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Abstract

Let M be a closedsymplectic manifold, and let k ¢k be a norm on the spaceof
all smooth functions on M, which are zero-meannormalized with respect to the
canonicalvolume form. Weshow that if kdk - Ckdk; , and kdk is invariant under
the action of Hamiltonian di®eomorphisms,then it is also invariant under all
volume preserving di®eomorphisms.We also prove that if k ¢k is, additionally,
not equivalert to k ¢ky , then the induced pseudo-distancefunction on the
group Ham(M ;! ) of Hamiltonian di®eomorphismsof M vanishesidentically.
These results provide partial answers to questions raised by Eliashberg and
Polterovich in [4]. Both results rely on an extension of k ¢k to the spaceof
essetially bounded measurablefunctions, which is invariant under all measure
preserving bijections.

1 Intro duction and Results

Let (M;!) be a closedconnectedsymplectic manifold of dimension2n. Denoteby A
the spaceof all smooth functionson M which are zero-meamormalizedwith respect
to the canonical volume form ! ". The main object of our study is the in nite-
dimensionalLie group Ham(M ;! ) of Hamiltonian di®eomorphismsf M. We refer
the readersto [6], [10] and [12] for symplectic preliminaries and further discussions
on the group of Hamiltonian di®eomorphisms.

It is well known that the Lie algebraof Ham(M ;! ), that is the spaceof all Hamilto-
nian vector elds, canbeidenti ed with the spaceA. Moreover, the adjoint action of
Ham(M;! ) onits Lie algebraA is the standard action of di®eomorphismson func-
tions. The choice of any norm k ¢k on A givesrise to a pseudo-distancefunction
on Ham(M;!) in the following way: we de ne the length of a path ® : [0;1] !
Ham(M;!) as Z, zZ,

lengthf ®g = k®kdt = kFkdt;
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where Fy(x) = F(t; x) is the Hamiltonian function generatingthe path ® This
is the usual de nition of Finsler length. The distance between two Hamiltonian
di®eomorphismss given by

%A ) = inf lengthf ®g;

where the in mum is taken over all Hamiltonian paths ® connectingA and ' . It
is not hard to chedk that “2is non-negative, symmetric and satis es the triangle
inequality. Moreover, a norm on A which is invariant under the adjoint action yields
a bi-invariant pseudo-distancefunction, i.e. “%A;"' ) = YuA;n' ) = %A 1) for
every A;; n2 Ham(M;!). From now on we will deal only with suc norms and we
will referto Y2asthe pseudo-distancegeneratedby the norm k ¢k.

It is highly non-trivial to ched whether sud a distance function is non-degenerate,
that is %41; A) > Ofor A 6 1. In fact, for compactsymplecticmanifolds, a bi-invariant
pseudo-metric2on Ham(M ;! ) is either a geruine metric or identically zero. This is
an immediate corollary of a well known theorem by Banyaga [1], which states that
Ham(M ;! ) is a simple group, combined with the fact that the null-set

null(*3 = fA2 Ham(M;!) j %1;A) = Og

is a normal subgroupof Ham(M;!).

A distinguished result by Hofer [5] statesthat the L; norm k ¢k; on A givesrise
to a geruine distance function on Ham(M;! ). This was discovered and proved by
Hofer for the caseof R?", then generalizedby Polterovich [13 to somelarger class
of symplectic manifolds,and nally provenin full generality by Lalonde and McDu®
in [8]. The above mertioned distancefunction is known asHofer'smetric and hasbeen
intensively studied sinceits discovery (seee.g.[6], [10],[12]). We alsoreferthe reader
to Oh's paper [1]] for another approad to the non-degeneracyf Hofer's metric, and
to Chekanov's paper [3] for a proof that an analogueof Hofer'smetric is (up to scaling)
the only non-degenerateHamiltonian-invariant Finsler metric (see[3] for the precise
de nition) on the spaceof Lagrangian submanifoldsHamiltonian isotopic to a given
closedLagrangian. In the oppositedirection, Eliashbergand Polterovich shovedin [4]

that for1- p< 1, the pseudo-distancesn Ham(M ;! ) which corresmpnd to the L,
normson A vanishidertically. Thus, the following questionarisesfrom [4] and [12):

Question: What are the invariant norms on A, and which of them give rise to
geruine bi-invariant metrics on Ham(M ;! )?

Our main cortributions towards answering this questionare
Theorem 1.1. Let k ¢k be a Ham(M ;! )-invariant norm on A suchthat k ¢k -

Ck ¢k, for someconstant C. Then k ¢k is invariant under all measure preserving
di®e@morphismsof M .

Theorem 1.2. Letkdk bea Ham(M ;! )-invariant norm on A suchthat kdk - Ckdk,
for some constant C, but the two norms are not equivalent. Then the asseiated
pseudo-distane function “20n Ham(M ;! ) vanishesidentically.
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Here, two norms are said to be equivalent if ead boundsthe other up to a multi-
plicative constart.

The next result is a strengthenedformulation of Theorem 1.1 and a key ingrediert
in the proof of Theorem 1.2. As the discussionbelow explains, it also bearson the
guestion of classifyingHam(M ;! )-invariant norms.

Theorem 1.3. Letkdk bea Ham(M ;! )-invariant norm on A suchthat kdk - Ckdk,
for someconstant C. Then k ¢k can be extende to a semi-norm jjj ¢jjj - Ck¢k; on
L, (M), whichis invariant under all measure preservingbijections on M .

The formulation of the theorem statesonly what is necessaryfor the proofs of Theo-
remsl.1and 1.2. In fact we know more about jjj ¢jjj. First, jjj ¢jjj is a norm, rather

jii ¢ijj ,» whenrestricted to zero-meanfunctions, coincideswith the completion of jj ¢jj.

Third, this completion can be viewed as a densesubspaceof the spaceof zero-mean
functionsin Ly(M), equipped with a norm invariant under measurepreservingbijec-
tions. The argumen for the rst claim is brie°y sketched in Remark 5.1, and that

for the secondand third claimsis outlined in the nal section. The nal sectionalso
refersto literature concerningthe classi cation of such norms, and indicates their

possiblepathologies.

Structure of the paper:

The next sectioncortains a fairly detailed outline of the proofs of our main theorems,
stressingthe main ingredierts involved. The following two sectionspresert complete
proofsof Theorem1.3and Theoreml.2respectively. Section5 cortains proofsof some
lemmas. The last sectioncortains a sketchy treatment of someadditional properties
of the norm jjj ¢jjj, together with somereferencesoncerningthe classi cation of such
norms.

2 Outline of the Pro ofs

As explainedin the introduction, the degeneracyof the pseudo-distancgunction %2
(Theorem 1.2) is proved in [4] for L, norms,1 - p< 1. The only property of L,
actually usedin that proof is, roughly speaking, that uniformly bounded functions
with small support have small norm. More precisely in Section4 we reproduce an
argument from [4] to show that the proof of Theorem 1.2 can be reducedto the
following

' ¢
Claim 2.1. If supk F,k; g< 1 and VoIISupport(Fn) I 0O, thenkF,k! O.

Therefore, our main task is to prove this property for any norm which satis es the
requiremerts of Theorem 1.2. As will be explainedbelow, Theorem 1.3 allows us to
carry out the proof of this claim in a more amenablesetting.



A natural approad to Claim 2.1 would be to considercharacteristic functions with
small-measuresupport rst, then make the standard moveto step functions, and con-
clude with any smooth bounded function with small-measuresupport. The obvious
obstacleis that characteristic functions are not smooth, and are thereforeoutside our
space.Hereonemay chooseto approximate them by smooth functions and work from
there. We chose,howewer, to extend our setting soasto include geruine characteristic
functions. This is where Theorem 1.3 comesin. We will interrupt the discussionon
the proof of Claim 2.1to discussthe proof of Theorem1.3.

Recall that our aim in Theorem 1.3 is to extend the given norm k ¢k to L, (M).
For this purpose,we rst extend our norm to all smooth functions, with averagenot
necessarilyzero(sincethis addsjust onedimensionto our original spaceof functions,
any two extensionsare equivalert). Next, we take advantage of the fact that C* (M)
isdensein L; (M) with respectto the topology of corvergencan measure.We de ne

JWiFji = infflim inf jjFajig;
n!

where the in mum is taken over all sequences F,,g of uniformly bounded smaooth
functions which corvergein measureto F.

Sud constructions occur occasionallyin functional analysis, for instancein the ex-
tension of the Riemannintegral from cortinuousto semi-corinuousfunctions (using
pointwise corvergencefrom above/below), and in the extension of operator norms
from nite-rank operators on a Banad spaceto approximable operators (using uni-
form corvergenceon compacta). Howewer, we are not aware of any similar construc-
tion which relieson corvergencein measure.

We study jjj ¢jjj in Section3. First we con rm that jjj ¢jjj is a semi-normon L, (M)
which is dominated from above by k ¢k; . We then go on to prove the non-trivial
properties of jjj ¢jjj : it coincideswith k ¢k on smooth functions, and is invariant under
measurepreservingbijections. Formally:

Claim 2.2. For everyF 2 A we havekFk = jjjFjjj.

Claim 2.3. For everyF 2 L, (M) and every measure preservingbijection ' on M
we have

F £ i = jiFii
In order to prove this secondproperty, recall that our original norm k ¢k is already
invariant under Hamiltonian di®eomorphisms.To extend the invariance we invoke
Katok's \Basic Lemma" from [7], which allows to approximate in measureany mea-

sure preserving bijection by a Hamiltonian di®eomorphism. More precisely x an
arbitrary Riemannianmetric d on M. We claim

Lemma 2.4. For every measute preservingbijection ' of M (not necessarily con-
tinuous) and every" > 0, there existsa Hamiltonian di®@morphismg on M which
"-approximates' in measure, namely

Vol fx 2 M ; d(' (x);g(x)) > "g. < "
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This result is of courseindependert of the speci ¢ Riemannianstructure chosen.We
postpone the proof of the lemma to the last section of this paper. The proof of
Claim 2.3 follows easily from Lemma 2.4 and the de nition of jjj ¢jjj. Claim 2.2 and
Claim 2.3 concludethe proof of Theorem 1.3.

With a measure-preserving-bijection-wariant extensionof jj ¢jj at our disposal, let's
return to the proof of Claim 2.1. Note that Claim 2.2 implies that it is sutcient to
prove Claim 2.1 for the norm jjj ¢jjj. The rest of this sectionis dewted to this issue.

Our argumert dependson the fact, inspired by an argumen from [14], that an op-
erator, which performs piecewiseaveragingon functions, is bounded. More precisely
relying on the fact that jjj ¢jjj is invariant under measurepreservingbijections, we
prove that

Lemma 2.5 (Piecewise-Av eraging prop erty). For everycontinuousF andevery
measurble partition fS;jg of M, we have
X
I Mg dsjij - JiiFi;

whee hFig = F! " denotesthe avelageof F over S;.

_ 1
VoI(Si) Si
The proof of the lemma is postponedto the last section. Let us now explain how
this property senesto prove Claim 2.1. Fix " > 0. The hypothesisof Theorem 1.2
provides us with smooth functions F sud that kFk; = 1 while kFk = jjjFjj - ".
Partition M into A and A°= M nA, whereA is a small enoughneighborhood of the
maximum of F, sud that jjda j HFiada + HFiacdacjjs < ™ Next, it follows from
Lemma 2.5, the fact that jjj ¢jjj is dominated from above by k ¢k; , and the triangle
inequality that

iAaJll - Jidai PRiada + BRiacdacfjs + JjhFiada + HEiacdac)jj - "+ JjjFjjj - 2"

Sincejjj ¢jjj is invariant under measurepreserving bijections, this appliesto ewery
set B with the samemeasureas A. Thus, we establish Claim 2.1 for sequence®f
characteristic functions on sets with measuretending to zero. It is now a simple
appraximation argumert, which establishesClaim 2.1 as stated for smooth functions.
The details are given in Section4.

3 Proof of Theorem 1.3

In this sectionwe construct the semi-normijjj ¢jjj, and prove its properties as stated
in Theorem 1.3. The rst step towards the construction of jjj ¢jjj is an extensionof
the givennorm to C! (M). Let C be a constart suc that k ¢k - Ck ¢k; . Endow

the spaceC! (M) of all smaooth function on M with the norm k ¢k° de ned by
a

©
kFK°= inf kFik+ CKkFok; ; F = F1+ Fy; F12A; F,2 CH(M) :
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The above de nition is just the analytic presenation of the norm correspnding to
the corvex hull of the unit ball of (A; k ¢k) with the unit ball of (Ct (M);k ¢k, ), the
latter homothetically shrunk soasto t inside the former whenrestrictedto A. The
homogeneiy of the newnorm is clear. To seethat the newnorm satis esthe triangle
inequality, let F = F; + F, and G = G; + G, sud that kF1k + CKkFok, - KFKO+ ",
and kG;k + CkG,k; - kGKk°+ ". Then

kF + GK° - KkF;+ G;k+ CkF,+ Gyk;
(kKF1k + CKF2k; ) + (kG1k + CKGk; )
KF Ko+ kGK°+ 2"

The new norm is obviously Ham(M ;! )-invariant. To seethat kFk®- CkFk; , just
substitute F; = 0 and F, = F in the de nition. To seethat k ¢k®= k ¢k on A, let
F=F.+F,whereF; 2 A andF, 2 C! (M). ChoosingF; = F and F, = 0 proves
that kFk®- kFk. For the opposite direction note that sinceF;F; 2 A, and since

F, = F i F4, the function F, must alsobe in A. Therefore
a a

© ©
kFk°= inf kFik+ CkFok; , inf kFik+kFk , inf KkFy+ Fok= kFk

F=F1+Fo F=F1+F»p F=F1+F»p

Now we are ready to extend our norm to the erntire L; (M). Usingthe samecorvex-
hull trick won't do (it would fail invariance under measurepreserving bijections).
Instead, we take advantage of the classicalfact that any measurablefunction can
be approximated in measurearbitrarily well by smaoth functions (seee.g.[15). We
de ne a newfunctional by taking the leastk ¢k°norm amongall suc approximations.

Formally, we endow the spacelL; (M) with
n 0
jiiFjjj = inf Iimlinf KF,K° ;
n!
wherethe in m um is taken over all sequencesf uniformly boundedsmaooth functions
f F,g which corvergein measureto F.

It is clear that the new functional is homogeneous. To seethat it obeys the tri-
angle inequality, take f F,g and f G,g which satisfy lim inf kF,k° - jjjFjjj + " and
lim inf KG,k°- jjjGjjj + ". Then
jiF + Gjij - liminf kF, + G,K°- lim inf(kF,k°+ kG,K% - jiiFiii + jii Gjij + 2"

To seethat the new functional is still boundedby Ck ¢k, , note that any essetially
boundedfunction F canbe appraximated in measureby smaoth F,'s with at mostthe
sameessetial suprenum. Indeed, take any approximation in measurefF, of F, and
replaceit with sign(F,) «f , £jF,j), wheref, is a good enoughsmaoth appraximation

from below of the function f (s) : R* | R* de ned by f (s) = minfs;kFk; g. Taking
sudh F,'s we get

jiFjij - liminf kF,k°- CliminfkF,k; - CKFKk; :
In order to completethe proof of Theorem 1.3 we needthe following two claims.
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Claim 3.1. For everyF 2 A we havekFk = kFk®= jjjFijjj

Claim 3.2. For everyF 2 L; (M) and every measure preservingbijection ' on M
we have

F £ i = jiFiij
In order to prove the rst claim a certain technical lemmais needed. To state the
lemma, x from now on an arbitrary Riemannian structure on M, and denoteby d

the correspnding distance function. Our results are, of course,independen of the
speci ¢ Riemannianstructure chosen.

Lemma 3.3 (Covering Evenly by Many Packings). For every+> Oand" > 0

(i) for every xed |, eachpair of setsf Uij g havea positive distance from each other.
(i) the diameter of Uij with respect to d is at most+ for all i and .

(i) for everyx 2 M, the numler of j's for which x 2 [ iUij is at most"J .
The proof of the lemmais postponedto the last sectionof this paper.

Pro of of Claim 3.1: The restricted equality k¢k = kk®hasbeenproved alongwith
the denition of k ¢k® above. Let's prove the restricted equality jjj ¢jjj = k ¢k% By
choosingF,, = F for all n in the de nition of jjj ¢jjj, we get jjj ¢jjj - k ¢k In orderto
shaw that k ¢k°- jjj ¢jjj, let F 2 A and let f F,g be a sequencef uniformly bounded
smaoth functions, which corvergesin measureto F. We needto shawv that

Iimlinf kF,k®, KkFk®
n!

For this purposewe will construct a sequencef IE,g which corvergesuniformly to
F, sucdh that kF,k° . kB, k. Sincek ¢k°- Ck ¢k, , uniform corvergenceimplies
corvergencein k ¢k° and we can conclude

lim inf kKF,K°, lim inf k,k°= kFKk®
n!l n!l

Let us construct the sequencd E,g. Fix " > 0, and let +> 0 sud that ewvery open
neighborhood of diameter 2+ in M can be viewed asa neighborhood in R?" sud that
the original d and the Euclidian distance are equivalert up to a factor 2. Take a
covering f U/ g of M asin Lemma3.3with the given" and +. Take " < +=6 such that
the 3" -extensionsof any two setsU! with the samej still have a positive distance
betweenthem, and sud that

dx;iy) - 2 ) JF(X)i F(yi- ™ (1)



SetV/ to bethe 3’ -extensionof U/ with respect to the distanced on M. The radius
" waschosensud that V! hasdiameter at most 2+, and can thereforebe viewed asa
neighborhood in R#" whered and the Euclideandistanceare equivalert up to afactor
2. In particular, any closedEuclideanball of radius~ certered inside U/ is cortained
in V. Denote by B-(x) the Euclidean ball of radius = around x. Requiremen (1)
guararteesthat - —

hFig. i F(X) - ™ (2)

Next x n sud that
" ¢B-j .
maxfjj Fnji1 ;jjFjj1 9’

Vol(fx :jFa(x) i F(x)j>"g) <

where|B- | is the measureof a Euclideanball of radius “. This is possiblesincef F,g
convergesto F in measure,and sincethe F,'s are uniformly bounded. This choice of
n implies that - -

hFnig i MFig () = 3" (3)

By the de nition of the integral, and the uniform cortinuity of F,, there exist points
fxkgk, u B-(0), whereK may be depend on n, sud that for every x 2 U!

i & :
Fn X+ X" i H:nIB'(x)

-1 X

k=1

Note that we have arrangedthat V! cortains the closureof the “-extensionof U! .
Thus, using a standard cut-o® argumern, we considerHamiltonian di®eomorphisms

x outside a small neighborhood of U! . We thereforeget for all x 2 U

-1 X i, ¢ T
—K I:n gi;j (X) [ H:nl B (x)— - (4)
k=1

Note that for xed j and k, the Hamiltonian di®eomorphismsf gi'fj g have disjoint
supports, and canthereforebe bundled togetherto form a singledi®eomorphism.We

set 0 i
1% 71 iY ¢
E.(x) = 7 « Fo g5 (x)
j=1 k=1 i
From the triangle inequality and the fact that the norm k ¢k° is invariant under
Hamiltonian di®eomorphismsve concludethat kf:nko- kF,k% Hence,we needonly

to show that kf:n i Fky ' Oas"! 0. Indeed,

Wx 2 9x Y COX TiX Y a
1 1 i ¢ 1 i ¢
Fa) = = = Fn gi0) + = Fn g5
T K | | K _
j23 (x) k i j23 °¢(x) k I



whereJ (x) = fjjx 2 [U'g, J¢(x) = fj jx 2 [ ;U g. Recallthat the third item of
Lemma3.3limited the cardinality of J °(x) to at most"J for all x. Togetherwith (4)
this implies that

- 11X 0 e I I S(X)]
‘f:n(x)i j IFFn'B'(x) ' "J g)J"'J J( )J

j=1

¢2maxkF.k; - "+ 2" ¢tmaxkF,k;

Togetherwith (2) and (3) we concludethat

. - 11X e Xy ¢ 11X ¢
_f:n(x)i F(x) - —f:n(x)i 3 hFnig )  + 3 hFnig () i 3 hFig. (x)
j=1 j=1 j=1
X e 1 X ¢ X ¢ -
+ 7 HFig (x) i 37 F(x) + 3 F(x) i F(x)
j=1 j=1 j=1

"+ 2" ¢maxkFpok; + 3"+ " - 5"+ 2" ¢maxkF,k;

Sincethe F,'s are uniformly bounded, E, indeed corvergesuniformly to F as" goes
to zero. O

As explainedin Section 2, the proof of Claim 3.2 is basedon a powerful result by
Katok [7] which is usedfor the proof of Lemma2.4.

Pro of of Claim 3.2: TakeF 2 L; (M) and' ameasure-preservingijection onM .
Considera sequencéd F,g of uniformly boundedsmooth functions which corvergesin
measureto F. Let ", sud that F, is an",-appraximation in measureof F. Choose
positive numbers, sothat d(x;y) - % ) jFan(X)i Fn(Y)j - "n. By repeatedlyusing
Lemma 2.4 we get a family of Hamiltonian di®eomorphismd g,g sud that

i ¢ ¢
Vol fxjd gn(x);" (X) > #g - "n:

Obviously

— i ¢ e — ¢ i ¢ — ¢ ¢
Fn gn(x) i F'(X) S gn(x) i l:n'(x) + Fnl(x) [ F'(X)

Our choiceof ", £, and g, guararteesthat the above sumis smallerthan 2", outside
a 2',-measureexceptionalset, and thereforethat fF, £ g,g corvergesin measureto
F ' . This and the invarianceof k ¢k imply that

WE £"jj - Iimninf KF, +g,k°= Iimninf KF, k%

Since this is true for any sequencef F,g of uniformly bounded smooth functions
which cornvergesin measureto F, we concludethat jjjF =" jj - JjjF]jjj. Moreover, by
applying the sameargumert to F +' and' ' ! we obtain that jjjFjjj - jjjF %' jjj, and
the proof is complete. O



4 Pro of of Theorem 1.2

Let Y2be an intrinsic bi-invariant pseudo-distancdunction on Ham(M ;! ) induced by
someinvariant norm on A. In order to determine whether %zis degenerateor not we
will usea criterion by Eliashberg and Polterovich [4]. This criterion is basedon the
following notion of \displacemert energy" introducedby Hofer [5].

De nition  4.1. For everyopen subsetA %2 M de ne its displa@ment enegy with
respect to the pseudo-distane Y2as

e(A) = inff%1;A) j A2 Ham(M;!); A(A)\ A= :g9;
and sete(A) = 1 if the alove setis empty.

Theorem 4.2 (Eliash berg-P oltero vich). If Y2is a genuinemetric on Ham(M;!)
then the displa@ment enegy of every non-empty open setis strictly positive.

This theorem allows to reducethe proof of Theorem 1.2 to shawing that the dis-
placemen energyof somesmall ball vanishes.An argumen borrowed from [4], to be
presened immediately below, further reducesthe problem to

Claim 4.3. For everyC°%> 0 and every" > 0 there exgist £ = +(*; C9 suchthat for
every function F with kFk; - C%and VoI Support(F) < xwehavekFk< ".

Indeed, choose an enmbedded open ball B %2 M sud that its boundary @ is an
embeddedsphere,and sud that there existssomeHamiltonian isotopy f g:g, t 2 [0; 1],
generatedby a Hamiltonian function G(t; x) with g;(B)\ B = ;. Denoteby §; the
sphereg,(@). Considerthe function K (t; x) obtainedfrom G by smoothly cutting-o®
outsidea neighborhood U, of 8;. Note that the time-one-mapof K (t; x) alsodisplaces
B,i.e. ky(B)\ B = ;. This is true sincefor every t 2 [0; 1] we have k(@B ) = ¢:(@B).
Using Claim 4.3, we note that by decreasinghe sizesof the neighborhoods U; we can
make kK (k arbitrarily small. Hencethe displacemen energyof the ball B vanishes.

We are thusleft with proving Claim 4.3. As explainedin Section2, instead of proving
it for k ¢k, we shall prove it for the extensionjjj ¢jjj announcedin Theorem1.3.

Pro of of Claim 4.3. Let 1, stand for the characteristic function of the setV. We
‘rst prove that
jidvij ! OasVol(V)! O: (5)

Sincek ¢k is not equivalent to k ¢k, , and sincejjj ¢jjj is an extensionof k ¢k, for every
" > 0 there exists somefunction F 2 A with kFk = jjjFjj - ", while kFk; = 1.
Assumethat the maximum of F is obtained at somepoint xo 2 M and setU to be
a small-radius open set around Xo. Continuity allows us to chooseU in sud a way
that jF(x)j > 1 " for every x 2 U. Using the triangle inequality we obtain:

fihFiy ¢Lyjij - jiihFiy €1y + hFiye Cdycjjj + jilhFiye ¢dyejij;
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whereU®= M nU. The left summandis estimatedvia Lemma?2.5. To estimate the
right summand,recall that Vol(U)hFiy + Vol(U°)hFiyc = hFiy = 0. Togetherwith
Lemma 2.5 we therefore get:

iy ¢Vol(U)

—Voiuey el

lihFiy ¢1ojij - JiiFiii + i
Now, sincejjj ¢jjj - Ck ¢k, , and sincek% ¢1yck; goesto zerowith Vol(U),
for U with small enoughmeasurewe get

fihFiy ¢1ujjj - JiiFjj+" - 2
Due to the fact that jhFiyj > 1 ", taking " < 1=2 we get jjj 1ujjj < 4". Sincejjj ¢jjj

is invariant under measurepreservingbijections, this appliesto ewvery setV with the
samemeasureas U .

Now we can complete the proof of Claim 4.3. Let F 2 C! (M) be supported
in somecompact set U %2 M with measure". Considera nite partition of U
into measurablesets f Sigl; with radius so small that uniform cortinuity atrms
max(Fjs)i min(Fjs) - " forewveryl:- i- N. Wehave

. D, e X
HiFii =10 Feisjj- ji  Fi FCi) s +iii  F(i) ¢dsii;
i=1 i=1 i=1

where “; is an arbitrary point in S;. Without loss of generality we assumethat

F("1) - F(2) - :::- F(n). Usingthe fact that jjj ¢jjj - Ck ¢k, and the choice of

the Si's we get

X N R R

iFl - Ck Fi F(i) sk +jjj  FCi)Clsjj - C"+jj  F(i) s jj]
i=1 i=1 i=1

Next, in order to bound the last term on the right, we useAbel's summationtrick

R A B , ¢
n F(Ci) ¢ls il = ij FCi F(Cii) €1 Sn_s s
i=1 i=1
whereF (" o) is de ned to be zero. Substituting this in the above inequality we con-
clude

3)@ ’
iiFii - C+  FC)iF(ia) maxjilsy g i - C'+2kFk, Maxjjl sy g jii:
i=1
Applying this estlmat%to a sequenceof functions asin the statemer of the claim,

recalling that " = Vol( ,_; Sx) is the volume of the support, and relying on (5), the
proof of the claim is complete.

O]
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5 Lemmas

Here we prove Lemma 2.4, Lemma 2.5 and Lemma 3.3. Recallthat M is a closed
connectedsymplectic manifold and d is someRiemannian metric on M.

Pro of of Lemma 2.4: Fix " > 0. Let fA;gl; be afamily of compact measurable
disjoint subsetsof M sud that the following two conditions hold:

1. The diameter of eat setA; is at most",

2. Vol([ L, A), VolM)j ™.

C1 P N
Next, let B = ' P 1(A;), and let B; be compactsubsetsof B;, sud that .2, Vol(Bin
Bi) < ". From Katok's Basic Lemma [7] we get a Hamiltonian di®eomorphismg
satisfying

Vol(g(Bi) nAj) - ™

i=1

We claim that g is a good approximation in measureof ' . To seethis, let C; = fx 2
Bijg(x) 2 Ajg and denoteby C = [ \; C;. Note that

X X X
Vol(C) = Vol(C).  VoI(B)i ".  Vol(A)i 2'. vol(M)i 3"

i=1 i=1 i=1

Moreover, for every x 2 C the points g(x) and ' (x) belongto the sameA;. Since
the diameter of the setsA; is at most", we concludethat g is a 3"-appraximation in
measureof ' . O

Pro of of Lemma 2.5: In order to keepnotation simple, let's assumewe have only
two parts, S; and S,. Fix " > 0. Partition S; and S, into disjoint measurablesets
fU'g’, and fU?g’2, , respectively, such that the following two conditions hold:

1. All Ujl's have the samemeasure,and all sz's have the samemeasure,

2. Inside all UJ-i 's the function F doesnot oscillate by more than ".

Choose' };k to be measurepreservingbijections, not necessarilycortinuous, which
map Uj onto Uy. For ewvery permutation Y2of the setf1;:::;Jig, dene';(x) =
' J!;1/4(1.)(x) if x 2 U/, and " ;(x) = x if x 625;. Finally, de ne the measurepreserving
bijections' v, = ' L' 2. Sincejjj §jj is invariant under measurepreservingbijections,
the triangle inequality yields

X

F 2"yl - TiFi:

Y4

W33,

12



Now, our choice of U/ is sudh that for every x 2 U/ we have jhFiy i F(x)j -
Togetherwith the equal measureof the Uji 's, this meansthat for x 2 U} we get

1 X . o
JI Fi'L;j(x)i Hrigj- ™
=1

We thus infer the inequality

1 . .
K (F £ 1/43/4) i (H:|51 131 + rFISz:I-Sz)kl -
J1J,! Vi
Sincejjj ¢jjj - Ck ¢k, , taking " to zeroconcludesthe proof. O

Remark 5.1. If F is not cortinuous, then the choice of equal measureri 's where
F hassmall oscillations may not be possible. The argumert, howewer, can be easily
adaptedto include the non-cortinuouscaseaswell. LemmaZ2.5is alsothe key behind
the proofthat jjj gjj isindeeda norm, namelythat it vanishesonly onthe zerofunction.
Indeed, if jjj Fjjj werezerofor a non-zeroF, a piecewiseaveragingof F would generate
anon-zerostepfunction with vanishingnorm. Then, further piecewiseaveragingsmay
be usedto producea sequencef zeronorm step functions, which corvergeuniformly
to a non-zerosmaooth function. This would mean that the original norm, which
coincideswith jjj ¢jjj on smooth functions, was already only a seminorm. We omit
the details, becauseour main results still hold even if jjj ¢jjj wereonly a seminorm.

Pro of of Lemma 3.3: According to Whitney's embedding theorem there exists a
smooth embedding2 : M ! RN for some(large enough)N. Next, for ® 2 R set
®K+ =fx2RVj9isudthat x;j ~ 2 ®g. Roughly speaking,®K + ~ standsfor

the homothetic imageof the \standard" grid in RN translated in the direction of the

vector (1;:::;1). Fix J 2 N. Forewery1- j - J, let G; bethe %-extensionof the

grid ®K + % Setf\/ij giszl to be the connectedcomponerts of 2( M)\ (Gj)°. Note
that a single\cell" of (G;)¢ may be split into sewral connectedcomponerts when
intersectedwith 2( M ). Howeer, by choosingthe embedding coordinate-functions? ;

to be Morse functions, we can guarartee that the number of connectedcomponerts

isindeed nite. It may well be the casethat for a givenj someV,'s are zero-distance
apart, but sinceour coordinatesare Morse functions, arbitrarily small translations of
G; sutce to guarartee positive distance separationbetweenall V/!'s.

Now set Uij =ai 1(\/ij ). The rst property in the statemert follows from the positive
distance betweenthe V/'s. Compactnessguararteesthat a small enough® implies
the secondproperty. The last property follows from the fact that, regardlessf J, the
intersectionof any N + 1 di®eren extendedgrids G; is empty. Taking J sud that

NoL < " wearedone. O
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6 Further Information Concerning our Norms

Let k ¢k be a Ham(M ;! )-invariant norm on A sud that k ¢k - Ck ¢k; for some
constart C. Let jjj ¢jjj be the extensionof k ¢k to L, (M) constructedin the proof

of Theogem 1. 3 The main quectlve of this sectionis to place the normed spaces
A k ¢k and Ll (M);jij ¢ijj in the cortext of Banad (i.e. topologically complete)

spacesof functions, sothat existing knowledgefrom this eld be made applicable to

our corntext. For this purpose,we needto be able to view our spacesas subspaces
of Banad spacesof functions. It can be easily seenthat if the original norm k ¢k

is equivalert to k ¢k; , sois jjj ¢jjj, and we are in a Banadc spacesetting. In the

non-equialert casewe claim the following. Here k ¢k° is the extensionsof k ¢k to

C! (M) constructedin the proof of Theorem1.3.

Prop osition 6.1. Letk¢k be a Ham(M ;! )-invariant norm on A whighis dominated
from aloveby kdk, , but not equivalentto it. I'I'he space L1 ¢M);jjj gjj thencoincides
with a densesubspce of the completion of C! (M); k ¢kO . Moreover, this comple-
tion can be viewal as a densesubspce of the space L1(M) of integrable measurable
functions on M, equipped with a norm which is invariant under measure preserving

bijections.

Sketch of the proof: To establishthe relation betweenjjj ¢jjj and the completion
of jj ¢jj°% we needto show that if fF,g is a sequenceof uniformly bounded smooth
functions tending in measureto F, then fF,g is a Caudy sequencean k ¢k° (which
is equivalert to showing that it is a Caudy sequencen jjj ¢jj). Indeed,let F, and
Fn both "-approximate F in measurefor somearbitrary small". We can then write
Frni Fm = Gum + Hum, WhereG., and Hy,.,, are smooth and uniformly bounded,
kGnmky - 2", and the measureof the support of H,.,, is at most2'. Claim 4.3 now
provesthat jjjF,j Fmjj! Oasn;m! 1.

We turn now to the secondpart of the proposition. First we claim that there exists
someconstart C sud that jjjFjj , CkFk_, for any essetially boundedmeasurable
function F. Indeed, set Mg to be the median of F, namely the unique number
for which both Vol(fx 2 M jF(x) , Mgg) and Vol(fx 2 MjF(x) - Mgg) are
at least half. Without loss of generality we may assumethat Mg , 0. Let fx 2
MjF(X) > MEg L A fx 2 MjF(X) , Mgg, sud that Vol(A) = % Finally,
let B =fx2 MjF(x), 0g. We will argue under the assumptionthat F is zero-
mean;the extensionto generalF involvesadding just one dimensionto our spaceof
functions, and thereforefollows immediately. By Lemma 2.5 we obtain that

iFji, lihFiada+ bFiacdacij = PFiAfjIa i Tacji:
We clearly have 7 7
hFia=2 FMX)!", 2 F(x)!";

A Bi A
and therefore Z 1
HFia, F(x)!"= Eijijl:
B
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Togetherwith the above estimatefor jjj Fjjj, this yieldsjjj Fjjj . %ijijldjjj 100 1acjjj.
The invariance property of the norm jjj ¢jjj implies that the value of jjjda i 1acjj]
dependsonly on the xed Vol(A) = % Thus, the inequality is proved.

Now, every Caudty sequencef smooth functions in k ¢k° (not necessarilyuniformly
bounded) is also a Caudy sequencen L4, and is therefore corvergert in measure.
In order to regard this limit in measureas an elemen of the completion of k ¢k®,
we needto shaw that if two Caudy sequencesn k ¢k° fF,g and f G,g, corvergein
measureto the sameF, then both sequencesave the samelimit in the completion,
namely kF, i G,k°! 0. For this purposesetH, = F, i G,. By denition, H,
is a Caudy sequencen k ¢k° corvergingin L, and in measureto the zero function.
We needto prove that kH, k%! 0. Again, we will carry out the proof in jjj ¢jjj. By
taking small uniform perturbations we may also assumethat Vol(A,) ! 0, where
A, = Support(H,). Next, by applying a slight variant of Lemma 2.5 we get

iHn i Hmiii . Jii(Hoi Hn)da, + MH i Hmiag ag il

SincehHp i Hmiag - kHp i Hpky, ¢VOI(AL), this term goesto zero. We therefore
concludethat jjj(Hn i Hm)da,. 0l = JiHm i Hn €14, ]jj convergesto zeroas n;m
increase.Due to Claim 4.3, for every xed n the term jjjH,, ¢1,_jjj tendsto zerowith
m. We therefore conclude,as announced,that jjjHnqjjj ! O.

Sincewe already know that jjj ¢jjj is invariant under measurepreservingbijections,
the proof that the completion is also invariant is straightforward. Note that since
we assumek ¢k is dominated by k ¢k; , but not equivalert to it, Banad's Open
Map Theorem implies that the completion of k ¢k must in fact exceedthe spaceof
essenhally boundedmeasurablefunctions. The proof is now complete. O

The literature cortains much information concerninga special subclassof the classof
Banad norms on spacesof functions, which are invariant under measurepreserving
bijections. This is the subclassof the so called Rearrangementinvariant Function
Spces The main (but not only!) requiremern is that the norm be monotonewith
respect to the natural partial order on non-negative functions. Since an explicit
formulation will drag usinto a long list of de nitions which are not relevant for this
paper, we will make do herewith areference.The book [2] introducesRearrangemen
Invariant Function Spacesn Chapter 2, De nition 1.4 (which relieson De nitions 1.1
and 1.3 from Chapter 1). The main classi cation results are announcedin Chapter
2, Theorem5.15and in Chapter 3, Theorem2.12. Another thorough analysisfrom a
somewhatdi®eren point of view is available in [9] (De nitions 1.b.17and 2.a.1,and
the results of the secondsection).

We cannotrule out the possibility that all normedspaceqA ; ki), which areinvariant
under Hamiltonian di®eomorphismsgcan be viewed as subspacef Rearrangemen
Invariant Function Spaces.The following example,while not relating directly to the
issueunder discussion,senesto indicate the lf_ind of pathologiesone might expect
from normsoutsidethis class. Takethe spaceA B, whereB is the spaceof functions
on M which attain only nitely many values. It is straightforward to seethat the
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sumis indeedan algebraicallydirect sum. For an elemen a+ b2 A - B considerthe
functional ka+ bk = kak;+ kbk; . It is easyto ched that kdk is a norm invariant under
measurepreserving di®eomorphisms,but not under measure preserving bijections
(we restrict our attention, of course,to measurepreservingbijections which keepthe
‘rearranged'function inside our space). It is also not hard to seethat this norm is
not boundedby k ¢k, .
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