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Abstract

Let M be a closedsymplectic manifold, and let k ¢k be a norm on the spaceof
all smooth functions on M , which are zero-meannormalized with respect to the
canonicalvolumeform. Weshow that if k¢k · Ck¢k1 , and k¢k is invariant under
the action of Hamiltonian di®eomorphisms,then it is also invariant under all
volume preservingdi®eomorphisms.We also prove that if k ¢k is, additionally ,
not equivalent to k ¢k1 , then the induced pseudo-distancefunction on the
group Ham(M ; ! ) of Hamiltonian di®eomorphismsof M vanishesidentically .
These results provide partial answers to questions raised by Eliashberg and
Polterovich in [4]. Both results rely on an extension of k ¢k to the spaceof
essentially boundedmeasurablefunctions, which is invariant under all measure
preserving bijections.

1 In tro duction and Results

Let (M ; ! ) be a closedconnectedsymplecticmanifold of dimension2n. Denoteby A
the spaceof all smooth functions on M which are zero-meannormalizedwith respect
to the canonical volume form ! n . The main object of our study is the in¯nite-
dimensionalLie group Ham(M ; ! ) of Hamiltonian di®eomorphismsof M . We refer
the readersto [6], [10] and [12] for symplectic preliminaries and further discussions
on the group of Hamiltonian di®eomorphisms.

It is well known that the Lie algebraof Ham(M ; ! ), that is the spaceof all Hamilto-
nian vector ¯elds, can be identi¯ed with the spaceA. Moreover, the adjoint action of
Ham(M ; ! ) on its Lie algebraA is the standard action of di®eomorphismson func-
tions. The choice of any norm k ¢k on A gives rise to a pseudo-distancefunction
on Ham(M ; ! ) in the following way: we de¯ne the length of a path ® : [0; 1] !
Ham(M ; ! ) as

lengthf ®g =
Z 1

0
k _®kdt =

Z 1

0
kFtkdt;
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where Ft (x) = F (t; x) is the Hamiltonian function generating the path ®. This
is the usual de¯nition of Finsler length. The distance between two Hamiltonian
di®eomorphismsis given by

½(Ã; ' ) = inf lengthf ®g;

where the in¯m um is taken over all Hamiltonian paths ® connecting Ã and ' . It
is not hard to check that ½ is non-negative, symmetric and satis¯es the triangle
inequality. Moreover, a norm on A which is invariant under the adjoint action yields
a bi-invariant pseudo-distancefunction, i.e. ½(Ã; ' ) = ½(µÃ; µ' ) = ½(Ã µ; ' µ) for
every Ã; '; µ 2 Ham(M ; ! ). From now on we will deal only with such norms and we
will refer to ½as the pseudo-distancegeneratedby the norm k ¢k.

It is highly non-trivial to check whether such a distancefunction is non-degenerate,
that is ½(1l; Ã) > 0 for Ã 6= 1l. In fact, for compactsymplecticmanifolds,a bi-invariant
pseudo-metric½on Ham(M ; ! ) is either a genuine metric or identically zero. This is
an immediate corollary of a well known theorem by Banyaga [1], which states that
Ham(M ; ! ) is a simple group, combined with the fact that the null-set

null(½) = f Ã 2 Ham(M ; ! ) j ½(1l; Ã) = 0g

is a normal subgroupof Ham(M ; ! ).

A distinguished result by Hofer [5] states that the L 1 norm k ¢k1 on A gives rise
to a genuine distance function on Ham(M ; ! ). This was discovered and proved by
Hofer for the caseof R2n , then generalizedby Polterovich [13] to somelarger class
of symplectic manifolds, and ¯nally proven in full generality by Lalonde and McDu®
in [8]. The abovementioned distancefunction is known asHofer'smetric and hasbeen
intensively studied sinceits discovery (seee.g.[6], [10], [12]). We alsorefer the reader
to Oh's paper [11] for another approach to the non-degeneracyof Hofer's metric, and
to Chekanov's paper [3] for a proof that an analogueof Hofer'smetric is (up to scaling)
the only non-degenerateHamiltonian-invariant Finsler metric (see[3] for the precise
de¯nition) on the spaceof LagrangiansubmanifoldsHamiltonian isotopic to a given
closedLagrangian. In the oppositedirection, Eliashbergand Polterovich showedin [4]
that for 1 · p < 1 , the pseudo-distanceson Ham(M ; ! ) which correspond to the L p

norms on A vanish identically. Thus, the following questionarisesfrom [4] and [12]:

Question: What are the invariant norms on A, and which of them give rise to
genuine bi-invariant metrics on Ham(M ; ! )?

Our main contributions towards answering this questionare

Theorem 1.1. Let k ¢k be a Ham(M ; ! )-invariant norm on A such that k ¢k ·
Ck ¢k1 for someconstant C. Then k ¢k is invariant under all measure preserving
di®eomorphismsof M .

Theorem 1.2. Let k¢k be a Ham(M ; ! )-invariant norm on A suchthat k¢k · Ck¢k1

for some constant C, but the two norms are not equivalent. Then the associated
pseudo-distance function ½on Ham(M ; ! ) vanishesidentically.
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Here, two norms are said to be equivalent, if each bounds the other up to a multi-
plicative constant.

The next result is a strengthenedformulation of Theorem 1.1 and a key ingredient
in the proof of Theorem 1.2. As the discussionbelow explains, it also bearson the
questionof classifyingHam(M ; ! )-invariant norms.

Theorem 1.3. Let k¢k be a Ham(M ; ! )-invariant norm on A suchthat k¢k · Ck¢k1

for someconstant C. Then k ¢k can be extended to a semi-norm jjj ¢jjj · Ck ¢k1 on
L1 (M ), which is invariant under all measure preservingbijections on M .

The formulation of the theoremstatesonly what is necessaryfor the proofs of Theo-
rems1.1 and 1.2. In fact we know more about jjj ¢jjj . First, jjj ¢jjj is a norm, rather
than just a semi-norm(namely, jjj ¢jjj doesnot vanishon non-zerofunctions). Second,
jjj ¢jjj , when restricted to zero-meanfunctions, coincideswith the completion of jj ¢jj .
Third, this completion can be viewed as a densesubspaceof the spaceof zero-mean
functions in L 1(M ), equipped with a norm invariant under measurepreservingbijec-
tions. The argument for the ¯rst claim is brie°y sketched in Remark 5.1, and that
for the secondand third claims is outlined in the ¯nal section. The ¯nal sectionalso
refers to literature concerningthe classi¯cation of such norms, and indicates their
possiblepathologies.

Structure of the pap er:

The next sectioncontains a fairly detailed outline of the proofsof our main theorems,
stressingthe main ingredients involved. The following two sectionspresent complete
proofsof Theorem1.3and Theorem1.2respectively. Section5 contains proofsof some
lemmas. The last sectioncontains a sketchy treatment of someadditional properties
of the norm jjj ¢jjj , together with somereferencesconcerningthe classi¯cation of such
norms.

2 Outline of the Pro ofs

As explained in the introduction, the degeneracyof the pseudo-distancefunction ½
(Theorem 1.2) is proved in [4] for L p norms, 1 · p < 1 . The only property of L p

actually used in that proof is, roughly speaking, that uniformly bounded functions
with small support have small norm. More precisely, in Section 4 we reproduce an
argument from [4] to show that the proof of Theorem 1.2 can be reduced to the
following

Claim 2.1. If supfk Fnk1 g < 1 and Vol
¡
Support(Fn )

¢
! 0, then kFnk ! 0.

Therefore, our main task is to prove this property for any norm which satis¯es the
requirements of Theorem 1.2. As will be explainedbelow, Theorem 1.3 allows us to
carry out the proof of this claim in a more amenablesetting.
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A natural approach to Claim 2.1 would be to considercharacteristic functions with
small-measuresupport ¯rst, then make the standardmove to step functions, and con-
clude with any smooth boundedfunction with small-measuresupport. The obvious
obstacleis that characteristic functions are not smooth, and are thereforeoutsideour
space.Hereonemay chooseto approximate them by smooth functions and work from
there. Wechose,however, to extendour setting soasto includegenuine characteristic
functions. This is whereTheorem 1.3 comesin. We will interrupt the discussionon
the proof of Claim 2.1 to discussthe proof of Theorem1.3.

Recall that our aim in Theorem 1.3 is to extend the given norm k ¢k to L 1 (M ).
For this purpose,we ¯rst extend our norm to all smooth functions, with averagenot
necessarilyzero(sincethis addsjust onedimensionto our original spaceof functions,
any two extensionsare equivalent). Next, we take advantage of the fact that C1 (M )
is densein L 1 (M ) with respect to the topologyof convergencein measure.We de¯ne

jjj F jjj = inf f lim inf
n!1

jjFn jjg;

where the in¯m um is taken over all sequencesf Fng of uniformly bounded smooth
functions which convergein measureto F .

Such constructions occur occasionallyin functional analysis, for instance in the ex-
tensionof the Riemann integral from continuousto semi-continuousfunctions (using
pointwise convergencefrom above/below), and in the extension of operator norms
from ¯nite-rank operators on a Banach spaceto approximable operators (using uni-
form convergenceon compacta). However, we are not aware of any similar construc-
tion which relieson convergencein measure.

We study jjj ¢jjj in Section3. First we con¯rm that jjj ¢jjj is a semi-normon L 1 (M )
which is dominated from above by k ¢k1 . We then go on to prove the non-trivial
propertiesof jjj ¢jjj : it coincideswith k¢k on smooth functions, and is invariant under
measurepreservingbijections. Formally:

Claim 2.2. For every F 2 A we havekF k = jjj F jjj .

Claim 2.3. For every F 2 L 1 (M ) and every measure preservingbijection ' on M
we have

jjj F ± ' jjj = jjj F jjj

In order to prove this secondproperty, recall that our original norm k ¢k is already
invariant under Hamiltonian di®eomorphisms.To extend the invariance we invoke
Katok's \Basic Lemma" from [7], which allows to approximate in measureany mea-
sure preservingbijection by a Hamiltonian di®eomorphism. More precisely, ¯x an
arbitrary Riemannianmetric d on M . We claim

Lemma 2.4. For every measure preservingbijection ' of M (not necessarily con-
tinuous) and every " > 0, there existsa Hamiltonian di®eomorphismg on M which
"-approximates' in measure, namely

Vol
¡
f x 2 M ; d(' (x); g(x)) > "g

¢
< "
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This result is of courseindependent of the speci¯c Riemannianstructure chosen.We
postpone the proof of the lemma to the last section of this paper. The proof of
Claim 2.3 follows easily from Lemma 2.4 and the de¯nition of jjj ¢jjj . Claim 2.2 and
Claim 2.3 concludethe proof of Theorem1.3.

With a measure-preserving-bijection-invariant extensionof jj ¢jj at our disposal, let's
return to the proof of Claim 2.1. Note that Claim 2.2 implies that it is su±cient to
prove Claim 2.1 for the norm jjj ¢jjj . The rest of this sectionis devoted to this issue.

Our argument dependson the fact, inspired by an argument from [14], that an op-
erator, which performspiecewiseaveragingon functions, is bounded. More precisely,
relying on the fact that jjj ¢jjj is invariant under measurepreservingbijections, we
prove that

Lemma 2.5 (Piecewise-Av eraging prop ert y). For everycontinuousF and every
measurablepartition f Si g of M , we have

jjj
X

i

hF i Si 1lSi jjj · jjj F jjj ;

where hF i Si = 1
Vol(Si )

R
Si

F ! n denotesthe averageof F over Si .

The proof of the lemma is postponed to the last section. Let us now explain how
this property serves to prove Claim 2.1. Fix " > 0. The hypothesisof Theorem 1.2
provides us with smooth functions F such that kF k1 = 1 while kF k = jjj F jjj · " .
Partition M into A and Ac = M nA, whereA is a small enoughneighborhood of the
maximum of F , such that jj1lA ¡ hF i A 1lA + hF i A c 1lA c jj 1 < ": Next, it follows from
Lemma 2.5, the fact that jjj ¢jjj is dominated from above by k ¢k1 , and the triangle
inequality that

jjj 1lA jjj · jj1lA ¡ hF i A 1lA + hF i A c 1lA c jj 1 + jjjhF i A 1lA + hF i A c 1lA c jjj · " + jjj F jjj · 2"

Since jjj ¢jjj is invariant under measurepreservingbijections, this applies to every
set B with the samemeasureas A. Thus, we establish Claim 2.1 for sequencesof
characteristic functions on sets with measuretending to zero. It is now a simple
approximation argument, which establishesClaim 2.1 asstated for smooth functions.
The details are given in Section4.

3 Pro of of Theorem 1.3

In this sectionwe construct the semi-normjjj ¢jjj , and prove its properties as stated
in Theorem 1.3. The ¯rst step towards the construction of jjj ¢jjj is an extensionof
the given norm to C1 (M ). Let C be a constant such that k ¢k · Ck ¢k1 . Endow
the spaceC1 (M ) of all smooth function on M with the norm k ¢k0 de¯ned by

kF k0 = inf
©

kF1k + CkF2k1 ; F = F1 + F2; F1 2 A; F2 2 C1 (M )
ª

:
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The above de¯nition is just the analytic presentation of the norm corresponding to
the convex hull of the unit ball of (A ; k ¢k) with the unit ball of (C1 (M ); k ¢k1 ), the
latter homothetically shrunk soas to ¯t inside the former when restricted to A . The
homogeneity of the newnorm is clear. To seethat the newnorm satis¯es the triangle
inequality, let F = F1 + F2 and G = G1 + G2 such that kF1k + CkF2k1 · kF k0+ ",
and kG1k + CkG2k1 · kGk0+ ". Then

kF + Gk0 · kF1 + G1k + CkF2 + G2k1

· (kF1k + CkF2k1 ) + (kG1k + CkG2k1 )

· kF k0+ kGk0+ 2":

The new norm is obviously Ham(M ; ! )-invariant. To seethat kF k0 · CkF k1 , just
substitute F1 = 0 and F2 = F in the de¯nition. To seethat k ¢k0 = k ¢k on A, let
F = F1 + F2 whereF1 2 A and F2 2 C1 (M ). ChoosingF1 = F and F2 = 0 proves
that kF k0 · kF k. For the opposite direction note that sinceF; F1 2 A, and since
F2 = F ¡ F1, the function F2 must alsobe in A . Therefore

kF k0 = inf
F = F 1+ F 2

©
kF1k+ CkF2k1

ª
¸ inf

F = F 1+ F 2

©
kF1k+ kF2k

ª
¸ inf

F = F 1+ F 2

kF1 + F2k = kF k

Now we are ready to extend our norm to the entire L 1 (M ). Using the sameconvex-
hull trick won't do (it would fail invariance under measurepreserving bijections).
Instead, we take advantage of the classicalfact that any measurablefunction can
be approximated in measurearbitrarily well by smooth functions (seee.g. [15]). We
de¯ne a newfunctional by taking the leastk¢k0 norm amongall such approximations.
Formally, we endow the spaceL 1 (M ) with

jjj F jjj = inf
n

lim inf
n!1

kFnk0
o

;

wherethe in¯m um is takenover all sequencesof uniformly boundedsmooth functions
f Fng which convergein measureto F .

It is clear that the new functional is homogeneous.To seethat it obeys the tri-
angle inequality, take f Fng and f Gng which satisfy lim inf kFnk0 · jjj F jjj + " and
lim inf kGnk0 · jjj Gjjj + " . Then

jjj F + Gjjj · lim inf kFn + Gnk0 · lim inf (kFnk0+ kGnk0) · jjj F jjj + jjj Gjjj + 2":

To seethat the new functional is still boundedby Ck ¢k1 , note that any essentially
boundedfunction F canbeapproximated in measureby smooth Fn 's with at most the
sameessential supremum. Indeed, take any approximation in measureFn of F , and
replaceit with sign(Fn ) ¢(f n ±jFn j), wheref n is a good enoughsmooth approximation
from below of the function f (s) : R+ ! R+ de¯ned by f (s) = minf s;kF k1 g. Taking
such Fn 's we get

jjj F jjj · lim inf kFnk0 · C lim inf kFnk1 · CkF k1 :

In order to completethe proof of Theorem1.3 we needthe following two claims.
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Claim 3.1. For every F 2 A we havekF k = kF k0 = jjj F jjj

Claim 3.2. For every F 2 L 1 (M ) and every measure preservingbijection ' on M
we have

jjj F ± ' jjj = jjj F jjj

In order to prove the ¯rst claim a certain technical lemma is needed. To state the
lemma, ¯x from now on an arbitrary Riemannian structure on M , and denoteby d
the corresponding distance function. Our results are, of course,independent of the
speci¯c Riemannianstructure chosen.

Lemma 3.3 (Co vering Evenly by Man y Packings). For every ± > 0 and " > 0
there existsa covering of M by connected open subsetsf U j

i g, where j = 1; : : : ; J and
i = 1; : : : ; L j , suchthat

(i) for every¯xed j , eachpair of setsf U j
i g havea positive distance from eachother.

(ii) the diameter of U j
i with respect to d is at most ± for all i and j .

(iii) for every x 2 M , the number of j 's for which x =2 [ i U
j
i is at most "J .

The proof of the lemma is postponedto the last sectionof this paper.

Pro of of Claim 3.1: The restricted equality k¢k = k¢k0 hasbeenprovedalongwith
the de¯nition of k ¢k0 above. Let's prove the restricted equality jjj ¢jjj = k ¢k0. By
choosingFn = F for all n in the de¯nition of jjj ¢jjj , we get jjj ¢jjj · k ¢k0. In order to
show that k ¢k0 · jjj ¢jjj , let F 2 A and let f Fng be a sequenceof uniformly bounded
smooth functions, which convergesin measureto F . We needto show that

lim inf
n!1

kFnk0 ¸ kF k0:

For this purpose we will construct a sequencef eFng which convergesuniformly to
F , such that kFnk0 ¸ k eFnk0. Since k ¢k0 · Ck ¢k1 , uniform convergenceimplies
convergencein k ¢k0, and we can conclude

lim inf
n!1

kFnk0 ¸ lim inf
n!1

k eFnk0 = kF k0:

Let us construct the sequencef eFng. Fix " > 0, and let ± > 0 such that every open
neighborhood of diameter 2± in M can be viewed asa neighborhood in R2n such that
the original d and the Euclidian distance are equivalent up to a factor 2. Take a
covering f U j

i g of M as in Lemma3.3 with the given " and ±. Take ´ < ±=6 such that
the 3´ -extensionsof any two sets U j

i with the samej still have a positive distance
betweenthem, and such that

d(x; y) · 2´ ) jF (x) ¡ F (y)j · ": (1)
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Set V j
i to be the 3´ -extensionof U j

i with respect to the distanced on M . The radius
´ waschosensuch that V j

i hasdiameter at most 2±, and can thereforebe viewed asa
neighborhood in R2n whered and the Euclideandistanceareequivalent up to a factor
2. In particular, any closedEuclideanball of radius ´ centered insideU j

i is contained
in V j

i . Denote by B ´ (x) the Euclidean ball of radius ´ around x. Requirement (1)
guaranteesthat ¯

¯hF i B ´ (x) ¡ F (x)
¯
¯ · ": (2)

Next ¯x n such that

Vol(f x : jFn (x) ¡ F (x)j > "g) <
" ¢jB ´ j

maxfjj Fn jj 1 ; jjF jj 1 g
;

wherejB ´ j is the measureof a Euclideanball of radius ´ . This is possiblesincef Fng
convergesto F in measure,and sincethe Fn 's are uniformly bounded. This choiceof
n implies that ¯

¯hFn i B ´ (x) ¡ hF i B ´ (x)

¯
¯ · 3": (3)

By the de¯nition of the integral, and the uniform continuity of Fn , there exist points
f xkgK

k=1 µ B ´ (0), whereK may be depend on n, such that for every x 2 U j
i

¯
¯
¯
¯
¯

1
K

KX

k=1

Fn
¡
x + xk

¢
¡ hFn i B ´ (x)

¯
¯
¯
¯
¯

· ":

Note that we have arranged that V j
i contains the closureof the ´ -extensionof U j

i .
Thus, using a standard cut-o® argument, we considerHamiltonian di®eomorphisms
g1

i;j ; : : : ; gK
i;j , all supported insideV j

i , de¯ned by gk
i;j (x) = x+ xk insideU j

i and gk
i;j (x) =

x outside a small neighborhood of U j
i . We thereforeget for all x 2 U j

i

¯
¯
¯
¯
¯

1
K

KX

k=1

Fn
¡
gk

i;j (x)
¢

¡ hFn i B ´ (x)

¯
¯
¯
¯
¯

· ": (4)

Note that for ¯xed j and k, the Hamiltonian di®eomorphismsf gk
i;j g have disjoint

supports, and can thereforebe bundled together to form a singledi®eomorphism.We
set

fFn (x) =
1
J

JX

j =1

³ 1
K

KX

k=1

Fn
¡Y

i

gk
i;j (x)

¢́
:

From the triangle inequality and the fact that the norm k ¢k0 is invariant under
Hamiltonian di®eomorphismswe concludethat kfFnk0 · kFnk0. Hence,we needonly
to show that kfFn ¡ F k1 ! 0 as " ! 0. Indeed,

fFn (x) =
1
J

µ X

j 2J (x)

³ 1
K

X

k

Fn
¡Y

i

gk
i;j (x)

¢́
+

X

j 2J c (x)

³ 1
K

X

k

Fn
¡Y

i

gk
i;j (x)

¢́
¶

;
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whereJ (x) = f j j x 2 [ i U
j
i g, J c(x) = f j j x =2 [ i U

j
i g. Recall that the third item of

Lemma3.3 limited the cardinality of J c(x) to at most "J for all x. Togetherwith (4)
this implies that

¯
¯
¯fFn (x) ¡

1
J

JX

j =1

¡
hFn i B ´ (x)

¢̄̄
¯ · "

jJ (x)j
J

+
jJ c(x)j

J
¢2maxkFnk1 · " + 2" ¢maxkFnk1

Togetherwith (2) and (3) we concludethat

¯
¯fFn (x) ¡ F (x)

¯
¯ ·

¯
¯
¯fFn (x) ¡

1
J

JX

j =1

¡
hFn i B ´ (x)

¢̄̄
¯ +

¯
¯
¯
1
J

JX

j =1

¡
hFn i B ´ (x)

¢
¡

1
J

JX

j =1

¡
hF i B ´ (x)

¢̄̄
¯

+
¯
¯
¯
1
J

JX

j =1

¡
hF i B ´ (x)

¢
¡

1
J

JX

j =1

¡
F (x)

¢̄̄
¯ +

¯
¯
¯
1
J

JX

j =1

¡
F (x)

¢
¡ F (x)

¯
¯
¯

· " + 2" ¢maxkFnk1 + 3" + " · 5" + 2" ¢maxkFnk1

Sincethe Fn 's are uniformly bounded, fFn indeedconvergesuniformly to F as " goes
to zero.

As explained in Section 2, the proof of Claim 3.2 is basedon a powerful result by
Katok [7] which is usedfor the proof of Lemma 2.4.

Pro of of Claim 3.2: TakeF 2 L 1 (M ) and ' a measure-preservingbijection on M .
Considera sequencef Fng of uniformly boundedsmooth functions which convergesin
measureto F . Let "n such that Fn is an "n -approximation in measureof F . Choose
positive numbers±n sothat d(x; y) · ±n ) jFn (x) ¡ Fn (y)j · "n . By repeatedlyusing
Lemma 2.4 we get a family of Hamiltonian di®eomorphismsf gng such that

Vol
¡
f x j d

¡
gn (x); ' (x)

¢
> ±ng

¢
· "n :

Obviously
¯
¯Fn

¡
gn (x)

¢
¡ F

¡
' (x)

¢̄̄
·

¯
¯Fn

¡
gn (x)

¢
¡ Fn

¡
' (x)

¢̄̄
+

¯
¯Fn

¡
' (x)

¢
¡ F

¡
' (x)

¢̄̄
:

Our choiceof "n , ±n and gn guaranteesthat the above sumis smaller than 2" n outside
a 2"n -measureexceptionalset, and thereforethat f Fn ± gng convergesin measureto
F ± ' . This and the invarianceof k ¢k0 imply that

jjj F ± ' jjj · lim inf
n

kFn ±gnk0 = lim inf
n

kFnk0:

Since this is true for any sequencef Fng of uniformly bounded smooth functions
which convergesin measureto F , we concludethat jjj F ±' jjj · jjj F jjj . Moreover, by
applying the sameargument to F ±' and ' ¡ 1 we obtain that jjj F jjj · jjj F ±' jjj , and
the proof is complete.
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4 Pro of of Theorem 1.2

Let ½be an intrinsic bi-invariant pseudo-distancefunction on Ham(M ; ! ) inducedby
someinvariant norm on A. In order to determinewhether ½is degenerateor not we
will usea criterion by Eliashberg and Polterovich [4]. This criterion is basedon the
following notion of \displacement energy" introducedby Hofer [5].

De¯nition 4.1. For every open subsetA ½ M de¯ne its displacement energy with
respect to the pseudo-distance ½as

e(A) = inf f ½(1l; Ã) j Ã 2 Ham(M ; ! ); Ã(A) \ A = ;g ;

and set e(A) = 1 if the aboveset is empty.

Theorem 4.2 (Eliash berg-P oltero vic h). If ½is a genuinemetric on Ham(M ; ! )
then the displacement energy of every non-emptyopen set is strictly positive.

This theorem allows to reduce the proof of Theorem 1.2 to showing that the dis-
placement energyof somesmall ball vanishes.An argument borrowed from [4], to be
presented immediately below, further reducesthe problem to

Claim 4.3. For every C0 > 0 and every " > 0 there exist ± = ±("; C0) such that for
every function F with kF k1 · C0 and Vol

¡
Support(F )

¢
< ± we havekF k < ".

Indeed, choose an embedded open ball B ½ M such that its boundary @B is an
embeddedsphere,and such that thereexistssomeHamiltonian isotopy f gtg, t 2 [0; 1],
generatedby a Hamiltonian function G(t; x) with g1(B ) \ B = ; . Denote by § t the
spheregt (@B). Considerthe function K (t; x) obtainedfrom G by smoothly cutting-o®
outsidea neighborhood Ut of § t . Note that the time-one-mapof K (t; x) alsodisplaces
B, i.e. k1(B ) \ B = ; . This is true sincefor every t 2 [0; 1] we have kt (@B) = gt (@B).
Using Claim 4.3, we note that by decreasingthe sizesof the neighborhoods Ut we can
make kK tk arbitrarily small. Hencethe displacement energyof the ball B vanishes.

We are thus left with proving Claim 4.3. As explainedin Section2, insteadof proving
it for k ¢k, we shall prove it for the extensionjjj ¢jjj announcedin Theorem1.3.

Pro of of Claim 4.3. Let 1lV stand for the characteristic function of the set V. We
¯rst prove that

jjj 1lV jjj ! 0 as Vol(V) ! 0: (5)

Sincek ¢k is not equivalent to k ¢k1 , and sincejjj ¢jjj is an extensionof k ¢k, for every
" > 0 there exists somefunction F 2 A with kF k = jjj F jjj · " , while kF k1 = 1.
Assumethat the maximum of F is obtained at somepoint x0 2 M and set U to be
a small-radius open set around x0. Continuity allows us to chooseU in such a way
that jF (x)j > 1 ¡ " for every x 2 U. Using the triangle inequality we obtain:

jjjhF i U ¢1lU jjj · jjjhF i U ¢1lU + hF i Uc ¢1lUc jjj + jjjhF i Uc ¢1lUc jjj ;
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whereUc = M n U. The left summandis estimatedvia Lemma 2.5. To estimate the
right summand,recall that Vol(U)hF i U + Vol(Uc)hF i Uc = hF i M = 0. Togetherwith
Lemma 2.5 we thereforeget:

jjjhF i U ¢1lU jjj · jjj F jjj + jjj
hF i U ¢Vol(U)

Vol(Uc)
¢1lUc jjj :

Now, sincejjj ¢jjj · Ck ¢k1 , and sincekhF i U ¢Vol(U)
Vol(Uc ) ¢1lUc k1 goesto zerowith Vol(U),

for U with small enoughmeasurewe get

jjjhF i U ¢1lU jjj · jjj F jjj + " · 2":

Due to the fact that jhF i U j > 1 ¡ " , taking " < 1=2 we get jjj 1lU jjj < 4". Sincejjj ¢jjj
is invariant under measurepreservingbijections, this appliesto every set V with the
samemeasureas U .

Now we can complete the proof of Claim 4.3. Let F 2 C1 (M ) be supported
in some compact set U ½ M with measure". Consider a ¯nite partition of U
into measurablesets f Si gN

i=1 with radius so small that uniform continuity a±rms
max(F jSi ) ¡ min(F jSi ) · " for every 1 · i · N . We have

jjj F jjj = jjj
NX

i =1

F ¢1lSi jjj · jjj
NX

i =1

¡
F ¡ F (´ i )

¢
¢1lSi jjj + jjj

NX

i =1

F (´ i ) ¢1lSi jjj ;

where ´ i is an arbitrary point in Si . Without loss of generality we assumethat
F (´ 1) · F (´ 2) · : : : · F (´ N ). Using the fact that jjj ¢jjj · Ck ¢k1 and the choiceof
the Si 's we get

jjj F jjj · Ck
NX

i =1

¡
F ¡ F (´ i )

¢
¢1lSi k1 + jjj

NX

i =1

F (´ i ) ¢1lSi jjj · C" + jjj
NX

i =1

F (´ i ) ¢1lSi jjj

Next, in order to bound the last term on the right, we useAbel's summation trick

jjj
NX

i =1

F (´ i ) ¢1lSi jjj = jjj
NX

i =1

¡
F (´ i ) ¡ F (´ i ¡ 1)

¢
¢1l S N

k = i Sk
jjj ;

whereF (´ 0) is de¯ned to be zero. Substituting this in the above inequality we con-
clude

jjj F jjj · C"+
³ NX

i =1

F (´ i )¡ F (´ i ¡ 1)
´

¢max
i

jjj 1l S N
k = i Sk

jjj · C"+2kF k1 ¢max
i

jjj 1l S N
k = i Sk

jjj :

Applying this estimate to a sequenceof functions as in the statement of the claim,
recalling that " = Vol(

S N
k=1 Sk) is the volume of the support, and relying on (5), the

proof of the claim is complete.
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5 Lemmas

Here we prove Lemma 2.4, Lemma 2.5 and Lemma 3.3. Recall that M is a closed
connectedsymplectic manifold and d is someRiemannianmetric on M .

Pro of of Lemma 2.4: Fix " > 0. Let f A i gN
i=1 be a family of compact measurable

disjoint subsetsof M such that the following two conditions hold:

1. The diameter of each set A i is at most " ,

2. Vol([ N
i=1 A i ) ¸ Vol(M ) ¡ " .

Next, let eB i = ' ¡ 1(A i ), and let B i be compactsubsetsof eB i , such that
P N

i =1 Vol( eB i n
B i ) < " . From Katok's Basic Lemma [7] we get a Hamiltonian di®eomorphismg
satisfying

NX

i =1

Vol(g(B i ) n A i ) · ":

We claim that g is a good approximation in measureof ' . To seethis, let Ci = f x 2
B i j g(x) 2 A i g and denoteby C = [ N

i=1 Ci . Note that

Vol(C) =
NX

i =1

Vol(Ci ) ¸
NX

i =1

Vol(B i ) ¡ " ¸
NX

i =1

Vol(A i ) ¡ 2" ¸ vol(M ) ¡ 3":

Moreover, for every x 2 C the points g(x) and ' (x) belong to the sameA i . Since
the diameter of the setsA i is at most " , we concludethat g is a 3"-approximation in
measureof ' .

Pro of of Lemma 2.5: In order to keepnotation simple, let's assumewe have only
two parts, S1 and S2. Fix " > 0. Partition S1 and S2 into disjoint measurablesets
f U1

j gJ1
j =1 and f U2

j gJ2
j =1 , respectively, such that the following two conditions hold:

1. All U1
j 's have the samemeasure,and all U2

j 's have the samemeasure,

2. Inside all U i
j 's the function F doesnot oscillate by more than ".

Choose' i
j ;k to be measurepreservingbijections, not necessarilycontinuous, which

map U i
j onto U i

k . For every permutation ¼ of the set f 1; : : : ; J i g, de¯ne ' i
¼(x) =

' i
j ;¼(j )(x) if x 2 U i

j , and ' i
¼(x) = x if x 62Si . Finally, de¯ne the measurepreserving

bijections ' ¼;¾ = ' 1
¼±' 2

¾. Sincejjj ¢jjj is invariant under measurepreservingbijections,
the triangle inequality yields

jjj
1

J1!J2!

X

¼;¾

F ± ' ¼;¾jjj · jjj F jjj :

12



Now, our choice of U i
j is such that for every x 2 U i

j we have jhF i U i
j

¡ F (x)j · " .
Togetherwith the equalmeasuresof the U i

j 's, this meansthat for x 2 U i
k we get

j
1
Ji

J iX

j =1

F ± ' i
k;j (x) ¡ hF i Si j · ":

We thus infer the inequality

k
1

J1!J2!

X

¼;¾

(F ± ' ¼;¾) ¡ (hF i S1 1lS1 + hF i S2 1lS2 )k1 · ":

Sincejjj ¢jjj · Ck ¢k1 , taking " to zeroconcludesthe proof.

Remark 5.1. If F is not continuous, then the choice of equal measureU i
j 's where

F has small oscillationsmay not be possible. The argument, however, can be easily
adaptedto include the non-continuouscaseaswell. Lemma2.5 is alsothe key behind
the proof that jjj ¢jjj is indeeda norm, namelythat it vanishesonly on the zerofunction.
Indeed,if jjj F jjj werezerofor a non-zeroF , a piecewiseaveragingof F would generate
a non-zerostepfunction with vanishingnorm. Then, further piecewiseaveragingsmay
be usedto producea sequenceof zeronorm step functions, which convergeuniformly
to a non-zero smooth function. This would mean that the original norm, which
coincideswith jjj ¢jjj on smooth functions, was already only a seminorm. We omit
the details, becauseour main results still hold even if jjj ¢jjj wereonly a seminorm.

Pro of of Lemma 3.3: According to Whitney's embedding theorem there exists a
smooth embedding ª : M ! RN for some(large enough)N . Next, for ®; ¯ 2 R set
®K + ¯ = f x 2 RN j 9 i such that x i ¡ ¯ 2 ®Zg. Roughly speaking,®K + ¯ standsfor
the homothetic imageof the \standard" grid in RN translated in the direction of the
vector (1; : : : ; 1). Fix J 2 N. For every 1 · j · J , let Gj be the ®

4J -extensionof the
grid ®K + ®j

J . Set f V j
i gL j

i =1 to be the connectedcomponents of ª( M ) \ (Gj )c. Note
that a single \cell" of (Gj )c may be split into several connectedcomponents when
intersectedwith ª( M ). However, by choosingthe embeddingcoordinate-functionsª i

to be Morse functions, we can guarantee that the number of connectedcomponents
is indeed¯nite. It may well be the casethat for a given j someV j

i 's are zero-distance
apart, but sinceour coordinatesare Morsefunctions, arbitrarily small translations of
Gj su±ce to guarantee positive distanceseparationbetweenall V j

i 's.

Now set U j
i = ª ¡ 1(V j

i ). The ¯rst property in the statement follows from the positive
distance between the V j

i 's. Compactnessguarantees that a small enough® implies
the secondproperty. The last property follows from the fact that, regardlessof J , the
intersection of any N + 1 di®erent extendedgrids Gj is empty. Taking J such that
N +1

J < " we are done.
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6 Further Information Concerning our Norms

Let k ¢k be a Ham(M ; ! )-invariant norm on A such that k ¢k · Ck ¢k1 for some
constant C. Let jjj ¢jjj be the extensionof k ¢k to L 1 (M ) constructed in the proof
of Theorem 1.3. The main objective of this section is to place the normed spaces¡
A ; k ¢k

¢
and

¡
L1 (M ); jjj ¢jjj

¢
in the context of Banach (i.e. topologically complete)

spacesof functions, so that existing knowledgefrom this ¯eld be madeapplicable to
our context. For this purpose,we needto be able to view our spacesas subspaces
of Banach spacesof functions. It can be easily seenthat if the original norm k ¢k
is equivalent to k ¢k1 , so is jjj ¢jjj , and we are in a Banach spacesetting. In the
non-equivalent casewe claim the following. Here k ¢k0 is the extensionsof k ¢k to
C1 (M ) constructedin the proof of Theorem1.3.

Prop osition 6.1. Let k¢k be a Ham(M ; ! )-invariant norm on A which is dominated
from aboveby k¢k1 , but not equivalentto it. The space

¡
L1 (M ); jjj ¢jjj

¢
then coincides

with a densesubspace of the completion of
¡
C1 (M ); k ¢k0

¢
. Moreover, this comple-

tion can be viewed as a densesubspace of the space L 1(M ) of integrable measurable
functions on M , equipped with a norm which is invariant under measure preserving
bijections.

Sketch of the pro of: To establish the relation betweenjjj ¢jjj and the completion
of jj ¢jj 0, we needto show that if f Fng is a sequenceof uniformly bounded smooth
functions tending in measureto F , then f Fng is a Cauchy sequencein k ¢k0 (which
is equivalent to showing that it is a Cauchy sequencein jjj ¢jjj ). Indeed, let Fn and
Fm both "-approximate F in measurefor somearbitrary small " . We can then write
Fn ¡ Fm = Gn;m + Hn;m , whereGn;m and Hn;m are smooth and uniformly bounded,
kGn;m k1 · 2" , and the measureof the support of Hn;m is at most 2". Claim 4.3 now
provesthat jjj Fn ¡ Fm jjj ! 0 as n; m ! 1 .

We turn now to the secondpart of the proposition. First we claim that there exists
someconstant C such that jjj F jjj ¸ CkF kL 1 for any essentially boundedmeasurable
function F . Indeed, set M F to be the median of F , namely the unique number
for which both Vol(f x 2 M j F (x) ¸ M F g) and Vol(f x 2 M j F (x) · M F g) are
at least half. Without loss of generality we may assumethat M F ¸ 0. Let f x 2
M j F (x) > M F g µ A µ f x 2 M j F (x) ¸ M F g, such that Vol(A) = 1

2. Finally,
let B = f x 2 M j F (x) ¸ 0g. We will argue under the assumption that F is zero-
mean;the extensionto generalF involvesadding just onedimensionto our spaceof
functions, and thereforefollows immediately. By Lemma 2.5 we obtain that

jjj F jjj ¸ jjjhF i A 1lA + hF i A c 1lA c jjj = hF i A jjj 1lA ¡ 1lA c jjj :

We clearly have

hF i A = 2
Z

A
F (x) ! n ¸ 2

Z

B ¡ A
F (x) ! n ;

and therefore
hF i A ¸

Z

B
F (x) ! n =

1
2

jjF jj L 1 :
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Togetherwith the aboveestimatefor jjj F jjj , this yields jjj F jjj ¸ 1
2 jjF jj L 1 ¢jjj 1lA ¡ 1lA c jjj .

The invariance property of the norm jjj ¢jjj implies that the value of jjj 1lA ¡ 1lA c jjj
dependsonly on the ¯xed Vol(A) = 1

2. Thus, the inequality is proved.

Now, every Cauchy sequenceof smooth functions in k ¢k0 (not necessarilyuniformly
bounded) is also a Cauchy sequencein L 1, and is therefore convergent in measure.
In order to regard this limit in measureas an element of the completion of k ¢k0,
we needto show that if two Cauchy sequencesin k ¢k0, f Fng and f Gng, convergein
measureto the sameF , then both sequenceshave the samelimit in the completion,
namely kFn ¡ Gnk0 ! 0. For this purposeset Hn = Fn ¡ Gn . By de¯nition, Hn

is a Cauchy sequencein k ¢k0 converging in L 1 and in measureto the zero function.
We needto prove that kHnk0 ! 0. Again, we will carry out the proof in jjj ¢jjj . By
taking small uniform perturbations we may also assumethat Vol(An ) ! 0, where
An = Support(Hn ). Next, by applying a slight variant of Lemma 2.5 we get

jjj Hn ¡ Hm jjj ¸ jjj (Hn ¡ Hm )1lA m + hHn ¡ Hm i A c
m

1lA c
m

jjj :

SincehHn ¡ Hm i A c
m

· kHn ¡ HmkL 1 ¢Vol(Ac
m ), this term goesto zero. We therefore

concludethat jjj (Hn ¡ Hm )1lA m jjj = jjj Hm ¡ Hn ¢1lA m jjj convergesto zero as n; m
increase.Due to Claim 4.3, for every ¯xed n the term jjj H n ¢1lA m jjj tends to zerowith
m. We thereforeconclude,as announced,that jjj Hm jjj ! 0.

Sincewe already know that jjj ¢jjj is invariant under measurepreservingbijections,
the proof that the completion is also invariant is straightforward. Note that since
we assumek ¢k is dominated by k ¢k1 , but not equivalent to it, Banach's Open
Map Theorem implies that the completion of k ¢k must in fact exceedthe spaceof
essentially boundedmeasurablefunctions. The proof is now complete.

The literature contains much information concerninga special subclassof the classof
Banach norms on spacesof functions, which are invariant under measurepreserving
bijections. This is the subclassof the so called RearrangementInvariant Function
Spaces. The main (but not only!) requirement is that the norm be monotonewith
respect to the natural partial order on non-negative functions. Since an explicit
formulation will drag us into a long list of de¯nitions which are not relevant for this
paper, we will make do herewith a reference.The book [2] introducesRearrangement
Invariant Function Spacesin Chapter 2, De¯nition 1.4 (which relieson De¯nitions 1.1
and 1.3 from Chapter 1). The main classi¯cation results are announcedin Chapter
2, Theorem5.15and in Chapter 3, Theorem2.12. Another thorough analysisfrom a
somewhatdi®erent point of view is available in [9] (De¯nitions 1.b.17and 2.a.1,and
the results of the secondsection).

Wecannot rule out the possibility that all normedspaces(A ; k¢k), which areinvariant
under Hamiltonian di®eomorphisms,can be viewed as subspacesof Rearrangement
Invariant Function Spaces.The following example,while not relating directly to the
issueunder discussion,serves to indicate the kind of pathologiesone might expect
from normsoutsidethis class.Takethe spaceA

L
B, whereB is the spaceof functions

on M which attain only ¯nitely many values. It is straightforward to seethat the
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sumis indeedan algebraicallydirect sum. For an element a+ b2 A
L

B considerthe
functional ka+ bk = kak1+ kbk1 . It is easyto check that k¢k is a norm invariant under
measurepreserving di®eomorphisms,but not under measurepreserving bijections
(we restrict our attention, of course,to measurepreservingbijections which keepthe
`rearranged'function inside our space). It is also not hard to seethat this norm is
not boundedby k ¢k1 .

Ac knowledgmen t: This work is a part of the ¯rst author's Ph.D. thesis, being
carried out under the supervision of ProfessorLeonid Polterovich at Tel-Aviv Uni-
versity. The ¯rst author would like to thank ProfessorPolterovich for his guidance,
encouragement and continual support. Both authors wish to thank ProfessorLeonid
Polterovich for a thorough review of the paper and many valuable suggestions,and
ProfessorVitali Milman for useful comments.

References

[1] Banyaga, A. Sur la structure du groupe desdi®¶eomorphismsqui pr¶eserventune
forme symplectique. Comment. Math. Helv. 53 (1978), no.2, 174-227.

[2] Bennett, C. and Sharpley, R. In terp olation of Op erators , Academic Press
(1988).

[3] Chekanov, Yu. V. Invariant Finsler metrics on the space of Lagrangian embed-
dings, Math. Z. 234 (2000), 605-619.

[4] Eliashberg, Y. and Polterovich, L. Bi-invariant metrics on the group of Hamilto-
nian di®eomorphisms,Internat. J. Math. 4 (1993), 727-738.

[5] Hofer, H. On the topological properties of symplectic maps. Proceedingsof the
Royal Society of Edinburgh, 115 (1990), 25-38.

[6] Hofer, H. and Zehnder,E. Symplectic invarian ts and Hamiltoniam dynam-
ics, BirkhÄauserAdvancedTexts, BirkhÄauserVerlag, 1994.

[7] Katok, A. Ergodic perturbations of degenerate integrable Hamiltonian systems,
Math, USSRIzvestija 7 (1973), 535-571.

[8] Lalonde, F. and McDu®, D. The geometry of symplectic energy, Ann. of Math
141 (1995), 349-371.

[9] Lindenstrauss,J. and Tzafriri, L. Classical Banac h Spaces, Vol. 2, Springer
Verlag (1977).

[10] McDu®, D. and Salamon, D. In tro duction to Symplectic Topology , 2nd
edition, Oxford University Press(1998).

[11] Oh, Yong-Geun.Lectures on the Floer theory and spectral invariants of Hamil-
tonian °ows. Preprint.

16



[12] Polterovich, L. The Geometry of the group of Symplectic Di®eomor-
phisms , Lecturesin Math, ETH, BirkhÄauser (2001).

[13] Polterovich, L. Symplectic displacementenergy for Lagrangian submanifolds.Er-
godic Theory and Dynamical Systems,13 (1993), 357-67.

[14] Polterovich, L. Hamiltonian loops from the ergodic point of view. J. Eur. Math.
Soc. 1 (1999), 87-107.

[15] Rudin, W. Real and Complex analysis , Third edition. McGraw-Hill Book
Co., New York, 1987

Yaron Ostrover Roy Wagner
School of Mathematical Sciences Computer ScienceDepartment
Tel Aviv University AcademicCollegeof Tel Aviv { Ya®o
Tel Aviv 69978,Israel 4 Antokolsky St., Tel Aviv 64044,Israel
yaronost@post.tau.ac.il rwagner@mta.ac.il

17


