A COMBINA TORIAL PROOF OF THE ROGERS-RAMANUJAN AND
SCHUR IDENTITIES

CILANNE BOULET AND IGOR PAK

Abstra ct. We give a combinatorial proof of the rst Rogers-Ramarujan identity by
using two symmetries of a new generalization of Dyson's rank. These symmetries are
established by direct bijections.

Intr oduction

The Roger-Ramarujan identities are perhapsthe most mysterious and celebrated re-
sults in partition theory. They have a remarkable tenacity to appear in areasas distinct
as enumerative combinatorics, number theory, represenation theory, group theory, sta-
tistical physics, probability and complex analysis [4, 6]. The identities were discovered
independertly by Rogers, Schur, and Ramanujan (in this order), but were named and
publicized by Hardy [20]. Sincethen, the identities have beengreatly romanticized and
have achieved nearly royal status in the eld. By now there are dozensof proofs known,
of various degreeof di cult y and depth. Still, it seemsthat Hardy's famous commen
remains valid: \None of the proofs of [the Rogers-Ramamjan identities] can be called
\simple" and \str aightforward" [...]; and no doubt it would be unreasonableto expect a
really easy proof” [20].

In this paper we propose a new combinatorial proof of the rst Rogers-Ramamjan
identit y with a minimum amount of algebraicmanipulation. Almost completely bijective,
our proof would not satisfy Hardy asit is neither \simple" nor \straigh tforward". On the
other hand, the heart of the proof is the analysis of two bijections and their properties,
eat of them elemenary and approadable. In fact, our proof gives new generating
function formulas (see (*X) in Section 1) and is amenableto advanced generalizations
which will appear elsewhere(see[8]).

We should mertion that onthe onehand, our proof is heavily in uenced by the works of
Bressoudand Zeilberger[10, 11, 12, 13], and on the other hand by Dyson's papers[14, 15],
which were further extendedby Berkovich and Garvan [7] (seealso[19, 21]). In fact, the
basic idea to use a generalization of Dyson's rank was explicit in [7, 19]. We postpone
historical and other commerts until Section 3.

Let us say a few words about the structure of the paper. We split the proof of the
rst Rogers-Ramamijan identity into two virtually independert parts. In the rst, the
algebaic part, we usethe Jacobi triple product identity to derive the identity from two
symmetry equations. The latter are proved in the combinatorial part by direct bijections.
Our preseration is elemeriary and completely self-cortained, except for the use of the
classicalJacobi triple product identity. We concludewith the nal remarks section.
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1. The algebraic part

We considerthe rst Rogers-Ramanujan identity :
h3 tkz Y 1

) 1+k=l T e ©) @ N @ e Ty

Our rst stepis standard. Recall the Jacobi triple product identity (seee.qg.[4]):

R K K(k+D) ¥ ¥ 1 ¥ :
gz = (1+zd) (@+zd) (@ d):
k=1 i=1 j=0 i=1
Setq t° z ( t ?) andrewrite the right hand side of (#) as follows:

¥ 1 R tm(Srg 1) ¥ 1

. (1 t5r+1)(1 t5r+4) - - (1 tl) '
This givesus Schur's identity, which is equi\'/alert to (¢):
X— tk2 ' \1 1 )é' m@GEm 1)
(0) 1+ 5 . = _ ( D™t— =z
1 @ e t3») @O tv - @ty -,

To prove Schur's identit y we needseeral conbinatorial de nitions. Denote by P,, the
set of all partitions ofn, andlet P = [ yPp, p(n) = jPnj. Denoteby “( ) and e( ) the
number of parts and the smallestpart of the partition, respectively. By de nition, e( ) =

()- Wesgy that is a Rogers-Ramanujan partition if e ) (). Denote by Qn the
set of Rogers-Ramarjan partitions, and let Q = [ nQn, d(n) = jQnj. Recall that
b3 Y 1
P(t) = 1+ p(n)t" = —_—
n=1 i=1
and
o = 1+ qmt = 1s v -
- o a1 @ty

We considera statistic on P r Q, the set of non-Rogers-Ramamjan partitions, which
we call the (2;0)-rank of a partition, and denote by ro.o( ), for 2 Pr Q. Similarly,
for m 1 we considera statistic on P which we call the (2; m)-rank of a partition, and
denote by rom( ), for 2 P. We formally de ne and study these statistics in the next
section. Denote by h(n; m; r) the number of partitions  of n with ro.m( ) = r. Similarly,
let h(n;m; r) and h(n;m; r) be the number of partitions with the (2;m)-rank r
and r, respectively. The following is apparert from the de nitions:

h(nm; r)+ h(n;m; r+ 1) = p(n); for m> 0; and

h(n;0; r) + h(n;0; r+ 1) = p(n) qn);
forallr 2 Zand n 1. The following two equations are the main ingredients of the
proof. We have:

(rst symmetry) h(n;0;r) = h(n;0; r), and

(second symmetry) h(n; m; N=hn r 2m 2m+ 2 r.
The rst symmetry holds for any r and the secondsymmetry holds for m;r > 0 and
form=0andr O.

>)
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Both symmetry equationswill be proved in the next section. For now, let us continue to
prove Schur's identity. For everyj O let

a =h( jr 2m jG 1)=2m+2; r j); and
b h(n jr 2m jBj 1D=2Zm+ 2j; r j+1):
The equation (>) givesusa; + b = p(n jr 2m j(5; 1)=2),forallr;j > 0. The
secondsymmetry equation givesus a = b+1. Applying thesemultiple times we get:
h(n;m;  r)=a =b
bi+ (a1 k) (a2 be)+ (a3 hu)
(b +a) (bp+ag)+ (bs+ as) (ba+ ay)+:::
pn r 2m 2) pn 2r 4m 9+ p(n 3r 6m 21)
h 3

(1 pn jr 2m jGi  1)=2):
j=1

In terms of the generating functions
R
Hm, (1) = h(n;m;  nt";
n=1

this gives(for m;r > Oandform= 0andr 0)

Y 1 h3 _ o
() Hm () = T m ( 1y torEimyen b=,
n=1 ( ) j=1
In particular, we have:

" R e

Ho; o(t) - - 1tn ( 1)] 1tJ(512 1) :
n=1 ( ) j=1
Y e

Ho, 1(t) = ! (1)

n=1 (1 tn) j=1
From the rst symmetry equation and (>) we have:
Ho; o(t) + Ho,  1(t) = Ho; o(t) + Ho, 1(t) = P(t)  Q(t):

We conclude:

0 1
¥ o @)4 (1 T ® (1) A
aer (1) j=1 j=1 |
¥ 1 s £k '
= [ 1+ :
@ o (10 t2):: (1 tk)

which implies () and completesthe proof of (¢).
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2. The combinatorial part

2.1. De nitions. Let = ( 1500 () 1 () > 0, be an integer partition
ofn= 1+::+ (). Wewill saythat j = Oforj > "( ). Wegraphically represen the
partition by a Young diagram [ ] asin Figure 1. Denote by °the conjugate partition
of obtained by re ection upon main diagonal (seeFigure 1).

Figure 1. Partiion = (5;5;4;1) and conjugate partition °= (4;3;3;3;2).

Form 0, de ne an m-rectangle to be a rectangle whoseheight minus its width is m.
De ne the rst m-Durfee rectangleto bethe largest m-rectanglewhich ts in diagram| ].
Denote by s, ( ) the height of the rst m-Durfee rectangle. De ne the second m-Durfee
rectangleto be the largest m-rectangle which ts in diagram|[ ] below the rst m-Durfee
rectangle, and let t,( ) be its height. We will allow an m-Durfee rectangle to have
width O but newer height 0. Finally, denoteby , , and the three partitions to the
right of, in the middle of and below the m-Durfee rectangles(seeFigures 2 and 3). Notice
that if m > 0 and we have an m-Durfee rectangle of width 0, asin Figure 3, then must
be the empty patrtition.

o

Figure 2. Partition = (10;10,9;9;7;6;5;4,4,2;2;1;1;1), the rst
Durfee square of height sp( ) = 6, and the second Durfee square of
height to( ) = 3. Here the remaining partitions are = (4;4;3;3;1),

(2;14,1), and = (2;2;1;1;1). In this case, the (2;0)-rank is
I’z;o(): 1+ 2 2224‘4 5=1.

We de ne (2; m)-rank, rom( ), of a partition by the formula:

fzm( ) = 1% sn() tm() 141 L0

Note that (2; 0)-rank is only de ned for non-Rogers-Ramanijan partitions becauseother-
wise 1 doesnot exist, while (2; m)-rank is de ned for all partitions for all m > 0. Again,
seeFigures 2 and 3 for examples.
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Figure 3. Partition = (7;6,4,4,3;3;1), the rst 2-Durfee rectan-
gle of height sp( ) = 5 and width 3, and the second 2-Durfee square
of height t2( ) = 2 and width 0. Here the remaining partitions are
= (4;3;1,1), = (3;1), and which is empty. In this case,we have
(2;2)0-rank ron( )= 1+ 1 $=3+4 0=7.

Let Hymr be the set of partitions of n with (2;m)-rank r. In the notation above,
h(n;m;r) = Hpmr . Dene Hym:  and Hpm:  Similarly.

2.2. Pro of of the rst symmetry. In order to prove the rst symmetry we presen
an involution ' on P r Q which presenesthe size of partitions as well as their Durfee
squares,but changesthe sign of the rank:

“Hnor ! Hno; r:

Let be a partition with two Durfee square and partitions , , and to the right
of, in the middle of, and below the Durfee squares.This map ' will presene the Durfee
squaresof whosesizeswe denote by

s= sp( ) and t=tg( ):

We will describe the action of ' : 7! D by rst mapping ( ; ; ) to a 5-tuple of
partitions (; ; ;; ), andsubsequetly mapping that 5-tuple to di erent triple (b; b, b)
which goesto the right of, in the middle of, and below the Durfee squaresin b,

(1) First, let =
Second,remove the following parts from : s ¢ ,+jforl j t. Let bethe
partition comprising of parts removed from and be the partitions comprising
of the parts which were not removed.
Third, for1 j t, let

ki =maxfk s tj ? k ¢ k0:

Let be the partition with parts ; = kj and be the partition with parts
= 0k
J j ] -

(2) First, let b°= + bethe sum of partitions, de ned to have parts bjO: it -
Second,let b= [ bethe union of partitions, de ned asa union of parts in
and .!

Third, let b=

Figure 4 shavs an exampleof ' and the relation betweenthesetwo steps.

IAlternativ ely, the union can be de ned via the sum: U = ( °+ 9°
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////'
N
— P —.
N
™-—PFr —F

Figure 4. An exampleofthe rst symmetry involution ' : 7! b, where
2 Hp.or and bo Hn.o. r forn = 71,and r = 1. The maps are de ned
by the following rules: = , = [ 0= + , while b=,

b= [ ,b%= + . Also, = (10;10,9;9,7;6;5;4;4;2;2;1;1;1) and
b= (10;9;9,7:6:6;5;4;3;3:3:2,2; 1; 1).

Remark 2.1. The keyto understandingthe map' is the de nition of kj. By considering
k= 0, we seethat k; isdened forall1 j t. Moreover, onecan che that k; is the
unique integer k which satis es

() st k+l jO k st k-

(We do not considerthe upper bound for k = s t.) This characterization of kj can also
betakenasits de nition. Equation (y) is usedrepeatedly in our proof of the next lemma.
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Lemma 2.2. The map' de ned aloveis an involution.

Proof. Our proof is divided into v e parts; we prove that
D) is a partition, 2) is a partition, 3) b= () is a partition,
(4) ' 2 is the identity map, and () ra0(®) = rao( ).

(1) Consideringthe bounds (y) for j andj + 1, we note that, if k;  kj+1, then

0 0 .
st k+1 F K st ksl T K 1 stk tk:

This givesus
s t kj+1 j0+1 kj s t Kk
and uniquenesstherefore implies that k; = Kj+1. We concludethat k;  kj+1 and that
is a partition.
(2) If kj > kj+1,thenwehaves t kj+1 s t Kkj+1 andtherefore

st kj +1 st kj +1 -
Again, by considering(y) for j andj + 1, we concludethat

0 0 :

Pk K
If kj = kj+1, then we simply needto recall that Cis a partition to seethat

0 0 :

Pk K
This implies that is a partition.
(3) By their de nitions, it isclearthat , , and are partitions. Sincewe just shaved
that and are all partition, it followsthat b, P, and b are also partitions. Moreover,
by their de nitions, we seethat , , and have at mostt parts, hasat mosts t,

and hasat mostt parts ead of which is lessthan or equalto s t. This implies that b
has at most s parts, b has at most t parts eat of which is lessthan or equalto s t,
and b° has parts at most t. Therefore, b, b, and b t to the right of, in the middle of,
and below Durfee squaresof sizess and t and so' ( ) is a partition.

(4) Wewill apply ' twice to a non-Rogers-Ramamjan partition with , ,and to
the right of, in the middle of, and below its two Durfee squares.As usual,let , , , ,

be the partitions occurring in the intermediate stageof the rst application of' to and
let b, P, b bethe partitions to the right of, in the middle of, and below the Durfee squares
of D= ' (). Similarly, let b, b, b, b, b be the partitions occurring in the intermediate

stageof the secondapplication of ' andlet , ,and bethe partitions to the right
of, in the middle of and below the Durfee squaresof ' 2( ) = (b).
We needseeral obsenations. First, note that b= P= . Second,by (y) we have:
st kj+l jO kj:j stkj:
Since is a partition, this implies that bs ¢ k;+; = j. On the other hand, sincet} =
j = kj, the map " removesthe rows bs ¢ k+j =  from b. From here we conclude
that b= andb= . Third, dene

R=maxR s tj > R _, g0

By Remark 2.1, we know that Rj as above is the unique integer? which satis es:

b b R b, p:

s t R+1 ]
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On the other hand, recall that b’ = ; + j and ; = . This impliesb? | = ;.
Also, by the de nition of , wehave j = 5 ¢ o Therefore, by the de nition of
we have:
st i+l st-+j=j=b'o i t -
j j | J S j

Since,b = , by the uniquenessin Remark 2.1 we have Qj = j = . This implies
that b= andb =

Finally, the secondstep of our bijection gives = [ = , = = ,and( )=

+ = 0 This implies that ' 2 is the identity map.

(5) Using the results from (4) , we have:

RO

roo( )= 1+ st 41 1+ 1 1 1

On the other hand,
rao(P)= P+ b, . b +1 b= 1+ 1 1 1

We concludethat rz;o(b) = rao( ). O

2.3. Pro of of the second symmetry. In order to prove the secondsymmetry we
presern a bijection

mr -Hom r! Hnor o2m 2m+2:

This map will only bede ned for m;r > Oand for m= Oandr 0 and in both of these
casegshe rst and secondm-Durfee rectanglesof a partiton 2 H,m:  have non-zero
width. For m = 0, (2; 0)-rank is only de ned for partitions in P r Q which by de nition
have two Durfee squaresof non-zero width. For m > 0, sincewe also haver > 0, a
partition 2 Hpm: ¢ must have

fom( )= 1% so() tm() 141 5 [ <O:

This forces 9> 0 and soboth m-Durfee rectanglesmust have non-zerowidth.
We describe the action of := . by giving the sizesof the Durfee rectangles

of b := mr( ) = () and the partitions b, b, and b which go to the right of, in the
middle of, and below those Durfee rectanglesin b,

(1) If hastwo m-Durfee rectanglesof height
S:=sn( ) and t:=tn()
then b hastwo (m + 2)-Durfee rectanglesof height
%= 5P =s+1  and %= tme(P) = t+ 1:

(2) Let

ky=maxtk s tj 9 r k sy k10:

Obtain b from by adding a new part of size 9 r ky, b from by adding a
new part of sizeks, and b from by removing its rst column.

Figure 5 shows an example of the bijection = .
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S |_| 500
‘\\
S r 0 o\r K
1 1
[
dt e LA
0 T~
t ~ Ky
0 b
1
Figure 5. An example of the secondsymmetry bijection n, : 7! b,

where 2 Hpym: 1, 02 Hpomsz: ¢, form=0,r=2n= 92 andn’=
n r 2m 2= 88 Hererpg( )=2+2 9= 5 2andro,(P) =3+
4 6=1 2, where = (14;10,9,9;8,7,7,5,4;3,3,2,2,2,2;2;1,1;1)
and b = (13,10,9;8;8,7;6:6;5:4;3;2,2;1;1;1;1;1). Also, s = 7, s* =
s+1=8,s0=s" m 2=6,t=3,1"=4,t%0=2 9=9 k; = 3,and
8 r ki = 4.

Remark 2.3. As in Remark 2.1, by consideringk = ; we seethat k; is de ned and

indeed we have k3 1. Moreover, it follows from its de nition that k; is the unique k
sudch that

(2) s t k+l ?r K st k-
(If k=s t wedo not considerthe upper bound.)

Lemma 2.4. Themap = , dened aloveis a bijection.

Proof. Our proof has four parts:
(1) we prove that b= () is a partition,
(2) we prove that the sizeof Pisn r 2m 2,

(3) weprovethat roms2(®)  r, and
(4) we presen the inversemap 1.

(1) To seethat bis a partition we simply have to note that since has m-Durfee
rectanglesof non-zerowidth, b may have (m + 2)-Durfee rectanglesof width s 1 and
t 1. Also, the partitions b and b have at mosts+ 1andt+ 1 parts, respectively, while
the partitions P and b have parts of sizeat mosts tandt 1, respectively. This means
that they can sit to the right of, in the middle of, and below the two (m + 2)-Durfee
rectanglesof P.

(2) To prove that the above construction givesa partition bofn r 2m 2, notethat
the sum of the sizesof the rows addedto and isr lessthan the size of the column
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removed from , and that both the rst and second(m + 2)-Durfee rectanglesof b have
sizem + 1 lessthan the size of the corresponding m-Durfee rectangle of

(3) By Remark 2.3, the part we inserted into  will be the largest part of the resulting
partition, i.e. b, = k. By equation (z) we have:

0 )
st ki+l 1 f K1 s t kg-
Therefore, we must have:

- - 0 .
B 1o b1 ~ bs t kv1 = 1 ' Kui:

Indeed, we have chosenk; in the unigue way so that the rows we insert into  and

are by, o b, and b, respectively.

Having determined b, ,o b, and P, allows us to bound the (2; m + 2)-rank of b

+1
rzms2 (P) = oo 1o by * b b= ? r kitky b} r;

wherethe last inequality follows sinceb is the sizeof the secondcolumn of whereas

is the sizeof the rst column of

(4) The above characterization of k; alsoshows usthat to recover , ,and from b, b
and b, we remove part bSO {0 b41 from b, remove part bl from b, and add a column of

height b, o b1t b, +r to b. Sincewe can also easily recover the sizesof the previous
m-Durfee rectangles,we concludethat s a bijection betweenthe desiredsets. O

3. Final remarks

3.1. Of the many proofs of Rogers-Ramamijan identities only a few can be honestly
called\combinatorial”". Wewould liketo singleout [3] asan interesting example. Perhaps,
the most important combinatorial proof was given by Schur in [24] where he deducedhis
identit y by a direct involutiveargumert. The celebratedbijection of Garsiaand Milne [18]
is basedon this proof and the involution principle. In [11], a di erent involution principle
proof was obtained (seealso[13]) basedon a short proof of Bressoud[10]. We refer to [22]
for further referenceshistorical information, and combinatorial proofs of other partition

identities.

3.2. Dyson'srank ri( ) = 1 9 was de ned in [14] for the purposesof nding a
combinatorial interpretation of Ramanujan's congruences.Dyson usedthe rank to obtain
a simple combinatorial proof of Euler's pentagonal theorem in [15] (seealso [16, 21]). It
wasshown in [21] that this proof can be converted into a direct involutiv e proof, and such
a proof in fact coincideswith the involution obtained by Bressoudand Zeilberger[12].

Roughly speaking, our proof of Schur's identit y is a Dyson-style proof with a modi ed
Dyson'srank, wherethe de nition of the latter wasinspired by [11,12,13]. Unfortunately,
reverseengineeringthe proofsin [13]is not straightforward due to the complexity of that
paper. Therefore, rather than giving a formal connection, we will only say that, for
somem and r, our map m; is similar to the maps' in [11]Jand in [13].

It would be interesting to extend our Dyson-style proof to the generalizationof Schur's
identity found in [17]. This would give a new combinatorial proof of the generalizations
of the Rogers-Ramamijan identities found in that paper and, in a special case,provide a
new combinatorial proof of the secondRogers-Ramamijan identit y (seee.qg.[4, 6, 20, 22)).
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3.3. The ideaof usingiterated Durfee squaresto study the Rogers-Ramamijan identities
and their generalizationsis due to Andrews [5]. The (2; m)-rank of a partition is a special
caseof a general (but more involved) notion of (k; m)-rank which is presered in [8]. It
leadsto combinatorial proofs of someof Andrews' generalizationsof Rogers-Ramamijan
identities mentioned above.

Garvan [19] de ned a generalizednotion of a rank to partitions with iterated Durfee
squares,that is dierent from ours, but still satis es equation (°X) (for m = 0). In [7],
Berkovich and Garvan asked for a Dyson-style proof of (*X) but unfortunately, they were
unable to carry out their program in full as the combinatorial symmetry they obtain
seemto be hard to establish bijectively. (This symmetry is somewhatdi erent from our
secondsymmetry.) The rst author wasable to relate the two generalizationsof rank by
a bijective argumert. This also appearsin [8].

3.4. Yet another generalization of Dyson's rank was kindly brought to our attention by
GeorgeAndrews. The notion of successie rank can also be usedto give a combinatorial
proof of the Rogers-Ramamijan identities and their generalizationsby a sieve argument
(see[2, 9]). Howewer, this proof involvesa di erent combinatorial description of the par-
titions on the left hand side of the Rogers-Ramamijan identities than the proof presened
here.

3.5. Finally, let us note that the Jacobitriple product identit y hasa conbinatorial proof
due to Sylvester (see[22, 25]). We refer to [1] for an elemenary algebraic proof.

Also, while our proof is mostly conmbinatorial it is by no meansa direct bijection. The
guestfor a direct bijective proof is still under way, and asrecertly asthis year Zeilberger
lamented on the lack of such proof [26]. The results in [23] seemto discourageany future
work in this direction.

Ac knowledgmen ts. The authors are grateful to GeorgeAndrews and Richard Stanley
for their support and encouragemen of our studiesof partition identities. The rst author
was supported by NSERC(Canada) and the secondauthor by the NSA and the NSF.
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