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Abstract: In this work we prove a Brunn-Minkowski-type inequality in the context
of symplectic geometry and discusssomeof its applications.

1 In tro duction and Results

In this note we examinethe classicalBrunn-Minkowski inequality in the context of
symplecticgeometry. Instead of consideringvolume, as in the original inequality, the
quantit y weareinterestedin is a symplecticcapacity, givenby the minimal symplectic
area of a closedcharacteristic on the boundary of a convex domain. To explain the
setting, the main results, and their signi�cance, we start with an introduction.

1.1 The Brunn-Mink owski inequalit y

Denote by Kn the classof convex bodies in Rn , that is, compact convex sets with
non-empty interior. The Brunn-Minkowski inequality, in its classical formulation,
statesthat if K and T are in K n , then

(Vol(K + T))
1
n � (Vol(K ))

1
n + (Vol(T))

1
n ;

where Vol denotesthe n-dimensional volume (i.e, the Lebesguemeasure)and the
Minkowski sum of two bodies is de�ned by

K + T = f x + y : x 2 K ; y 2 Tg:

� The �rst and secondnamed authors were both partially supported by BSF grant no. 2006079.
This �rst namedauthor waspartially supported by the ISF grant No. 865/07, and the secondnamed
author was partially supported by NSF grant DMS-0706976.
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Moreover, equality holds if and only if K and T are homothetic, or in other words,
coincideup to translation and dilation.

The Brunn-Minkowski inequality is a fundamental result in convex geometryand
has innumerableapplications, the most famousof which is probably a simple proof
of the isoperimetric inequality. We recall that in fact it is known that the Brunn-
Minkowski inequality holds for any two measurablesets(while the equality condition
requiresconvexity, or somespecial form of non-degeneracy).The inequality is con-
nectedwith many other important inequalities such as the isoperimetric inequality,
the Sobolev and the Log-Sobolev inequalities, and the Pr�ekopa-Leindler inequality.
Moreover, the Brunn-Minkowski inequality has diverseapplications in analysis, ge-
ometry, probability theory, information theory, combinatorics, physicsand more. We
refer the readerto [15] for a detailed survey on this topic.

Oncethe importanceof the Brunn-Minkowski inequality wasrealized,much e�ort
was invested in looking for analogousinequalities in other areas of mathematics.
Recently, inequalities of Brunn-Minkowski type were proved for various well known
functionals other than volume. Two examplesof thesefunctionals, which are related
with calculusof variation and with elliptic partial di�erential equations,are the �rst
eigenvalue of the Laplaceoperator [6] and the electrostatic capacity [5]. In this note
we concentrate on a symplecticanalogueof the inequality. To explain it, we turn now
to the framework of symplectic geometry.

1.2 Symplectic Capacities

Considerthe 2n-dimensionalEuclideanspaceR2n with the standardlinear coordinates
(x1; y1; : : : ; xn ; yn ). One equips this spacewith the standard symplectic structure
! st =

P n
j =1 dxj ^ dyj , andwith the standardinner product gst = h�; �i . Note that under

the identi�cation betweenR2n and Cn , thesetwo structuresare the real and the imag-
inary parts of the standard Hermitian inner product in Cn , and ! st (v; Jv) = hv; vi ,
whereJ is the standard complexstructure on R2n . Recall that a symplectomorphism
of R2n is a di�eomorphism which preservesthe symplecticstructure i.e.,  2 Di� (R2n )
such that  � ! st = ! st . In what follows we denoteby Symp(R2n ) the group of all the
symplectomorphismsof R2n .

Symplecticcapacitiesare symplectic invariants which, roughly speaking,measure
the symplectic sizeof subsetsof R2n . More precisely,

De�nition 1.1. A symplectic capacity on (R2n ; ! st ) associatesto eachsubsetU � R2n

a number c(U) 2 [0; 1 ] suchthat the following three properties hold:

(P1) c(U) � c(V) for U � V (monotonicity)

(P2) c
�
 (U)

�
= j� j c(U) for  2 Di� (R2n ) suchthat  � ! st = � ! st (conformality)
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(P3) c
�
B 2n (r )

�
= c

�
B 2(r ) � Cn� 1

�
= � r 2 (nontriviality and normalization),

where B 2k(r ) is the open 2k-dimensionalEuclidean ball of radius r . Note that the
third property disquali�es any volume-relatedinvariant, while the �rst two properties
imply that for two sets U;V � R2n , a necessarycondition for the existenceof a
symplectomorphism such that  (U1) = U2 is that c(U1) = c(U2) for each symplectic
capacity c.

A priori, it is unclear that symplectic capacitiesexist. The �rst example of a
symplectic capacity is due to Gromov [16]. His celebratednon-squeezingtheorem
states that for R > r the ball B 2n (R) doesnot admit a symplectic embedding into
the symplectic cylinder Z 2n (r ) := B 2(r ) � Cn� 1. This theorem led to the following
de�nitions:

De�nition 1.2. The symplectic radius of a non-emptyset U � R2n is

cB (U) := sup
�

� r 2 j There exists  2 Symp(R2n ) with  
�
B 2n (r )

�
� U

	
:

The cylindrical capacity of U is

cZ (U) := inf
�

� r 2 j There exists  2 Symp(R2n ) with  (U) � Z 2n (r )
	

:

Note that both the symplectic radius and the cylindrical capacity satisfy the
axioms of De�nition 1.1 by the non-squeezingtheorem. Moreover, it follows from
De�nition 1.1 that for every symplectic capacity c and every open set U � R2n we
have cB (U) � c(U) � cZ (U).

The aboveaxiomatic de�nition of symplecticcapacitiesis originally dueto Ekeland
and Hofer [12]. Nowadays, a variety of symplectic capacitiesare known to exist. For
detailed discussionson symplectic capacitiesand their properties we refer the reader
to [7], [17], [18], [20], [22] and [29].

In this note we mainly concentrate on two important examplesof symplectic
capacitieswhich arosefrom the study of periodic solutions of Hamiltonian systems.
These are the Ekeland-Hofer capacity cE H introduced in [12], [13] and the Hofer-
Zehndercapacity cH Z introducedin [19]. Theseinvariants have several applications,
among them are a new proof of Gromov's non-squeezingtheorem, and a proof of
the existenceof closedcharacteristics on or near an energy surface (see e.g [18]).
They also have an important role when studying the Hofer geometry on the group
of Hamiltonian di�eomorphisms (seee.g [18]). Moreover, it is known that on the
classof convex bodies in R2n , thesetwo capacitiescoincide,and can be represented
by the minimal symplectic area of a closedcharacteristic on the boundary of the
convex domain. Sincein this note we are concernedonly with convex sets,we omit
the generalde�nitions of thesetwo capacities,and give a de�nition which coincides
with the standard oneson the classof convex domains. This is donein Theorem1.3
below. Next we turn to somebackground on Hamiltonian dynamics.
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1.3 Hamiltonian Dynamics on Convex Domains

Let U be a bounded, connected,open set in R2n with smooth boundary containing
the origin. A nonnegative function F : R2n ! R is said to be a de�ning function for
U if @U = F � 1(1), U = F � 1([0; 1]), and 1 is a regular value of F . Next, let F be a
de�ning function for U, and denote by X F = J r F the corresponding Hamiltonian
vector �eld de�ned by i X F ! = � dF. Note that X F is always tangent to @U since
dF(x) � X F (x) = � ! (X F (x); X F (x)) = 0 for all x 2 @U, and henceit de�nes a non-
vanishing vector �eld on @U. It is well known (seee.g [18]) that the orbits of this
vector �eld, that is, the solutions of the classicalHamiltonian equation _x = X F (x),
do not depend, up to parametrization, on the choice of the Hamiltonian function F
representing @U. Indeed, if H is another de�ning function for @U i.e.,

@U = f x ; H (x) = 1g = f x ; F (x) = 1g with dH; dF 6= 0 on @U;

then dF(x) = � (x)dH(x) at every point x 2 @U, with � (x) 6= 0, and thereforeX F =
�X H on @U where� 6= 0. Thus, the two vector �elds have, up to reparametrization,
the samesolutions on @U.

The imagesof the periodic solutionsof the abovementioned Hamiltonian equation
are called the \closed characteristics" of @U (where periodic meansT-periodic for
somepositive T). The breakthrough in the global existenceof closedcharacteristics
was achieved by Weinstein [30] and Rabinowitz [25] who establishedthe existence
of a closedcharacteristic on every convex (and in fact also on every star-shaped)
hypersurfacein R2n .

We recall the following de�nition. The action of a T-periodic solution l(t) is
de�ned by (seee.g. [18] Page7):

A (l) =
Z

l
� =

1
2

Z T

0
h� J _l(t); l(t)i dt; (1.3.1)

where� =
P n

1 x i dyi is the Liouville 1-form whosedi�erential is d� = ! . This action
of a periodic orbit l(t) is the symplectic areaof a disc spannedby the loop l(t).

In particular, it is a symplectic invariant i.e., A ( (l)) = A (l), for any  2
Symp(R2n ).

We next introduce the Ekeland-Hoferand the Hofer-Zehndercapacities,denoted
by cE H and cH Z respectively. As stated above, instead of presenting the general
de�nitions of these two capacitieswe present a de�nition su�cien t for our purpose
which coincideswith the standardoneson the classof convex domains. This de�nition
follows from the theorembelow, which is a combination of results from [12] and [18].

Theorem 1.3. Let K � R2n be a convexbounded domain with smooth boundary @K .
Then there existsat least one closed characteristic 
 � � @K satisfying

cE H (K ) = cH Z (K ) = A(
 � ) = minfjA (l)j : l is a closedcharacteristic on @K g
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Such a closedcharacteristic, which minimizesthe action (note that there might be
morethan one), is calledthroughout this text a \capacity carrier" for K . In addition,
we refer to the coinciding Ekeland-Hoferand Hofer-Zehndercapacitieson the class
of convex domains as the Ekeland-Hofer-Zehndercapacity, and denote it from here
onwards, when there is no possibility for confusionwith a generalcapacity, by c.

1.4 Main Results

A natural questionfollowing from the discussionabove is whethera Brunn-Minkowski
type inequality holdsfor the symplectic-sizeof sets,which is givenby their symplectic
capacities. In this paper we restrict ourselves to the classof convex domainsand to
the Ekeland-Hofer-Zehndercapacity. However, we do not excludethe possibility that
the Brunn-Minkowski inequality holds for other symplectic capacitiesor other, more
generalclassesof bodiesin R2n . For example,in dimension2, any symplecticcapacity
agreeswith the volume for a largeclassof setsin R2 (see[27]), and hencethe Brunn-
Minkowski inequality holds for this class.Also, it is not di�cult to verify that for the
linearizedball capacity (for a de�nition see[3], [2]) the Brunn-Minkowski inequality
holds.

The main result in this paper is the following: Denoteby K 2n the classof compact
convex bodies in R2n which hasnon-empty interior.

Theorem 1.4. Let c be the Ekeland-Hofer-Zehndercapacity. Then for any n, and
any K ; T 2 K2n , one has

c(K + T)
1
2 � c(K )

1
2 + c(T)

1
2 : (1.4.2)

Moreover, equality holds if and only if K and T havea pair of homothetic capacity
carriers.

In fact, Theorem 1.4 is a special caseof a slightly more generalresult which we
now describe. For a convex body K , denote by kxkK := inf f r : x=r 2 K g the
corresponding gaugefunction. Moreover, we uniquely associate with K its support
function hK given by:

hK (u) = supfhx; ui : x 2 K g; for all u 2 R2n :

Note that this is noneother than the gaugefunction of the polar body

K � = f x 2 R2n : hx; yi � 1; for every y 2 K g;

or, in the centrally symmetric case,simply the dual norm hK (u) = kuk�
K = kukK � .

In [14], Firey introduceda new operation for convex bodies, called the \ p-sum",
which dependson a parameterp � 1 and extendsthe classicalMinkowski sum. For
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two convex bodies K ; T 2 R2n , both containing the origin, the p-sum of K and T,
denotedK + p T, is de�ned via its support function in the following way:

hK + pT (u) =
�
hp

K (u) + hp
T (u)

� 1
p ; u 2 R2n : (1.4.3)

The convexity of hK + p T follows easily from Minkowski's inequality. The casep = 1
corresponds to the classicalMinkowski sum. (For example, the 2-sum of two gen-
eral ellipsoids is again an ellipsoid, contrary to the usual Minkowski-sum.) Thus,
Theorem1.4 is a special caseof the following:

Theorem 1.5. Let c be the Ekeland-Hofer-Zehndercapacity. Then for any n, any
p � 1, and any K ; T 2 K 2n one has

c(K + p T)
p
2 � c(K )

p
2 + c(T)

p
2 : (1.4.4)

Moreover, equality holds if and only if K and T havea pair of homothetic capacity
carriers.

An interesting corollary of Theorem 1.4 is a symplectic analogueof the classical
isoperimetric inequality comparing volume and surfacearea which we now present.
For a curve 
 : [0; T] ! R2n and a convex body K containing 0 in its interior we
denote by lengthK (
 ) =

RT
0 k _
 (t)kK dt the length of 
 with respect to the body K .

The following corollary is proven in Section4.

Corollary 1.6. For any K ; T 2 K 2n , and c as above,

4c(K )c(T) � (lengthJ T � (
 ))2; (1.4.5)

where 
 is any capacity carrier of K .

In Section4 we explain why Corollary 1.6 can be thought of as a consequenceof
an isoperimetric-type inequality for capacities.Note that in the special casewhereT
is the Euclideanunit ball, Equation (1:4:5) becomes

4� c(K ) � (length(
 ))2;

where 
 is any capacity carrier for K and where length stands for the standard
Euclidean length. This last consequenceis known, and can be deducedfrom the
standard isoperimetric inequality in R2n combined with the well known fact that the
symplectic area is always lessthan or equal to the Euclideanarea.

Another specialcaseof Corollary 1.6which canbeusefulis the following: let K be
a symplectic ellipsoid E =

P n
i=1

x2
i + y2

i
r 2

i
; where1 = r 1 � r2; : : : � rn . Equation (1:4:5)

implies that for any T 2 K 2n

4� c(T) � (lengthJ T � (S1))2;
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whereS1 is the capacity carrier of E given by x2
1 + y2

1 = 1. Moreover, sincethe same
is true for any symplectic imageof E, we get that

4� c(T) � inf
' 2 Symp(R2n )

(lengthJ T � (' (S1))) 2: (1.4.6)

This estimate is sometimesstrictly better than other available estimates, such as
volume radius (see[28], [2], [3]).

Next westateanothercorollary of Theorem1.4,which improvesa result previously
proved in [3] by other methods. De�ne the \mean-width" of a centrally symmetric
convex body K to be

M � (K ) :=
Z

S2n � 1
max
y2 K

hx; yi � (dx);

where � is the rotationally invariant probability measureon the unit sphereS2n� 1.
In other words, we integrate over all unit directions x half of the distance between
two parallel hyperplanestouching K and perpendicular to the vector x. Mean-width
is an important parameter in Asymptotic Geometric Analysis, and is the geometric
versionof a central probabilistic parameter,seee.g. [24]. We show in Section4 below
that:

Corollary 1.7. For every centrally symmetric convexbody K � K 2n , one has

c(K ) � � (M � (K ))2

Moreover, equality holdsif and only if K is a Euclidean ball.

In fact, as the proof will demonstrate,this corollary follows from standard argu-
ments oncewe have a Brunn-Minkowski-type inequality. The sameis true for the
following result.

Corollary 1.8. For any two symmetric convexbodies K ; T � K 2n , one hasfor every
x 2 R2n that

c(K \ (x + T)) � c(K \ T):

More generally, for any K ; T 2 calK 2n any x; y 2 R2n and any 0 � � � 1, we have
that

�c 1=2(K \ (x + T)) + (1 � � )c1=2(K \ (y + T)) � c1=2(K \ (�x + (1 � � )y + T)):

We wish to remark that this note can be consideredas a continuation of the line
of work which was presented in [2] and [3], in which we usedmethods and intuition
comingfrom the �eld of asymptotic geometricanalysisto obtain results in symplectic
geometry.
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Structure of the pap er: The paper is organizedas follows. In Section2 we intro-
duce the main ingredient in the proof of our main theorem. In Section 3 we prove
the Brunn-Minkowski inequality for the Ekeland-Hofer-Zehndercapacity c and char-
acterizethe equality case.In Section4 we prove the above mentioned applicationsof
the inequality, and in the last sectionwe prove a technical lemma.

Ac knowledgmen t: We cordially thank Leonid Polterovich for very helpful remarks.

2 The Main Ingredien t

In this sectionwe introducethe main ingredient in the proof of Theorem1.5.

We note that there is no lossof generality in assuming,from hereonwards, that in
addition to being compactand with non-empty interior, all convex bodiesconsidered
also have a smooth boundary and contain the origin in the interior. Indeed, a�ne
translations in R2n are symplectomorphisms,which accounts for the assumptionthat
the origin is in the interior. Secondly, oncewe know the Brunn-Minkowski inequal-
it y for smooth convex domains, the generalcasefollows by standard approximation
arguments, sincesymplectic capacitiesare continuous on the classof convex bodies
with respect to the Hausdor� distance(seee.g. [23], Page376).

The main ingredient in the proof of Theorem 1.5, is the following proposition
which is another characterization of the Ekeland-Hofer-Zehndercapacity, valid for
smooth convex sets. Let W 1;p(S1; R2n ) be the Banach spaceof absolutelycontinuous
2� -periodic functions whosederivativesbelongto L p(S1; R2n ).

Prop osition 2.1. Let c be the Ekeland-Hofer-Zehndercapacity. For any convexbody
K � R2n with smooth boundary, and any two parametersp1 > 1, p2 � 1

c(K )
p2
2 = � p2 min

z2Ep1

1
2�

Z 2�

0
hp2

K ( _z(t))dt; (2.1)

where

Ep1 =
�

z 2 W 1;p1 (S1; R2n ) :
Z 2�

0
z(t)dt = 0;

1
2

Z 2�

0
hJz(t); _z(t)i dt = 1

�
:

In the casewhere p1 = p2 = 2, a proof of the above proposition can be found
in [18] and [21]. There the authors usethe idea of dual action principle by Clarke [8]
in order to prove the existenceof a closedcharacteristic for convex surfaces,a result
originally due to Rabinowitz [25] and Weinstein [30]. For further discussionson
Clarke's dual action principle, and in particular its use for the proof of existenceof
closedcharacteristics,seee.g. [11] and the referenceswithin.
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It turns out that the special casep1 = p2 > 1 implies the more generalcaseof
possibly di�erent p1 > 1, p2 � 1. That is, we claim that the following Proposition
formally implies Proposition 2.1:

Prop osition 2.2. For any convexbody K � R2n with smooth boundary, and p > 1

c(K )
p
2 = � p min

z2Ep

1
2�

Z 2�

0
hp

K ( _z(t))dt: (2.2)

Pro of of the implication Prop osition 2.2 ) Prop osition 2.1. Note that for
1 < p2 � p1, onehasEp1 � Ep2 . Moreover, from H•older's inequality it follows that

� 1
2�

Z 2�

0
hp2

K ( _z(t))dt
� 1

p2 �
� 1

2�

Z 2�

0
hp1

K ( _z(t))dt
� 1

p1 :

Therefore,from Proposition 2.2 it follows that for 1 < p2 � p1

c(K )
1
2 = � min

z2Ep1

� 1
2�

Z 2�

0
hp1

K ( _z(t))dt
� 1

p1

� � min
z2Ep1

� 1
2�

Z 2�

0
hp2

K ( _z(t))dt
� 1

p2

� � min
z2Ep2

� 1
2�

Z 2�

0
hp2

K ( _z(t))dt
� 1

p2 = c(K )
1
2 :

In particular, we have equality throughout. Similarly,

c(K )
1
2 = � min

z2Ep1

� 1
2�

Z 2�

0
hp1

K ( _z(t))dt
� 1

p1

� � min
z2Ep2

� 1
2�

Z 2�

0
hp1

K ( _z(t))dt
� 1

p1

� � min
z2Ep2

� 1
2�

Z 2�

0
hp2

K ( _z(t))dt
� 1

p2 = c(K )
1
2 :

Thus, we concludethat for any 1 < p1; p2

c(K )
1
2 = � min

z2Ep1

�
1

2�

Z 2�

0
hp2

K ( _z(t))dt
� 1

p2

: (2.3)

To complete the proof we needonly to explain the caseof p2 = 1. On the one
hand, H•older's inequality implies that

c(K )
1
2 = � min

z2Ep1

� 1
2�

Z 2�

0
hp1

K ( _z(t))dt
� 1

p1 � � min
z2Ep1

1
2�

Z 2�

0
hK ( _z(t))dt:
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On the other hand, usingthe fact that lim(min ) � min(lim), wecanlet 1 < p2 ! 1
in equation (2:3). By Lebesgue'sdominated convergencetheorem we can also insert
the limit into the integral and get that

c(K )
1
2 � � min

z2Ep1

1
2�

Z 2�

0
hK ( _z(t))dt;

which completesthe proof of Proposition 2.1 in the caseof p2 = 1. �

Before turning to the proof of Proposition 2.2, which will be our main objective
throughout the rest of this section, let us point out an important consequenceof
the above argument which will be helpful for us later (especially in the proof of the
equality casefor the Brunn-Minkowski inequality).

Fix p1 > 1 and let ~z be any path in Ep1 for which the minimum is attained in
equation (2:3). Letting 1 � p2 < p1 we get that

c(K )
1
2 = �

� 1
2�

Z 2�

0
hp1

K ( _~z(t))dt
� 1

p1

� �
� 1

2�

Z 2�

0
hp2

K ( _~z(t))dt
� 1

p2

� � min
z2Ep1

� 1
2�

Z 2�

0
hp2

K ( _z(t))dt
� 1

p2 = c(K )
1
2 :

In particular, there is equality in the �rst inequality so that the L p1 and Lp2 norms
of the function hK ( _~z(t)) coincide. This clearly implies that this function is constant
in t. Another fact which easily follows from the line of inequalities above is that the
minimum is attained on the samepaths z for all p2 � 1 (in particular, on a function
which belongsto

T
p> 1 Ep).

Thus, we have shown that Proposition 2.2 implies the following

Corollary 2.3. Fix p1 > 1 and p2 � 1. Any path ~z which minimizes
R2�

0 hp2
K ( _z(t))dt

over Ep1 satis�es that the function hK ( _z(t)) is the constant function c(K )=� , and in
particular all the L p norms of the function hK ( _z(t)) coincide.

After the proof of Proposition 2.2, we will give a geometricalexplanation for this
fact, seeRemark 2.7 below.

We now turn to the proof of Proposition 2.2. We follow closely the arguments,
valid for p = 2, in [18] and [21]. Fix p > 1 and considerthe functional

I p(z) =
Z 2�

0
hp

K ( _z(t))dt

de�ned on the spaceEp, which was de�ned in the statement of Proposition 2.1. A
key ingredient in the proof is Lemma 2.5 below, which we will prove in Section 5,
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and which givesa one-to-onecorrespondencebetweenthe so called \critical points"
of the functional I p and closedcharacteristicson @K . Beforestating the lemma, we
must de�ne what we mean by a critical point of I p, sinceEp is not closedunder all
perturbations.

De�nition 2.4. An elementz 2 Ep is called a critical point of I p if the followingholds:
For every � 2 W 1;p(S1; R2n ) satisfying

R2�
0 � (t)dt = 0 and

R2�
0 h� (t); J _z(t)i dt = 0, one

has Z 2�

0
hr hp

K ( _z(t)) ; _� (t)i = 0

To understand why this de�nition is natural, �rst notice that the above condi-
tion

R2�
0 h� (t); J _z(t)i dt = 0 implies that

R
h_� (t); Jz(t)i dt = 0 by integration by parts.

Next, considerthe element z" = z + "� . It belongsto W 1;p(S1; R2n ) and satis�es the
normalization condition

R2�
0 z" (t)dt = 0, but its action is not normalizedto be 1, thus

it is not necessarilyin Ep. However, its action is closeto 1 with di�erence being of
order o("2). Indeed,

jA (z" )j =
1
2

Z 2�

0
hJz" (t); _z" (t)i dt = 1 +

"2

2

Z 2�

0
hJ � (t); _� (t)i dt

Denoteby z0
" the normalizedpath:

z0
" =

z"

1 + " 2

2

R
hJ � (t); _� (t)i dt

Note that now z0
" 2 Ep. For a critical point, it is natural to require that the di�erence

betweenI p(z) and I p(z0
" ) will be of order o("). Taking the �rst order approximation

we have

I p(z0
" ) =

Z 2�

0
hp

K ( _z0
" )( t))dt =

Z 2�

0
hp

K ( _z(t))dt + "
Z 2�

0
hr hp

K ( _z(t)) ; _� (t)i + o(");

and for the secondterm on the right hand side to disappear we need exactly the
condition in the de�nition of a critical point above. In particular, we emphasizethat
the minimum of I p over Ep is attained at a critical point accordingto our de�nition,
a fact which will be important in the proof. With the de�nition in hand, we may
formulate the following lemma,which for p = 2 appearsin [18], Pages26-30. For the
sake of completenesswe include its proof for generalp > 1 in Section5.

Lemma 2.5. Let K � R2n be a convexbody with smooth boundary, and �x p > 1.
Each critical point of the functional I p(z) satis�es the Euler equation

r hp
K ( _z) =

p
2

�J z + � ; where � = I p(z); (2.4)

11



for some�xed vector � (which may be di�er ent for di�er ent critical points), and vice
versa: each point z satisfying Equation (2:4) is a critical point of I p. Moreover, the
functional I p(z) achievesits minimum i.e., there is ~z 2 Ep suchthat

I p(~z) = inf
z2Ep

I (z) =
Z 2�

0
hp

K ( _~z(t))dt = ~� 6= 0;

and in particular, ~z satis�es Equation (2:4).

Pro of of Prop osition 2.2 The idea is as follows: we de�ne an invertible mapping
F between critical points z of I p(z) and closedcharacteristics l on the boundary
of K . Moreover, we will show that the action of l = F (z) is a simple monotone
increasingfunction of I p(z). In particular, the critical point z for which the minimum
of I p(z) is attained is mappedto the closedcharacteristicminimizing the action. Since
the minimal action of a closedcharacteristic is exactly the Ekeland-Hofer-Zehnder
capacity, the result will follow.

To de�ne the mapping F , let z : S1 ! R2n be a critical point of I p. In particular
from Lemma 2.5 we have that

r hp
K ( _z) =

p
2

�J z + � ; (2.5)

for somevector � and � = I p(z). We will use the Legendretransform in order to
de�ne an a�ne linear image of z which is a closedcharacteristic on the boundary
@K of K , which we will then de�ne as F (z). Recall that the Legendretransform is
de�ned as follows: For f : Rn ! R, onede�nes

L f (y) = sup
x2 Rn

[hy; xi � f (x)]; 8y 2 Rn :

It is not hard to check that

(L (hp
K ))( v) =

p1� q

q
hq

K � (v);

wherep� 1 + q� 1 = 1 and K � is, as before, the polar body of K . Note that hq
K � is a

de�ning function of K (that is, K is its 1-level set) which is homogeneousof degree
q. After applying the Legendretransform and using the fact that v = r hp

K (u) is
inverted point-wise by u = rL hp

K (v) equation (2:4) becomes:

_z =
p1� q

q
r hq

K �

� p
2

�J ~z + �
�

= r hq
K �

� q
1

1� q

2
�J z +

� q
1

1� q

p

�
:

Next, let

l = �
� q

1
1� q

2
�J z +

� q
1

1� q

p

�
; (2.6)
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where � is a positive normalization constant which we will readily choose. Di�eren-
tiating (2:6) we seethat l satis�es the following Hamiltonian equation.

_l =
�
2

q
1

1� q � J r hq
K � (l=� ) =

� 2� q

2
q

1
1� q �J r hq

K � (l): (2.7)

Note that l is a periodic tra jectory of the Hamiltonian equationcorresponding to the
Hamiltonian function hq

K � . Sincewe ask l 2 @K we needto choose� such that l will
lie in the energylevel hq

K � = 1. For this purpose,note that sincehq
K � is homogeneous

of degreeq we obtain from Euler's formula that

1
2�

Z 2�

0
hq

K � (l(t))dt =
1

2� q

Z 2�

0
hr hq

K � (l(t)) ; l(t)i dt = �
� q� 2q

1
q� 1

� �q

Z 2�

0
hJ _l(t); l(t)i dt

=
q

1
1� q � q

4� q�

Z 2�

0
h� _z(t); �J z(t) +

2�
p

i dt =
� q�q

q
1� q

2�

which is equal to 1 if we choose� = (2� =� )
1
q q

1
q� 1 . Therefore, for this value of � we

have that

l =
� 2�

�

� 1
q
� �

2
Jz +

�
p

�
; (2.8)

is a closedtra jectory of the Hamiltonian equation corresponding to the Hamiltonian
hq

K � on @K . This l we denoteby F (z). (To be completely formal, to agreewith the
way closedcharacteristicswerede�ned, we let F (z) be the imageof l in R2n .) Below
we will show that this mapping is invertible, and computeF � 1.

Next we derive the relation betweenA(l) and � = I p(z). Using Euler's formula
again, and the above value of � we concludethat

A (l) =
1
2

Z 2�

0
h� J _l(t); l(t)i dt =

� 2

8
q

2
1� q � 2

Z 2�

0
h_z(t); Jz(t) +

2�
�p

i dt = 4� 1
p (� )

2
q �

2
p

Equivalently,
A

p
2 (l) = 1=2(� )

p
q �: (2.9)

In order to show that the map F (we should actually write F p as it dependson
p, but we omit this index so as not to overload notation) is indeed one-to-oneand
onto, we now de�ne F � 1. Starting now with a closedcharacteristic � on @K , it is not
di�cult to check that we may assumeusing a standard re-parametrizationargument
that it is the image of a loop l with l : [0; 2� ] ! R2n and _l = dJr hq

K � (l), for some
constant d. Next, we de�ne

F � 1(l) = J � 1
�

(� dq) � 1=2
�

l �
1

2�

Z 2�

0
l (t)dt

��
:

We will show that this map is mapping closedcharacteristics to critical points. Set
z = F � 1(l). It is easyto check that

R2�
0 z(t)dt = 0. The fact that z 2 W 1;p(S1; R2n )
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follows from the boundednessof l (as Image(l) 2 @K is bounded) and the following
argument: since _z = C1 � r hq

K � (l) for someconstant C1 and, r hq
K � , beinghomogenous

of degreeq� 1, satisfy jr hq
K � (x)j � C2jxjq� 1 for someconstant C2, we concludethat

for someconstants C3 and C4,
Z 2�

0
j _z(t)jpdt = C3

Z 2�

0
jr hq

K � (l(t)) j
q

q� 1 dt � C4

Z 2�

0
jl (t)jqdt < 1 :

Moreover

A (z) =
1
2

Z 2�

0
h_z(t); Jz(t)i dt =

1
2

(� dq) � 1
Z 2�

0
hJ � 1 _l(t); l(t)i dt

=
1
2

(� dq) � 1
Z 2�

0
hdr hq

K � (l(t)) ; l(t)i dt =
1

2�

Z 2�

0
hq

K � (l(t)) = 1;

wherethe next to last inequality follows from Euler's formula. Finally, note that

_z = (� dq) � 1
2 J � 1 _l = (� dq) � 1

2 dr hq
K � (l) = (� dq) � 1

2 dr hq
K �

�
(� dq)

1
2 Jz +

Z 2�

0
l (t)dt

�

Using the Legendretransform as beforewe get that

r hp
K ( _z) = � Jz + � ;

where� and � are constants (depending on d and q). Moreover,

I p(z) =
Z 2�

0
hp

K ( _z(t))dt =
1
p

Z 2�

0
hr hp

K ( _z(t)) ; _z(t)i dt =
�
p

Z 2�

0
hJz(t); _z(t)i dt =

2�
p

From Lemma2.5 it now follows that z is a critical point of I p and hencethe map F � 1

is well de�ned. It is not di�cult to show that for every critical point, F � 1F (z) = z
and that for every closedcharacteristic, F F � 1(l) = l, and we omit this computation.

This one-to-onecorrespondence,and the monotonerelation betweenA(F (z)) and
I p(z), implies that the for ~z, a critical point for which the minimum of I (z) is attained,
its \dual" ~l = F (~z) has minimal action amongall closedcharacteristics l. This fact
together with Theorem 1.3 (which we consider,for the purposeof this note, as the
de�nition of Ekeland-Hofer-Zehndercapacity of convex domains) implies that

c(K )
p
2 = A

p
2 (~l) = (1=2)p(2� )

p
q � = � p 1

2�

Z 2�

0
hp

K ( _~z(t))dt: (2.10)

The proof of the proposition is now complete. �

Remark 2.6. In the proof we have shown the following fact, which we will uselater
in the note once again: For every p, there exists an invertible mapping F (= F p),
mapping critical points of I (which by Lemma 2.5 are exactly the loops satisfying
equation (2:4)), to closedcharacteristicson @K , and moreover, satisfying

A
p
2 (F (z)) = (1=2)p(2� )

p
q I p(z): (2.11)
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Remark 2.7. The fact exhibited in Corollary 2.3, which might seemsurprising at
�rst, can be geometricallyexplained(for the casep > 1) after the above construction
has beenmade. Indeed, recall that (�xing somep > 1) for every path z 2 Ep which
is a critical point of I p there correspondsa path l 2 @K , l = F p(z), which is a linear
imageof z. Moreover, by the above formulae, putting all the constants together and
naming them A1; A2; A3, we have (using that hK � (l) = 1)

_z = A1J � 1 _l = A2r hq
K � (l) = A3r hK � (l):

Thus, we have hK ( _z) = A3hK (r hK � (l)). However, a simple fact from convexity
theory (See[26], Corollary 1.7.3. Page40) is that for a convex body T and a vector
0 6= u 2 Rn , the gradient of the dual norm in a certain direction is exactly the support
of the body in this direction. More formally:

r hT (u) = f x 2 T : hT (u) = hx; uig ;

which in our case,by smoothness, is simply one point (on the boundary of T, of
course).Thus, in particular, hK (r hK � (u)) = hK � (u), and we seethat

hK ( _z) = A3hK � (l) = A3;

is constant and doesnot depend on t, as claimed in Corollary 2.3 and proven there
by other means.

3 Pro of of the Main result

In this sectionwe useProposition 2.1 to prove our main theorem.

Pro of of Theorem 1.5. Fix p1 > 1. It follows from equation (1:4:3) that for every
z 2 Ep1 and p � 1

1
2�

Z 2�

0
hp

K + pT ( _z(t))dt =
1

2�

Z 2�

0
hp

K ( _z(t))dt +
1

2�

Z 2�

0
hp

T ( _z(t))dt (3.1)

By multiplying both sidesof the above equation by � p, taking the minimum over all
z 2 Ep1 , and applying Proposition 2.1 above, we concludethat for every p � 1

c(K + p T)
p
2 � c(K )

p
2 + c(T)

p
2 : (3.2)

In particular, for p = 1 weget the Brunn-Minkowski inequality for the Ekeland-Hofer-
Zehndercapacity.

We turn now to prove the equality case. We start by proving that if K and T
have homothetic capacity carriers, then equality holds in (3:2) for every p � 1.
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Let � K � @K be a capacity carrier for K . As in the proof of Proposition 2.2
above, we can choosea parameterizedcurve representing � K via � K = Image lK ,
where _lK = dK J r h2

K � (lK ) and lK (0) = lK (2� ). Moreover, it follows from the proof of
Proposition 2.2 (say in the casep = 2) that for every such lK there is corresponding
minimizer zk 2 E2 of the functional I 2:

zK := F � 1(lK ) = J � 1
�
(2� dK )� 1=2

�
lK �

1
2�

Z 2�

0
lK (t)dt

��
;

such that

c(K )
1
2 = � min

z2E2

� 1
2�

Z 2�

0
h2

K ( _z(t))dt
� 1

2
= �

� 1
2�

Z 2�

0
h2

K ( _zK (t))dt
� 1

2

Moreover, combining this with Proposition 2.1 and Corollary 2.3 we concludethat
for every p � 1:

c(K )
p
2 = � p min

z2E2

1
2�

Z 2�

0
hp

K ( _z(t))dt = � p 1
2�

Z 2�

0
hp

K ( _zK (t))dt:

Similarly, let � T be a capacity carrier for T, set lT the corresponding parameterized
curve which represents � T , and let zT = F � 1(lT ) 2 E2 be the corresponding critical
point of I 2 which satis�es

c(T)
p
2 = � p min

z2E2

1
2�

Z 2�

0
hp

T ( _z(t))dt = � p 1
2�

Z 2�

0
hp

T ( _zT (t))dt:

Note that in order to have equality in (3:2), it is enoughto show that zK = zT . To
this end we observe that since� K and � T are homothetic, there exist two constants
� and � such that lT = � lK + � . This implies that zT = ( dK

dT
)1=2� zK and that

A (lT ) = � 2A(lK ). Moreover, since � K and � T are capacity carriers of K and T
respectively, it follows that A (lK ) = c(K ) and A(lT ) = c(T). Hence,we conclude
that � = ( c(T )

c(K ) )
1=2. On the other hand

c(K ) = A(lK ) =
1

2�

Z 2�

0
hlK (t); J lK (t)i dt =

1
2�

Z 2�

0
hlK (t); dK r h2

K � (lK (t)) i dt

=
2dK

2�

Z 2�

0
h2

K � (lK (t))dt = 2dK ;

and similarly c(T) = 2dT . This implies that zK = zT and hencewe have an equality
in (3:2) for every p � 1 as required.

Next, we assumethat equality holds in (3:2) for somep � 1 and prove that K
and T have homothetic capacity carriers.

Let p1 > 1 and p � 1. Note that equality in (3:2) implies that

min
z2Ep1

Z 2�

0
hp

K + p T ( _z(t))dt = min
z2Ep1

Z 2�

0
hp

K ( _z(t))dt + min
z2Ep1

Z 2�

0
hp

T ( _z(t))dt

16



This in turn implies that there exists ~z 2 Ep1 such that

min
z2Ep1

Z 2�

0
hp

K ( _z(t))dt =
Z 2�

0
hp

K ( _~z(t))dt and min
z2Ep1

Z 2�

0
hp

T ( _z(t))dt =
Z 2�

0
hp

T ( _~z(t))dt

Combining this fact with Proposition 2.1, we concludethat

min
z2Ep1

� Z 2�

0
hp1

K ( _z(t))dt
� 1

p1 = min
z2Ep1

� Z 2�

0
hp

K ( _z(t))dt
� 1

p
=

� Z 2�

0
hp

K ( _~z(t))
� 1

p

In other words, ~z 2 Ep1 is a critical point of the functional I K
p1

=
R2�

0 hp1
K ( _z(t))dt

de�ned on the spaceEp1 , wherep1 > 1. It follows from the proof of Proposition 2.2
togetherwith (2:8) and (2:9), that for such ~z their is a corresponding ~lK which satis�es

~lK =
� 2�

� K

� 1
q1

� �
2

J ~z +
� K

p1

�
= c(K )

1
2 J ~z + AK ;

whereAK is a constant which dependson K , p1, and q� 1
1 + p� 1

1 = 1. Similarly, since
~z is also a critical point of I T

p1
, we have that ~lT = c(T)

1
2 J ~z + AT . We concludethat

~lT = � ~lK + � where � = c(T)
1
2 =c(K )

1
2 . This implies that K and T have homothetic

capacity carriers and the proof of Theorem1.5 is now complete.

4 Corollaries of the Main Theorem

In this section we prove Corollaries 1.6, 1.7 and 1.8. We start with the proof of
Corollary 1.6. As in the caseof the classicalisoperimetric inequality, which connects
the surfaceareaof a body and its volume,the Brunn-Minkowski inequality is usefulin
obtaining a lower bound for the derivative of the volume-type function. This follows
directly from Theorem 1.4 above and the following computation: for any convex
bodiesK and T in R2n and any " > 0,

c(K + "T )
1
2 � c(K )

1
2

"
�

c(K )
1
2 + "c(T)

1
2 � c(K )

1
2

"
= c(T)

1
2 : (4.1)

The limit on the left hand sideas " ! 0+ can be thought of asa \directional deriva-
tive" of c1=2 in the \direction" T. Note that this argument holds for any symplectic
capacity for which one is able to show that the Brunn-Minkowski inequality holds.
However, to get a meaningful result, one must �nd a geometric interpretation for
the so-calledderivative which onearrivesat. To be more precise,let us de�ne, for a
convex body T, the functional dT (K ) by

dT (K ) = lim
" ! 0+

c(K + "T ) � c(K )
"

:

Inequality (4:1) implies the following easycorollary:
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Corollary 4.1. For every convexbody K � R2n , one has

dT (K ) = 2c(K )
1
2

d
d"

c(K + "T )
1
2 j" =0 + � 2c(K )

1
2 c(T)

1
2 :

The only part which requires justi�cation is the existenceof the limit. Let us
show that c1=2(K + "T ) hasderivative at " = 0+ (which is, sincec(K ) 6= 0, the same
as showing that c(K + "T ) hasa derivative): Let s < t, note that

c(K + tT )
1
2 � c(K )

1
2

t
�

c(K + sT)
1
2 � c(K )

1
2

s
;

is equivalent to

(s=t)(c(K + tT )
1
2 ) + (1 � s=t)c(K )

1
2 � c(K + sT)

1
2 ;

which follows from the Brunn-Minkowski inequality. Hence, the expressionin the
limit is a decreasingfunction of " > 0, and convergesto its supremum as " ! 0+ ,
provided it is bounded. Showing that it is boundedis simple,sinceT � RK for some
R > 0 (which can be huge,and may depend on the dimension)and thus

c(K + tT )
1
2 � c(K )

1
2

t
�

c(K + tRK )
1
2 � c(K )

1
2

t
= R:

This completesthe proof of Corollary 4.1. �

Oneway to useCorollary 4.1 is to �nd a geometricinterpretation of the derivative
of the capacity, d. Roughly speaking, if c is a symplectic \v olume", d should be a
kind of symplectic \surface-area". Instead, what we do below is to bound d from
above by an expressionwith a clear geometricmeaning: minimal length of loops in
a certain norm (as in the statement of Corollary 1.6), and then Corollary 4.1 givesa
lower bound, in terms of capacity, of this expression.

We �x " > 0, p1 > 1 and p2 = 1, and denoteby ~z 2 Ep1 any path on which the
minimum in Equation (2:1) is attained for c(K )

1
2 . We compute:

c(K + "T )
1
2 = � min

z2Ep1

1
2�

Z 2�

0
hK + "T ( _z(t))dt

= � min
z2Ep1

1
2�

Z 2�

0
hK ( _z(t))dt + "h T ( _z(t))dt

� �
1

2�

Z 2�

0
hK ( _~z(t))dt + "h T ( _~z(t))dt

= c(K )
1
2 +

"
2

Z 2�

0
hT ( _~z(t))dt:

Rearranging(for �xed " > 0 and p > 1), and applying equation (1:4:2), onegetsthat
for any such ~z

c(T)
1
2 �

c(K + "T )
1
2 � c(K )

1
2

"
�

1
2

Z 2�

0
hT ( _~z(t))dt:
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Note that the middle expressionis a decreasingfunction of " , which as " ! 1
convergesto the left hand side,and as " ! 0+ convergesto dT (K )=2

p
c(T).

Next, note that ~z is a critical point of the functional I K
p1

(z) =
R2�

0 hp1
K ( _z(t))dt

de�ned on the spaceEp1 aswell (seeCorollary 2.3 above and the reasoningbeforeit).
Hence,we can use the transformation F de�ned in the proof of Proposition 2.2, to
map ~z to the corresponding capacity carrier ~l of K . Moreover, from equalities (2:8)
and (2:9) it follows that

_~l = c(K )
1
2 J _~z:

Thus, the above inequality takesthe form

c(T)
1
2 �

c(K + "T )
1
2 � c(K )

1
2

"
�

1
2

c(K )� 1
2

Z 2�

0
hT (J � 1 _~l(t))dt:

Sincethere is a one-to-onecorrespondencebetweencritical points ~z of the func-
tional I K

p1
and closedcharacteristics~l on @K , wemay in fact write the above inequality

as

c(T)
1
2 �

c(K + "T )
1
2 � c(K )

1
2

"
�

1
2

c(K )� 1
2 inf

~l

Z 2�

0
hT (J � 1 _~l(t))dt; (4.2)

wherethe in�m um runs over all the loopsl which are imagesunder F of ~z minimizing
equation (2:1) for c(K )

1
2 i.e., all the capacity carriers of K .

Thus, we arrive at
4c(K )c(T) � (lengthJ T � (l))2;

for any capacity carrier l on @K , proving Corollary 1.6. We may also take the limit
in (4:2) as " ! 0+ to seethat

Corollary 4.2. For any n, any K ; T 2 K 2n , and any capacity carrier on @K , we
havethat

dT (K ) � inf
~l

Z 2�

0
hT (J � 1 _~l(t))dt = lengthJ T � (l):

Next we turn to the relation betweenthe capacity and the Mean-Width of a body.

Pro of of Corollary 1.7. We denoteby U(n) the group of unitary transformations
in Cn ' R2n . Note that c(UK ) = c(K ) for any unitary operator U 2 U(n). The
Brunn-Minkowski inequality thus implies that for U1; U2 2 U(n)

c(K ) � c
�

U1K + U2K
2

�
;

and by induction also

c(K ) � c

 
1
N

NX

i =1

Ui K

!

:
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Further, this is true also if we integrate (with respect to Minkowski addition) along
the unitary group with respect to the uniform Haar measured� on this group:

c(K ) � c
� Z

UK d� (U)
�

:

However, it is not hard to seethat the integral on the left hand side is simply a
Euclidean ball of someradius, since it is invariant under rotations U 2 U(n), and
further, it is easyto determine its radius sinceM � (K ) = M � (UK ), for U 2 U(n),
and M � is an additive function with respect to Minkowski addition (for more details
see[24]). Thus we have

R
UK d� (U) = M � (K )B 2n

2 , whereB 2n
2 is the Euclidean unit

ball, and the inequality above translates to

c(K ) � c(M � (K )B 2n
2 ) = � (M � (K ))2: (4.3)

Next, we turn to the characterizationof the equality case.Let L denotethe family
of all capacity carriers on @K . Sincewe assumeequality betweenthe left and right
hand side,we get equality throughout the following

c(K ) �
1

N 2
c(U1K + � � � + UN K ) � c(M � B 2n

2 );

for any N and U1; : : : ; UN 2 U(n).

Applying the sameargument as in the proof of Brunn-Minkowski for two sum-
mands(Theorem 1.4), this time to N summandsK 1; : : : K N for arbitrary N , we get
that the equality conditions becomesthe following: there existsN homothetic capac-
it y carriers l i � @K i . Sincein this caseK i = Ui K , we know that capacity carriers
on K i are imagesby Ui of capacity carriers on K . Moreover, sinceK and Ui K have
the samecapacity and are centrally symmetric, we seethat if l i is a capacity carrier
of Ui K and is homothetic to a capacity carrier l j of Uj K , then they must actually
be identical. We thus concludethat equality in Corollary 1.7 implies in fact that for
every N and U1; : : : ; UN 2 U(n) we have that

U1L \ � � � \ UN L 6= ; : (4.4)

For any K satisfying that K 6= RB 2n
2 for any R > 0 there exists some� > 0 such

that for every � -net N on S2n� 1 we have that the restriction of k � kK on N is not
constant. Assumeby contradiction that K satis�es the equality in Corollary 1.7 but
is not a Euclideanball. Fix � asabove, and �x C such that C � 1jxj � kxkK � Cjxj for
all x. Take U1; : : : ; UN to be a � -net on U(n) with respect to, say, the operator norm.
The �niteness of N follows from compactnesson U(n). Thus for every U 2 U(n)
there is somej such that jUj x � Uxj � � jxj for all x.

It follows from (4:4) that there exists l 2 U � 1
1 L \ � � � \ U� 1

N L. In particular,
Ui l � @K , and so f Ui l (0)gN

i=1 � @K . Consider the set N = f Ui l (0)
jUi l (0) j g

N
i=1 � S2n� 1.
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Note that N is a � -net of S2n� 1. However, on this set the norm is constant and
equals1=jl(0)j ( since Ui (l(0)) 2 @K so kUi (l(0))kK = 1). This is a contradiction
to the choiceof � , and we concludethat the norm k � kK must have beenEuclidean,
completing the proof of Corollary 1.7. �

Pro of of Corollary 1.8. Let K ; T � K 2n be generalconvex bodies,x; y 2 R2n and
0 � � � 1. It is easyto verify that

� (K \ (x + T)) + (1 � � )(K \ (y + T)) � (K \ (�x + (1 � � )y + T)):

Therefore,by monotonicity, we have that

c1=2 (� (K \ (x + T)) + (1 � � )(K \ (y + T))) � c1=2 (K \ (�x + (1 � � )y + T)) :

The Brunn-Minkowski inequality then implies that

c1=2(� (K \ (x + T))) + c1=2((1 � � )(K \ (y + T))) � c1=2(K \ (�x + (1 � � )y + T));

and using homogeneity of capacity the proof of the generalcaseis complete:

�c 1=2(K \ (x + T)) + (1 � � )c1=2(K \ (y + T)) � c1=2(K \ (�x + (1 � � )y + T)):

For the symmetric case,let y = � x and � = 1=2, we get

(1=2)c1=2(K \ (x + T)) + (1=2)c1=2(K \ (� x + T)) � c1=2(K \ T):

The secondterm on the left hand side equalsto c1=2(� K \ (x � T)) (since � I d is a
symplectic map), which, by the symmetry assumptionson K and T, is the sameas
c1=2(K \ (x + T)), the �rst term, and the inequality

c1=2(K \ (x + T)) � c1=2(K \ T)

is established, �

5 Pro of of Lemma 2.5

The proof is divided into three steps. We follow closelythe arguments in [18]and [21].

First step: The functional I is boundedfrom below on E. Indeed, the function hp
K

being continuousand homogeneousof degreep > 1 satis�es

1
�

jyjp � hp
K (y) � � jyjp;

for someconstant � � 1, and thus

I (z) =
Z 2�

0
hp

K ( _z(t))dt �
1
�

k _zkp
p;
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wherek � kp stands for the Lp norm on S1. From H•older's inequality it follows that
for z 2 E

2 =
Z 2�

0
hJz(t); _z(t)i dt � kzkqk _zkp; where

1
p

+
1
q

= 1: (5.1)

Using the Poincar�e inequality and the fact that
R2�

0 z(t)dt = 0, we deducethat

kzkq � kzk1 � 2� k _zk1 � 2� k _zkp; (5.2)

and hence 1p
� � k _zkp, which in turn implies that

I (z) =
Z 2�

0
hp

K ( _z(t))dt �
1
�

k _zkp
p �

�
� p
2

�
> 0: (5.3)

Second step: The functional I attains its minimum on E namely, there exists ~z 2 E
with Z 2�

0
hp

K ( _~z(t))dt = inf
z2E

Z 2�

0
hp

K ( _z(t))dt = ~� > 0:

To show this, we pick a minimizing sequencezj 2 E such that

lim
j !1

Z 2�

0
hp

K ( _zj (t))dt = ~� :

It follows from (5:1), (5:2), and (5:3) that there existssomeconstant C > 0 such that

1
C

� k _zj kp � C:

Moreover, from (5:2) it follows that

kzj kp � k _zj kp � C: (5.4)

In particular, zj is a boundedsequencein the Banach spaceW 1;p(S1; R2n ) and there-
fore, a subsequence,also denoted by zj convergesweakly in W 1;p(S1; R2n ) to an
element z� 2 W 1;p(S1; R2n ). Indeed, the closedunit ball of a re
exive Banach space
is weakly compactand the spaceW 1;p(S1; R2n ), wherep > 1, is known to be re
exive
(seee.g., [1]). We will show below that z� 2 E. First we claim that zj converges
uniformly to z� i.e.

sup
t

jzj (t) � z� (t)j ! 0: (5.5)

Indeed, the zj are uniformly continuous:

jzj (t) � zj (s)j � j
Z t

s
_zj (� )d� j � jt � sj1=qC;
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and the claim follows from the Arzel�a-Ascoli theorem. Next we claim that z� 2 E.
Indeed, even the weak convergenceimmediately implies that the mean value of z�

vanishes.Moreover,

2 =
Z 2�

0
hJzj (t); _zj (t)i dt =

Z 2�

0
hJ (zj (t) � z� (t)) ; _zj (t)i dt +

Z 2�

0
hJz� (t); _zj (t)i dt:

The �rst term on the right handsidetendsto zeroby equation(5:5), H•older inequality,
and equation (5:4). The secondterm convergesbecauseof the weak convergenceto

Z 2�

0
hJz� (t); _z� (t)i dt:

To seethis, one must check that the linear functional f (w) =
R2�

0 hJz� (t); _w(t)i dt is
boundedon W 1;p(S1; R2n ). This follows from H•older's inequality as z� 2 Lq(S1; R2n )
(since z� 2 W 1;p(S1; R2n )). Thus the equation above, taking limit j ! 1 takes the
form Z 2�

0
hJz� (t); _z� (t)i dt = 2;

which implies that z� 2 E. We now turn to show that z� 2 E is indeedthe required
minimum. We usethe convexity of hp

K and deducethe point-wise estimate

hr hp
K ( _zj (t)) ; _z� (t) � _zj (t)i � hp

K ( _z� (t)) � hp
K ( _zj (t)) � hr hp

K ( _z� (t)) ; _z� (t) � _zj (t)i ;

which gives
Z 2�

0
hp

K ( _z� (t))dt �
Z 2�

0
hp

K ( _zj (t))dt �
Z 2�

0
hr hp

K ( _z� (t)) ; _z� (t) � _zj (t)i dt: (5.6)

To seethat the right hand sideof inequality (5:6) tends to zero,it is enoughasbefore
to check that r hp

K ( _z� ) belongsto Lq(S1; R2n). Indeed,sincer hp
K is homogeneousof

degreep � 1 there exists somepositive constant K for which jr hp
K (x)j � K jxjp� 1,

and henceit follows from equation (5:4) that
Z 2�

0
jr hp

K ( _z� (t)) jqdt =
Z 2�

0
jr hp

K ( _z� (t)) j
p

p� 1 dt � K
p

p� 1

Z 2�

0
j _z� (t)jpdt < 1 :

Thus the right hand sideof inequality (5:6) tends to zero. Hence,

~� �
Z 2�

0
hp

K ( _z� (t))dt � lim inf
j !1

Z 2�

0
hp

K ( _zj (t))dt = ~� ;

and we have proved that z� is the minimum of I (z) for z 2 E.

Third step: First we show that the critical points of I satisfy the required Euler
equation (2:4). Let z be a critical point of I . Hence,accordingto De�nition 2.4, for
every � 2 W 1;p(S1; R2n ) such that

R2�
0 � (t)dt = 0,

R2�
0 hJz(t); _� (t)i dt = 0 we have that

Z 2�

0
hr hp

K ( _z(t)) ; _� (t)i dt = 0:
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Next we choosea special � namely such that _� is of the form _� = r hp
K ( _z) � � Jz � �

where� is a vector and � is a constant. The vector � is chosenso that � (0) = � (2� )
namely

� =
1

2�

Z 2�

0
r hp

K ( _z(t))dt:

In order to show that

x(t) =
Z t

0

_� (s)ds 2 W 1;p(S1; R2n );

oneusesa simple continuity properties of _� . We choose� so that the condition
Z 2�

0
hJz(t); _� (t)i dt = 0:

is satis�ed. With this function � we compute
Z 2�

0
j _� (t)j2dt =

Z 2�

0
hr hp

K ( _z(t)) ; _� (t)i dt � �
Z 2�

0
hJz(t); _� (t)i dt � h� ;

Z 2�

0

_� (t)dti = 0:

Thus, the critical point z satis�es the Euler equation r hp
K ( _z) = � Jz + � . Moreover,

it follows from Euler formula that

� =
Z 2�

0
hp

K ( _z(t))dt =
1
p

Z 2�

0
hr hp

K ( _z(t)) ; _z(t)i dt =
�
p

Z 2�

0
hJz(t); _z(t)i dt =

2�
p

;

and hence� = �p
2 .

For the other direction, namely that any loop z satisfying Euler equation (2:4) is
a critical point of I , we simply check that for � 2 W 1;p(S1; R2n ) with

R2�
0 � (t)dt = 0

and
R2�

0 hJz(t); _� (t)i dt = 0 we have
Z 2�

0
hr hp

K ( _z(t)) ; _� (t)i dt =
Z 2�

0
h
�p
2

Jz(t) + � ; _� (t)i dt = 0;

as required. This concludesthe proof of the Lemma.
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