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Chapter 1

Hyperbolic PDEs

We consider the hyperbolic equation
u +au, =0

for ¢ > 0 and initial condition u(0, z) = ug(x). The unique solution to this problem is given by
u(t, z) = ug(z — at),

i.e., the solution is wave traveling right if ¢ > 0 and left if a < 0.

We will show (a) how to generate schemes for its numerical solution, (b) verify that these schemes are
a good approximation to the differential equation (i.e., are consistent) and (c) that the numerical solution
converges to the solution to the differential equation.

The idea in using finite differences to solve a PDE is to select a grid in time and space (with meshlengths
k and h, respectively) and to approximate the values u(mk,nh) for integer m,n. All all that follows u will
denote the exact solution to the PDE and

time
’U((spacg) = ’U;L"L ~ u(mh’ kn)

will denote the approximate finite difference solution.
We will approximate derivatives of a function f as follows:

fle+h) - fz)

o flx) = — forward difference
o_f(x) = f@) = i(aj —h) backward difference
dof(z) = fl+ h)2—hf(9c — 1) centered difference
For a grid function v = (..., v_9,v_1,vg, v1, V2, ...) we have:
01Uy = W forward difference
O_Vym = w backward difference
OoUm = vaQ;hvm*l centered difference

1.1 Consistency, Stability, Well-posedness, and Convergence

Definition 1 (Consistency). We say that a finite difference scheme Py v = f is consistent with the PDE
Pu = f of order (r,s) if for any smooth function ¢

P¢ — Pypg = O(K", h®) (1.1)
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To verify consistency expand ¢ in Taylor series and make sure (1.1) holds.

Definition 2 (L? norm). For a function w = (..., w_g,w_1, W, w1, ws,...) on a grid with step size h:

. 1/2
lwll = (h > Iwml2>

m=—0oo

7= (" If(rf)2d:v>1/2

Definition 3 (Stability). A finite one-step difference scheme Py pvll, = 0 for a first-order PDE is stable if
there exist numbers kg > 0 and hg > 0 such that for any T > 0 there exists a constant Cp such that

[l < Crl°|l

For a function f on the real line:

for0<nk <T,0<h<hg0<k<k.

Definition 4 (Well-posedness). The initial value problem for the first-order PDE Pu = 0 is well-posed if
for any time T > 0, there is a constant Cr, such that any solution u(t,z) satisfies

Jut, 2)|| < Crllu(0, )], for 0<t<T.

Definition 5 (Convergence). A one-step finite difference scheme approximating a PDE is convergent if for
any solution to the PDE, u(t,x), and solution to the finite difference scheme v, such that v0, — u(0,x) as
mh — x, we have v}y, — u(t,z) as (nk,mh) — (t,x) (as h,k — 0).

Theorem 1 (Lax). A consistent finite difference scheme for a PDE for which the initial value problem is
well-posed is convergent if and only if it is stable.

Theorem 2 (The Courant-Friedrichs—Lewy Condition). A necessary condition for stability of the explicit
scheme for the hyperbolic equation u; + au, = 0:

n+1 _ n n n
Um - CMJm71 + ﬁvm + ’Y’Uerl

with k/h = X held constant is

laA| < 1.
Proof. The solution is u(t,z) = ug(xz — at) and u(1,0) = ug(—a). The finite difference scheme v depends
only on v, for |m| < n. Therefore |hn| > | — a|. Since kn = 1, we have n = 1/k and |n/k| > |a| or
laA| < 1. O

1.2 Fourier Analysis

Fourier Transform and Inversion formula

e For u defined on R

(w) = \/% /_D:O ey (x)da, u(z) = \/% /_D:o e (W) dw

e For a grid function v = (..., v_g,v_1,v0,v1,v2,...) with grid spacing h (here £ € [—7n/h,w/h])

~ 1 e —imhe 1 /ﬂ'/h -
_ im h, _ imh§ d
M= 2 o O
Theorem 3 (Parseval).
[u(@)[} = fla()]l, ol = ]

(where |[9]|> = [™2), 0(€)[2dE.)
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1.3 Von Neumann Analysis

Provides an uniform way of verifying if a finite difference scheme is stable.

Example 1. Let’s study the forward-time backward-space scheme

n+1 n
v, v
m m

k h

Rewrite as
v = (1 — a\)o?, + a\v?_,

where A = k/h. Use the Fourier inversion formula

A e
vy, = eMe " (€
27 —7m/h

and substitute to obtain

1 w/h ) R 1 w/h ] . .
=/ /hezmhé‘“"“@)ds:‘ﬁzw/ L0z aN) FareTHNE) de.

The Fourier transform is unique, so (*) must equal (**):
) = (1 = ad) + axe” 8" (g).
Denote g(h¢) = (1 — a)X) + ale ¢, called amplification factor. We have

(€)= g(hE)" () = ... = (a(hE))"5(©).
Now
w/h w/h
[on|? = / ir©de= [ a(ne)Pne° ()| de.

—m/h —n/h

Therefore |[v™]| < |[v°|| (i-e., the scheme is stable), if |g(h&)| < 1. Write = h& and evaluate |g(6)|?

9(0))* = [(1—aX) +are™™"?
(1 —aX 4 arcos6)? + a2 sin? 0
= (1 —2aXsin®§)® + 4a®A*sin® § cos® §

226
= 1—4a)(1—a))sin” 3.

Thus |g(0)] <1 if 0 < aX < 1. Then ||[v"| < |[v°| and the scheme is stable if 0 < aX < 1.

Theorem 4 (Stability condition). A one-step finite difference scheme is stable if and only if there exist

positive constants K, hq, ko such that
lg(0, k. h)| <1+ Kk

for all 0,0 <k < ko,0<h < hg. If g is independent of k, then the condition is
9(0, k,h)| < 1.

Proof. Assume g(0,k,h) <14 Kk for some K.

7/h

7/h
o= [ P < (s KR [ @ < (1 KR
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Now nk < T and (1 + Kk)" < (1 + Kk)T/F < KT meaning ||v"| < eX7||v°|| and the scheme is stable.
Conversely, assume that for any C' there exists an interval [0y, 02] such that |g| > 1+Ck for 6 € [04,02],h €
(0, hol, and k € (0, ko]. Let

@0(5) _ 0 if hE g [917 92])
h(92 —91)_1 if h§e [91,92].
Now [|4°]| = 1 and
n|2 m/h 2n 2 b2/h 2n 1 27TC 1,012
[v™ )" = |9| [0°()|Pde = 9] d§> (1+Ck)* 2 e T

for n near T'/k. Therefore the scheme is unstable if C' can be arbitrarily large. If g is independent of h and
k, then |g| <14 Kk must hold for any 0 < k < kg, therefore |g| < 1. O

In practice to analyze a finite difference scheme we do not write integrals. Instead we replace v}, by

g"e’™? and solve for g.

Example 2. Forward-time centered space

,UnJrl _ ,Un n _ ,Un

v,
m m +a m+41 m—1 =0.
k 2h
0 gn-‘rleime _ gneim0 N agnei(m—i-l)@ _ gneim—IG _ gneime g— 1 N aeiG _ e—i0
k 2h k 2h '

So g(0) =1 —ia\sin®, with X\ = k/h. If X is constant, then |g(0)|> = 1+ a*\?sin® @ > 1 and the scheme is
unstable.

Example 3. The Laxz—Wendroff scheme:

aX
’Ug,j_l:?}n—f n _n )_|_

so the amplification factor is:

A - 2\ ;
g) = 1- %( —e7 ) 4+ a 5 (e —2 4 1)
= 1—iarsing — a®X*(1 — cosf)

= 1-—2a*\?sin? g — taAsinf

Thus

19(6)

2 = (1-2a°X?*sin® £)? + (2aAsin 4 cos %)2
— 242 242y 4 0
= 1—-4a"X*(1 —a"\")sin” §

The scheme is stable only when |g(0)| <1, i.e., when |aA| < 1.

Example 4. For the Crank—Nicolson scheme

a\
vt = = 1 — (Wt — ot o )
we obtain . (1 )2
1 — ZiaAsin® 1+ (saisinf
9O = 2T s @) = 2
+ iaAsing 1+ (5aAsind)

so this scheme is unconditionally stable.
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1.4 The Leap-Frog Scheme

In this section we prove that Leap-frog is stable if and only if |a\| < 1. The scheme is

v77TLL+1 — v:rLL_l U:‘fl 1 ’U;llfl . n n— n n
o7 +a-"t o7 =0, ie, optt=ovlt+a(vl g — vl ).
Write dgvy, = “==-2"=2 Then
optt ] [ —2kade 1] [ op,
D 1 0 e
Fourier transform for vectors = Fourier transform in each component:
n+1 1 7r/h n+
|: Um, ] — / 6zmh,’,t [ (f) :| dﬁ,
vm vV 271' 771—/]1 ’U (6)
,[)n+1(€) :| 1 0 B hf|: n+1 :|
N = — m h
{ 0" (€) V2n m:Z_ooe v,
and Parseval for vectors (] - | means the 2-norm for vectors or matrices so we can tell it apart from the
L?-norm)
" 2 7 2 m/h AT 2 A 2
| RPN | BV A e e (e
" 2. ol @ o (€)
Now Fourier of Leap-Frog;:
1 /ﬂ-/h 6imh£ |: @71-&-1(5) :| df _ |: _2ka50 1 :| / " eimhf |: A’lA}ngf) :|d€
Vor J_z/n " (€) 1 0 | Vor —n/h " H(E)
B /ﬂ/h |: _Zka(soeimhf,’an(g) =+ eimhﬁ@n—l(g) :| dé‘
\/7 N ezmh&@n(&)
— / /b 1mh§ |: —Zka% 1 :| |: Agigf) :|df
V2 J _rx/n 1 0 v €3
_ 1 m/h yimhe [ —2iaAsin(h¢) 1 } { (&) } o
Vor ) 1 0]
Therefore
{ ") } _ [ —2iaAsin(h§) 1 ] [ 0" (§) } —G. { " (€) } —  _an. [ ' (€) ]
o"(¢) 1 0 [ o' ") @) |-

G(h¢)
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Parseval now gives
2

.
[ e [
< /W/h Ghe)|" { o } e

—n/h

max |G(h&)|*”
max [G(h)|

IN

|6 ]

max |G(h&)|*"
e 1G(RE)

Remains to see when the 2-norm of G is bounded. Jordan form: G = TAT~! and G® = TA"T~1L.

Characteristic polynomial:
g% + 2iarsin(hé)g —1 =0

A™ bounded only if the roots (not to be confused with A): |A12] < 1, but AAs = —1, so we must have
[A1] = [A2| = 1. Eigenvalues (denote s = sin(h&) for short):

A2 = —iaAs £ /1 — (aAs)?.

If |aA| > 1, then there exists &, s.t. |aAs| > 1 and both A; and A9 are purely imaginary and distinct, so one

of them will be > 1 and the other < 1 in magnitude. So we must have |a\| < 1.
When |a)| < 1 we have [A12[> = (aXs)? +1— (aAs)? = 1. Therefore both A\; and Ay are on the unit circle.

If Ay # Ao, then Jordan form of G is (exercise):
-A -1 ]

G — 1 1 Al |: )\2 1
A M A2 —A1+ Ao

Exercise: |A| < [|Allr = (32, ; lai;|*)"/? (Frobenius norm).

Now

V4 2
G| < |TA™T Y < |T|- 1T < |T||pl| T |F < V4- <
G <| SIS ITIT I < VA e < =

ol
W0
and Leap-frog is stable.
Next case: Ay = Ao. It occurs when sin(hf) = +1 and |aA| = 1. Assume als = 1, (the —1 case is

o[ 3]-[1 8)[ ][s 7] e

A little unusual to write a Jordan block with —¢ in position (1,2) but legal and, in this case, convenient.

is nicely bounded. Going back to Parseval
pntt < V2
o || S T Jaap)7e

analogous).

n

G":T(—i)"[é 1] T 1:(—i)"T[(1) HT%
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i.e.,, G(xm/2) will blow up. You'd think that there may be cancellation, but no:

o=|| o 1 |[=1rrenT < ienim
and both |T'| and |T~!| are nicely bounded by (say) 2, so |G"| > n/4 = T/(4k) — oo as k — 0.
The stability condition is therefore |aA| < 1.

1.5 Dissipation

We would expect the wave equation to propagate the initial condition with a constant speed a, including all
frequencies that make up that initial condition.

Unfortunately the discrete nature of our data means that instead of the initial condition ug(z) we have
a discrete version of it—uvj(.

The initial condition ug(x) is a superposition (in theory) of an infinite number of frequencies (think
Fourier expansion), whereas vf only inherits the frequencies ¢ € [—m/h,7/h]. All higher frequencies are
ignored by our discrete initial condition. Recall that the Fourier transform 9"(&) of v™ is only defined for
¢ € [—n/h,m/h].

Obviously different frequencies are treated differently and we would like to get a better understanding of
that treatment. Example is the best way to go here. Consider Lax—Friedrichs:

n+1 1/,.n n n n
v — 31 V1) Um4+1 — Um—1
m 2 \Ym+ m +a m-+ m O,

k 2h
equivalently:.
’ n+l _ l1—aX, n 4 1+aX,n
Um = 73 Um+t1 2 Um—1-

Von Neumann analysis implies
g(h&) = cos(h§) —iarsin(hf),
lg(h)[* = cos®(h€) + (aX)” sin®(hE).

Let 8 = h¢ as usual.
We see that § = 0 and 6 = 7 are not dampened, but all other € are. Let’s observe closely. Pick a\ to be

(say) 1/2. Then

Uerl = va—i-l + va—l
e 0 =m/2. Then ™ = ¢im0 = gimn/2 — {  '1.0,-1,0,1,0,—1,0,1,...}
n=4 1/16
n=3 1/8 0 —1/8
n= /4 0 —1/4 0 1/4
n=1 /2 0 -1/2 0 /2 0 —1/2
n=0[1 0 -1 0 1 0o -1 0 1

e 0 =, we have ™M = ™m0 — gimm — £ 1 —1,1,-1,1,...} = (=1)™.

We can verify that v, = (—1)™%" is a solution to Lax-Friedrichs, so § = 7 is not dampened at all.

We don’t really expect good results for wildly oscillating solutions, so we can expect that the higher
frequencies will not be well-represented in our calculation. However it is unacceptable for higher frequencies
to be less dampened than the middle-range ones.

Another example. Look at Lax-Wendroff: |g|> = 1 — 4a*X?(1 — a®\?) sin’ % <1 — const - sin* g

This is very important—says that all frequencies, except £ = 0 (then 6 = 0) are decreasing and the
highest frequencies are suppressed the most. This is exactly what we want and will call schemes that have
this property dissipative.
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Definition 6 (Dissipative Scheme). A scheme is dissipative of order 2r if

s 2r 0
lg(0)] <1 —c-sin™" 3.

The reason we like dissipative schemes is that if we are not doing a good job with the high frequencies
anyway, why not kill them.

Remark 1. A dissipative scheme is always stable.

How can we make a non-dissipative scheme dissipative? This calls for another example. Crank—Nicolson,
which is second order accurate.

n+1 n n+l _  n+l n
Un = — Um +a m+1 Um—1 +Um+l Um—1 -0

k 4h

So adding a fourth derivative in there will not affect the order of accuracy of the approximation, since fourth

derivatives get ignored anyway. When we do the Fourier analysis the fourth derivative will bring a sin’ 9
optt — o, ;?;11 n+1 1T Vi1 = Umoa Vg — 40, 4 6v, — 4 + 0740
P m e Bt =0

Now select C' appropriately so that the fourth derivative only brings sin4g into the picture, without any

weird powers of k and h: C' = Then after some simplification

16k
1 —esin* Q - z%)‘ sin 0
9(0) = a)\
1+i% sin@
implying
| (9)|2 1+(‘12—)‘sin9)2726sin4g+ezsin8g
g =
1+ ( smG)
>0 for e<1
B esin® § — esin 4(1 — esin® §)
1+ ( sm0)2
< 1o 681114%
1+ ( 51n9)

If we now restrict [a)| (say) < 10, then 1 + (% sin 0)2 < 26, and

2 € . 490
<1 - — 4
lg] 1 2% sin” 5.

We want a bound on |g|, not |g|*:
2 € 48 2 € 48 280 € wap)’
lg|® < 1—2—651n < gl <1—2651n 7—|—<—) sin® 5 = (1——5111 ) ,
S0
€ .
lg| <1-— 5—281114%.

The scheme is all of a sudden dissipative of order 4 (since 2r = 4). Although Crank-Nicolson is stable for
all aA we cannot make it dissipative without restricting a\.
The exact same trick works for Leap-frog.
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1.6 Dispersion

In this section we investigate whether in the numerical solution of u; + au, = 0 different frequencies travel
with the same speed a as they should. They, of course, do not and we will see that in fact travel with speed
a(hé) = a.
Look for a solution to
ur +au, =0,  u(0,z) = f(x)

(which has a unique solution u(t, z) = f(x — at)) using separation of variables
u(t, x) = g(t)e'™,
assuming u(0, z) = g(0)e’¢ = ¢ =periodic wave (here we assume g(0) = 1). Then
up + aug = g (£)e' ™ + ag(t)ice™ = (¢ (t) + ailg(t))e'™ = 0.
Since |e?*¢| = 1 we have ¢'(t) + ai€g(t) = 0, which implies g(t) = =% g(0). Insert back and get
u(t,x) = g(())(fi‘mse“”E = ei(mf‘”)g,

since ¢g(0) = 1.
Therefore the initial condition is translated with speed a for all €.

Example 5. Same Fourier analysis can be used for other equation also to study the speed of different
frequency waves, e.g.,
U + atlg + Uggr = 0.

For u(t,z) = g(t)e'™ we get
Up + AUy + gy = (9 + iE(a — E2)g)e’™ =0,

thus _ )
g +itla—E2)g=0,= g(t) = e <= tg(0),

so the solution is ‘ ,
u(t,x) = ellz—(a=¢ )t)gg(O).

now the speed of the waves depends on &.

Definition 7 (Dispersion). The phenomenon of waves with different frequencies moving with different speeds
is called dispersion.

Return now to the solution of the difference equation. Take Lax—Friedrichs:

1 a\
optt = 5(”?%1 +vm_1) — 7(“2#1 — Um—1)-

Separation of variables: v?, = g"e"™"¢ and substitute above to get
g = cos(h) — iaAsin(hf),

so the solution is _
o™ = (cos(h€) — iasin(hg)) e ™,

which looks nothing like ¢!~ Let

g(h€) = pe™™ = pcosw — pisinw = cos(h&) — ialsin(hé).
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Therefore tan w = aXtan(hf), p? = cos?(hé) + a2 sin?(h¢). For |hé| < 7/2 we have

,U:ln _ (pefiw)neimhg _ pneimhﬁfiwn _ pnei(mhfwn/f)g _ pnez(x—%ﬁ)f _ pnei(x—,\%&t)é _ pnei(zfoc(hﬁ)t)g’
where x = mh,t = nk and
w  arctan(aXtan(hg))

hé) = — =
a(he) = 1 i€
(Recall tane ~ € and arctane = € so o ~ %}IZ“W ~a.)

We have .
o = |g(hE)|™ - etTahItE,

Definition 8 (Phase speed). The quantity a(h€) is called phase speed, and is the speed at which waves of
frequency & are propagated by the difference scheme.

Once again, waves with different frequencies travel with different speeds. Thus we say that the scheme is
dispersive. We want the scheme to be dispersive as little as possible (i.e., a(h€) & a), so that the numerical
solution looks like the exact solution.

Time to study the Taylor series for a(h€) to obtain a better estimate of the closeness to a.

1
tanz = z+ §Z3 +0(2°)
1
arctanz = z-— 523 +0(2°)

Let z = h&

arctan(a tan z)

Az
_ aMtanz  (aMtanz)?
B Y 3\z
_ a.z+z3/3+..._a3)\3zj+
z A 3z

= a<1+(1—a2)\2)(h§)2+...)

So, if £ is given and h is small, then the wave speed is slightly higher than a, and the high frequencies travel
fastest. Let’s look at some special cases.
Take h§ = /2. Then w = w/2 and p = |a)|, so

'U:;Lq _ ‘a)\|n€imh§ . e—imr/2 _ |a)\|nei(x§—7m/2) — |a)\|7Lei(a:—t/A)£

(since nw/2 = (t/k)(h§) = t&/A). So the speeds can be quite different. Exact = a; Computed = 1/X = &,
so it is not a good idea to take aX small. The closer to the stability limit (i.e., the closer to 1) the better.
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1.7 Group Velocity and Propagation of Wave Packets

Consider the numerical solution to u; + au, = 0 with initial data u(0,z) = e%°*p(x), where p(x) decays
rapidly at co. The function u(0, x) is called a wave packet—see Figure 1.1.

Figure 1.1: Wave packet cos5m cos? Z¢ on [—1,1]

The exact solution is u(t, z) = e’ @=®p(z — at).
Proposition 1. A finite difference scheme will have a solution that is approzimately
v (t ) = el ahelp (e —y(héo)t),
where a(h&y) is the phase speed, and v(h&y) is the group velocity, given by
7(0) = a(0) + 0’ ().

The rest of this section is devoted to proving Proposition 1 and may be skipped on a first reading.
Consider a class of one-step schemes with the property

0"(§) = g(h§)t" 1 (€) = ... = (9(h€))" 0" (§).
In addition, for simplicity, assume |g(h€&)| = 1. The numerical method will give
no_ 1 m/h 1T m n A0
=g [ S e @e

On the other side ) -
u(0,mh) = — ™G0, €)dE.
(O.mh) = o= [ e, gy

Split up the interval (—oo,00) = U= _ [I2Z — F,12Z + T) to obtain

1 r+s
u(0,mh) = —— > G0, €)dE.
V2 T iz
Set & = l%ﬂ + &', meaning d¢ = d¢’ and
1 3 imh(12=+¢&') » 2T ’ /
u(0,mh) = Nors Z e z u(O,l? +¢')d¢
1R

_ 1 i imhg¢’ ~ / 21 /
= 7\/%/7 e ;wu(o,g +1 h)df.
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This gives a formula for
o9}

0O =3 a0,e+ z%”).

l=—0c0

If w is smooth, then its Fourier transform decays rapidly, and only the middle [ = 0 term really matters

(&) ~ 4(0,8),

with the error bounded by h to some high power depending on the smoothness of u(0, z).
Consider

e~ (0, z)dx

0.9 = —= /

e_mfeigomp(w)dm

)

\/ﬂ/ e ?E=%0) (1) da

= p(§—¢)

Let’s recall how we handle the phase speed

g(h§) =|g(he)le™ = e = (g(hg))" = ™™ =e wheT = TR = eI,

We can return to

1 / " itrn | —ia(hO)tat | 50
vy, = esrtm et ns L pP(€)dE.
V2T —7m/h

Exercise 1. Verify that e5*m 1°(¢), g(h€), and w are periodic functions of & with period 2%
Since 9°(&) ~ 4(0,&) = p(€ — &), we change the variables ¢ = £ — &. Then & = ¢ + &, and
m/h+&o

" V2w /W/h+§o

Since all functions are periodic with period 2% we can shift the interval of integration back and get

o H@to)om . pmia(h(9+£0))tn($4€0) . 50(h 4 £0)dp

e tE0)Tm . gmiall(9FE0))tn(9480) . 50 (¢ 4 £4)dep.

v = ——
m \/27T /7r/h

This begins to look right. Factor out the phase speed

o Lo
o = eifo(en—alhto)ts) / ¢itmin . o=ill@0)alhithéo)—Eoa(heo)lte . 50(6 1 £0)do,

=e
V2T —n/h

This begins to look like a Fourier transform

ZE

(p+E&p)a(ho+hég)—Ega(hén)
~ iola=alheo)s) / G )06+ €0)do.
V 27 77r/h

Since ©°(&) ~ p(€ — &) we have ° (¢ + &) ~ p(¢ + & — &) = p(4). The next step is to replace 9°(¢p + )
by p(¢). Also since p(¢) goes to zero rapidly as ¢ — oo we may as well let the integral go to infinity. Hence

1 Rl
[0 oyt = ctemata) iz - 50)

" io(z—a(héo)t) |
m V2T

~ €
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The last step is wrong because ¥ depends on ¢, but it does tell us where we are going. We have

- (¢ + &o)a(hg + h&o) — Lo (héo)

5 = 5
_ (ho +&)a(hg + h&o) — h§oa(hso)
h¢
_ (0 + 00)a(6 + 00) — Gox(bp)
0
G0+ 6) — G(b)
- 0

= G'(60) + 4G"(67),

where 8 = ho, 0y = h&y and G(0) = 6a(f) and 6* is between 0y and 6. The beauty of the above expression
is that G’(0y) does not depend on ¢, but only on h&y = 6y.
Let’s go back to

W~ eibo(Em—a(hE)tn) i9(2m =G (hE0))tn . =105 C" (05 () dh

1 7T/h
Vv 2T —7m/h
(@)t by one. By doing so we are making an error bounded by

/ [emi @ 6@ 1] 15(6)do.

We will now show that this error is at most O(h).
Let’s first bound |p(¢)|

The idea is to replace e~#¢"5*G”

plo) = N aa e Pp(x)da
o'90) = o= [ (o) pla)da
L[> ot .
= Uz L a T e

1 o )
—_ —ipx 1111 d
e x)dx
o [ _ " (z)
Thus -
S " (@)|de

. 1
()] < <= =R =

Also [e?* — 1|2 = 4sin® £ < 2|2, so |e?* — 1] < |z|. By using this estimate we have

o0 71;@// * N
[ Jeeeen | pee < [

oo

A

6?36 llao

< heconst- [ 16%0(6)ldo
<11

< h-const - n ? do

< h-const.

If we work in L? we can bound the error by A2 in norm, but not pointwise.
Either way we have shown that

o = eifol@=alh€o)) np _ G(he)t) + small terms.
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Definition 9. The quantity v(0) = G'(0) = a(0) + 0 - &/ () is called group velocity.

We have a(f) — a as h — 0. So the phase speed is different from the group velocity, but both tend to
the correct speed a as h — 0. Otherwise the numerical method will not converge.

1.8 Summary of Schemes for the Wave Equation u; + au, =0

Notation: A = %, 0 = hé.

Name Scheme g(0) Stable dissipative | a(0)/a

Forward time ol U+l Vm

+a =0

forward space h

Forward time pntl_ym v — v 1 _i0 order 2, if

backward space e ta e =0 1—ar+ade O0<arsl 0 < a)\’< 1

Forward-time o F Ty Vin41 Vm—1 . .

centered space = +a o1 0 1 — iaAsinf No No

Backward-time vl o= V4l Vm—1 _ 02 212

centered space k ta 2 =0 L 5 (1+2a7A7)

vn+l:,un —_ ad(yn D _ 242 ;2 6
Lax—Wendroff m 352 2 (na " "”_nl) L- 2a‘>\ s lax| <1 order 4 - é92(1 —a2)\?)
+ 4 (vm+1 —2v; + v oq) —iaAsiné
v =% gt 1) 5o g2
Lax—Friedrichs . _Fn cos @ — iaAsin @ lax| <1 No 1+(1—a’X)&
+a 7n+12h m—1 =0
sin @

- P —iaAsin@ o<1 | n Ben Tiz (ax sin 0%

eap-Frog 2% a 2 - +4/1 — (aAsin 0)? @ ° @

T _on
2y Ym 1, ;
1—5iaXsin @ 2

Crank—Nicolson nt1 il AR Always No 1-&a+ %az)\Z)

v

n o™
m41 n1—1+vm,+17”m,—1 _
a 15 =0

1+ Siarsing




Chapter 2

Parabolic equations

2.1 The Heat Equation

U = blgy
Schemes:

e Lax—Friedrichs

o Lax—Wendroff
u(lt+k) = u+ku+ —uy

2up Fupoy K0P v —Aup g 6o —dup o,

ot —
n+1 n m—+1
v = v’ + kb
m m h? 2 ht
e Forward in time, centered in space
n+1 n n _ n n
Um - Um _ bvarl 2Um + ’Umfl
k h?
e Backward in time, centered in space
n4+1 n n+1l n+1 n+1
U, — Uy _ bvarl 2Um + Um—1
k h?
o Leap-Frog
n+1 n—1 n _ n n
U = — Um _ bvm-l-l va + Um—1
2k h?

Du Fort—Frankel

m

1 -1 +1 -1
U::j_ — vy, _ bvlhﬂ — (v o) F v
2k h?

Crank—Nicolson

k 2

1 n+1 n+1 n+1 n n n
v;nn+ - v?n o é (Um+1 - 21}771 + Um—1 vm+1 - 2Um + Um—1
h? h?

19
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For parabolic equations it appears natural to have a “new” A, which we will call p.

Definition 10 (u).
k

w= 2
Von Neumann analysis works the same way: v, = g"e™he.
Example 6. Forward in time, centered in space.
g(h€) = 1 — 4busin? %
Stability requires |g| <1, i.e.,
0 < 4bp sin® % <2 forall|h&| <m,  meaning by < 3.

The scheme is dissipative of order 2 as long as bu is strictly less than % (check!). For by = = we have

1
2
g = 1 — 2sin? h—; and the frequency & = 7 is not damped at all: V0 = emhE = imT — (_1)™ remains

unchanged by the scheme.
futoll = ([ luto)as )

mean the L? norm of u(t,z) with respect to x for a fized t.

Definition 11. Let

(SIS

Remark 2. Let u be a solution to uy = bug,. Then the overall energy E(t) = ||u(t,z)||? decreases with time
lu(t, z)||s < [Ju(s, )|z, whent>s

and the solution becomes smoother with time

1
. 2 < 2,
a1, )2 < g (0.2

The dissipative schemes possess the same qualities
[ = [[o" | = lg(r&)a™ || < [[o"[] = [lo"|
and A
Hoyoop2
Sov™ 2 < =
60" < eI,

, and C' is a constant.

where 04 vy, = 7”’"“[”"‘

Proof. We will show that E’(¢t) < 0 meaning F(t) is decreasing:

o0 o0 [e’s) o0
E'(t) = / 2uusdr = / 2buts g dr = 2buuy, - 2b/ uldr = —2b||lu.||? <0,

— 00 — 00 —0o0

because u(t,z) — 0 as x — £oo for ||u(t, z)||, to exist.
The above implies (after integrating from 0 to ¢):

E(t) - B(0) = —2b / lus(r,2)|2dr = E(0) > 2 / o (7, )| 2d7

The derivative u, = %u(t,x) is also a solution to u; = bu,, because (ug): = (Ut)z = bUgze = D(Uz) sz,
therefore ||ug(t, x)||e < ||uz(s, x)||» for ¢ > s. Now we get

x?

t
E0) > 2b/ g (7, )| 2dT > 20t||uy (¢, z)||?
0



2.1. THE HEAT EQUATION

meaning

(t 2 o 2
et )2 < o (0,21,

i.e., the solution get smoother and smoother as t — oo.
Now repeat the same analysis for a difference scheme that is dissipative of order (say) 2:

") = g(h&)D™(€),  where |g(h€)| <1 — C'sin® %7
which implies
2
lr i@l < ||(1 - osin? &) m g

and (after some major reworking):

2
o+ 2 + ¢ [sin 2 - on | < from?

(these are, of course, the discrete L? norms). Now comes the big moment,

eih€/2 _ p—ih&/2 o—ih€/2

sin(he/2) - 0" (€) = —————— - 0"(§) = —5— (" = DI"(9)-

Next, observe that

eimh§ eih& —1 n

1, ., " 1 /
= —(v -l = — —0 d€.
h( m—+1 m) /7271_ /i h (6) g
On the other side,

1mh§/\n
\/ﬂ/—ﬂ-/h 6+’U (§)d§7

et —1 —

T@n(f) = dpvm(§),

SO

and inserting we get
Isin(he/2) - 0"|| = 3ll(e™* = 1)o" | = 5 - - 6407

We can therefore simplify our inequality
[ oL ||5+v"||2 < [lo™ 1.
Parseval says “hats = no hats”, so

[0 + EIIMU [ L

where, again, ;1 = k/h?. In particular,
[0 ) < o™l

Next, we prove that ||, v" || < ||6.v™|. The only property we used was that v was solution to

vn+1 _

n n _ n n
m vm v 2'Um + Um—l

_ b m—+1
k h?

Now try
n+1 n n n n
Um+1 - Uerl _ bvm+2 - 2vm+1 + Um

k B h?

21
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Subtract first from second, divide by i and get

ntl _ ntl n n n n n n n_,n
m41 " Ym  Um417Vm Ymt2 " Vm+1 9 Vm417Vm + Um = Ym—1

) R - R I R
k h?

v

Or in a simpler language

(6 0)tt — (640 ) b(5+v)%+1 —2(64v)p, + (04v)0, 1
k o h2 ’

meaning |80 < [[5407].

The inequality (2.1) works for all time steps
Ck

[ 1% + EIIMU”H2 < P
Ck
lo™ |1 + @Il&rv"’l\l2 < P
Ck
Il 1 + EH&’UOHQ < 01

which we sum up and cancel common terms to obtain

Ck & .
||v”“||2+EZHMU"H2 < 1=
k=0
Ck(n+1)

[0 | +
4p

e
Ap
602 < a||v°||2~

This means that the numerical solution will smooth out—as long as the scheme is dissipative. O
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2.2 The Du Fort—Frankel Scheme

This is an example of an explicit and unconditionally stable scheme for u; = buy,.
The problem with schemes like forward time, centered space is that they are stable for bu = bk/h? < %,

which puts a terrible restriction k < % on the timestep. The Du Fort—Frankel scheme,

vt = ot = 2bu(g, o — (0 onTh) o),

is a slight modification of the unstable Leap—Frog scheme. We rewrite the Du Fort-Frankel scheme as
(1 + 2bp)optt — (1 = 2bp)op,t = 2bp(vyy, g + vpy_y).
To study the stability, we substitute v?, = g"e"™"¢ to get
(14 2bp)g? — (1 — 2bp) = 2bu(e™ + e=""*)g,

which implies

2bu cos(hé) £ \/1 — 4b2 2 sin? (h€)
9x = 1+ 2bp '

The scheme is not dissipative since g_(7) = —1. To determine stability we consider two cases:

2 9 2bu| cos(hé)|+v1 2bp+1
o 1-4b°" > 0= [gx] < 1126 < T = L

2bp cos(h&))2+4bu? cos? (h€)—1 422 -1 _ 2bp—1 1

2,2 2 _ _
o 1 —4b*u* < 0= |gs|* = T30k = (+2bm)2 — I+2bn <

In addition, we do not want double roots on the unit circle. Double root occurs when 1 — 4b%u? = 0, but
2bpu| cos(h
then |g4| < %}fpm <1.
So we have stability for any value of p. But how is that possible? The catch is in the consistency. In
order for the scheme to be consistent we must have k/h — 0, as we will now demonstrate.

Rewrite Du Fort—Frankel as

m

prtl —gp=t B bv,’jﬂ_l — 207 4+l bvﬁfl +ont — 27
2k h?2 h2

then expand in Taylor to see that it approximates

k2 h2 k2 k4
Ut + g et = b(um + Euwwww) - b(ﬁutt + @%ﬁttt)-
Now think numerically. For hyperbolic systems we could (at best) hope for % ~ 1. However, if we use Du
Fort—Frankel with such a timestep, k& = h, the solution will not converge to the solution of u; = bug,, but
instead to the solution of buy +u; = bug, (i.e., the solution to a wave equation). This was not the purpose of
the exercise. So the scheme will only converge to the solution of u; = bug, if % — 0. Even so the truncation

error will be dominated by b’h“—zutt, which is not small unless h—kg is constant, but then we are back where we
started—with the same restrictions as the ones for forward in time centered in space.

We, of course have two explicit schemes—backward in time, centered in space (which is O(k + h?) and
dissipative) and Crank-Nicolson (which is O(k? + h?) and not dissipative if £ is constant.).
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2.3

convection-diffusion equation The Convection-Diffusion Equation: u; + au, = bug,
If a = 0, we have the heat equation, and if b = 0, we have the wave equation. Define a new function w
such that w(t,z — at) = u(t, z), i.e., w(t,z) = u(t,z + at). Then

bwyy = by, = U + auy = Wy — AW, + AW, = Wy.

So w is simply the solution to the heat equation translated with speed a. The problem occurs when the
viscosity coefficient b is very small compared to a. Then the obvious numerical methods trick you. We have
a choice of

optt — o Uma1 — Um—1 Uy — 205, + 0
+a = b , (2.2)
k 2h h?
ot — o, n a”?n-s-l — Uy b”:ﬁz-s-l — 205, + Uy
k h N h? ’
1 n n n n n
’U::j_ - ’U;lq + avm —Um—1 _ b“m—&-l - 2vm + Um—1 (2 3)
k h h?

We expand in Taylor series to see that the orders of accuracy are
O(k+h?), O(k+h), and O(k+h),

respectively, which speaks strongly in favor of (2.2).
The heat equation has one nice property. The maximum at a later time is less than the maximum at an
earlier time. We will copy that. Rewrite (2.2) as

n ar\ , n ar\ ,
ot = (bu - 2) Uy + (1 —=2bp)v), + (bu + 2> Uy 1
ar\ ., n ar\ .,
Let a = % = 2% Now if all the coefficients are positive (i.e., |o| = |%\ < 1), then

o™t < bu(1 — @) max |v” | + (1 — 2bp) max [v7 | + bu(1 + o) max v

ml
< [op(l — @) + (1 — 2bu) + bu(1l + o)] max |y, |
< max v
m
The maximum is a decreasing function of time if |a| < 1, i.e., if
h 2b
% ‘5 <1, which is the same as h < Tl (2.4)
a

This will, of course, be satisfied eventually as h — 0, but who can wait that long? Say a = 10,b = 1072 =
h ~ 1073 is needed. And remember, for stability we must have 1/2 > bu = 1072 - k/(1073)2. This implies
k ~ 10=*/2, which is terribly small.

Now look at (2.3) instead:

n+1 n n n o n n n
Um — Uy + a’)‘(vm - Um—l) - btu(vm-i-l - 2vm + Um—1)7
which we rewrite as

ot = (b4 a4 (1= 2bp — al)vl, + buvl 4

ax, , ax |\ , n
bu(1 + H)Umq + (1 —2bp(1 + @))Um + bpvy, 1y

bu(1 + 2a)vy, 1 + (1 — 2bu(1 + «))vyy, + buvyy, 4.
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Say a > 0, so @ > 0. Now the requirement for max-norm stability becomes
2bu(l4+a) <1 or 2bu+ar<1,

which is a lot less restrictive than (2.4). We can pick h to be 1072 instead of 1073, i.e., 10 times larger. We
try k=127 h=10"2, a=10,b =102 Then

Ek 10°° 2 1
—+a-=2-1072. > _ =" 4 - <1
2% 1022 50 5"

So we increased the timestep by a factor of 10. But at what price?
We can rewrite (2.3) as

1+1 9 n _an n _ n n
Um' — — Unm U1l — Um—1 _ (b+ ah) Umy1 = 20 T U5y

ko e 2h 2 h2

We introduced an artificial viscosity % = ba.. This artificial viscosity comes from our numerical method.
Therefore solving u; + au, = b(1+ @)uy, using (2.2) is equivalent to solving u; + au, = bug, using (2.3).

2.4 Summary of Schemes for the Heat Equation u; = bu,,

Notation: p = %, 60 = h¢.

Name Scheme g(h&) Stable Dissipative
v"+1—l(v" Jon ) D — 20" 4o
Lax—Friedrichs m 2 TZ"Fl m—1’/ _ 4, “m+1 h;n m—1
T T T
Wl — g Ymal =2 m U o1
Lax—Wendroff meoom h2
ax— n n n n n
i ;c22b2 ) '“7n+2_4“'m,+1+6UZL_41)'m—1+'"'rn72
h
- T— = 5, o7
Forward time D R e T S a2 he 1 i 1
centered space % =0 3 1 — 4busin® o> bu< g | 2ifbu < g5
o ntl_n oL _oynFT nFT
Backward time YVm Ym _ o _m+l m m—1 Always ifu>c,e>0
centered space h2
n+l_ n—1 o —20 J o
Leap-Frog v 2kvm —b m—+1 };n m—1 No
L
n+1_ n—1 ol (e e T e 2bp cos O£y/1—4b2p2 sin2 0
Du Fort—Frankel Ym__tm o omAl o 2 m m—1 p o8 }/+2bu L Always No
n+1 T T
ot vl g (v,’iﬁl—%?g o
° h
Crank—Nicolson n n n Always order 2
+vw1+172”7n+um,—1>
h2
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Chapter 3

Systems of PDEs in Higher
Dimensions

3.1 The Equation u; + Au, =0

We consider u; + Au, = 0, where u is a d-vector of functions and A and B are d-by-d matrices. Initial
conditions u(0,z) = f(x) (all d-vectors). If A is symmetric A = QAQT, where QTQ = I, then

u + QAQTuy = 0= QTuy + AQTuy = 0= wy + Aw, =0,
where w = QTu. The matrix A is diagonal, so the problem falls apart to d independent equations.
(wi)e + Ai(w;)z = 0.
The solution is w;(t,x) = g;(x — \it), where g(x) = QT f(x). In general
u(t,r) = Qu(t,x) = Q- (g1(x — Mit), ..., galz — Aat))".

How do we generate and analyze a numerical scheme?
Take Lax—Wendroft:

k2 k2
u(t + k) =u+ kuy + 3utt =u— kAu, + ?A2um.

Therefore
ik 1= ,Un 4 k‘2 U” 1= 21)” + ik 1
ottt = g A el T ?AQ mt "
n A n n /\2 2/, n n
= Uy — §A(Um+1 - Um—l) + ?A (Um+1 - 2Um + Um—l)'

Here v}, is a d-vector. We can use the same Fourier analysis as before. Fourier transform on a vector means
Fourier transform in each component, therefore, as before

P (E) = |1 - iMsin(he) — 20 A%sin? B2 | 97(€) = G(REYI™(6) = ... = (G(h))™O(E)

We call G the amplification matriz. Stability will mean

"M < X+ CR)[[o"|l, or [l < Const - [[0°]],

27
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when C' does not depend on h,k. Let’s analyze (G(h&))™. Assume A = TAT~!. Then (after some very
simple math)

G"(h€) = T |1 — iAAsin(hé) — 2X\2A? sin? % T
Therefore |G™ (h¢)| is bounded if [I —iAA sin(hé) —2X2A2 sin® %8]" is. The latter is a diagonal matrix, meaning

each element on the diagonal needs to be bounded. We have reduced the problem to the one-dimensional
case (which implies A|A;(A4)| < 1) , therefore the stability condition is

. , < 1.
A+ max [X;(4) <1

3.2 The Equation u; + Au, = Bu
Take Lax—Wendroff for u; + Au, = 0 and just add the lower order term

A A
,Un+1 — vn

2
m m §A(UZ+1 — v 1) + S A (v — 200, + g, ) + kB,

2
The amplification factor for the scheme becomes
0" (E) = (G + kB)o" (),

so we end up with the question when |(G + kB)"| is bounded by a constant, where |G™(h§)| < C. We use
Strang’s idea:

(G+kB)" = G"+k(G"'B+G" *BG+...BG" ")
+k* (G"°B*+G" *BGB+ B" *BG’B + ...+ B*G"?)
_|_

+k"(G°BG°B...G"BGY).

Now estimate upward using |G"| < C' to obtain

(G+EkB)"| < C+ <T>k02|B| + (;>k20332 .
< C <1+ <T>kC IB| + <Z>k202 : |B|2+...)
< C(1+k|B|C)" < Ce™IBIC < ceTIBIo

for all nk < T.
Therefore the condition for stability is once again |G"| < C.

3.3 The Equation v, + Au, + Bu, = 0

The equation u; + Auy + Bu, = 0, where A and B are d-by-d matrices, is a baby problem for an under-
lying three dimensional problem, which linearized and reduced leads to the above equation, namely Fuler’s
equation in fluid mechanics. For a numerical scheme pick

n+1 n—1 n n n n
-0 Um41,0 — Um—1,1 Um.l—i—l U i-1
ml ml +A +1, L ) , —=0.

2k 2h 2h

(%

Using Fourier transforms in two dimensions we get

8" (&, &) — 0™ (€1, &) = 2iA[Asin(hér) + Bsin(hé2)]0™ (61, &),
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which is the same as

0"t ] [ 2iA(Asin6; + Bsinfy) [ o] Dl
|: o :| - |: I 0 pn—1 - G(91a92) pn—1 |-

So we have to study |G" (61, 62)| and see when it is bounded. Depending on the assumptions one makes this
can be easy or hard. If we make the simplifying assumptions that A and B are simultaneously diagonalizable,
A=PNP~', B=PA'P~'. Then

Asin(h&;) + Bsin(héy) = Pdiag(\, sin(hé;) + A/ sin(h&s)) Pt

and we can write

G- P 2iN(A'sin @y + A" sinfy) I p1
- P I 0 p-t

so the whole analysis breaks down to the analysis of the scalar case. Without repeating the previous analysis
we want
AN\ sinfy + A sinfy)| <1 —¢

for all 81 = h&y,02 = hé and ¢ = 1,2,...,d. Our condition for stability is then
Amax(|A;| + [N/]) <1—e
7

In general if the assumption is that A and B are only symmetric, then the stability criterion is the same,
but the proof is a bit more complicated.
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3.4 The equation u; = biuy, + bauy,

Introduce a notation ) )

A1u=b1 0 Ag’u:bg

—u, —U.
0x? Oy
The discrete versions of these operators are

n n n n n n
U1 — 2V + 01 0oy U141 — 2050 + U 1
hQ ml — Y2 h2 )

where u(t,z,y) = u(nk,mh,lh) ~ o7, (assume Az = Ay = h and At = k). Next we attack u; =
b1Ugze + bouyy = Aru + Asu using the Crank-Nicolson idea

and Aspv

n
Alhvml = b1

n+1 n n+1 n
v, — v, + v
l ml l ml
e 2 = (Aip + Agp) —— 5 ;

which is equivalent to
k k
(I - §(A1h + A2h)> " = (I + §(A1h + Azh)> v™,

and also equivalent to

k k k k k2
(I - 2A1h> <I - 2A2h> " = (I + 2A1h> <I + 2A2h> v" + AipAop, Z(UWH — ")
—_—
()

The expression (*) is O(k3) (since v —v™ = O(k)), so dropping it does not affect the order of the accuracy
of the scheme.
Our scheme thus becomes

k k k k
(I - 2Alh) (I - 2A2h> " = (I + 2A1h> <I + 2A2h> V"
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3.5 ADI methods

Solve the above as

<I — ];A1h> ’Un+1/2 = <I-|— ];Agh) v

k k
(I — 2A2h) 'Un+1 <I + 2A1h) 'UnJrl/2

This is the Peaceman—Rachford Algorithm, which is an ADI method—alternating direction implicit
method. Meaning that the two-dimensional problem has been reduced to two one-dimensional implicit
problems by factoring the scheme.

Let’s now perform stability analysis of this scheme.

k k
(I _ 2A2h> vn+1 (I + 2A1h> ,UTL+1/2

k ih. —ih ~n—+1 k zh —ih ~n+1/2
<1b22h2( £ _94¢ E2)>1} _ 1+b12h2( S _94¢ 61) ot/
(1+ 2uby sin®(h&2/2)) 0" = (1 — 2uby sin®(h&; /2)) 9" +1/2

P 1 —2uby bln2(h§1/2) ont1/2

1 + 2uby sin’(hé /2) '
Similarly o2 = L — 2ubs sin® (h&2/2) . o
1 + 2uby sin(hé /2)
Meaning 6" — 1 —2uby sin®(h&1/2) 1= 2ubysin®(héz/2) .,

1+ 2uby sin®(hé1/2) 1+ 2ubosin®(héy/2)

Since

72| <1 for any x > 0, we conclude [6"+!| < [o7].

Now using Parseval

w/h
Zlv"“|2 o= / / /hr"“ (&1, &) Pdedes

7/h

w/h T/
/ / (67 (€1, 6)[2dE e
7/hJ—7/h

Z \Uglz\z -2
m,l

Therefore we have stability for all values of m and [, and the order of accuracy of the scheme is O(k?+h?).
Thus we can take k = h and the scheme is efficient and accurate.
The Douglas—Rachford method starts with the backward-time, central-space scheme for u; = Aju+Asu

IN

(I — kAyp — kAgp)ol it = ol
to obtain (after dropping an O(k3) term)
(I — kAT — kAgp)o™ Tt = (I 4 k2 Ay, Agp )0,
The method is

(I — kAlh) Un+1/2 = (I + kAQh) "
I —kAg) vt = "2 Ay 0™,
( 2h) 2h
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The Mitchell-Fairweather method is second-order accurate in time and fourth-order accurate in space.

Recall the operator 62:
fl@+h)—2f(x) + f(z—h)

2 —
n Um N Ui Ui — N n vm,l = Uy vm,l—
620", = 1 2 L and 5§Uml = 1 2 !
Then
2
52f — f// + %f//// —|—O(h4) _ f// +O(h2),
so f”" =62f + O(h?). Then
2 _ " fﬁ " 4
5fff+12f + O(h%)
_ 7 fﬁ v 4
= {45 o)
h2
= "+ ﬁ(52f” + O(h?)) + O(h*)
_ 7 h72 2 ¢l 4
= [+ 125 "+ 0O
2 h2 2 d2 4

Now start with Peaceman—Rachford idea for u; = Aju + Asu:
(- Ea) (15w = (1 2a) (14 Ea) s oo

Multiply both sides by
h? h? 52
Q+u%>@+my>

h? L\ 92

by 02 + O(h*) (see (3.1)). Similar changes are made for the derivatives with respect to y. The result is

2 2
(1 =+ h752 — kbléz) <]. =+ 252 — I;bz(;i) ’U,n+1

and replace

2% 2 12°Y
o koo W k) o, 3 4
= (1 + Eém + 2b15m> (1 + Eéy + §b25y u” + O(k”) + O(kh%).

We obtain the Mitchell-Fairweather scheme:

1 1 252 +1/2 1 1 252
|:1 — 5 (blﬂl — 6) h16I:| " / = 1+ 5 b2M2 + 6 h25y "

1 1 . 1 1 .
|:]. — 5 (bg/iz — 6> h§5§:| v o= |:]. + 5 (blﬂl + 6) h%(si:| v +1/2.
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3.6 Boundary conditions for ADI methods

One can obtain the boundary conditions for the intermediate step v™*1/2 by solving for it using the boundary
conditions at steps n and n + 1.
For example by subtracting the equations of the Peaceman—Rachford method

k k
<I — 2A1> 'U,n+1/2 = <I + 2A2> u"
(I — ];AQ) i (I + §A1> w2

(note that we use u’s and not v’s and keep everything is operator form for the moment) we get

1 k , 1 k
u"+1/2 = 5 (I + 2A2) u” =+ 5 (I — 2A2> Un+1.

Now if the indices 7 and j in v} range from 1 to m, the desired boundary conditions at v?iﬂ/ ? and v:f:gl/ 2

for i =2,3,...,m — 1 are computed as

n+l/2 1 k n 1 k n+1
'Ul,Lv = 5 (1 =+ 214.2) ’Uli =+ 5 ]. — 514.2 'Ul;r
o bopl g+ 2(1 = bop)ol + bopof N —bopf T+ 2(1 + bop) ol — bopw Ty
B 4 4 '
And similarly for v;lgl/z fori=2,3,...,m— 1.
The boundary condition
n+1/2
vij = u(tn+1/23$iuyj)

is only first order accurate and if used with the Peaceman—Rachford method (or other similar second order
accuracy) will result in the overall accuracy being only first order.

Boundary conditions for the Mitchell-Fairweather scheme are obtained as follows. First we eliminate
620" 1/2 terms by multiplying the first equation by 1+ (by 1 + +)h362 and the second by 1— 4 (bypuy — ¢)h302
to obtain:

etz _ o Gun 4 §) (L 5(bops + §)h307) ofi + (bum — 5) (1= 5(bape — §)h35)) 0"
1z - 2b1/.l/1

for i =2,3,...,m — 1, and similarly for the other boundary.
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Chapter 4

Elliptic Equations

4.1 Steady-State Heat Equation

The steady-state heat equation is

Ugy + Uy = [(2,9). (4.1)
We solve it numerically by introducing a rectangular grid on a finite domain € (which need not be rectan-
gular).
The numerical scheme is then
Umt1,0 — 2Umi + Um—1,1  Um,i+1 — 2Umi + U 1—1
mettd = 2t Ut Ui Z B Uiy 42)

with boundary conditions v,,; specified on the boundary of Q. We write €, for the set of grid points in 2,
0N for the boundary of 2 and 02, for the set of grid points on the boundary of €.

Existence and uniqueness of the solution of (4.2)

Theorem 5. The equation (4.2) has a unique solution.

Proof. Assume there is another solution to (4.2); call it wy,;, and let e,,; = Vi — Wiy, Subtract (4.2) for v

and w to obtain
Em+1,0 — 2€ml + €m—1,1 + €m,l+1 — 2€ml + €m,l—1

h? h?
with e,,; = 0 on the boundary. Assume now that e,,; attains its maximum at an inner point (m,l) on .
Then

:O’

E€m+1,1 + €m—1,1 + €m,l+1 + €m,l—1

€ml = 4
But e,,; > em+1,141, so equality is only possible if e,,; = €m+1,+1. Continuing that way we observe that the
maximum must also occur on the boundary, where e,,; = 0. Thus the maximum of e,,; is zero and occurs on

the boundary. Similarly for the minimum. Thus e,,; = 0 for all m, [, which implies v,,; = w,,; for all m, (.
The equations (4.2) represent a linear system for v,,;, which we can write as Av = f. Since Ae = 0 has
the unique solution e = 0, we conclude that det A # 0 and thus Av = f has an unique solution. O

Convergence

Next we study convergence, namely does vy, — u(Xm,y;) as h — 0?7 Let

2vml + Um—1,1 + Um,l+1 — 2U7nl + Um,l—1

h? h?

Um41,1 —
A}L’UE mt

35
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To prove convergence we need two results. The first is analogous to the argument above:

Apv > 0 = max vy, = mMax Uy
= Qn e, ™

and is called The Discrete Maximum Principle. Second, we establish the inequality

1
[Vlloo.2n < lARVIIo,2,

where €2 is the unit square, vpm; = 0 on 9, and [[v]|s,0, = max(y, yeq, [vmi|. The constant § is connected

with the shape of the domain. Start with the obvious

—[fllco.0 < Frmi < [ flloc,0-
Define 1
2 2
Wml = 1 [(xm - %) + (yl - %) i| .
Check that (a) Apwyy =1, and (b) Wy < § on 99, (done in class).
Rewrite (4.3) as
N flloo, 00 Arwmi < frt < || flloo, 00 AnWini-

Therefore

Ap (v + (| flloo,0,w)
A flloo,0w —v)

Now from the discrete maximum principle we have

(AVARVS

max (Vi + | flloo,0n Wmi) < max(vimi + || flloo, s Wimi)-
Qp O

Then
Ui < Uit + || flloo,0, Wmi since w > 0
< max(us + [ flloo,0n wmi)
h
< max(vi + || fll oo, Wnt)
oQy,
1 . 1
< §||fHoo7Qh since v,,; = 0 on 09y, and w,,; < 3 on 0Q,.

From (4.5) (in class) we get — 4| flloo,2, < Ui, therefore [vy] < £ flloc,2, and we have

1 1
max [vmi| < gllf e 20 = SllARYIIo.0.-

Talyor series implies

2
Apum; = (Au)zmyz + 12
truncation error

As usual define e,,; =computed — exact = v,,; — Uy, then
Apemi = Apvmi — Aptpy

h2

h? 4 4
—E(axu + 9, u).

h h?
(a:iu(xm + emlh> yl) + a;lu(xmy Y+ egnlh) = fml + E(aiu + a;lu) :
|

(4.3)
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Note that e,,; = 0 on 9, thus

1
m < Q A m
Hglﬁﬂe | < 811(12;1)(\ h€mi]
s |04 + 0ul
- ma; U u
S 312 th x Y
2
< 15 max(u(e,y)l, 9ul. ).

So the error goes to 0 as h — 0. Remember that the constant % was married to the unit square.

The continuous case

We will now prove that the equation uyq + uyy = 0 with u(x, y) = 0 on 99 has a unique solution u = 0. We

start with the theorem of Gauss
/ Uy, dT = / uv;ds,
Q o0

where v; is the normal in the ith direction. Since uuy, + uuy, = 0 we have (uuy ), + (uuy)y — u2 — ufj =0,
which we integrate over ) using Gauss’ theorem to obtain

/ (wuzry + uuyrs) — / (ui + ui) =0.
N Q

The first integral is 0, since v = 0 on 92, therefore u, = u, = 0 on 2, which along with u = 0 on 9 implies
u =0 on Q.
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4.2 Numerical methods for u,, +u,, = f

We have

1

Umi — Z('Um—l,l + U410 + Umji—-1 + Um,l+1) =

h?
_meb

Where 0 < m,l < N. The above represents a linear system with (N — 1)? unknowns v,,,;, 1 <m,l < N —1.
Write it as Av = b. Solving Av = b directly using Gaussian elimination would cost O(((N —1)2)3) = O(NY),
which is prohibitive. We’d better use the banded structure of the system. For example when N = 4 with

zero boundary conditions we have

1 —1/4 —~1/4 v11 [ fun ]
-1/4 1 -1/4 —1/4 V12 fi2
-1/4 1 —1/4 V13 fi3
—1/4 1 -1/4 —1/4 V21 B2 fa1

—1/4 -1/4 1 —1/4 —~1/4 V22 | 2 (4.6)

—1/4 -1/4 1 —~1/4 Va3 f23
—1/4 1 —1/4 v31 f31
—1/4 —1/4 1 —1/4 V32 f32

L —1/4 -1/4 1 V33 | f33 ]

or
Av =b.

The idea in Jacobi, Gauss—Seidel, and SOR is to split A = B + C and solve (B + C)v = b iteratively as
vt = B71(b — Cv™), where n is the iteration, not the time. The error e = v — v (= computed — exact)
satisfies

e"tl = B0
or et = Fe” for short.
Lemma 1. Say e™t! = Fe” forn=1,2....

Then €™ — 0 if and only if p(F) < 1, where

p(F) = max X, (F)

is the spectral radius of F'.
Proof. If p(F) > 1 and (say) |A\1] = p(F), then by picking e! as the eigenvector of F' corresponding to A\; we
have e"*! = A\Te! which will never converge to 0.

Now assume p(F) < 1 and let F' = T~1JT be the eigenvalue decomposition of F, where

Aloa
A2 e

Ak
and ¢; = 0 or 1 depending on whether there is a Jordan block. The choice of ones as superdiagonal elements of
Jordan blocks is is a matter of convention, we can put any positive number there, since if S = diag(e, . .., €*),
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then
J = S7'Js
[ et M el
€2 A2 Ca €2
I ek Ak ek
[ )\1 €Cq
)\2 €Co
i Ak

Selecting € = |1 — p(F)|/2 guarantees that

max(|A;] +€le;|) <1 —e <1,
J

ie., | J|lso <1—e Now F =TSJ(TS)"' and F* = TSJ™(TS)~!, which implies

le" oo = TSTMTS) e |
< ATSloo - 1115+ (TS) ™ oo - llet oo
< TSl - (1 =)™ - [(TS) " loo - [l oo — 0 as n — oo

4.3 Jacobi, Gauss—Seidel, and SOR(w)

All start with an initial guess and iterate

Jacobi w7t = o )~
. 1 h2
Gauss—Seidel U;L:lfl - Z(U:L”H’l + vﬁltll)l + U 41t vﬁﬁ{l) - mel;
SOR(W) vjf' = (L= w)ofu+ 5 (o + 0+ vh g+ Uit) - “’ThQ Fot.
In matrix form we write the system (4.6) Av =b as
(I-L-U=b,
where L (U) is strictly lower (upper) triangular. Then
Jacobi v"*' = (L+U)v" +b
Gauss-Seidel v"*™t = (I — L) YUv™ +b)
SOR(w) o™ = (A1—L) ' ((AI—T+U)p"+10).

The convergence of each method will be determined by looking at
max |\ (L+U)| <1
J
max |\; (I — L)"'U)| < 1
J

max A (Er-L)y (2 -1+0))| <1
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Convergence of Jacobi’s method
We must find the eigenvalues of L 4 U, i.e., solve
Um41,0 + Um—1,0 + Um,i+1 + Um,i—1 = 4A\Vpny.
A direct verification (exercise in manipulating trigonometric functions) confirms that

amm . blw
- sin —
N N

satisfy the above equation for any a,b = 1,2,...,N — 1. Thus we have found the (N — 1)? orthogonal
eigenvectors. The eigenvalues are
w1 < am bw)
A =—1cos—+cos— | .

2 N N

Ul = sin

The spectral radius is now

1 2
p(L+U):cos%%1—§<%) .

Convergence of Gauss—Seidel method

We must find the eigenvalues of (I — L)~!U, i.e., solve
Um+41,1 + )\(Umfl,l + Um,l+1 + )\vm,lfl = 4)\va-

The trick is to now set v,,; = A™+D/2,,,; (we may lose a zero eigenvalue this way, but a zero eigenvalue
will not hinder convergence; it will turn out later there were no zero eigenvalues). Then

Wm+1,1 + Wm—1,1 + Wi, 141 + Wm,i—1 = 4\/val~

We already solved this problem for Jacobi. Therefore

2
p((I — L)"'U) = cos? % ~1— %

Gauss—Seidel converges about twice as fast as Jacobi. To compare convergence look at the number of

steps it will take to decrease the error by a factor of e (think, e.g., e = 10% or e = 10%, etc.). For Jacobi,
2 2N2

(1— 55=)7 = e~ * implies jlog(1 - %) =loge™!. Since lgg(l —p) ~ —p for small p, we have j ~ £ -loge,
whereas for Gauss-Seidel (1 — 3z)? = e~ ! implies g ~ % -loge, i.e., Gauss—Seidel converges twice as fast
as Jacobi.
Convergence of SOR(w)
Using the same substitution as in Gauss—Seidel we obtain
. . n 4 Atw-—1
w Wy w Wi j—1 = d———=— W,
m+1,1 m—1,1 m,l+1 m,l—1 w\/X ml

ie, p = % is an eigenvalue of L + U. (Do not confuse w with wy,;). Selecting w to minimize

p (21— L)—l(%l — I+ U)) we obtain

2 2
Wopt = = o
I+ Vi@ ltsmg
2

1 —1/_1 cos” i 2
I-L I-I+U ) PN o 2T
p<(‘”°“ = I ) (1+sin %)? N

i.e., SOR(w) is N times faster than Gauss—Seidel.
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