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Abstra ct. We prove that for every two convex polytop es P; Q 2 R% with vol(P) = vol(Q),
there exists a contin uous piecewise-linear (PL) volume-preserving map f : P ! Q. The
result extends to general PL-manifolds. The proof is inexplicit and usesthe corresponding
fact in the smooth category, proved by Moser in [Mo]. We conclude with various examples
and combinatorial applications.

Intr oduction

The study of piecewise-linear(PL{) manifolds and PL-homeomorphismsgoes bad to the
early days of topology, and blossomedin recert years in part due to modern advancesin
combinatorics. The main result of this paper is the following theorem:

Theorem 1. Let M3;M, RY be two PL-manifolds, possibly with boundary, which are PL-
homeomorphic and equipped Wth piecewgise-onstant volume forms ! ; and ! ;. Supmse M,
and M, have equal volume: M, . = M, I .. Then there exists a volume-preserving PL-
homemorphismf : M ! My, i.e. amapf satisfyingf (1,) ="1!1.

Here by a PL-manifold we mean a topological space, obtained by gluing polytopesin R¢
along some of their facets, and which is locally PL-homeomorphic to RY [Br, RS]. We may
assumethat the volume form is inherited from the standard volume form in RY. The result also
holds for PL-pseudomanifolds. Note that it is nontrivial evenfor d = 2. We were motivated by
the following application to corvex polytopes:

Theorem 2. Let P;Q RY ke two convex polytopes of equal volume: vol(P) = vol(Q). Then
there exists a one-to-onemap f : P ! Q, which is continuous, piecewise-linear and volume-
preserving. Moreover, if both P and Q are rational, then f can be also made rational.

Here by rational polytopes and rational maps we mean polytopesand maps de ned over Q.

One can think of Theorem 2 as of a modi ed version of Hilb ert's Third Problem, which asks
whether every two polytopesP;Q  RY of equal volume are scissor-ejuivalent, i.e. whether
there exists polyhedral subdivisions P = [ };1 Piand Q = [ };1 Qi suc that P; can be moved
into Q; by a Euclidean motion [Bo]. The problem wasresolved negatively by Dehnwho proposed
an invariant of polytopesfor d = 3. In a special casethe invariant implies that cube and regular
tetrahedron of equal volume are not scissor-equialert. Much later Sydler proved that Dehn's
invariant is in fact the only obstacle. Namely, any two corvex polytopes with same volume
and sameDehn invariant are scissorequivalernt. While the situation remains similar for d = 4,
in higher dimension there are additional (Hadwiger) invariants and proving the analogue of
Sydler's result remains an important open problem [Car].

Now, the mapsconsideredin Theorem 2 are lessrestrictiv e in onedirection, and more restric-
tive in the other. We allow here all volume-preservinga ne linear transformations betweenP;
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and Qj, not just Euclidean motions. On the other hand, we add the condition of continuity on
the map f, which amourts to saying that the common facesP; \ P; have to be mapped into
facesQ; \ Q.

It is instructive to ask what happens when either of the three conditions in Theorem 2
is omitted: the map f is cortinuous, piecewise-linear,and volume-reserving. Without the
cortinuity the result is straightforward. Indeed, without loss of generality we can assumethat
vol(P) = vol(Q) = 1. Considerany two simplicial subdivisions P = [ {1, Pi, Q = [.; Q;, and
let ; = vol(P;), j = vol(Q;). Subdivide further ead of thesesimplicesinto smaller simplices:
Pi = [jn:l Pij, Q = [, Qj, sud that vol(P; ) = vol(Q; ) = i j. Sinceevery simplex P;
can be mapped into simplex Q; by a volume-preservingmap, this implies the claim.

When the volume-preserving condition is omitted, the result is the starting point of our
proof; this simplied version is establishedin Lemma 1.1. On the other hand, if piecewise-
linearity is substituted with smoothness,the claim in the Theorem 2 becomesa corollary of a
well known result of Moser [Mo]. This result is another ingredient in our proof, and will be
stated in Section 2. The use of Moser's theorem is one of the inexplicit parts in our otherwise
rather explicit construction of the desiredmap f betweenpolytopes. Let us also emphasizethe
importance of smoothnessin the proof of Moser'stheorem|it is usedlater in the construction
of the desired map.

Notation.  Throughout the paper we refer to simplicesby their vertices,i.e. (vo;:::;Vq)
RY is a d-dimensional simplex.

1. Piecewise-linear  maps

We beginwith a preliminary result which reducesthe rst part of Theorem 2 to Theorem 1.
The following lemma is very natural, but we were unableto nd it in the literature.

Let P;Q RY betwo corvexpolytopes. Recallthat amapf : P ! Q is piecewise-linear (PL)
if there exists a simplicial subdivisions P = [ ., P, and Q = [ }_; Qn, sudh that Q, = f (P,)
and the map f is linear on eadh P, .

Lemma 1.1. For any two convex polytopes P;Q  RY there exists a PL-homeomorphism f :

PI Q.

Proof. We can assumethat P;Q are simplicial; otherwise subdivide ead facet into simplices.
We can also assumethat the origin O 2 RY lies in the interior of both polytopes:O 2 P; Q.
Now, considerthe simplicial fan F = [ [; F; 2 RY de ned asthe union of in nite conesF;
which start at O and span over the facet simplices. Similarly, considerafan G = [ [; G; 2 Rd
over facet simplices of Q. Let C be the “union fan' which consists of conesF; \ G;, and
denote by € = [ ;€ a simplicial subdivision of C. Finally, de ne simplicial subdivisions
P =[P, Q= [:Q: by intersecting the fan € with the polytopesP and Q: P, = P\ &,

Qr = Q\ C .

Fix r and considerthe simplicesP, and Q;. Denoteby vy;:::;vg andwy;:::;wq their vertices
other than O. From above, w; = jv;, for some i;:::; 4> 0. Now de ne a piecewise-linear
mapf : P! Q, which is linear on eah P, and maps P, into Q;:

X X
f: XiVvi 7! Xiw;i ; where x; O:

The map f is clearly corntinuous and invertible.

The 2-dimensionalexamplein Figure 1 illustrates the construction of the PL-map in Lemma1.1.
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Figure 1. The polytope P with its fan F, the polytope Q with its fan G, the
union fan C = €, and the PL-homeomorphismf : P! Q.

Remark 1.2. Let us mertion here that there exist homeomorphic polyhedra which are not
PL-homeomorphic. The rst sud example was constructed by Milnor [Mi]. We refer to [Br,
x9] for further referencesand related results.

2. Volume-preser ving maps

In this section we “sacri ce' the linearity condition (by “downgrading' it to smoothness)in
favor of the volume-preservingcondition; we will get badk piecewise-lineariy in section4. We
start with a number of de nitions and an important technical result.

Let P;Q RY be two convex polytopes. We say that a homeomorphismf : P | Q
is piecewise-smoth if there exists a simplicial subdivision P = [ _; P, such that map f is
cortinuous and smooth on eat P,. Note that this de nition is asymmetric: if f : P! Qis
piecewise-smoth, this doesnot necessarilyimply that f 1:Q! P is piecewise-gmoth.

Consider the standard volume form ! = dx; » N dxg, sothat vol(X) = ! for all
X P. A generalvolume form can written as
(?) = (Xg;::0;Xg)dxg A N dxg; where () > 0:

To every piecewise-smoth map f : P ! Q as above corresponds a pull back volume form
f (! )onP dened by (?), with

@i

DIl = det —

(X1;::15Xq) dx
We say that asmooth mapf = (f1;:::;fq) : X | Y, whereX;Y RY isvolume-preserving
at x = (X1;:::;Xq) 2 X if the Jacobian (Xi1;:::;Xq) is equalto 1. We say that f is volume-

preserving if f is volume-preservingat every x 2 X where the above Jacobianis de ned.
Let P;Q RY betwo corvex polytopes,and let @ denote the boundary of P. Denote by
(@)~ the setof points x 2 P which are at a distance " from @ . We sa that two functions
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f;g on P are equal near the boundary @ if there exists" > 0 such that f (x) = g(x) for all
X 2 (@X)-. Similarly, a (piecewise-)smooth map f : P ! Q is volume-preserving near the
boundary if there exists" > Osuchthat f (! )="! in (@X)-. In other words, the function f
is volume preservingat all x 2 (@X)-.

Lemma 2.1. Let 1; > RY be two simplices. Then there exists a continuous piecewise-
smoth homeomorphismf . ;! 2 which is volume-preservingnear the boundary, linear on
the boundary, and suchthat f (! ) is smath.

The proof of the lemma is technical and somewhatinvolved. It is postponeduntil Section6
soasto separateit from the main ideasof the paper.

Lemma 2.2. LetP;Q R betwo convexpolytopes. Then there existsa continuous piecewise-
smath homeomorphismf : P ! Q whichis volume-preservingnear the boundary @, and such
that f (!) is a smooth everywhee non-zemw volume form.

Proof. By Lemma 1.1 there exists a simplicial subdivision P = [ P, and a piecewise-linear
mapf : P! Q whichislinear on P,. By Lemma?2.1ead linear mapf = f, : P, ! Q; canbe
replacedby a cortinuous piecewise-smoth map g : P, ! Q; which is volume-preservingnear
the boundary @;. Dene g: P! Q by g on P,. By continuity and since@ [ @, we
concludethat g is asdesired.

The following is the key result which enablesus to extend the volume-preservingcondition
to the whole domain. It is applied to polytopesin Lemma 2.4 below, to obtain a corntinuous
piecewise-smoth volume-preservingmapf : P! Q.

Lemma 2.3 (Moser's Theorem). Let P RY be a congex polytope, let ! be the standard
volume form, and let ! be a volume form which satises ! = vol(P). Assumethat ! = !
near the boundary @. Then there existsa smath mapg: P ! P which is equal to identity
map ldp near the boundary @, and suchthat! =g (! ).

The lemma is a special caseof the the main theorem in [Mo]. For completenessand for the
reader's convenience,we presert a short proof below.

Proof. Letgus proveg a slightly more general statemert: for every two volume forms ! o;! 4
suhthat ;!'o= !1and!o =1, near @, there exists a smooth mapg: P ! P such
that ! 1 ;Rg (! 0) and g = Id near the boundary @.

Since (1 !o)=0,theform!; !, represers zeroin the relative de Rham cohomology
group H%R(P;@P) " R. Takeaform 2 9 (P;@) satisfyingd =1, !, Fort2 [0;1],
let!{:=t!1+ (1 t)!o, andlet v; be the unique vector eld satisfying ,!t = . Since
is zero near the boundary @, then sois the vector eld v;. Integrating (the time dependert)
vector eld v; weobtaina ow :P [0;1]! P. Let usshaow that

(to) = L where (= ( ;0):

Indeed,
d

a!t:!l !o:d :dv1!t

and d

a t(' 0) = LVI t(' 0) = th t(l 0)+ th t(' 0) = th t(| 0):

Sinceboth (! o) andand! ; are solutionsto the samedi eren tial equationse% t=dy, tand
satisfy the sameinitial conditions ¢ = ! ¢, they are equal. Sincev; = 0 near the boundary @,
we have  =Id near @. Letting g:= 1 givesthe desired map.
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Lemma 2.4. Let P;Q RY be two convex polytopes of equal volume: vol(P) = vol(Q). Then
there exists a piecewise-smoth volume-preservinghomeomorphismf : P ! Q.

Proof. Lemma 2.2 givesa continuousmap f : P ! Q which is piecewise-smoth and volume-
preservingnear the boundary @ . Sincevol(P) = vol(Q), the corresponding volumeform ! ; =
(f 1) (! ) onQ satis es the conditions of Lemma 2.3. The lemma now givesa smooth map g :
Q! Qsuchthat!; =g (! ) onP. Therefore,the compositiong f :P ! Q is the desired
piecewise-smoth volume-preservingmap.

3. Smooth triangula tions

In this section we re ne the smooth triangulation obtained as the image of the piecewise-
smooth map and construct a PL-map which is “nearly volume preserving' (see Lemma 3.1
below).

A smooth simplex T RY is de ned as the image of a simplex = (up;us;:::;uq) RY
under a smooth embedding . Usually, we will take to be part of the data of a smooth
simplex. We shall speak of i-dimensional facesof T, de ned as images of the i-dimensional
facesin . As in the caseof simplices,facescorrespond to subsetsof the verticesof T.

By analogy with simplicial subdivisions, we de ne a smamth triangulation of a polytope P
to be a subdivision P = [ ; T;, where T, are smooth simplices,and T, \ T; are facesof T;T;.
We also require that ! be linear on the faceof  on which it's de ned. We sa that a
triangulation P = [J-Nzl T]-O re nes atriangulation P = [ T, if every smooth simplex T, hasa
triangulation T, = [ jzs(,)TjO, for somesubsetS(r) f1;:::;Ng of the setof smooth simplices.

We say that a smooth triangulation P = [ '_; T, and a simplicial subdivision P = [ _; P,
are aligned if the vertices of T, coincide with the verticesof P, forall1 r n. An example
is given in Figure 2.

Now considera homotopy h: P [0;1]! P sud that h( ;0) is the identity map and h( ;1)
maps the facesof P, into the corresponding facesof T;, for all r. One can think of h asof a
homotopy betweenthe above simplicial subdivision and the smooth triangulation. Of course,
the homotopy h is not uniquely de ned; to avoid this ambiguity we will use the following

construction. By de nition, foreveryr,1 r n,wehaveasmoothmap : ! T, where
= (Uo;:::;ug) is a d-dimensionalsimplex. Welet , : ! P, bethe unique linear map that
sendsu; to  (u;). Themaps ;= , , !assenbletoamap :P! P that mapsP; into T,.

Now set h to be the straight line homotopy:
hix;t) .= (1 t)x+t (x); forall x2P;t2]0;1]

Fix an orientation on all (d 1)-dimensional facesF in the subdivision P = [ ,P,. Given
our homotopy h: P [0;1]! P asabove, welet Ag := h F;[0;1] be the segmen between
the face F and the corresponding face of the smooth triangulation.

Denote by ar = vol(Ag) the algebraic volume of the segmen, i.e. the volume taken with
sign depending on the orientation. Note that the volume ar becomes ar if one changesthe
orientation of F. For example,if F = (v1;v3) asin Figure 3, then ar is the areaof the shaded
segmen betweenv; and vs. Similarly, if F = (vs;vs), then ar is the sum of the areasof the
rst and third shadedsegmeits betweenvs and vs, minus the middle segmen. Clearly,

X
vol(Ty) = vol(P;) + "(F;Pr)ar;
F P

where "(F;P;) = 1if the orientation of F P, is induced by that of P, and "(F;P;) = 1
otherwise.
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Figure 2. Aligned smooth triangulation and simplicial subdivision of a hexagon.
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Figure 3. The straight line homotopy betweena smooth triangulation and
the corresponding aligned simplicial subdivision in two and three dimensions.

Lemma 3.1. LetP = [L; T, be a smaoth triangulation of a convex polytope P. Then there
exists a smaoth triangulation P = [ sz1 R; and a simplicial suldivision P = []-’\‘:l P; suchthat:
i) the triangulation P = [ ; R; is aligned with the suldivision P = [ ; P;,
i) the triangulation P = [ ;R; re nes the triangulation P = [ T,
i) japj < ﬁvol(Pr), forallF Prandl r N.

Before proving Lemma 3.1, we will needthe following technical result which will enableus
to bound the volume jag j.

Let P = (uo;:::;ug) RYbeasimplexandletf :P ! R" bea continuousmap. Denote by
kf ki = maxsp jf (x)j the supnorm of f. De ne the aligned linear map g to be the unique
linear map g: RY! RY satisfying g(u;) = f (u;), forall 0 i d.

Lemma 3.2. LetP = (ug;:::;ug) RY beasimplex,letf :P ! R" beasmmth map, and
let g be the corresnding aligned linear map. Then there exists a constant C = C(d;n) such
that the distance jf (x) g(x)j in R" is smaller than C kf °%; (P)?, where (P) denotesthe
diameter of P.

Proof. We show that C = dn satis es conditions of the lemma. If d= n = 1, then P = [a;b],
and after replacing of f by f g and g by 0, we may assumethat f(a) = f(b) = 0. We
needto show that jf (x)j kf%; (b a)2. Let x 2 [a;b] be such that jf (x )j is maximal.
Clearly, f qx ) = 0. Given another point x 2 [a;b], we can bound

o) ki% jx x| ki% (b a):
Therefore, kf %;  kf%; (b a). Repeating this a secondtime we have:
ifx)] k% (x a ki% (b a

exactly what we wanted to show.
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If d= 1and n is arbitrary, then

X
JF(x) 9(X)jre i) aMir 0 k% (b a)*
i=1
Therefore, C = n is as desired.

Finally, if d is arbitrary, we proceedby induction. Let x be a point in P, and let y be the
point of intersection of the line (x; ug) with the facet F = (up;:::;uq 1). Denote by ° the
segmet (Up;y) and by g the linear mapg:~! R" de ned by g(ug) = f (ug) and g(y) = f (y).
By the triangle inequality, we have

09 g()i  Jf(x)  e(x)i+ jex)  g(x)i:

Applying the d = 1 caseto °, the rst term is boundedasjf (x) g(x)j n kf%; (7). Now,
applying the induction hypothesisto F, we get

jgy) a)i = if(y) ay)i (d 1n kf% (F):

But clearly jg(x) 9g(x)j jg(y) g(y)j sinceboth g and g are linear maps, and they agreeon
one of the endpoints of the interval *. Putting all theseinequalities together, we conclude:

if) gx)j n k% ()+(@d 1n ki% (F) dn kfi%; (P):

This completesthe proof of the lemma.

An illustration of Lemma 3.1 whend = 2 is given in Figure 4. The secondpicture in the
gure shaws a special caseof Lemma 3.2whend = 1, n = 2, and the imagef (P) is an arc of a
circle of radius R. Herewecancompute" = R 1 cog ) <R 2and (P)=2Rsin()>R .

Now we ched that
1

"<R2=%(R <13 (P

Therefore, we can take the constart C = 1 in this case.

Figure 4. The distance between a smooth simplex and the corresponding
aligned simplex.

Proof of Lemma3.1. Note rst that giventhe smooth triangulation P = [ J_N:1 R;, there exists a
unique aligned simplicial subdivision P = [ J-Nzl P; simply becausethey sharethe samevertices.
Similarly, the smooth triangulation determinesthe straight line homotopy h, which determine
the valuesar as above. Below we construct a family of smooth triangulations P = [ ; Rj(n), for
aln 1,andletP = [ Pj(”) and h, be the corresponding simplicial subdivisions and straight
line homotopies. We then shaw that for for n large enoughthe resulting smooth triangulations
P=1; R]-(”) and simplicial subdivision P = [ ; Pj(”) satisfy the conditions of the lemma.
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We needa preliminary construction. Start with the family of hyperplanesin R9** given by
the equationsx; = 2, foralla2 Zand0 i d. They de ne a polyhedral subdivision of the
standard simplex 9 (seeabove), where eat polyhedron is a % scaledcopy of a hypersimplex:

9= x2R™ jO xp;::i;Xg LiXo+::i+xg=k ; wherel k d:
When k = 1 and k = d we obtain the (usual) simplices. Denoteby |, the simplicial subdivision

of 9 givenby the barycertric subdivision of thesehypersimplices. From above, thesesimplicial
subdivisions comprise of copiesof a nite number B = B(d) dierent types of simplices, eath

of them scaledby 1.
NZAN N N N

Tr 3 [ Rj

B2

Figure 5. The step-by-step construction of the subdivision 3 for d = 2, and
its image under .

Now, take each simplex , : 91 T, in the given smooth triangulation and subdivide the
standard simplex ¢ accordingto ,. The imageof , by , givesa smooth triangulation
of T;; the union of these triangulations over all r is the desired smooth triangulation P =
[J-N:(I")Rj("). The conditions i) and ii) follow from our construction, and we only needto chedk
the inequalities iii ) which hold for n large enough. Denote ;¢ := jaszvoI(Pj(”)), and let us
show that

>) max ;! O asn! 1:
(13F)
Sincethe dimensiond is xed, for n large enoughthis maximum is < ﬁ as desired.

Recall that there exists only a nite number of types of d-dimensional simplicesin .
SinceP is compactand the maps  are smooth, we concludethat there existsa constart C > 0
independert on n, sud that

7 d
voI(PJ-(”)) > C = forall 1 j N(n):

In a dierent direction, there exists a constart ¢> 0 independert on n, suc that
d 1
1 :
vol(F) < ¢ = , forallfacets F P and 1 | N(n):

Sinceh is the straight line homotopy, obsene that for every such F we have:
jarj Vvol(F) max (x) x;
x2F
where (x) = h(x; 1) is asabove. Sincethe curvature of RJ-(”) is boundedand independert on n,

by Lemma 3.2, we can bound the distance on the r.h.s. by D=n?, for someconstart D > 0
independert on n. We conclude:
d 1
vol(F) max X) X c i D L
max max ( ) X2 F ( ) < n _ n2 =0 -
0F) (F) vol(P™) c i n

This implies (>) and completesthe proof.
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Remark 3.3. The reasoningbehind the technical conditions in Lemma 3.1, especially prop-
erty iii ) will be clear in the next section. Of course, one can sharpen iii ) to any fraction
independert on n, but the bound in the lemma su ces for our arguments.

Let us note alsothat the subdivisions |, cannot be replacedwith the more natural choice of
the iterated barycertric subdivision sincethe latter cortains a number of of di erent simplices
which grows with n. In the cased = 2, all hypersimplicesare in fact simplicesand we could
have sparedthe barycertric subdivision, but it will de nitely be neededfor d 3.

4. Constr uction of the map

We start with two lemmaswhich are ingredients in the construction of the desiredmap. The
map itself is explicitly constructed in Lemma 4.3 out of the smooth triangulation producedin
Lemma 3.1.

Lemma 4.1. Let = (Vo;:::;Vq) RY be a d-dimensional simplex, and let o;:::; ¢ > 0
satisfy o+ :::+ 4 = vol() . Then there exists a point z 2 such that the volumes of
simplices

vol(Vo;:::;Vi 1;Z;Visr ;i ivq) = 4; forall O i d:

Proof. In vector notation, let z:= ( gvo+ :::+ gvg)=vol() bethe weightel barycenter of .
It is straightforward to ched that z is as desired.

A d-dimensional bipyramid is a union of two d-dimensional simplices joined by a facet. A
vertex is called simple if it hasexactly d edgesleaving it. Clearly, a bipyramid has exactly two
simple vertices. Note alsothat a bipyramid is not necessarilycorvex.

Lemma 4.2. LetP;Q RY betwo d-dimensional bipyramids of equal volume: vol(P) = vol(Q).

and vi;v, are the simple vertices. Then there exists a continuous piecewise-linear volume-
reservingmap f : P ! Q which is linear on the facets and which sendsu; to v; and x; to
Yi.

are all of equal volumes. They ead cortain the edge”, and form a simplicial subdivision
PO = [ id:]_ Ai .

Now, apply the analoguepiecewise-lineaitransformations to Q, to obtain a simplicial subdivi-
sionQ%= [ &, B;, whereall simplicesB; cortain an edge °= (v?;v9). There is a natural linear
transformation f; : A; ! B; which maps™ ! “9by sendingu? to v? and u3 to v9, and maps
the boundary of P%into the boundary of Q% Sincevol(A;) = vol(B;), these maps are volume-
preserving and combine into a contin uous piecewise-linearvolume-preservingmap f : P%! Q°
(seeFigure 6). Composingf with the mapsP ! P%and Q°! Q givesthe desiredmap.

Weare now readyto presen the nal construction of our map. Roughly speaking, we takethe
“nearly volume-preserving'map obtained from Lemma 3.1 and “correct' it using the “bipyramid
maps' of Lemma 4.2 to obtain an “honest' volume-preserving,piecewise-linearmap.
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0
X1 Bg

A A; B, B>

u5

Figure 6. The mapf : P°! Q° whereP = A;[ A,[ Az and Q°= B.[ B,[ Bs.

Lemma 4.3. Let P;Q RY be two convex polytopes, andlet P = ["_; P, Q = [, Q, be
simplicial suldivisions. Supmsef : P ! Q is a PL-homeomorphism, which is linear on the
simplices: f : P, ! Q;,foralll r n. In addition, assumethere exist numkers ar 2 R, for
all oriented (d 1)-dimensional facesF  P,, which satisfy:

i) ar = ag, where F is obtained from F by changingthe orientation,

i) ac = 0forall F @

i) vol(Qr) = vol(Pr) + ¢ p ar, where the orientation of F is induced by the orientation
of P;,

iv) jagj< gi-vol(P;), forall F P andl r n.

Then there exists a volume-preserving PL-homeomorphismg: P ! Q.

Proof. Let z, denote the barycenter of P,. Let P = [P, be a simplicial subdivision
obtained by letting P,. be the corvex hull of z, and F, whereF is a facet in P,. For eadh
P, we have a decomposition P, = [ ¢ Pr.¢ in d+ 1 simplices of equal volume. Similarly, let
Q = [ r.c Qr.c be a simplicial subdivision obtained by using some point z° 2 Q, and letting
Qr.c bethe corvex hull of z° and G, where G is a facet in Q,. We againhave Q; = [ ¢ Qr.c
but this time the Q;.c are not of equal volume. Instead we ask that

1
(#) vol(Qr.c) = mVOl(Pr) +aF

where G is afacetin Q;, and F = f 1(G) is its preimageunder f . The existenceof a point z°
that guararntees (#) is given by Lemma 4.1. Indeed, condition iv) implies that this volume is
nonnegative, and condition iii ) gives

X

vol Qr,c = vol(Qr):
G Qr

For every facetF P\ @ andG=f(F) Q;\ @, condition ii) implies that vol(P;r) =
vol(Qr.c). There is a natural linear volume-preservingmap g: P, ! Qrg, sud that G =
f (F), and the map g mapsfacetsR P, into the corresponding facetsf (R) Q.

Now, for ewery (d 1)-dimensional face F which is a facet of two simplices P, ;Ps, i.e.

F = P, \ Pg, consider the bipyramid IbF = Prg [ Psr. Similarly, for a facet G = f (F)
consider the bipyramid @G = Qrc [ Qsc. Condition i) implies that the volumes of these
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bipyramids are equal:

vol @G = vol Qg +Vvol Qsg = vol Prg +ar + vol Psr ar
= vol Prg +vol Pgg = vol IbF :

Therefore, by Lemma 4.2, there exists a cortin uous piecewise-linearvolume-reservingmap g :
M- | &g which is linear on the corresponding facets. Taking all these maps g together,
we obtain the desired construction of a continuous piecewise-linearvolume-preserving map
g:P! Q.

Example 4.4. Considerthe two pentagonsP; Q shown in Figure 7. Herevol(P1) = 5, vol(P;) =

8, vol(P3) = 7, and vol(Q1) = 6, vol(Q,) = 8, vol(Q3) = 6. Thus the pertagons have equal
area: vol(P) = vol(Q) = 20. Fix orientations of the facetsF;F® P, accordingto P,. We have
ar = 1, while apo = 1, and all conditions of Lemma 4.3 are satis ed. We rst construct the
subdivisions of the P; using their barycenter, and the subdivisions of the Q; using a weighted
barycener (seeFigure 7). Following the proof of Lemma 4.2, construct separatelythe piecewise-
linear maps between bipyramids g : B: ! ®r andg:B-o! ®o. The nal mapg:P! Q

constructed in the proof above is shavn in the Figure 7. Here the corresponding bipyramids
(which are 4-gonson a plane) and boundary simplices are shadedsimilarly.

- B0

Figure 7. A cortinuous piecewise-linearvolume-preservingmapg: P ! Q,
whereP = P1[ P2[ P3, Q = Q1[ Q2[ Qs, which mapsthe bipyramids Ibp ; |b|:o
into the bipyramids O : O, respectively.
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5. Pr oof of Theorems

Pro of of Theorem 2. The rst part of the theorem can be deducedfrom the lemmas as
follows. Given two polytopes P; Q RY, use Lemma 2.4 to construct a piecewise-smoth
volume-preservingmap g : P ! Q. The map producesa smooth triangulation Q = [T,
of the polytope Q. Use Lemma 3.1 to obtain a re nement Q = [ R; sud that the aligned
polyhedral subdivision Q = [; Q; satis es inequalities iii ) in the lemma. Now consider the
simplicial subdivision P = [ P; by taking preimages: P; = g 1(R;). Dene a cortinuous
piecewise-linearmap f : P ! Q by letting f (P;) = Qj, for all j. By Lemma 3.1, the map f
satis es conditions in the Lemma 4.3, which implies the result.

For the secondpart, obsene that the construction in Lemma 4.3 gives a rational map g,
if the simplicial subdivisions and the map f are rational. One the other hand, the simplicial
subdivision produced by Lemma 3.1 is not necessarilyrational. To correct this, simply move
all its vertices within a small neighborhood to make them rational; whene\er they lie on faces
of the polytope, usethe fact that the polytope is rational to make sure these new vertices are
rational and still lie in thesefaces. We can always do this sothat the inequalities iii ) remain
valid. Putting everything together as above, implies the secondpart of the theorem.

Pro of of Theorem 1. Much of the proof follows verbatim the proof of of Theorem 2, by
substituting PL-manifolds (or pseudomanifolds)M 1; M, in place of corvex polytopesP; Q.
Let us rst mertion that we no longer needLemma 1.1 sincewe already assumethat the PL-
manifolds M 1; M, are PL-homeomorphic. Also, importantly, beforeapplying Moser's Theorem,
we needto pick a smooth structure onthe complemen ofthe (d 2)-skeleton of our PL-manifold.
The rest of the proof of the theorem follows verbatim and the changesare straightforward.

6. Pr oof of Lemma 2.1

We deducethe lemmafrom the following stronger result, which in turn is proved by induction
on the dimensiond. Let B = B @ denote the interior of B.

Lemma 6.1. LetB  R" bea convexpolytope, andlet :B ! R, beasmath function which
is equal to 1 near the boundary @ . Let :RY*" 1 R" be the projection, andlet E ~ R*"
be a convex polytope suchthat restricts to a surjective map, :E B mapping faces onto
faces. Assumethat the bers (b) over interior points b2 B are d-dimensional simplices
and that d 1. Then there exists a continuous piecewise-smoth homemorphismf : E ! E
suchthat:

1) f preservesthe bersof |,

2) f xes the boundary @&,

3) f =1Id near the bers (@),

Hf ()= (b ! near @,

5) f (! ) is smmwth and everywhee non-zem.

The conditions of the lemma are illustrated in Figure 8 below.

Let us rst deduceLemma 2.1 from Lemma 6.1, and then prove Lemma 6.1.

Pro of of Lemma 2.1. In Lemma 6.1, let n = 0, and the polytope B consist of a single
point p. Note that @ = ;. Let E = P, and (p) = vol(P)=vol(Q). The lemma now givesa
mapg: P! P sud that

vol(P)

vol(Q) near @:

g )=
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Figure 8. The projection :E! B.

Composing g with a natural linear map h : P | Q givesthe desiredmapf =h g:P! Q,
which from above is volume-preserving near the boundary @. The smoothnessof f (! )
follows immediately from the corresponding property of g.

A careful analysisof the proof of Lemma 6.1 showsthat the map f is smooth on the simplices
of the barycertric subdivision of P.

Pro of of Lemma 6.1. We useinduction on d. First, let us reducethe problem to the case
whenE isaproduct P B and P RY is a simplex cortaining the origin O in its interior.

Let' : P B! E be a continuous surjective maps suc that the restriction to the b er
"Jing p ! (D) islinear, for every b2 B. It is smooth and admits an inverse,de ned over the
interior of B, namely' ': (B )! P B. Assumethat we have built amapf;:P B!

P B satisfying 1) to 5). Then it is easyto seethat the unique continuous extensionf of the
composition' f; ' 1 will alsosatisfy them.

We now assumethat E = P B,and 02 P. Let :S% 11 R, be the function whose
graph (in spherical coordinates) is the boundary of P. Formally, let ( ) := jx j bethe distance
from O to the point x 2 @ whoseprojection on S* 1 is

Pick a di eomorphism g:[0;1] B! [0;1] B satisfying:

i) g(r;b) = (r;Fp) nearb2 @3,
i) gr;b)= “ (br;b nearr =0,
i) gir;p= 9 (b (rY 1)+ L;b nearr = 1.

We alsoassumethat g presenesthe b ersof [0;1] B! B andwrite g(r;b) = (gu(r);b). We
thenleth,: P! P bedened by hp(r; )= ()g r=() ,where 2S* Yandr 2 [0; ()]
are the spherical coordinates as above.

Dene amapf:E ! E by &r; ;b := hy(r; ); ;b. It is straightforward to ched that

ff( )= (b ! nearthe boundary @. If the dimensiond is 1, then the form € (! ) is
smooth and everywhere non-zero;this provesthe baseof our induction.
For the induction step, assumethat d 2. We have
hyr; ) © @
— hy(r; [
. @ b(rs ) :
but hy(r; ) is not smooth in . The following argument showvs how to “correct' this problem.
Let fF;g be set of facetsof P, and let P = [ ; P; be the simplicial subdivision of the poly-
tope P, where eath P; is obtained as the corvex hull of O and F; (cf. proof of Lemma 4.3).

()=
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Similarly, considera polyhedral decomposition E = [ ;E;j, where E; = P; B. Obsene that
the mapg : E; ! [0;1]] B dened by g(r; ;b = r=();b islinear and its b ers are
(d 1)-simplices. Indeed, restricted to P, the map (r; ) 7! r= () is just the linear functional
dening Fi. The b ersof g arethe sameasthe bersof (r; )7 r=():P;j! [0;1], they are
the various homotetic imagesof F;.

We can now apply our induction hypothesisto the casel® = [0;1] B, B=E, b= g and

CLS
G()? T gp(t)’
to obtain a map :E ! E. By induction assumption, the map s piecewise-smoth and

bib;t) =

commutes with the projection to B and with the the function r= ( ). Namely = and
P (r=())=r=(). It xes the boundary of E; and satis es
d 1
b =
b oy O®r=0 !

owr=() " Tgr=()

near the boundary @;. Putting together all mapsfb. we obtain a cortin uous piecewise-smoth
homeomorphismﬁf’: E! E. Clearly, the boundary @ consistsof points (x;b) 2 P B, x 2 P,
b2 B, such that either b2 @B or (in the spherical coordinates of x) r= ( ) = 1. Therefore, the
inductiv e assumptionimplies = 1d nearthe boundary @t .

Dene f ;= ff © Themapf presenesthe b ersof and xes the boundary @, sinceboth
mapsfand Pdo. Similarly,f (! )= (b)! nearthe boundary @, sincefe (! )= (b)! and
= Id near @ . The fact that f (! ) iseverywherenon-zeroalsofollowsform the corresponding
properties of  and 0. It remainsto ched that f (! ) is smooth; we show this in the following
argumert.

Let P bethe coneover (d 2)-skeleton of P (seeFigure 9). The subset B Eis
exactly the locuswhere € (! ) is not smooth. It is also the locus where the di erent mapsi’oI

were glued together. This implies that f (! ) is smooth outside of B. For points in B
we compute: |
ho(r: d 1 @ ’
F0 )z P BU) = 0 M) @y
r @
|
d !
o =0 =)
e 1
r=()
1
Gwr=() "gr=()
= = < o)
r=()
om0 =) ® r=0""
~ () d 1 :

r=() wr=() " Tgr=()

=g O ! ;
where the fourth equality holds becausef® r= () =r=(), and the fth equality holds for

points near B. By assumption of the lemma, (b) is smooth, which implies that f (! ) is
smooth and completesthe proof.

7. Tw o-dimensional case

It is instructiv e to considerwhat happenswhend = 2 and obtain an explicit construction in
this case.
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Figure 9. Examples of cone in two and three dimensions. In the second
case,only one of the six simplicesis shaded.

For cornvex polygonsP, Q the construction is easy Givenan n-gonP start with any vertex v
and considera triangle formed by v and its neighbors u and w. Let z be the secondneighboring
vertex of w (other than v). Now transform the triangle (uvw) into (uv®) by shifting v along
the line parallel to (uw), suc that v° now lies on a line containing (wz). Keep the rest of the
polygon unchanged. We obtain a corvex (n  1)-gon P (seeFigure 10).

Proceedin this manner until P is mapped into a triangle: f1 : P ! 1. Proceedsimilarly
with the polygon Q to obtain f, : Q! 2. Since the resulting triangles 1; » have the
same area, there exist a volume-preservinglinear mapg: ! 2. Now, the composition

h:=1, 1 g f, givesthe desired cortinuous piecewise-linearmap h: P ! Q.

Figure 10. Themap :P! PC

Interestingly, already for noncornvex and not simply connectedpolygons Theorem 2 becomes
quite challenging. In fact, we do not know any easiersolutions in these cases.

8. Final remarks and open problems

8.1. Variations on Hilb ert's Third Problem with modi ed setsof linear mapshave beenstudied
before. Seee.g. [Bo] for scissorequivalence under parallel translation (in two dimensions).
However, the cortinuity condition is somewhat cortrary to the spirit of “scissorequivalence'
and has never beenconsideredin this context.

Similarly, a large part of PL-topology deals with continuous PL-maps between polyhedra,
but it seemsthat the “di erential geometry style' idea of looking at volume-preserving maps
has never beenstudied in this context (see[Br]).
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8.2. In caseof general convex bodies, cortin uous volume-preservingmaps appear in connec-
tion with Monge's masstransportation (optimal transportation) problemsand Monge-Ampere
equations (seee.g. [Caf, FM]). The uniquenessof solutions in this caseis especially intriguing
but seemsto have no analoguein our (polyhedral) situation. In fact, the proof has a large
exibilit y in the construction of the desired piecewise-linearmap, which is not surprising in the
absenceof a minimization functional.

Let us alsomertion the important Knothe map which is volume-preservingand upper trian-
gular [Kn]. It is usedwidely in corvex analysis.

8.3. Symplectomorphisms have often been found to behave in a matter similar to volume-
preserving di eomorphisms (seefor example[Mo]). It would be interesting to know if two PL-
manifolds, equipped with piecewiseconstart symplectic forms, and which are symplectomorphic
via a piecewisesmooth map, are also symplectomorphic via a PL map.

Let us emphasizethe distinction between manifolds with and without boundary, asin the
former caseGromov showed the result to be negative [Gr]. In the languageof polytopes, one
should require additional conditions on their geometry,

8.4. The resultsin this paper were motivated by combinatorial applications. In recert yearsit
was realized that many combinatorial bijections between Young tableaux, sud as RSK corre-
spondence,Hillman-Grassl and jeu-de-taquin bijection, etc., canin fact be extendedto cortin-
uous piecewise-linearmaps between corvex polytopes. We refer to [KB, P, PV] for references
and details.

Following the previous notation, let us denote such polytopesby P and Q, andby f : P! Q
the map as above. The set of integral points E(X); E(Q) in polytopes P;Q are in natural
bijection with the corresponding sets of Young tableaux, and f maps E(X) to E(Q). In other
words, the map f presenesthe integral lattice, and thus satis es the conditions of Theorem 2.

It is natural to ask how special are these ‘combinatorial maps', i.e. whether their existence
is in fact a delicate property of Young tableau bijections, or a general property of polytopes.
The results of this paper suggestthe latter.

On the other hand, let us point out the fundamertal di erences betweenthe constructions of
combinatorial mapsand the mapsproducedin the proof of Theorem 2. The combinatorial maps
are obtained as a small number of explicit and relatively simple “large scale' piecewise-linear
maps, eat contin uous and volume-preserving. This is in sharp cortrast with the mapsin this
paper which are inexplicit and “local', but are de ned directly (no compositions are needed). In
many ways, the combinatorial maps are closerin spirit to the mapsde ned in two-dimensional
case(Section 7). It would be interesting to formalize thesedi erences.

Let us mertion also that the above mentioned “conbinatorial' maps presene the Ehrhart
(quasi-) polynomials of the polytopes. Extending the secondpart of Theorem 2 in this direction
is an interesting question.

8.5. An important paper [S] gives an interesting example of a continuous piecewise-linear
volume-preservingmap betweentwo polytopes assaiated with nite posets. The map in this

caseis de ned explicitty and “in one step’, and a number of combinatorial applications are
obtained by a “transfer' of properties from one polytope to another.

8.6. For a piecewise-linearmap f : P ! Q between convex polytopes one can de ne the
complexity measure to be the number of simplices in the corresponding simplicial subdivi-
sionsof P and Q (where the map f is linear). For any two polytopes P;Q of equal volume
let c¢(P; Q) be the minimum complexity measureover all cortinuous piecewise-linearvolume-
reservingmapsf : P ! Q. Computing or at least nding sharp upper and lower bounds
on ¢(P; Q) is an interesting and challenging problem related to the geometry of polytopesand
motivated by combinatorial and computational applications.
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8.7. Finally, the existence of a cortinuous piecewise-linearvolume-preservingmap between
polytopes of equal volume raisesa natural question of explicitly constructing one. There are
seweral ways to approac this problem: from a traditional “mathematical’ point of view as well
as a question in Computational Geometry (see[GO]). We believe that the non-combinatorial
proof of the Moser Theorem (Lemma 2.3) can be perhaps modi ed so that our construction
becomesexplicit. On the other hand, we resene the judgemert whether our proof is really the
\pro of from the book"|p erhapsa radically di erent construction can avoid the complexity of
our approad.

In the spirit of Algebric Complexity Theory, one can also ask for the lower bounds on the
algorithm producing the map as above. We refer to [BCS] for the related idea and references.

Ac knowledgemen ts. We are grateful to SashaBarvinok, Kolya Dolbilin, Victor Guillemin,
David Jerison, Richard Stanley and Dylan Thurston for the interest in our work and help with
the references. The secondauthor was partially supported by the National Security Agency
and the National ScienceFoundation.

References

[Bo] V. G. Boltyanskii, Hilbert's Thir d Problem, John Wiley, New York, 1978.

[Br] J. L. Bryant, Piecewise linear topology, in Handbook of geometric topology (R. J. Daverman and
R. B. Sher, eds.), Elsevier, Amsterdam, 2002, 219{259.

[BCS] P. Burgisser, M. Clausen and M. A. Shokrollahi, Algebraic Complexity Theory, Springer, Berlin, 1997.

[Caf] L. Caarelli, The Monge-Amp ere equation and optimal transp ortation, an elementary review, in Optimal
transportation and applications, 1{10, Lecture Notes in Mathematics 1813, Springer, Berlin, 2003.

[Car] P. Cartier, Decomposition despolyedres: le point sur le troisi eme probl eme de Hilb ert (Seminar Bourbaki,
Vol. 1984/85), Asterisque 133-134 (1986), 261{288.

[FM] M. Feldman, R. McCann, Uniqueness and transp ort density in Monge's mass transp ortation problem,
Calc. Var. Partial Dier ential Equations 15 (2002), 81{113.

[GO] J. E. Goodman and J. O'Rourk e (eds.), Handbook of discrete and computational geometry, CRC Press,
Boca Raton, FL, 1997.

[Gr] M. Gromov, Soft and hard symplectic geometry, in Proceedings of the International Congress of Mathe-
maticians , Vol. 1, 2, 81{98, AMS, Providence, RI, 1987

[KB] A. N. Kirillo v and A. D. Berenstein, Groups generated by involutions, Gelfand-Tsetlin patterns, and
combinatorics of Young tableaux, Algebra i Analiz 7 (1995), 92{152.

[Kn] H. Knothe, Contributions to the theory of convex bodies, Michigan Math. J. 4 (1957), 39{52.

[Mi]  J. W. Milnor, Two complexes which are homeomorphic but combinatorially distinct, Ann. Math. (2) 74
(1961), 575{590.

[Mo] J. Moser, On the volume elements on a manifold, Trans. Amer. Math. Soc. 120 (1965), 286{294.

[P] I. Pak, Hook length formula and geometric combinatorics, Semin. Lothar. Comb. 46 (2001), B46f, 13 pp.

[PV] I. Pak and E. Vallejo, Young tableau bijections (2004), in preparation.

[RS] C. Rourke and B. Sanderson, Intr oduction to Piecewise-Linear Topology, Springer, Berlin, 1972.

[S] R. Stanley, Two poset polytop es, Discr ete Comput. Geom. 1 (1986), 9{23.



