INDEPENDENCE OF POINTS ON ELLIPTIC CURVES ARISING FROM
SPECIAL POINTS ON MODULAR AND SHIMURA CURVES, II: LOCAL
RESULTS

ALEXANDRU BUIUM AND BJORN POONEN

ABSTRACT. In the predecessor to this article, we used global equidistribution theorems to
prove that given a correspondence between a modular curve and an elliptic curve A, the
intersection of any finite rank subgroup of A with the set of CM-points of A is finite. In this
article we apply local methods, involving the theory of arithmetic differential equations, to
prove quantitative versions of a similar statement. The new methods apply also to certain
infinite rank subgroups, and to the situation where the set of CM-points is replaced by
certain isogeny classes of points on the modular curve. Finally, we prove Shimura curve
analogues of these results.

1. INTRODUCTION

Let N > 3. Let S be the modular curve X;(N) over Q. Let CM C S(Q) be the set of
CM-points on S. (See Section 2 for definitions.) Let A be an elliptic curve over Q. Given a
morphism S — A, we may map the CM-points on S to points on A, and ask what relations
exist among them in the group law on A. More generally, we may consider a modular-elliptic

correspondence, a pair of non-constant morphisms S &L X -2, A4 of smooth connected
projective curves over Q, where S and A are as above. On the one hand, it is easy to
construct some relations by using Hecke correspondences: see (A.4). On the other hand, the
following special case of Theorem 2.1 of [8] says that not too many relations exist:

Theorem 1.1. Let S < X -2+ A be a modular-elliptic correspondence and let I' < A(Q)
be a finite rank subgroup. Then ®(II"'(CM))NT is finite.

(Recall I' is said to be of finite rank if the quantity rank(I') := dimqg(I' ® Q) is finite.)
Theorem 2.5 of [8] implies an analogous result when S is a Shimura curve and II is the
identity.

The aim of this paper is to prove local analogues of these results in which, roughly speaking,
the field Q is replaced by the completion R := Z;r of the maximal unramified extension of
the ring Z, of p-adic integers, and the set CM is replaced by either the set CL of canonical
lift points or by a fixed (partial) isogeny class. The new results represent an improvement
over those in [8] in that they come with effective bounds and are valid for certain groups I'
of infinite rank.

For historical background see Section 1.2 of [8], which comments on related results in
(12, 24, 28, 31, 35, 45]. Although the present article is intended as a sequel to [8], it is
logically independent of [8].
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Our methods are quite different from those used in [8, 12, 24, 28, 31, 35, 45]. Indeed, our
local results will be proved using the theory of arithmetic differential equations in the sense
of [7]: see Section 3.9.

1.1. Main theorems. First we introduce the following local analogue of rank, in order to
treat some infinite-rank groups as if they were of finite rank.

Definition 1.2. For any abelian group G define G 4iv := Giors + pG. For any subgroup

I' < @ define
. r
(0 =, ()

Then
rankf(F) < dimg(I'® Q) =: rankI",
rankS(F) < dimy,(I'®z F,).

Assume that we are given a modular-elliptic correspondence S A x 2. A For each

sufficiently large prime p € Z one can choose a model of this correspondence over R := Z;r:

see Section 3. We obtain maps S(R) <— X(R) — A(R). Let CL C S(R) be the set of

CL-points (canonical lift points); see Section 3.3 for more on the definition of CL. In an
appropriate sense, CL is a subset of CM: see Theorem 4.4.

Theorem 1.3 (Finiteness for CL points in a subgroup). Suppose that S A X 2 Aisa
modular-elliptic or Shimura-elliptic correspondence (see Section 2 for definitions) and assume
that p is a sufficiently large good prime in the sense of Definition 3.3. Then there exists a
constant ¢ depending on p such that for any subgroup I' < A(R) with r := rankﬁ(R)(P) < 00,
the set ®(II71(CL)) N T is finite of cardinality at most cp”.

Remark 1.4. Corollary 3.19 makes ¢ explicit in the case where II is the identity and @ is a
modular parametrization in the sense of Definition 2.3.

Remark 1.5. There are interesting examples of subgroups I' < A(R) with rankﬁ(R) (T) < o0
and rank(I') = oo: indeed, if I' := I'g + pA(R), where I'y < A(R) and rank(I'y) < oo, then I'
is such an example; see Remark 3.11 for more on this.

If S is a modular curve and X is a set of prime numbers, define the ¥-isogeny class of Q) in
S(R) as the set of all points in S(R) corresponding to elliptic curves that admit an isogeny
u to E such that all the prime divisors of deg(u) are in 3; there is a similar definition in the
Shimura curve case: see Section 3.7 for details. Also, if S is a modular curve, and @) € S(R)
is an ordinary point, i.e., a point corresponding to an elliptic curve E with good ordinary

reduction £, then let Kp := End(F) ® Q; for the similar definition in the Shimura curve
case, see Section 3.4.

Theorem 1.6 (Finiteness of the intersection of an isogeny class with a subgroup). Assume

that S < X 25 A is a modular-elliptic or Shimura-elliptic correspondence and that p is
a sufficiently large good prime. Let Q € S(R) be an ordinary point. Let ¥ be the set of all
rational primes that are inert in the imaginary quadratic field Kg. Let C be the X-isogeny
class of Q in S(R). Then there exists a constant ¢ such that for any subgroup I' < A(R)
with r:= rank;‘(R)(F) < 0o the set (IT7H(C)) NT is finite of cardinality at most cp".
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Theorems 1.1, 1.3, and 1.6 suggest the following “global” conjecture:

Conjecture 1.7. Let S L X 2 Abea modular-elliptic or Shimura-elliptic correspon-

dence. Let I' < A(Q) be a finite rank subgroup. Let C' C S(Q) be an isogeny class. Then
the set ®(II71(C)) N T is finite.

1.2. Reciprocity functions. Our local results for CL points are proved via “reciprocity
theorems” (e.g., Theorem 3.5), which transform relations between certain CL-points in A
into additive relations between values of a certain “reciprocity function”. More precisely,
one part of Theorem 3.5 (with Remark 3.7 for terminology) shows that given a modular-

elliptic correspondence S A X 2 A and a model of X over R there exist an affine
dense open subscheme X of this model and a p-adic formal function ®f on Xt with non-
constant reduction such that for any divisor Y m;P; supported on II71(CL) N XT(R), we
have " m;®(P,) € A(R)iors if and only if > m;®T(P,) =0 € R.
Some reciprocity results have analogues for (local) isogeny classes: see Sections 3.7 and 3.8.
On the other hand, Theorems A.2, A.1, and A.10 show that there is no reciprocity in the
global setting.

1.3. Structure of the paper. We review basic definitions in Section 2. Section 3 states
all our local results beyond those already in this introduction, and Section 4 proves them.
Section 4 also reviews the necessary background from the theory of arithmetic differential
equations. The non-existence of global reciprocity functions is relegated to an appendix.

Remark 1.8. The proofs of the modular and Shimura cases are parallel and share some
common tools, but they are logically independent in the sense that it is not necessary to
follow both cases to understand only one. A similar comment applies to results for CL points
versus isogeny classes.

The following leitfaden may help the reader seeking a quick path through the proof of
the modular case of Theorem 1.3 (the result for CL points). Theorem 1.3 follows from
Theorem 3.5 and its immediate Corollary 3.8. The proof of Theorem 3.5 is sketched in
Section 3.9. A reader accepting parts (4) and (5) of Lemma 4.7, the isomorphism (4.48),
and formula (4.15) can go directly to the first paragraphs of Section 4.9 for a complete proof
of Theorem 3.5 in the modular case.

Acknowledgments. While writing this paper, the authors were partially supported by
NSF grants: A.B. by DMS-0552314, and B.P. by DMS-0301280 and DMS-0841321. We are
indebted to M. Kim, J. H. Silverman, and J. F. Voloch for their remarks and suggestions.
The paper also benefited greatly from the advice of a referee.

2. BASIC DEFINITIONS

2.1. Modular curves. Let N € Z satisfy N > 3. Let X;(N) over Q be the complete
modular curve attached to the group I't(N). If Y1(N) C X (N) is the non-cuspidal locus

then Y1 (N)(Q) is in bijection with the set of isomorphism classes of pairs (E, ) where E is
an elliptic curve over Q and a: Z/NZ — E(Q) is an injection.

Definition 2.1. A CM-point on the curve S := X{(N) is a point in Y;(N)(Q) represented

by a pair (E, ) such that £ has complex multiplication, i.e., End(E) # Z. Let CM C S(Q)

be the set of CM-points on S.
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Definition 2.2. A modular-elliptic correspondence is a pair of non-constant morphisms of
smooth connected projective curves over Q, S A ox 2 A, where S = X{(N) and A is an

elliptic curve. From now on, we normalize ® by fixing 2., € X(Q) such that Il(z) = oo
and requiring ®(z.,) = 0. Call ®(II"(CM)) C A(Q) the set of CM-points on A.

Definition 2.3. Let f = > a,¢" be anewform. (Unless otherwise specified, newforms in this
paper are of weight 2, on I'g(N), and normalized (a; = 1), with Fourier coefficients in Z.) (For
terminology on modular forms we refer to [13].) The Eichler-Shimura construction [13] yields
a Q-morphism from Xy(NV) to an elliptic curve A;. By a modular parametrization attached to
f we mean a composition X;(N) — Xo(N) — Ay — A where X;(N) — Xo(N) is the usual
map and Ay — A is any isogeny of elliptic curves over Q. A modular-elliptic correspondence

is said to arise from a modular parametrization if it is of the form S <X 25 A where
S=X=X,(N), Il =1d, and ¢ is a modular parametrization.

Remark 2.4. By work of Wiles and others [47, 44, 2], together with the Isogeny Theorem of
Faltings [16], any elliptic curve A over Q has a modular parametrization.

Definition 2.5. The isogeny class C of a non-cusp @ € S(Q) is the set of points in S(Q) such
that the corresponding elliptic curve admits an isogeny to the elliptic curve corresponding
to Q. (The isogeny is not required to respect the points of order N.)

2.2. Shimura curves. Let D be a non-split indefinite quaternion algebra over Q. Fix a
maximal order Op once and for all. Let XP(U) be the Shimura curve attached to the pair
(D,U), where U is a sufficiently small compact subgroup of (Op ® (im Z/mZ))* such that

XP(U) is connected: see [9, 48].

Definition 2.6. A fake elliptic curve! is a pair (E, i) consisting of an abelian surface E over

Q and an embedding i: Op — End(E).

The set XP(U)(Q) is in bijection with the set of isomorphism classes of fake elliptic curves
equipped with a level U structure in the sense of [9, 48].

Definition 2.7. The classification of endomorphism algebras [30, p. 202] shows that for any
fake elliptic curve (£, 1), the algebra (End E)®Q is isomorphic to either D or DR ~ My (K)
for some imaginary quadratic field K embeddable in D. In the latter case, (F,1) is called
CM; then E is isogenous to the square of an elliptic curve with CM by an order in IC. A

CM-point of S(Q) is a point whose associated (F,7) is CM. Let CM C S(Q) be the set of
CM-points on S.

Definition 2.8. A Shimura-elliptic correspondence is a pair of non-constant morphisms of

smooth connected projective curves over Q, S A ox L_A, where S is a Shimura curve as
above and A is an elliptic curve. Call ®(II"'(CM)) C A(Q) the set of CM-points on A.

Definition 2.9. For any @ € S(Q), represented by a fake elliptic curve (E,4) with level
U-structure, the isogeny class C' of @ in S(Q) consists of all points in S(Q) represented
by fake elliptic curves (E’,i") with level U-structure such that there is an isogeny F — E’

compatible with the Op-action (but not necessarily compatible with the level U-structures).

"n the literature this is sometimes called a “false elliptic curve”.
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3. DETAILED EXPOSITION OF THE RESULTS

3.1. Review of Witt rings. Fix a prime p. Let Z, be the ring of p-adic integers. Let Z)*

be the maximal unramified extension of Z,. Let R := Z;r be the completion of Z*. We set
k = R/pR and K := R[1/p]. Thus k ~ F,, and R is the Witt ring W (k). Let Fr: k — k be
the automorphism Fr(z) := 2P, and let ¢: R — R be the unique automorphism lifting Fr.

We will use the notion of a canonical lift (CL) abelian scheme over R: see Section 4.1 for
the definition.

3.2. Hecke correspondences. For any prime [ let Y;(NN,l) be the affine curve over Q

parametrizing triples (E, «, H) in which (F, «), with a: Z/NZ — E(Q), represents a point
in Y1(N) and H < E(Q) is an order-I subgroup intersecting a(Z/NZ) trivially: see [11,
p. 207]. Define degeneracy maps oy,09: Y1(N,l) — Yi(N) by 01(E, o, H) := (F,«) and
oo(E,a,H) := (E/H,uo «), where u: E — E/H is the quotient map.

Let X;(V, 1) be the smooth projective model of Y;(V,[). The o; extend to o;: X;(N,l) —
X1(N). Define the Hecke operator T(l), on Div(X1(N)(Q)) by T(1).D := os,0:D. For
P € Xi(N)(Q) write T(I).P =:3", Pi(l); the sum involves [ + 1 or [ terms according as [ { N

or I | N. If in addition f =) a,q" € Z[[q]] is a newform, then the divisor ), Pi(l) — P will
be called a Hecke divisor.

3.3. Conventions on modular-elliptic correspondences. The Z[1/N]-scheme Y;(N)
represents the functor taking a Z[1/N]-algebra B to the set of isomorphism classes of pairs
(E, ) where F is an elliptic curve over B and «a: (Z/NZ)p — E is a closed immersion of
group schemes. For each P € Yi(N)(B), let (Ep,ap) be a pair in the corresponding iso-
morphism class. The Z[1/N]-scheme S = X;(N) is the Deligne-Rapoport compactification:
see [13, pp. 78-81]. The base extension of S to C will also be denoted S. The cusp oo on
X (N) is defined over Q(Cy), where (y is a primitive N root of 1.

Remark 3.1. Some of the references we cite use a modular curve parametrizing elliptic curves
with an embedding of iy instead of Z/NZ, but the two theories are isomorphic provided we
work over Z[1/N, (y]-algebras.

Assume that we are given a modular-elliptic correspondence S Ax 2 A with S =
X1(N). We may assume that A comes from a model over Op,[1/Nm], and that X, S,II, ®
come from models over Op[1/Nm]|, where Fy C F' are number fields, and O, and Of are
their rings of integers, and m € Z,. Then 2, = II(c0) has a model over Op, [1/Nm|, where
F) is a number field containing F'((y).

If p is large enough to be unramified in F7, then we fix once and for all an embedding of F}
into K; then we obtain an embedding Op,[1/Nm| C R. A point P € S(R) is called ordinary
(respectively, a CL-point) if P € Y;(N)(R) and Ep has ordinary reduction Ep (respectively,
Ep is CL). If P € S(R) is ordinary let Kp be the imaginary quadratic field End(Ep) ® Q.
Finally let CL be the set of all CL-points of S(R). Call ®(II"'(CL)) C A(R) the set of
CL-points of A.

3.4. Conventions on Shimura-elliptic correspondences. Now suppose instead that S'is
a Shimura curve X (U), where D and U satisfy the conditions in [9]; then for some m € Z-g

the Shimura curve S = XP(U) is a Z[1/m]-scheme with geometrically integral fibers, such
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that for any Z[1/m]-algebra B the set S(B) is in bijection with the set of isomorphism classes
of triples (E, i, «) where (E, 1) is a fake elliptic curve over B (i.e. E//B is an abelian scheme
of relative dimension 2 and i: Op — End(F/B) is an injective ring homomorphism) and «
is a level U structure.

Assume that we are given a Shimura-elliptic correspondence S Aox 2 A With
notation as in Section 3.3, Replacing m by a multiple if necessary, we may assume that A
comes from a model over Og [1/m] and that X, S,II, ® come from models over Op[1/m],
where F{y C F are number fields. Assuming that p is suitably large, we again fix an embedding
F C K hence we have an embedding Op[1/m] C R. A point P € S(R) is called ordinary
(respectively a CL-point) if P corresponds to a triple (Ep,ip,ap) where Ep has ordinary
reduction Ep (respectively Ep is CL). If P € S(R) is ordinary, let Kp be the imaginary
quadratic field End(Ep,ip) ® Q. Finally CL is the set of all CL-points of S(R). Call
O(I17(CL)) C A(R) the set of CL-points of A.

3.5. Reciprocity functions for CL points.

Definition 3.2. Let p be a prime number. Let F{ be a number field, and let v be a degree-1
place lying above p. Call v anomalous for an elliptic curve A over Fj if the trace a, of the
p-power Frobenius on the reduction A mod v satisfies a, = 1 (mod p). (See [27, p. 186].)

Let notation be as in Section 3.3 or Section 3.4.

Definition 3.3. A rational prime p is good (for our correspondence) if p splits completely
in Fy, the elliptic curve A has good reduction at all primes v|p, and in the Shimura-elliptic
case each v|p is not anomalous for A.

Remark 3.4. The Chebotarev density theorem easily implies that there are infinitely many
good primes.

Let p be sufficiently large and set Xz := X ® R. (More generally, throughout this paper
the subscript R always means “base extension to R” and we use the same convention for
any other ring in place of R. In particular, if p is a good prime, Agr comes from an elliptic
curve Az, over Z, and we let a, be the trace of the p-power Frobenius on Ap,.) Let
X = X; = X®k. For any P € X(R), let P denote the image of P in X (k). (More
generally, throughout this paper, when we are dealing with a situation that is “localized at
p”, an upper bar always means “reduction mod p”.) Let Xp the p-adic completion of Xp
viewed as a formal scheme over R. (More generally, throughout this paper, an upper ~ will
denote “p-adic completion”.) If XT C X is an affine dense open subscheme then any global
function ®f € O(X1) = O(X1)" defines a map ®t: XT(R) — R. The reduction ®f € O(X1)
induces a regular map ®F: Xf(k) — k.

Recall the group A(R)p-div := A(R)tors + PA(R).

Theorem 3.5 (Reciprocity functions for CL points). Assume that S X 2 A
a modular-elliptic or a Shimura-elliptic correspondence and that p is a sufficiently large
good prime. Then there exist an affine dense open subscheme X' C Xgp and a function

ot € O(X1) with non-constant reduction ® € O(X1) \ k, such that for any Py,..., P, €
6



II-Y(CL) N XT(R) and any my, ..., m, € Z we have
S imi®(P) € A(R)iors = Yoy m®T(P)=0€R,

S mi®(P) € AR)pogn == S, m;®T(P)=0¢ck.
Theorem 3.5 will be proved in Section 4. It is useful to compare Theorem 3.5 to Theo-

rems A.1 and A.10.

Remark 3.6. As the proof of Theorem 3.5 will show, the functions ®' will be functorially
associated (in an obvious sense) to tuples (X, S, A, II, ®,wy), where wy is a nonzero global
1-form on A defined over Fy.

Remark 3.7. Let C = II"Y(CL) N XT(R) and let Div(C) be the free abelian group generated
by C. Then one can consider the maps ®,: Div(C) — A(R)/A(R)ios and ®1: Div(C) — R
naturally induced by ® and ®' by additivity. Then the first equivalence in Theorem 3.5 says
that Ker(®,) = Ker(®!). A similar description can be given for the second equivalence.
There is a formal similarity between such a formulation of Theorem 3.5 and the way classical
reciprocity laws are formulated in number theory and algebraic geometry. Indeed, in classical
reciprocity laws one is usually presented with maps ® : C — G and ®' : C — GT from a set
C of places of a global field to two groups G' and G (typically a Galois group and a class
group), and one claims the equality of the kernels of the induced maps @, : Div(C) — G and
®! : Div(C) — GT.

Let us discuss some consequences of Theorem 3.5.

Corollary 3.8. In the notation of Definition 1.2 and Theorem 3.5, we have
rank (1 | Z - ®(P,)) = rank (3., Z- 91(P))

rank! ™ (S0, Z - @(P)) = dimg, (X1, F, - O1(R)).
Proof of Theorem 1.3. By Corollary 3.8, the F,-span of
o (@-1T)NII-L(CL) N XT(R))
has dimension < r over F,. So
#d-1T) NTI-1(CL) N XT(R) < p" deg(®F).

Now CL elliptic curves over R are uniquely determined, up to isomorphism, by their reduction
mod p: see Theorem 4.3. Similarly, by loc. cit., if (E1,41) and (Es, i3) are two fake elliptic
curves such that E, Fy are CL and (FEy,i1) ~ (Es,i3) then (E,i1) ~ (F2,i2). Thus

o1 T)NII(CL) N XT(R)

has at most p” deg(a) -dydy elements, where d; := deg Il and ds is the number of level I'y (V)
structures (respectively, level U structures) on a given elliptic (respectively, fake elliptic)

curve. Also, # (II"Y(CL) \ XT(R)) < dydads, where ds = # (H—I(E‘”d(k)) \X%)), where

the ord superscript indicaes the ordinary locus. So

(3.9) #O(II7'(CL))NT < #&71(I) NI (CL) < (p" deg(®F) + ds)dda,

which is at most ¢p”, where ¢ := deg(a) + didads. d
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Corollary 3.19 will make the bound in (3.9) explicit in the case where S = X = X;(N),
II =1d, and ® is a modular parametrization.

Remark 3.10. Let M be the algebraic closure of F' in K. Then the study of pA(M) is
analogous to the study of Wieferich places in [43] and [46]: indeed, for a € Z not divisible
by p, the classical Wieferich condition a” = a (mod p?) is equivalent to a € M*? and M*?
is the analogue of pA(M) for the multiplicative group G,.

Remark 3.11. Let T’y be a finite-rank subgroup of A(M), and let T := T'g + pA(M). Then
rank;‘(R)(F) < 00, so Theorem 1.3 applies to I'.

On the other hand, we claim that rank(I") = co. This follows from the following statement:
If L is the compositum in F of all quadratic extensions of F' that are unramified at all primes
above p, then A(L) is of infinite rank. To prove this, choose a Weierstrass equation y* = f(x)
for A, where f(x) is a monic cubic polynomial with coefficients in the ring of integers Op
of F. Consider points with z-coordinate z,, = 1/p* +n for n € Op. Then F(\/f(z,)) is
unramified at p since the equation p'2f(x,) = 1 (mod p*) implies by Hensel’s lemma that
p'2f(z,) is a square in the completion of F' at any prime above p. Thus we get a collection of
points in A(L). We may inductively define a sequence of n; € O such that each F(\/f(zy,))
is ramified at a prime of F' not ramifying in the field generated by the previous square roots,
by choosing n; so that 1/p* + n; has valuation 1 at some prime of F splitting completely
in the splitting field of f. By choosing the n; sufficiently large, we may assume that the
corresponding points P; € A(L) have large height and hence are non-torsion. Now we claim
that the Galois action forces Py, ..., P, to be Z-independent in A(L). Indeed, if there were
a relation a1 P, + --- 4+ a,, P, = 0 then we could apply a Galois automorphism fixing all
the P; but P, to obtain —a1 P, + as P + - - - + a,, Py, = 0, and subtracting would show that
2a; P, = 0, but P; is non-torsion, so a; = 0; similarly all a; would be 0. Since m can be
made arbitrarily large, A(L) has infinite rank.

3.6. Refinement of results on CL points for modular parametrizations. Theo-
rem 3.17 below is a refinement of Theorem 3.5 in the special case of a modular-elliptic
correspondence S L ox 24 arising from a modular parametrization attached to a new-
form f = > a,q™; recall that S = X = X;(N), II = Id, and we always assume f of weight 2,
on I'g(N), normalized, with rational Fourier coefficients. In this case we may (and will) take
F = Fy = Q. Recall that a; = 1, that a,, € Z for n > 1, and that for sufficiently large p, the
coefficient a, equals the trace of Frobenius on Ag,. One can ask if in this case the function
®T also has a description in terms of eigenforms. This is indeed the case, as we shall explain
below. Consider the series

(3.12) FT) =) %q” € Z,|[q]].

The series f(=Y(q) is called f|R_; in [38, p. 211]. Assume that p > 0 and that Ag has
ordinary reduction. Then a, # 0 (mod p). Let up € Z) be the unique root in pZ, of
the equation 2? — a,z + p = 0; thus a,u = 1. Let V: Z,[[¢q]] — Z,[[q]] be the operator
V(> eng™) = > cng™. Define

(3.13) fia) = <Zuv> f =3 3 Wt € Zla)

i20 (n,p)=1
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Then
(3.14) ~ (7)) + a1 ) = 8,7 (a),

in F,[[q]], where the bars denote reduction modulo p, as usual. The series f(-=D(gq) has a
nice interpretation in terms of modular forms mod p. Indeed, recall from [17, pp. 451, 458]
that if M,, is the k-linear space of modular forms over k on I'y(IV) of weight m then there
is an injective ¢-expansion map M,, — k[[g]] and a Serre operator 6: M,, — M,,,,+1 that
on g-expansions acts as ¢ d%. Let Ep,l € M,_; be the reduction mod p of the modular form
E,_1 over Z, whose g-expansion in Z,)[[¢]] is the normalized Eisenstein series of weight
p — 1; hence E, ; is the Hasse invariant and has g-expansion 1 in F,[[q]].
Define the affine curve

Xl(N)Ord = X;(N) \ {zero locus of £, ;}. = Yl(N)Ord U {cusps}

————ord
where Y1(N)  is the open set of points in Y; (V) represented by ordinary elliptic curves.
If « € Myyo, and g € M, is nonzero, call o/ a weight-w quotient of modular forms

over k. A weight-0 quotient of modular forms is a rational function on X;(N). In particular,
(9p_2f, ngl 6 Mp27p, and

(3.15) Fo0 = (2 B

is a regular function on X (N )Ord. Let g — go be the natural g-expansion map k(X;(N)) —
k((q)). The corresponding point in X;(N)(k((q))) will be called the Fourier k((q))-point.
Then fi = f(-D(q). For primes | # p, define the Hecke operator T(1): k[[q]] — k[[q]] by
TS eng™) = D cing™ + e()I7 > eag™, where €() = 0 or 1 according as [ divides N or
not. Define the U-operator U: k[[q]] — k[[¢]] by U(D_cnq™) == > cnpq™. By [17, p. 458],
f1(q) is an eigenvector of T for every [ # p; moreover, f(-1(q) € ker U. Finally, for any
open subscheme X’ C X;(N)g containing the oo section [co] we have a natural injective
g-expansion map O(X'\ [00])” — R((q))", which we write as G +— G. (See Section 4.4 for
more details.)

Definition 3.16. An open subscheme of the form X'\ [oo] with X’ as above will be called
standard.

Let j(x) € k be the j-invariant of x € Y1 (N)(k).

Theorem 3.17 (Explicit reciprocity functions for CL points). Assume, in Theorem 8.5,
that X =S = X1(N), Il =1d, and ® is a modular parametrization attached to a newform
f. Then one can choose X and ®' in Theorem 3.5 such that

(1) X7 is standard and X' = YI(N)Ord \{z | j(x) =0,1728}.
(2) If Ag is not CL then ®_ = fY(q). In particular, of = f_(_l)_. i
(3) If AR is CL then ®f_ = —uf[(u?l)(q). In particular, (®1)P — a,®t = 1.

In both cases, (2) and (3), the function ®T is integral over the integrally closed ring

—————ord

O(Xl(N)Ord) and belongs to the fraction field of O(X; (V) rd). So ®f € O(X;(N) ).
Theorem 3.17 will be proved in Section 4.
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Remark 3.18. If Ag is CL, then Theorem 3.17(3) implies that f[sr)(q) is the Fourier expan-

sion of a rational function on X;(/V), hence of a quotient o/ where «, € M, are modular
forms defined over k of some weight v. Is there a direct argument for this?

Corollary 3.19. Let ®: X (N) — A be a modular parametrization and let ' < A(R) be a
subgroup with r = rankﬁ(R)(F) < 00. Then the set ®(CL)NT is finite of cardinality at most

P-p

(29 —2+4v) - P 2A| A,

where g is the genus of X1(N), v is the number of cusps of X1(N), and X is the degree of
X1(N) — Xi(1).

Proof. By Theorem 3.17 we have d; = 1, do = A, and d3 < 2\ in (3.9). So it will be enough

to check that

P’ —p

2

Taking degrees in parts (2) and (3) of Theorem 3.17 yields either deg(®F) = deg(fV) or
pdeg(®F) = deg(f). In both cases, deg(®) < deg(fC1). Now (3.20) follows from the
fact that the numerator and denominator of the fraction in (3.15) are sections of the line

p2—p
bundle (Q'(cusps))“z", where Q' is the cotangent bundle on X;(N). O

(3.20) deg(®T) < (29 — 2+ 1) -

We next discuss a uniqueness property for the function ®' in Theorem 3.17. Let S =
X1(N), let XT C S be a standard open subscheme over R such that

(3.21) Xty \{a:\;( ) =0,1728}

and define
(3.22) .
P :={P c CL| P is not in the isogeny class of any of the k-points of Y;(N)\ XT}.

Clearly P is infinite. Let M be the algebraic closure of Q in K and let p be the place of
M above which pR lies. We have P C XT(Opr,). Let f = > a,q" be a newform. Let
ZPZ-(Z) — a; P be the Hecke divisor on S(Q) associated to any P € P and any prime [ # p
(see Section 3.2). Then P € CLNX"(Ow,). For d € (Z/NZ)*, let (d) be the diamond

operator acting on X;(N) and on O(Xl( ) d). Consider the k-linear space
(323) Fu= {@ c O N | ()8 = © for all d € (Z/NZ)* and UB(q) = 0} ,
where O(q) € k[[q]] is the Fourier expansion of ©. Note that f(=1) € F.

Theorem 3.24 (Uniqueness of reciprocity functions for CL points). Let S = X;(N), and
let &: S — A be a modular parametrization attached to a newform f = > a,q" and let p
be a sufficiently large good prime. Assume that X' C S is an open subscheme over R as in
(3.21). Let P be as in (3.22). Then the following conditions on © € F are equivalent.

1) For any Py, ..., P, € CLNXT(R) and any integers my, ..., m, we have

Zn:m@(Pi)e pdw:zml B)=0¢k
=1
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2) For any P € P and any prime | # p we have
> B(E") ~ab(P) = 0.
3) O =\ fU for some X € k.

Proof. Condition 1 implies condition 2 by (A.5). That condition 2 implies condition 3 will
be proved in Section 4: see Lemma 4.83. Finally condition 3 implies condition 1 by Theo-
rem 3.17. 0

3.7. Reciprocity functions and finiteness for isogeny classes. Fix a set X of rational
primes.

Suppose that S = X;(N). Let B be a Z[1/N]-algebra. Let @) be a B-point of Y;(N),
represented by (Eg, ag). The X-isogeny class (respectively, the prime-to-X isogeny class) of
Q) in S(B) is the set C' = Cg C S(B) of all B-points of Y; (V) represented by (E¢, ag) such
that there exists an isogeny Eg — E¢ of degree divisible only by primes in ¥ (respectively,
outside ). We do not require the isogeny to be compatible with ag and ag.

The definition for S = XP(Uf) is similar. Let B be a Z[1/m]-algebra. Let Q € S(B) be
represented by (Eg,ig, ag). The X-isogeny class (respectively, the prime-to-X isogeny class)
of @ in S(B) is the set C' = Cg C S(B) of all B-points of S represented by (E¢,ig, ag)
such that there exists an isogeny Eg — E¢, compatible with the Op-action, and of degree
divisible only by primes in 3 (respectively, outside ). Again the isogeny need not respect
aQ and agqr.

Let now S be either X;(N) or XP(U) and let C' be a X-isogeny class where p ¢ ¥
or a prime to ¥ isogeny class where p € . Say that C' is ordinary (respectively CL) if it
contains an ordinary point (respectively a CL point); in this case all points in C' are ordinary
(respectively, CL).

Theorem 3.25 (Reciprocity functions mod p for isogeny classes). Assume that S A x 2,
A is a modular-elliptic or Shimura-elliptic correspondence, assume that p is a sufficiently
large good prime, and assume C' is an ordinary prime-to-p isogeny class in S(R). Then
there exist an affine dense open subscheme X' C X, a (not necessarily connected) finite
étale cover m: Xt — XT of degree p, a regular function ®t € O(X*4) that is non-constant on
each component of X*, and a map o: II71(C) N XT(R) — X*(k) such that w(a(P)) = P for
all P, and for any Py,..., P, € II"Y(C) N XT(R) and any my, ..., m, € Z we have

(3.26) zn:miq)(f’i) cAR)p.aiw <= imi@(a(ﬂ)) =0¢€k.

i=1
Theorem 3.25 will be proved in Section 4.

Remark 3.27. 1) Again, as the proof will show, the maps ®¥ and o will have a functorial
nature. In Theorem 3.25 ¢ is simply a map of sets, but the proof will show that ¢ has
actually an algebro-geometric flavor.

2) Theorem 3.25 is an analogue of the second equivalence in Theorem 3.5. Is there also
an isogeny-class analogue of the first equivalence in Theorem 3.57

3) The sum in the right half of (3.26) may be viewed as a function 7* on X* evaluated at

(0(Py),...,0(P,)). If the value is zero, then so is nf(Py,..., P,), where n! is the norm of n*
11



in the degree-p™ extension O (ﬁn> of O (ﬁn> Here ' may be expressed as a polynomial

in the m; and the coefficients of the characteristic polynomial of multiplication-by-®* on the
locally free O(XT)-algebra O(X?). Thus the left half of of (3.26) implies a statement expressible
in terms of evaluation of functions on XT instead of X¥. Theorem 3.32(4) will show that 7
is not always zero (consider the case n = 1, for example), so the statement is not always
Vacuous.

Theorem 3.25 trivially implies
Corollary 3.28. In the notation of Theorem 3.25 we have

rank;l(R) (z": Z- @(R)) = dimg, (Zn: F, @(0(3))) :

Just as Corollary 3.8 implied Theorem 1.3, Corollary 3.28 applied to subsets {Py, ..., P,}
of ®~1(I') NTI~Y(C) N XT(R) implies the first conclusion in

Corollary 3.29. Assume S AL X 2 Aisa modular-elliptic or a Shimura-elliptic corre-
spondence and assume p is a sufficiently big, good prime. Let C' be an ordinary prime-to-p
isogeny class in S(R). Then there exists a constant ¢ such that for any subgroup T' < A(R)
with r = rank;‘(R)(F) < oo the set ®(II-1(C))NT C A(k) is finite of cardinality at most
cp”. In particular, the set ®(IT71(C)) N A(R)ors is finite.

The first conclusion of Corollary 3.29 implies the last because the reduction map A(R)ors —
A(k) is injective for large p.

One can ask if the set ®(II7'(C)) N T is finite for every I with rank;l(R)(F) < 00. Theo-
rem 1.6 represents a partial result in this direction, with certain >-isogeny classes instead of
prime-to-p isogeny classes. Corollary 3.29 will be used to prove Theorem 1.6 in Section 4.9.

3.8. Reﬁnement of results on isogeny classes for modular parametrizations. Sup-

pose that S 4L X -2, A arises from a newform f=>"a,q". Our goal in this subsection is
to state Theorem 3.32, which describes the cover Xt and the function ®F explicitly in this
case.

Let I;(N) be the Igusa curve from pp. 460-461 of [17], except that we view [;(N) as a
smooth projective integral curve. It is a Galois cover of X;(/V) ramified only over super-
singular points, and the Galois group is naturally isomorphic to F)'. Let J := I,(N)/(-1)
be the intermediate cover of degree (p — 1)/2 obtained by taking the quotient of I;(N) by
the involution corresponding to —1 € F ;. We will describe X7 in terms of J. There is a

point oo on each of these covers that is unramified over oo € X;(N). In particular, rational
functions on [;(N) and J have Fourier expansions in k((q)).
Let

(3.30) FO ) = > ang” € Z,[[q]).
(n,p)=1

(The series f(q) is called f|Ry in [38, p. 115].) Let

(3.31) I (q) = (Za;;w) 9 Z Z alang™" € Zy[[q]).
12



Corollary 4.50 and Lemma 4.52 will show that for p > 0, the series f[(;l)](q) is the Fourier
expansion of some 7 € k(.J). For a constant A € k to be specified later, define
o - P — a,n’, if Ag is not CL
nP, if Apis CL.
Theorem 3.32 (Explicit reciprocity functions mod p for isogeny classes). Assume, in Theo-

rem 3.25, that S X 25 A arises Jrom a modular parametrization attached to a newform
f onTo(N). Then there exists A € k* such that X7, Xi and ®F can be chosen to satisfy:
1) The cover Xt of XT is a disjoint union X0 [ X+ ]_[X , where X0 ~ XT is the trivial
cover and X+ and X~ are each isomorphic to the inverse image of Xt under J — Xl(N).
2) The restrictions ofa to X0, X+, X~ equal
Of,  DF 4+ A, DI, BT + \_PTT,

)/2,)\(_1’71)/2 are the two square roots of .

respectively, where Ay € k are such that A} (p-1
Theorem 3.32 will be proved in Section 4.

Corollary 3.33. Let notation be as in Theorem 3.32. The characteristic polynomial of the
endomorphism “multiplication by ®” in the locally free O(XT)-algebra O(X?H) is

o — A2z + (MW2DT — (DF)P),

)(p 1)/2

where h = (@TT € k(X1(N)).

Proof. The characteristic polynomial of ® — &t equals
. <x(p_1)/2 B /\Sf_l)/zﬁ(p_l)m) (m(p_1)/2 . A(j)—l)/Q@(p—l)/Q) — 2P — Nh2r.

In this, replace = by x — ®f. 0J

3.9. Strategy of proofs. The proof of our local results will be an application of the theory
of d-characters [3, 4] and d-modular forms [5, 6]. These two types of objects are special
cases of arithmetic differential equations in the sense of [7]. Section 4 reviews the facts from
this theory that are necessary for the proof. As a sample of our strategy let us explain, very
roughly, the idea of our proof of Theorem 3.5. Assume for simplicity that we are dealing with

a modular-elliptic correspondence S Aox g arising from a modular parametrization
attached to a newform f. Following [3] consider the Fermat quotient operator 6: R — R
defined by dz := (¢(z) — 2P)/p, where ¢: R — R is the lift of Frobenius. We view §
as an analogue of a derivation operator with respect to p. Recall from [3] that if YV is
any smooth scheme over R then a function g: Y(R) — R is called a é-function of order
r if it is Zariski locally of the form P +— G(x,dz,...,0 ), where G is a restricted power
series with R-coefficients and x € RY is a tuple of affine coordinates of P in some N-
dimensional affine space. If A is our elliptic curve then by [3] there exists a J-function of
order 2, ¢: A(R) — R, which is also a group homomorphism; v is called in [3] a d-character
and may be viewed as an arithmetic analogue of the “Manin map” [25, 26]. Consider the
composition f* =1 o ®: X(R) — R. On the other hand, the theory of J-modular forms [5]

yields an open subset X' of S and a d-function of order 1, f*: XT(R) — R, that vanishes
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at all CL-points: see Lemma 4.37 and (4.39). Then we prove that there exist J-functions of
order 2, denoted hg, hy : XT(R) — R, such that the J-function

O = f"—hg-f —hi-6of

has order 0, or equivalently is a formal function in the usual sense of algebraic geometry.
(Intuitively, in the system of “arithmetic differential equations” f# = f> = 0 one can eliminate
all the “derivatives” of the unknowns.) It follows that f* and ® have the same value at each

CL-point P;. So
> mi®(P) =) mifH(P) = (> mid(P)).

By the arithmetic analogue in [3, 4] of Manin’s Theorem of the Kernel [25, 26], 1(>_ m;®(F;))
vanishes if and only if > m;®(F;) is torsion. (Actually, for our application to Theorem 1.3
we need only the “if” part, which does not require the analogue of the Theorem of the
Kernel.) On the other hand we will check that of ¢ k by looking at Fourier g-expansions,
and this will complete the proof of the first equivalence in Theorem 3.5 in the special case
we considered.

In particular, our proof of the (effective) finiteness of ®(CL) NI in the case I' = A(R)tors
can be intuitively described as follows. The points of CL are solutions of the “arithmetic
differential equation” f” = 0 whereas the points of ®~'(I") are solutions of the “arithmetic
differential equation” f* = 0. Hence the points of CL N®~1(T") are solutions of the system of
“arithmetic differential equations” f’ = f* = 0. By what was said above one can eliminate, in
this system, the “derivatives” of the unknowns and hence one is left with a (non-differential)
algebraic equation mod p, whose “degree” can be estimated. There are only finitely many
solutions to this algebraic equation and their number is effectively bounded by the “degree”.

4. PROOFS
Fix a prime p > 5. Recall that R = Z;r, k= R/pR, K := R[1/p], and ¢: R — R is the

Frobenius automorphism.

4.1. Review of CL and CM points. This section reviews facts we need about CL abelian
schemes and their relation with CM points; see [22, 15, 29]. Expert readers should skip this
discussion.

Definition 4.1. An abelian scheme E/R is CL (a canonical lift) if its reduction £ := E® k
is ordinary and there exists an R-homomorphism £ — E? := E Qg4 R whose reduction
mod p is the relative Frobenius k-homomorphism E — E' := FE Q. k-

Theorem 4.2. The following are equivalent for an elliptic curve E over R:
(1) E is CL.
(2) E has ordinary reduction and Serre-Tate parameter q(E) =1 (with respect to some,
and hence any, basis of the physical Tate module).
(3) There exists a morphism of Z-schemes E — E whose reduction mod p is the absolute

Frobenius F,-morphism E — E. (In [7] this situation was referred to by saying that
E has a lift of Frobenius.)

Proof. The equivalence between 2 and 1 is essentially the definition of the CL property in [22].
The implication 1 = 3 is trivial. For 3 = 1, note first that £ must be ordinary: this

follows, for instance, from Proposition 7.15 and Corollaries 8.86 and 8.89 in [7]. Finally, the
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Z-morphism F — F induces an R-morphism E — E?; the Néron model property shows that
the latter is a composition of a homomorphism u with translation by an R-point reducing
to the identity mod p. But then v mod p is the relative Frobenius. O

Theorem 4.3 (Existence and uniqueness of CL abelian schemes).

(1) Fiz a prime p and an ordinary abelian variety E over k. Then there exists a unique
CL abelian scheme E over R with E ® k ~ E (unique up to isomorphism,).

(2) If E and E' are CL abelian schemes over R, then the natural map Homg(F, E') —
Homy(E, E') is an isomorphism.

(3) If two elliptic curves over R are related by an isogeny of degree prime to p and one
of them is CL, then so is the other.

Proof. This is due to Serre and Tate: see [22, 15]. O

The conductor of an order in a quadratic number field is the index of the order in the
maximal order.

Theorem 4.4 (Relation between CL and CM).

(1) (a) If E is a CL elliptic curve over R, then E has CM (part of this claim is that E
is definable over M = K N Q). Thus we have the relation CL C CM between

subsets of Y1(N)(Q).

(b) Conversely, if Q = (E,a) € Yi(N)(Q) is in CM, and p is split in End E ® Q
and does not divide the conductor of End E, then () € CL.

(2) (a) If (E,i) is a CL fake elliptic curve over R, then (E,i) is CM. Thus we have the

relation CL C CM between subsets of X P (U)(M).

(b) Conversely, for any CM-point Q € XP(U)(Q), we know that the associated
abelian surface E is the square of an elliptic curve with CM by an order in some
IC; if p splits in KC and p does not divide the conductor of the order, then () € CL.

Proof.

(1) (a) If E/R is a CL elliptic curve, then Endg(E) ~ End,(E) # Z.
(b) This follows from the theorem in the middle of p. 293 in [36].
(2) (a) Let £ := Endg(F) ® Q ~ Endy(E) ® Q. Since E is ordinary, the center of
& contains an imaginary quadratic field KC: see [7, p. 247], say. In particular,
E# D,so (E,i)is CM.
(b) Apply Theorem 4.4(1)(b) to the elliptic curve.
O

4.2. é-functions. See [3,7]. Let 6: R — R be the Fermat quotient map déx := (¢(x) —zP)/p.
Then

Sz +y) = dx+0y+ Cylz,y)

(4.5) zy) = aP-dy+yP-dx+p-ox- oy,

where C,(X,Y) = w € Z[X,Y]. Following [3] we think of 0 as a “derivation

with respect to p”. If P € AY(R) = RY, then § P is defined by applying ¢ to each coordinate.
Let X be a smooth R-scheme and let f: X(R) — R be a map of sets. Following [7, p. 41],

we say that f is a d-function of order r if for any point in X(R) there is a Zariski open
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neighborhood U C X, a closed immersion u: U < A% and a restricted power series F with
R-coefficients in (r 4+ 1) N variables such that

F(P) = F(u(P),5(u(P)),...,8"(u(P))) forall P € U(R).

(Restricted means that the coefficients converge p-adically to 0.) Let O"(X) be the ring of
d-functions of order r on X.

We have natural maps 6: O"(X) — O™ (X), f — 0f := § o f, and natural ring homo-
morphisms ¢: O"(X) — O™ X), f— ¢(f) = f® := ¢ o f. The maps & above still satisfy
the identities in (4.5). Let X be affine, and let x be a system of étale coordinates on X, that
is to say there exists an étale map X — A< such that z is the d-tuple of elements in O(X)
obtained by pulling back the coordinates on A% Let 2/,2”,..., 2 be d-tuples of variables
and let © denotes p-adic completion, as usual. Then the natural map

(4.6) oOX)[ 2", ..., 2" = O"(X)

r)

sending @’ — 0z, 2" — 6%x,...,x") — 6"z is an 1som0rphism: see Propositions 3.13 and 3.19

in [7].

4.3. d-characters. We recall facts from [3, 7]. If G is a smooth group scheme over R, then
by a d-character of order r we understand a d-function ¢: G(R) — R of order r which is also
a group homomorphism into the additive group of R. Following [3], we view J-characters
of abelian schemes as arithmetic analogues of the Manin maps [25, 26]. Let X"(G) be the
R-module of d-characters of order r on G. By [3, pp. 325-326], the following hold for an
elliptic curve E/R:

(1) If E is CL, then X!(E) is free of rank 1.
(2) If F is not CL, then X?(E) is free of rank 1.

We will need to review (and complement) some results in [3, 4] that can be viewed as an
arithmetic analogue of Manin’s Theorem of the Kernel [26, 10]. For any abelian group G, we
set p*°G = N> ;p"G and we let p™°G : p> be the group of all x € G for which there exists
an integer n > 1 with p"x € p>*G. Also recall that we set Gp.giv = Giors + DG.

Lemma 4.7. Let E be an elliptic curve over Z,. Let r be 1 or 2 according as E is CL or
not. Let ¢: E(R) — R be a generator of X"(G). Then

) ¥ is surjective and defined over Z,.
2) keryp = p®E(R) : p™.
3) ker@b +pE(R) = E(R)tors + pE(R) =: E(R),-div-
4) 7 (pR) = B(R)uors + pE(R) = E(R)p an
5) (ker ) N B(Z) = E(Z ) one.

(1
(
(
(
(

Proof.

(1) Surjectivity follows from [4, Theorem 1.10]. That ¢ is defined over Z, follows from
its construction in [3].

(2) If E has ordinary reduction, then [3, Theorem B’, p. 312] shows that (ker¢)/p® E(R)
is a finite cyclic p-group; this implies the non-trivial inclusion “C”. If E has super-
singular reduction, we are done by [4, Corollary 1.12].

(3) The non-trivial inclusion is “C”. If P € ker®, by (2) there exists n such that
p"P = p"T'Q for some Q € F(R). So P — pQ € E(R)os and we are done.

(4) This follows from (3) and (1).
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(5) If E has ordinary reduction, then by Theorem 1.2 and Remark 1.3 on p. 209 of [4],
we have p™ E(R) N E(Z)") C E(Zy))iors; combining this with (2) yields the nontrivial
inclusion (ker¢)) N E(Z)") C E(Z))tors of (5). Now assume that E has supersingular
reduction. If a,, is the trace of Frobenius on Fx, then the map ¢?*—ap+p: R— R
is injective. By [4, Theorem 1.10, p. 212], the restriction of ¢ to the kernel of the
reduction map red: E(R) — E(k) is injective. In other words, ker(¢) N ker(red) =
{0}. Equivalently, red restricts to an injection ker¢ — E(k). Since E(k) is torsion,
so is ker ).

O

We now describe an explicit generator ¢ of X"(Ag), where A is an elliptic curve over Z,,
and r is 1 or 2 according as Ag is CL or not. Fix a 1-form w generating the Z,-module
HY(A, Q). This uniquely specifies a Weierstrass model y* = 2® + ax + b for A over Z, such
that w = dx/y. Let T := —x/y. So T is an étale coordinate at the origin 0 of A, vanishing
at 0. Let L(T) € Qu[[T]] be the logarithm of the formal group of A associated to T, so
dL(T) = w € Z,[[T]]dT and L(0) = 0. If A is CL, let up be the unique root in pZ, of the
polynomial 22 — a,z + p. By [7, Theorem 7.22] and [4, Theorem 1.10], we may take
. {%((p? — a,6 + p)L(T) € R[TN[T', T"", if Ais not CL;

48) 16— up)L(T) € RIT|[T, if 4 is CL,

4.4. §-Fourier expansions. See [5]. We start by reviewing background on classical Fourier
expansions as in [13, p. 112]. (The discussion there involves the modular curve parametrizing
elliptic curves with an embedding of uy rather than Z/NZ as here. But, the two modular
curves are isomorphic over Z[1/N, (x]|: see [13, p. 113].) The cusp oo on S := X; (V) arises
from a Z[1/N, (y]-valued point; so if p > 0 (specifically, p  N), then it gives rise to an R-
point, which may be viewed as a closed immersion s.,: Spec R — Sg. Let [00] = so(Spec R).
Let Sp be the completion of Sy along [0c]. The Tate generalized elliptic curve Tate(q)/R][[q]]
equipped with the standard immersion ., of uy g ~ (Z/NZ)g is a point in S(R][[q]])
that reduces mod ¢ to Ss. For p >> 0 there is an induced isomorphism Spf R[[q]] ~ Sk.
Therefore, for any open subset U C Sk containing [co] we have an induced Fourier g-
expansion homomorphism

OU \ [o0]) — R((q)) := Rl[g]][1/q]-

More generally, suppose that we are given a modular-elliptic correspondence S A ox 2
A. Let M be the ramification index of II at x,,. As before, we assume p > 0. Then we have
Spf R[[q]] ~ Xg, where q := ¢'/™ and Xy is the completion of X along the closure []
of zo,. Moreover, for any open set U C Xg containing [z.,] we have a Fourier g-expansion
homomorphism

O\ [z]) — R((a)).

Next we move to the “6-theory”. Let ¢/,q”,...,q"), ... be new indeterminates. Define

St =R((a))ld"d".---.4"]"
For each 7, extend ¢: R — R to a ring homomorphism ¢: ST — S7 denoted F — F? by
requiring

¢ =¢+pgd, () :=()"+pd", ...,
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and define 6: S, — S”F! by
Fé _ [p
=—

By the universality property of the sequence {O"(U \ [00])},>0 (see [7, Proposition 3.3]),
there exists a unique sequence of ring homomorphisms

(4.10) O"(U\ [oc]) — 5L,
called d-Fourier expansion maps and denoted g — ¢o., such that (§¢g)s = 0(geo) for all g.

(4.9) SF -

More generally, given a modular-elliptic correspondence S A ox 2 A, define rings
Sp. = R((@)[d,...a")

where ¢, ..., q") are new variables. Again there are natural maps ¢, ¢: Sy, — S;jol defined
exactly as above and there are d-Fourier expansion maps

O"(U\ [rec]) = 55

commuting with J, and denoted g + g,.. There are natural maps ST, — S; . Since
Spec R[q,q~ '] — Spec R[q, ¢ '] is étale, (4.6) implies

Sr.~R(@)[d.---.q"T.

4.5. 0-Serre-Tate expansions. See [6, 7]. Assume that we are given a Shimura-elliptic

correspondence S A ox 2 A, and that p > 0. By the proof of Lemma 2.6 in [6], there
exist infinitely many k-points o € S(k) whose associated triple (Y4, @) is such that

(1) Y is ordinary, and

(2) if 0 is the unique principal polarization compatible with 7, then (Y, ) is isomorphic

to the polarized Jacobian of a genus-2 curve.

So we may choose a point o € S(k) as above such that moreover, there exists 7o € X (k)
with II(Zg) = o such that both IT and ® are étale at Zy: here we use p > 0 to know that
[M®Ek and & ® k are separable.

Let Y be the canonical lift of Y. Since End(Y) ~ End(Y), the embedding i: Op —
End(Y) induces an embedding i: Op — End(Y). Also the level U structure a lifts to a
level U structure on (Y,i). Let yo := (Y,i,a) € S(R). Since II is étale at zo, there exists
xg € X(R) such that xo mod p =z and II(xg) = yo.

Let YV be the dual of Y. By [6, Lemma 2.5], there exist Z,-bases of the Tate modules
T,(Y) and T,(Y"), corresponding to each other under #, such that any fake elliptic curve
over R lifting (Vi) has a diagonal Serre-Tate matrix diag(q, q¥=(P)) with respect to these
bases. Fix such bases. They define an isomorphism between the completion of Sk along
the section yo and Spf R[[t]]. The Serre-Tate parameter ¢ corresponds to the value of 1 + ¢.
Since II is étale at Ty we have an induced isomorphism between the completion of X along
the section xy and Spf R][[t]]. As in Section 4.4 define rings

Se, ~ R[[t[t, ... 1]
and maps ¢,0: S, — Sr+l: then for any affine open set U C X containing the image of the

To ?
section xy we have natural d-Serre-Tate expansion maps

(4.11) O"(U) — ST,
18



denoted g — ¢,,, that commute with ¢ and 9.

4.6. Pullbacks by ® of j-characters. Assume that we are given a modular-elliptic or a

Shimura-elliptic correspondence S A X 25 A Recall that A is defined over a number
field Fy. We suppose that p > 0 and p splits completely in F. Then Ag comes from an
elliptic curve over Z,. Define a, and (if Ag is CL) u as in Section 4.3. Let 1 be as in (4.8).
The composition

(4.12) . X(R) 2 AR) % R.

is in O"(Xg). In what follows we compute the §-Fourier expansion f? € S._ (in the
modular-elliptic case) or the §-Serre-Tate expansion f? € ST (in the Shimura-elliptic case).

4.6.1. Modular-elliptic case. Suppose that S = X;(N). We have ®*: R[[T]] — R[[q]]. Define
b, € Fy N R by

(j{:bnqn1> dq := d(®*(L(T))) = ®*(dL(T)) = d*w.

(4.13) %ﬁnz¢ngw.

n>1
Applying ®* to (4.8) and substituting (4.13) yields
iy (el
(4.14) fio=arp=Jr (:
%2721 (%qmb - upb;"q”) , if Ais CL.

In both cases, f!_ € R[[q]][q’,q"]". Applying the substitution homomorphism

Rl[q]]la’,q"] — RI[q]]
G— Gh = G(qv 0, O) - G|¢l'=¢l”:0’

g’ — ap%q”‘z’ —|—p%q") ., if Ais not CL;

we obtain
b¢>2 b?
u %Z@lﬁg—%gpm%ym,ﬁAmmum
(@15) ()= §
%an (://; - up%") q", if Ais CL,

where b, := 0 if v € Q\ Z. (In particular, the right hand side of (4.15) has coefficients in
R, which is not a priori obvious.)

Let us consider the special case when § &L X -2, A arises from a modular parametriza-
tion associated to the newform f = > a,q¢", s0 S =X = X;(N), 1 =1d, oo = 00, M =1,
and q = ¢q. We may take w so that ®*w = Y a,q" 'dg; then b, = a,, for all n. Since f is a
newform, the a,, satisfy the usual relations [41, Theorem 3.43] (we use p > 0 to know that
pIN):

(4.16) Qi = Qpiay,  for (p,m) =1,
(4.17) Api-1Gp = Qpi + payi-2  for i > 2.
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Lemma 4.18. Assume that S <— X — A arises from a modular parametrization attached
to f.
(1) With notation as in (3.12) and (3.13), the following holds in Z,[[q]]:

(), if A is not CL;

(4.19) (f&)s = {_uffu]l)(q), if A is CL.

(2) With notation as in (3.30) and (3.31), the following holds in k[[q]]ld, ¢"]:

o+ (2) () - () (). 4t

(4.20)  fL =
ITEYEN / 0, \? . .
—afi D (g) + (g—) ( f&(g)) , if A is CL.
Proof. We shall prove (4.20) in the case where Ag is not CL. The other three statements are
proved similarly (and are actually easier).

To simplify notation, let O stand for any element of Z,[[¢]][¢"", ¢, ¢"]". For any v, €
Z,[dllg . ¢, q"), any £ € Zsy, and any m € Z>; we have

(4.21) (1 +py +p28)™" " =1 +mp' ™~y + p'0.

(Writing (1 + py + p?8)™ as 1 + py’ lets us reduce to the case 8 = 0 and m = 1, which is
proved by induction on ¢.)
By (4.14) we get

f=-1 - (¢ +p(a)y + p2D)n —ay Y (@ +pd)" +p Y %q”}
= {Z%(Prp(g—;)“rﬁﬂ) Q”Q”—apz - (1+p /) qp"+pz }

a, I\ P n/p? ar, I\ n/p a,
:Z 2 4p (L) +p0 — q, L 1+ pL + —
qP q? n

= Z’ann,

where a, =0 for r € Q \ Z.
If (n,p) =1, then v, = a,/n.
If n=pm Wlth (m,p) =1, then (4.16) and (4.21) yield

n

q

/

(

= (lpam - a_m (1 _'_pm +p2|:|> apam% (mOd p)
) =
p

pm

If n = p'm with £ > 2 and (m, 1, then (4.16), (4.17), and (4.21) yield

p
Qpyt—2 oy apQ A A
Yy = P2 (1 +mp" (q ) +pED> p; i (1 +mpt= —|—p€+1D) —Z
m ptm ptm

_ - ¢
= af) 2l (—) — af;amq—p (mod p).
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Therefore
a q v (d P ,q ,
o= X gt S ot X (6 () o) modp),
(m,p)=1 (m,p)=1 £>2 (m,p)=1
and the first case of (4.20) follows via a trivial algebraic manipulation. O

Remark 4.22. The right hand side of (4.20) belongs to the subring k[[¢]][¢'] of k[[¢]][¢’, ¢"]. In

the case where S «— X -2 A does not necessarily arise from a modular parametrization,
an argument similar to the one in the proof of Lemma 4.18 still yields

(4.23) Fi. € Klallla)

4.6.2. Shimura-elliptic case. Suppose that S = XP(U). Recall that we fixed 7o € X(R)
and a corresponding d-Serre-Tate expansion map O*(Xy) — Sz, = R[[t]][t',t"]", denoted
G — Gy Let zg = ®(x9) € A(R). Let \: Ag — Apg be the translation by —z;. Recall
the étale coordinate 7" on Ag at 0; use T}, := A*T as étale coordinate at zy. Now we have

R[[T)] & R[T.,)] & R[[t]]. Define b, € Fy N R by

<Z bnt"‘1> dt = d(®* N (L(T))) = ®*Nd(L(T)) = ®*\w,
(4.24) > %”t" = O*N(L(T)).

Since ® is étale at xg, we have by # 0; scaling w, we may assume that b, = 1. Since v is a
group homomorphism, we have 1) —1(29) = A*¢. Add the constant 1(2y) to both sides, and
apply ®* to obtain

iy = @ =1 (z0) + DN,
Evaluate ®*\*1) by applying ®*\* to (4.8) and substituting (4.24) into the right hand side:
the final result is

2
Y(z0) + % D n>1 (%tmﬁ - UP%tn> , if A is CL.
An argument similar to the one in the proof of Lemma 4.18 shows that

(4.26) 7, € k[

(4.25) fho=

Z0

4.7. 5-modular forms: modular-elliptic case. We recall some concepts from [5, 7, 1].
The ring of §-modular functions [5] is

M" = R[aig),aég) AT,
where a!=") is a tuple of variables (aq,ay,aj, ... ,aff)) and aég) is similar, and A := —2%a3 —
2133a2. 1t g € MO\ pM?°, define

r rro—11~ <r <r — —11~
M{g} ::M [g 1] :R[ai )7aé )7A 1)g 1] :
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An element of M" or M{g} is defined over Z, if it belongs to the analogously defined ring
with Z, in place of R. Define 6: M" — M"*! and §: M, — Mf;}l as §: ST — S was
defined in Section 4.4. Let j : —2'23%a3/A, let i := 263% — j, and let ¢ := ag/ay. (This ¢ is

unrelated to the ¢ used in d-Serre-Tate expansions.) By [5, Proposition 3.10], we have
M{a4a6} et R[j(gn)yjil, Z'*l7 t(ST)) t*l]A.

If w=> n¢' € Z[¢], define degw = S n,. If moreover A € R, define A := J[(A?)™.
For w € Z[¢], say that f in M" or My, is of weight w if
(4.27) f(\ay, Nag, §(Nay),5(\as), . ..) = N\ f(aa, ag, a}, ai, . . .),
for all A € R. Let M"(w) be the set of f € M" of weight w, and define My ,(w) similarly.
In [5], elements of Mi, (w) were called d-modular forms of weight w (holomorphic outside
g=0).

If f € M{,,(w) and E is an elliptic curve given by y? = 23 + Az + B with A,B € R
and g(A, B) € R*, then define f(A, B) € R by making the substitutions a4 — A, ag — B,
ay — 6A, af — 0B, aj — §*A, and so on. Recall from [5] that f is called isogeny covariant
if for any isogeny u of degree prime to p from an elliptic curve y?> = 2® + Az + B, with
g(A, B) € R* to an elliptic curve y* = 23 + Asx + By with g(As, By) € R* that pulls back
dx/y to dx/y we have

f(A17 Bl) = deg(u)_deg(w)/Qf(AQ, Bg)
By [5, Corollary 3.11], M7 (0) = R[j=",571,i7'". More generally, if m € 2Z and

{asae}

g € M°(m), define § := gt~™/2; then

(4.28) M}:azla(,g}(o) = R[j(gr)7j_17z_l7§_1:|A'

Also define the open subscheme Y (1)9 := Spec R[j, 77,37, g] of the modular curve Y (1) :=
Spec R[j]. If we define

(4.29) b:=ag/aj = —2237° + 2%,

then R[j,771,i7] = R[b,b7", (4+27b) '], so b is an étale coordinate on Y'(1)?, and Y;(N)r —
Y (1)g is étale over Y (1)?. Suppose that in addition we are given a modular-elliptic corre-
spondence S «— X -2 A. Then we may (and do) choose g so that the composition
v: Xp LN X1(N)r — X(1)g is étale above Y (1)9. Set

(4.30) XT=v (Y (1)9).

The pull-back of b to XT, which we will still call b, is an étale coordinate on XT. By (4.6),
we have natural isomorphisms

(4.31) OXHW,... 0" ~ o (X",

where b',...,b") are new indeterminates. We view (4.31) as an identification. Similarly,
since j is an étale coordinate on Y (1), (4.6) and (4.28) yield

(4.32) M7, (0) = O"(Y(1)7) € O7(XT).

Since X1 is standard in the sense of Definition 3.16, we have the §-Fourier expansion map

(4.33) o"(Xh) — 857 .
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Composing (4.32) and (4.33) yields J-Fourier expansion maps
(4.34) Mfawﬁg}(()) — S, .
Let E4(q) and Eg(q) be the normalized Eisenstein series of weights 4 and 6: “normalized”

means with constant coefficient equal to 1. We have natural ring homomorphisms, also
referred to as 0-Fourier expansion maps [5],

(4.35) M ST
9 9o =9(a,d,....q"),

characterized by the properties that they send a4 and ag to —274371E4(q) and 277373 F¢(q),
respectively, and commute with d. There exists a unique E, 1 € M°(p—1) such that E,_1(q)
is the normalized Eisenstein series of weight p — 1.
By (4.1) and (7.26) in [5], there exists a unique f* € M'(—1 — ¢), defined over Z,, such
that
@

43) )= oL = Sy (i) e R(@))la)-

qp o1 qp

As explained in [5, pp. 126-129], f! is isogeny covariant and may be interpreted as a (char-
acteristic zero) arithmetic Kodaira-Spencer class.

Lemma 4.37. Let E be an elliptic curve given by y?> = 23 + Ax + B with A, B € R. With
notation as above, f1(A, B) =0 if and only if E is CL.

Proof. See [7, Proposition 7.15]. O
Define
$+1 ptl (A4 1/2 p+1 ot 1/2 ptl /2 (0t J
4.38 tz =tz [ — =tz (1 — =tz - .
439 () = (o) =2 (0 (5)

J
this function is an element of M {1a4a6}(1 + ¢). Next define

b+1
(4.39) Pr=fter € Mi,.0(0) C M, 000 (0) C ON(XT).
The maps in (4.34) and (4.35) are compatible, so
(4.40) f2 € dR((0))d) € a'R((q)) [a]"-
Finally, by the main theorem of [20],
(4.41) ft=cE, 1A™?(2d}a}, — 3akal) + fo + pfi,
for some ¢ € R*, fo € M°(—1 —p), and f; € M. On the other hand, (4.29) implies
aj (af + pajy)?’
so a calculation using the definition in (4.9) yields
(4.42) 6b = a; *Pak(2abal, — 3dba)) + ph

for some h € M} }- Set ag = cE, 1APa3’a5”. Then combining (4.41) and (4.42) yields

{aqas

(4.43) fr= et =gt Sb+ fot"T + phy,
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for some hy € M{la as} Let a = aotpz MY

{asag}(0). Then by (4.43) and (4.5), respectively,
we obtain, for n =0 and n = 1,

(4.44) 0" = " 8"+ B+ P,
for some 3, € My, ,1(0) and v, € ME‘J;}LG}(O)

Lemma 4.45. Assume that the element g € M°%m) is in E, 1M°. Then £ and 5 are
algebraically independent over O(X1), and the natural maps

(4.46) OXN[f] — OY(XT) ®rk
(4.47) OXNf, 0] — O*(X) @k
(4.48) O(XT) — O*(XN/(f*,6f")

are 1somorphisms.

Proof. By (4.36), (4.38), and (4.39), we have

- pt1
(4.49) o =td /¢,
which involves ¢, so the algebraic independence follows. Reducing (4.31) mod p gives iso-
morphisms like (4.46) and (4.47) but with ¥ and b’ on the left in place of f* and 6f°. To
change variables, observe that since g € E, 1 M°, the element « is invertible in O(XT); thus
(4.44) implies O(XN[f*] ~ O(X)[V] and O(XH)[f, 6] ~ O(X1)[0/,"]. This proves (4.46)
and (4.47).

Now (4.47) implies that (4.48) induces an isomorphism mod p, Since both sides of (4.48)
are p-adically complete and separated rings, (4.48) is surjective. The §-Fourier expansion
map O*(XT) — R((q))'[q,q"]" followed by the evaluation map mapping q' and ¢” to 0
induces a map O*(XT)/(f*,0f°) — R((q)), by (4.40). The composition of (4.48) with this
is simply the Fourier expansion map, since elements of O(XT)" have Fourier expansions in
R((q)). So the Fourier expansion principle implies that (4.48) is injective. O

Corollary 4.50. The series f(O(q) and f[(fz](q) are Fourier expansions of weight-2 quotients
of modular forms.

Proof. We have f(© ( = ( o1 f) JE” +1, which is the Fourier expansion of a weight-2 quo—

tient. We handle the second series in an indirect way, using f*. Although f* € O?(XT), w

have ff € O'(XT) ®@g k by (4.23). So (4.46) identifies f# with a polynomial in O(XT)[f?] C
L[f*], where L := k(X;(N)). We can find this polynomial explicitly from the d-Fourier

expansion, since elements of L have expansions in k((¢)) while f2_ involves ¢: see (4.49). By
Lemma 4.20 and (4.49),

_ () + 12" S (10w) R - e (50 (@) T, if Al not CL
foo =

~afi 0+ =7 (10@) if A is CL.
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In either case, taking the coefficient of fb shows that aptoo < (0) ) is the Fourier

ap]

expansion of an element of L. Since t is a weight 2 quotient, a, ( [ap ) is the Fourier

expansion of a weight p + 1 quotient, and hence (by dividing by E,_;) also of a weight-2
quotient. By (3.31),

_ 0 p 0
~a, (fi)(@) + fi)(a) = T g);
Nnow f[gl)](q) is the Fourier expansion of a weight-2 quotient since the other terms are. 0

Remark 4.51. The proof that f[(i?](q) is a Fourier expansion of a quotient of modular forms
used the theory of J-modular forms; we know no direct proof.

Recall the Igusa curve [;(N) and its quotient J defined in Section 3.8.

Lemma 4.52. The Fourier series of any modular form f on Xi1(N) over k is also the
Fourier series of a rational function g € k(I;(N)). If the weight of f is even, then we may
take g € k(J).

Proof. By [17, Proposition 2.2], there is a line bundle w on X;(/N) such that for each i € Z,
the global sections of w’ are the modular forms of weight i. We denote by w also the pullback
of w to I1(N) or J. By [17, p. 461], the sections of w’ on I;(N) or J have naturally defined
Fourier expansions, compatible with the Fourier expansions of modular forms on X (V).
There is a section a of w on I;(N) whose Fourier expansion is 1: see [17, Proposition 5.2].
Given a modular form f of weight i on X;(N), let g := f/a’ € k(I (N)).

The action of F on I;(N) lifts to an action of F’ on w, and —1 € F, sends a to —a
(see [17, Proposition 5.2(5)]), so if 7 is even, f/a’ € k(J). O

Recall the definition of M7, (w) from the end of the first paragraph of Section 4.7. By Con-
struction 3. 2 and Theorem 5.1 of [1], there exist unique d-modular forms f9 € M{lE 1}(gb— 1)
and fg € M { B, }(1 — ¢), defined over Z,, with é-Fourier expansions identically equal to 1.

Moreover, these forms are isogeny covariant and f?- fs = 1. Furthermore, the reduction
f9 € M'® k equals the image of E, 1 € M, 1 in M' ® k. For A € R*, define

(4.53) o= (D7 = M) e M, 3 (=6 — ¢7).

Since fi and f? are isogeny covariant, so is fy. Furthermore consider the series
1/2 2\ 1/2
6210 o2 (19 o ) )
e () <r) € M0y (04 %),
and define

[}
(4.54) € M, 055, 11(0).

The main reason for considering these forms comes from the following

Lemma 4.55. Let E; be an elliptic curve y* = 23+ Az + By over R with ordinary reduction.

Then
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(1) There exists A € R* such that fy(Ay, By) = 0.
(2) If X is as in (1) and there is an isogeny of degree prime to p between E; and an
elliptic curve Ey over R given by y* = x> + Asx + Bs, then fi(Az, By) = 0.

(3) If in addition, AyBy Z 0 (mod p), then f3(Az, By) = (6f3)(Ag, By) = --- = 0.
Proof.
(1) If fY(Ay, By) =0, any A € R* will do. If f'(Ay, By) # 0, set
1 ¢
)\ — f (A17 Bl) fa(A17 Bl>(f>+1;

f 1(A17 B 1)
the numerator and denominator of the first factor have the same p-adic valuation
and f9(Ay, B)) = E, 1(A,B) #0, 50 A\ € R*.

(2) Scaling A, and B, by suitable elements of R*, we may assume that the isogeny pulls

back dz/y to dz/y. Now use the isogeny covariance of f.
(3) By (4.54), f3(Az, By) = 0. Now use 60 = 0.

U
Set 0 :=¢'/q”. Then (4.36), (4.53), and (4.54) yield
— — - P’ip -
(4.56) 1 =o, froo =0 — Ao, and fj{%o =to? (oF — No).

In what follows we assume that X' = U \ [z] where U has an étale coordinate 7 € O(U)
such that [z4] is scheme-theoretically given by 7: we can arrange this by shrinking XT. Then
R[[q]] = R[[7]], so

ROV 7O = R o0 = R )
Also O"(XT) = O(XT)'[/,..., 7). Since

(4.57) f_f\ c OXN[, 7 1nk((1)[7] = O XN = OYXT) @& k,
we may define a quotient ring
(4.58) A= (0M(XT) @R k)/(F)

and a scheme X* := Spec A*. View A as an algebra over A" := O(XT) @ k = O(XT).
Lemma 4.59. The k((q))-algebra A* @ 4 k((q)) is a product of p copies of k((q)).
Proof. We have

At @ 4 k(@) = (OEDF/(R)) @0 k(7))

= k((M)['1/(£)

(f3 o)
(0P — o)

since o? — Ao = [[?_,(c — \;) for some \; € k. Explicitly, the last isomorphism is given by

(4.60) ¢ — (Mg G0,
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Lemma 4.61. One can choose X' so that X* — X' is a finite étale cover of degree p.

Proof. By definition, X* — X1 is of finite type. Lemma 4.59 shows that it is étale of degree
p above the generic point of XT. Therefore X* — XT is finite étale of degree p over some
open neighborhood of the generic point. 0

In case our correspondence arises from a modular parametrization one has the following
variant of Lemma 4.59.

Lemma 4.62. Assume S «— X -2 A arises from a modular parametrization and let

L =Fk(X1(N)). Then
Ao L~Lx At x A”
where
At = L[y]/ (y(p—l)/2 _ Ep_l/t(p—l)ﬂ) .

Proof. By (4.46), we have A* ® 4 L ~ L[F]/(f_f\) On the other hand

= [y - 3T ]

R=t7
(P =M B P
P2 4 VD2 (10012 B, )02

: [(%(p—l)/z — VAV (102 Ep_l)@—l)/?} 7

so the result follows. O

4.8. )-modular forms: Shimura-elliptic case. We continue using the notation and as-
sumptions of Sections 4.5 and 4.6. Assume that the U in (4.11) is small enough that the
line bundle of fake 1-forms on U is trivial. (See [7, p. 230] for the definition of this line
bundle: there it is called the “line bundle of false 1-forms”.) Let ¢ := 1+t € R|[[t]] and write
¢ =8(1+1), ¢" =6*(1+1), and so on. Define

1 ¢ 4 p(d ’ ~
UV=Utt)=-log—=——=(=] +-- .
(t,t") og A € R[[t]][]

Lemma 4.63. There exists f* € OY(U) such that

(4.64) 2 = u()?T (1) € ¢RI
for some u(t) € R[[t]]*, and
(4.65) f(P)=0 for PcTl"CL)NU(R).

Proof. Use (8.116), (8.82), and Proposition 8.61 in [7]. (In the notation of [7], one takes f°
to be the value of the “6-modular form” fl_ . at the pull back to U of the universal fake

crys

elliptic curve equipped with some invertible fake 1-form; again Clrys should be viewed as an

arithmetic Kodaira-Spencer class.) O
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Lemma 4.66. There exists a neighborhood Xt C U of the section xy such that F and (S_fb
are algebraically independent over O(XT) and the natural maps

(4.67) OXH[fF] —» ONXN) @ k
(4.68) OXN[f*, 6] - O*(XT) @p k
(4.69) O(XT) — O*(XN/(f*,6f°)

are 1somorphisms.

Proof. By (4.64),

N u(t)P+1
(4.70) b = (e ———t'+ Sy € k[[t]][t'],
for some Sy € k[[t]]. Using (4.5) one obtains
(4.71) ofr = %t” + 51 € E[[t]][t', "]

for some S; € E[[t]][t']. We may assume that there is an étale coordinate 7 on U such that x is
given scheme-theoretically by 7 = 0. Then R][[t]] = R[[7]] (and R[[t]|[t',t"]" = R[[7]][7’,7"]")
sot=9(r):=)_,5 c,7" for some ¢, € R with ¢; € R*. One can easily see that

t = 219 [Z (P + pr)" — (Z c,n")p} = (0S/07)’7" + By + pB,

for some B, € R][7]] and By € R[[7]][7']". Using (4.5) we obtain
= (0S/07)""1" + B} + pBs

for some B € R[[7]][7']” and By € R[[7]][7’,7"]". Combining with (4.70) and (4.71) and
setting
a(S(r))PH(oS /o)

St € Ml

o(1) =

we obtain
(4.72) f*’ =o(7)7" + Co(1) € k[[7]][7'],

(5f" = o(r)P7" + Cy(7, ') € k[[7])[7, "]
where Cy(7) € k[[7]] and Ci(7,7’) € k[[7]][7']. On the other hand, by (4.6), we have e
O(U)[r'] and 5f e O)r, . Thus o(7), Co(7), and C1(7,7’) are images of elements
v € OU), Cy € OU), and C, € O(U)[r'], respectively, such that
(4.73) fP=0r"+Cy, and 6f° =" +C.

Lift o to v € O(U). Let X be the complement in U of the closed subscheme defined by v.

Since ¥(7) has a nonzero constant term, ¥ does not vanish at Zp, so X' contains the section

xo. The proof now follows the proof of Lemma 4.45, using (4.73) in place of (4.44). O
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Remark 4.74. Using [7, pp. 268-269], for U contained in the ordinary locus one can construct
forms f2 € O?(U) analogous to the ones in (4.54). (In the notation of [7], one takes f3 to
be the Shimura analogues of the forms in (4.53) evaluated at a basis of the module of
fake 1-forms on U.) The analogues of Lemmas 4.55, 4.59, and 4.61 still hold with Fourier
expansions replaced by Serre-Tate expansions. The corresponding statements and their
proofs are analogous to the ones in the modular-elliptic case.

4.9. Proofs of the local results.

Proof of Theorem 3.5. Assume that we are given either a modular-elliptic or a Shimura-
elliptic correspondence S AL X -2, A Assume that p is sufficiently large and p splits
completely in Fy. In the Shimura-elliptic case we also assume that the places v|p are not
anomalous for A. In the modular-elliptic case, choose ¢ as in Lemma 4.45 and define X as
in (4.30). In the Shimura-elliptic case, choose X as in Lemma 4.66. By Lemma 4.45 or 4.66,
there exists ' € O(XT)" such that

(4.75) fr=" = hof + hidf,

for some h; € O?(XT). Suppose that P,..., P, € I7(CL) N XT(R) and my,...,m, € Z.
By Lemma 4.37 or 4.63, we have f°(P;) =0, so 6f’(P;) = 0. Thus

(4.76) Fi(P) = o'(P).
Now (4.76) implies

(@) S m@l(P) = Y mifH(R) = > ma(@(P) = v (D mie(R)).

Equation (4.77) and Lemma 4.7(4) imply the second of the two equivalences in Theorem 3.5.

We now prove the first equivalence in Theorem 3.5. Let @ := > m;®(P). If Q €
A(R)tors, then ¥(Q) = 0 and (4.77) implies Y m;®T(P;)) = 0. Conversely, suppose that
S m®H(P;) = 0; then Q € kerty. Since CL C S(Q), we have P, € X(Q) N X(R), so

Q€ A(Q)NA(R) C A(Z)"). So Lemma 4.7(5) implies @ € A(R)iors-
To complete our proof, we need to check that ®F ¢ k.
Assume first that we are in the modular-elliptic case. By (4.40),

(4.78) 0% € (4, a")R((0)) [a', a"]"

Taking d-Fourier expansions in (4.75), taking f (i.e., setting q' = q” = 0), and using (4.40)
and (4.78), we obtain

(4.79) of = (fi )

Let e be the ramification index of ®: X — A at .. Then the b, € Iy of Section 4.6.1 is
nonzero. We may assume that p is large enough that e, b, # 0 (mod p). By (4.79) and (4.15),
b

the coefficient of ¢ in @Lw is 7= or —u%, where u # 0 (mod p); in either case this coefficient

is nonzero mod p. Thus ®}__ ¢ k. Hence ®f ¢ k.
Finally, assume that we are in the Shimura-elliptic case. By (4.64),

(4.80) 52, €(q, q’;z)R[[tH [t "]




By (4.5),

q/ = t/ — Gl(t)
(481) q// — t// _ GQ(t7t/)7

for some G1(t) € Z[t] and G,(t,t') € Z[t,t']. Denote by G +— G} the substitution homomor-
phism

R[N, "] — R[]

sending t' to G1(t) and " to Ga(t,t'). Then (¢'); = (¢")y = 0, so (4.64) and (4.80) imply
(f2.) = (6f2,); = 0. Taking d-Serre-Tate expansions in (4.7 ) taking f, and substituting
(4.25), we obtain

b(20) + 53,51 (%((W) " — ap%((#ﬁ)u)” + p%t") , if Ais not CL;
V(o) + 2% (B9 — wptatr) if A'is CL.

Substituting the two formulas

(4.82) @f =

)= (¢* =)y = (" +pd —1)y=¢ —1=(1+t)P —1=pt+---+1t* and
2 2 2 2 2
(), = (¢ =1y =((¢" +pd )P +p((¢V +pd") =Dy =¢" —1=(1+1)" —1=p’t+---+1",

and recalling from Section 4.6.2 that b; = 1, we deduce that the coefficient of ¢ in @ is
1—a,+pif Agisnot CL, and 1 —u if Ag is CL. This coefficient is nonzero mod p, since our
non-anomalous assumption implies a, Z 1 (mod p) and we have ua, = 1 in the CL case. So

®! ¢ R+ pR[[t]]. Hence ®f ¢ k. O

Proof of Theorem 3.17. Assume, in the proof of Theorem 3.5, that our modular-elliptic cor-

respondence S AxX 2, A satisfies S = X = Xi(N), I = Id, and ¢ is a modular

parametrization attached to a newform f. We may choose g := E,_; in Section 4.7; then

Xt =Y (N )Ord \ {x | j(x) = 0,1728}. Now (4.19) and (4.79) give the formula for ®{ . O

The following lemma was needed to prove Theorem 3.24; the notation is as in Theo-
rem 3.24.

Lemma 4.83. Suppose that © € F. Assume that for every P € P and every prime | # p
we have

(4.84) Z@ ) — a,©(P) = 0.

Then © = X\f(=1) for some \ € k.

Proof. Since © is regular on Xl(N)Ord, there exists m € Zs; such that G := EZ’,"_I@ is a
modular form over k on I'y (N). View modular forms as functions on the set of triples (E, o, w)
where E is an elliptic curve over k, where a: Z/nZ — E(k) is an injective homomorphism,
and w is a nonzero 1-form on E. Given P € P and a prime | # p, choose (E, «,w) such that

(E, a) represents P, and choose (F;, a;,w;) such that (E;, ;) represents Pi(l) and such that
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w; pulls back to w under the l-isogeny E — E;. Then E, |(E;, a;,w;) = E, 1(E,a,w) by [7,
p. 269], for instance. Multiplying (4.84) by this yields

Z G(E;, a;,wi) = a)G(E, a,w).

By [17, p. 452] or [21, p. 90], the left hand side equals (IT'(I)G)(E, a,w). Since P is infinite,
it follows that IT(I)G = a;G for all [ # p. On the other hand, G(q) = O(q), and UO = 0,
so UG = 0. Furthermore G is invariant under the diamond operators. Thus G is a Hecke
eigenform with the same eigenvalues as #7~2 f, so by [17, p. 453], we have G(q) = \- (072 f)(q)

for some A € k. Thus O(q) = Af-1(q), so © = Af-D. O

Proof of Theorem 3.25. Assume that we have a modular-elliptic correspondence. Pick () € C'
represented by (Eg, ag) where Eg is given by y* = 2® + Az 4+ B. By Lemma 4.55(1), there
exists A € R* such that f\(A4, B) = 0. Let X" C X satisfy the conclusions of Lemmas 4.45
and 4.61. View f} and f* as elements of O%(XT); then f2, ff € O'(X') ®x k by (4.57) and
(4.23), respectively. Let ®f be the image of f# in the ring Af = O(X?) of (4.58).

Claim. ®* is non-constant on each irreducible component of X*.

If not, there is a minimal prime P of A* such that the image of ®f in A!/P, and hence
in (A*/P) @4+ k((q)), is in k. By Lemma 4.59, (A*/P) @4+ k((q)) is a nonzero product of
copies of k((q)). By (4.60), the element

Jie € K[[allla'] € k((a))[d]

is sent into an element of k by at least one of the k((q))-algebra homomorphisms

(4.85) E((0)lg'] = k((a),

denoted s — s, and defined by (¢'), := \i¢?. Since ¢ = g™, we have

(q” + pg')™ — q?M
p

soq = Mg PM=Y¢ (mod p). Thus

¢ =0(g") = = Mg"™ =Yg (mod p),

(q). = M tqPMD NP = M~ \q” € qPk[[g]].

Hence L L
(fie)e € (fio)s + aPk[[a]],

where we recall that § means setting ¢’ = 0. Let e be the ramification index of ® at x..

Exactly as in the proof of Theorem 3.5, since p > 0, the coefficient of ¢ in ( fﬁm)h is nonzero.

So ( fﬁm)* is not in k, a contradiction. This ends the proof of our Claim.

Now consider the set C := II"1(C) N XT(R) and let P, € C, Q; := II(P,). Let Eg, be
given by y? = 2° + A,z + B;. By choice of XT, we have A;B; # 0 (mod p). By Lemma 4.55,
f2(Py) = 0. Therefore the homomorphism O'(X') — R sending a function to its value
at P, induces a homomorphism A* — k, which may be viewed as a point o(P;) € X*(k)
mapping to P, € XT(k). This defines o: C —— X*(k). By definition of o(P;) and &%,
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fi(P) = ®¥(o(P,)). Now, for Py,..., P, €C,

Zmﬁbi Zmlfﬁ
= > MA@

=1 (Z m@(ﬂ)) )

so the desired equivalence follows from Lemma 4.7(4).

The case of Shimura-elliptic correspondences is entirely similar, given Remark 4.74. We
skip the details but point out one slight difference in the computations. The proof of the
analogue of the Claim above, uses a k[[t]]-algebra homomorphism

RIENET — kI,

denoted s — s,, defined by requiring (¢'). = \;q?, where ¢ = 1+t and ¢ = §(1 +t). Then
one must check that for f¥ asin (4.25), the coefficient of ¢ in (f% ). is nonzero mod p. This
coefficient can be computed explicitly, and, unlike in the modular-elliptic case, its expression
has contributions from all the terms with n > 1. Nevertheless all the contributions from
terms with n > 2 turn out to be 0 mod p, and the coefficient in question turns out to be
congruent mod p to either 1 —a, or 1 — u, and hence is nonzero mod p. 0

The following will be used to prove Theorem 1.6:

Lemma 4.86. Under the assumptions of Theorem 1.6 there is a constant vy depending only
on N such that all the fibers of the reduction mod p map C' — C are finite of cardinality at
most 1.

Proof. Assume that we are in the modular-elliptic case; the Shimura-elliptic case follows by
the same argument. Suppose that Q;,Q, € C are such that Q; = Q, € S(k). Let Q; be
represented by (E;, a;), so there is an isogeny u: E; — Ey of degree [] l;j where the [; are
inert in Kq.

We claim that E; ~ E,. Since E; ~ F,, we may view @ as an element of End F, which
may be identified with a subring of the ring of integers O of Kg. The norm of this element
equals degu = degu, but the only elements of O whose norm is a product of inert primes
are those in Z - O*. Hence u factors as By — E, — E, for some n € Z and € of degree 1. In
particular, F; ~ FEj.

By the claim, Lemma 4.86 holds with « equal to the number of possible I'; (IV)-structures
on an elliptic curve. 0]

Proof of Theorem 1.6. By Lemma 4.86, the map
(M HCHNT — ¢(II-1(C))NT

has finite fibers of cardinality bounded by a constant independent of I". On the other hand,
by Corollary 3.29, the target of this map has cardinality at most ¢p” for some ¢ independent

of I. O
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Proof of Theorem 3.32. Assume, in the proof of Theorem 3.25, that we have a modular-
elliptic correspondence arising from a modular parametrization attached to f. Part (1)
follows from Lemma 4.62. Part (2) follows comparing Fourier expansions of the two sides:

apply the substitution maps as in (4.85) to f% given in (4.14) to obtain the p different series

Dl = (fh). = Dl (q) + NOT(q) € k((q))

where Ai,..., A, € k are the zeros of z¥ — Az as in the proof of Lemma 4.59. 0

APPENDIX A. NON-EXISTENCE OF RECIPROCITY IN THE GLOBAL CASE

Let S <= X -2 A be a modular-elliptic or a Shimura-elliptic correspondence and let
X" C X be a dense open subscheme. Ideally we would like a description of the group
of divisors " m;P; on X' supported in ITI"1(CM) such that Y m;®(P;) € A(Q)ios. More
precisely, in analogy with the “local” result Theorem 3.5, one may ask if there exists a regular
function ®' on XT such that for any divisor >_ m;P; on XT supported in II-*(CM) we have
that >°m;®(P;) € A(Q)ors if and only if Y m;®T(F;) = 0. We could refer to such a ® as a
reciprocity function for CM points.

A.1. Non-existence of global reciprocity functions for isogeny classes and CM
points. But even in the “most classical” case of modular-elliptic correspondences arising
from a newform, no such function exists:

Theorem A.1 (Non-existence of reciprocity functions for CM points). Let ® : X;(N) — A
be a modular parametrization. Assume that there is a non-empty open subscheme X' C
X1(N) and a reqular function ® € O(XT) having the property that for any Py, ..., P, €
CMNXT(Q) and any my, ..., m, € Z we have

Zmz Q)tors = i mz(I)T<PZ) =0e Q
=1

Then ® = 0.

Theorem A.1 follows immediately from the following isogeny class analogue applied to an
isogeny class of CM points.

Theorem A.2 (Non-existence of reciprocity functions for isogeny classes). Let &: S =
X1 (N) — A be a modular parametrization. Let C' C S(Q) be an isogeny class and let ®T be

a rational function on S none of whose poles is in C'. Assume that for any Py,..., P, € C
and any myq, ..., m, € Z we have
(A.3) Zml AQlos = Y mi®'(P)=0€QqQ.
i=1
Then ®F = 0.

Proof. We use Hecke correspondence notation as in Section 3.2. Extend ¢ linearly to a
homomorphism ®,: Div’(X;(N)(Q)) — A(Q). Then ®, o T(I), = a; - ,; see [14, p. 242].
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For any point P € C' we have T(1),(P — o0) = S P = " R(é) with R(()l) cusps. We get
a;- P(P) = a(P.(P — 0))

= 0. (T(1)«(P —00))
(A4) ) )
= .- P =X Fy)

= S o(PY) - ePy)

By the Manin-Drinfeld theorem (see [23, p. 62], for instance), (ID(PZ%)) € A(Q)iors, 50 (A.4)
yields

(A.5) > o(P) —a- B(P) € A(Q)rors.

By (A.3), we obtain 3, ®(P") —a;-®(P) = 0. Now Lemma A.6 below implies ®F = 0. [

Lemma A.6. Let S = Xi(N). Let f = > anq" be a weight-2 newform on T'1(N). let
C C S(Q) be an isogeny class. Let ®T be a rational function on S none of whose poles are
in C'. Assume that for infinitely many primes | and for any P € C we have

(A.7) > o (PY) — 07 (P) = 0.

Then ®F = 0.
Proof. Assume that ®' # 0. The function

(TP (x) =Y dt(a),

defined for all but finitely many = € S(C), is a rational function on S by [39, p. 55]. For
the infinitely many given [, the rational functions T'(I)®' and ®' agree on the infinite set C
so they coincide. Since ® may be viewed as a ratio of modular forms over Q, each of which
is a Q-linear combination of newforms whose Fourier coefficients are algebraic integers, the
Fourier expansion ¢(q) of ®f is in Ok s((g)) for some ring of S-integers in some number
field KC, with S finite. We may restrict attention to primes [ 4 N not lying under any prime
in §. We may assume also that the leading coefficient of ¢(q) is prime to [. The g-values
corresponding to the elliptic curves l-isogenous to the one corresponding to g itself are ¢
and the [-th roots of ¢, so taking Fourier expansions in T(/)®" = ®T yields

(A8) o)+ 3 o) = mpla).

where ( is a primitive I-th oot of 1. Let v, be the valuation on Q((g)). Comparing leading
terms in (A.8) yields v,(¢) > 0; and if v,(p) = 0, then [ + 1 = @, which contradicts
;| < 2V/1 < 14 1. Thus v,(p) > 0.

The series Zé;t ©(¢%q"") is divisible by 1, so

(A.9) o(q') = arp(q)  (mod 10ks(lq]].)
The leading coefficient of ¢(q') equals that of ¢(g), so it is prime to [. Then (A.9) shows
that q; is prime to [. Now (A.9) contradicts v,(¢) > 0. O
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A.2. Non-existence of geometric reciprocity functions. Finally we prove that there
are no purely geometric reasons for the existence of reciprocity functions; thus the existence
of reciprocity functions in the local setting is a truly arithmetic phenomenon.

Theorem A.10 (Non-existence of geometric reciprocity functions). Let ®: X — A be a
non-constant morphism between smooth projective curves over an algebraically closed field k
of characteristic p > 0, where A is an elliptic curve. Let n > 3, and let aq,. .., a, be nonzero
integers not all divisible by p. Suppose that X1 C X is an affine open subset and &1 € O(XT)
is a regular function such that for any Py, ..., P, € X(k) we have

(A.11) Y ad(P)=0 = > ad(P)=0

i=1 i=1
Then ®' is constant. In particular, if Y ;| a; is not divisible by p, then of = 0.

Remark A.12. Theorem A.10 fails for both n = 1 and n = 2. Let A be any elliptic curve over
k,let X = A, let ® be the identity, and let X' C X any nonempty affine open subset. For
n = 1, one obtains a counterexample by taking a; = 1 and ' € O(XT) any non-constant
regular function vanishing at the origin (if the origin is in XT). For n = 2, one obtains
a counterexample by taking a; = 1, a; = —1, and ®' € O(XT) any non-constant regular
function. Alternatively, for n = 2, one can take a; = as = 1 and ® a nonconstant rational
function that is anti-invariant for the negation map on X (shrink XT if necessary), such as
the y-coordinate on a short Weierstrass model in characteristic not 2; this shows that the
final sentence of Theorem A.10 can fail too.

Proof of Theorem A.10. Without loss of generality, p { a;. To prove that ®' is constant, it
will suffice to show that ® is regular at every P € X (k).
Fix P. Let Y be the inverse image of {0} under the morphism

B X x (XNt = A
(Pr,. . Pa) Y ai®(Py).

Let m;: Y — X be the i-th projection. The morphism 7;: Y — X is surjective since given
Py, if we choose Py, ..., P, € XT(k) arbitrarily, then there are only finitely many choices of
P, € X' such that the equation 3(P,...,P,) = 0 forces P; ¢ X'. In particular, we can
find a smooth irreducible curve C' and a morphism v: C' — Y such that m(v(C)) is a dense
subset of X containing P.

By (A.11), we have Y a;®'(P;) =0 for all (P},...,P,) € Y N (X")". In particular,

ZCM(I)T(W@'(V(C))) =0

is an identity of rational functions of ¢ € C. Since ®' is regular on XT, the last n — 1
summands are regular on C. Therefore the first summand is regular too. So a;® is regular
on 7 (y(C)). Since a; # 0 in k, and P € m;(7(C)), the function ® is regular at P. O
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