Section 4, it follows
that

(19) CTeDAT) VeV, - eV,

is an automorphism of U, (g) representations. In particular, (T®I')A(I")~! preserves
isotypic components of Vy ® V,, and hence acts on each sub-quotient QK " (see
Definition 6.5). The action of (I @ I')A(T')~! on Q% , will agree with the action on
the v isotypic component of Vy ® V,,, so it is sufficient to show that the action on
@Y, s the identity, and in fact it is sufficient to consider the action on the highest

weight space of QX . This has a basis consisting of {bra®b:be S‘A”“}, where we

use the notation a ® b to denote the image of a ® b in QY ,.

We now argue that (T@T)A(T) ™ (by @ b) = (by @) for all b € S ,. By Lemma
7.3 and Corollary 7.10,

(20) (T @A) ™" = (bar ® bar) (T, ® Ty, )A(T,,) Abar
(21) = (bar ® bar) H €XPg, [(1 - q§2)E,3 ® F/@} Abar,
g

For convenience, set

(22) ¥ := (bar ® bar) H expy, [(1 - q52)Eﬂ ® Fﬁ} .
B

Note that both (I'®@ T')A(T)~! and A(bar) preserve isotypic components of Vy ®
V,,, which implies that ¥ does as well. Hence it is sufficient to first apply A(bar)

to by ® b, then apply ¥, and at each stage take the image in Qf\#.

The global basis of the tensor product was chosen so that A(bar)(by ® b) = by @b
(see Definition 6.7). One can easily see that U(by ®b) = by ®D, since all Eg kill by,

and bar ® bar preserves by ® b by definition. Hence 1(by ® b) = by ® b. The lemma
follows. 0
Theorem 7.13. (07! ® ©71)A(O) acts on V) ® V), as the standard R-matriz.

Proof. By Lemma 7.7, I =10 = JT,,, = X. By Corollary 7.11, (X! ® X "1 A(X)
is the standard R-matrix. Thus R = (07 '@ 0 1) (I'®T)A(I')"'A(0). By Lemma
7.12, the (I' ® T)A(T") ! that appears acts as the identity. O
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8. FUTURE DIRECTIONS

For any symmetrizable Kac-Moody algebra g, ¢® : VoW — WV is a
natural system of automorphisms for the category of integrable highest weight U, (g)
representations. The current work shows that, when g is of finite type, this is the
standard braiding. We would like to understand ¢© in the other cases. In particular,
we would like to answer the following

Question 1. Is (07! ® ©71)A(O) a universal R-matrix for U,(g) if g is a general
symmetrizable Kac-Moody algebra g? If yes, is it the standard R-matrix?
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