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We compare Hofer's geometries on two spacesasscciated with a closed symplectic mani-
fold (M;!). The rst spaceis the group of Hamiltonian di eomorphisms. The second
spacelL consists of all Lagrangian submanifolds of M M which are exact Lagrangian
isotopic to the diagonal. We show that in the caseof a closed symplectic manifold with

2(M) = 0, the canonical embedding of Ham(M) into L, f 7! graph(f) is not an
isometric embedding, although it preserves Hofer's length of smooth paths.
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1. Intro duction and Main Results

In this paper we compare Hofer's geometrieson two remarkable spacesassaiated
with a closedsymplectic manifold (M ;! ). The rst spaceHam(M ;! ) is the group of
Hamiltonian di eomorphisms. The secondconsistsof all Lagrangian submanifolds
of (M M; ! I') which are exact Lagrangian isotopic to the diagonal 4

M M. Let us denotethis secondspaceby L. The canonical embedding

j tHam(M;!t)! L; f 7! graph(f)

presenesHofer's length of smooth paths. Thus, it naturally follows to ask whether
j is an isometric embedding with respect to Hofer's distance. Here, we provide a
negative answer to this question for the caseof a closedsymplectic manifold with
2(M) = 0. In fact, our main result shows that the image of Ham(M ;! ) inside L
is \strongly distorted" (seeTheorem 1.1 below).
Let us proceedwith preciseformulations. Given a path = ffig, t 2 [0; 1] of
Hamiltonian di eomorphisms of (M ;! ), de ne its Hofer's length (see[4]) as

Zin . 0
length( ) = , )r(r;%le(x,t) erznl\r;l\F(x,t) dt;
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where F(x; t) is the Hamiltonian function generating ff;g. For two Hamiltonian
di eomorphisms and , de ne the Hofer distanced(; ) = inf length( ) where
the inm um is taken over all smooth paths connecting and . For further
discussionseee.qg.[6; 9; 10].

Hofer's metric can be de ned in a more general context of Lagrangian sub-
manifolds (see[3]). Let (P; ) be a closedsymplectic manifold, and let 4 P be
a closedLagrangian submanifold. Consider a smooth family = fL.g, t 2 [0; 1] of
Lagrangian submanifolds, such that eat L is di eomorphic to 4. We call an
exact path connectingLo and L1, if there existsa smooth map :4 [0;1]! P
sud that for everyt, ( 4 ftg) = L, and in addition = dH; ” dt for some
smooth function H : 4 [0;1]! R. The Hofer length of an exact path is de ned by

Zin o
length( ) = . [(nzi\xH(x,t) Q}TH(X’t) dt:

It is easyto ched that the above notion of length is well-de ned. Denoteby L(P;4 )
the spaceof all Lagrangian submanifolds of P which can be connectedto 4 by an
exact path. For two LagrangiansubmanifoldsL; and L, in L(P; 4 ), de ne the Hofer
distance on L(P;4) asfollows: (Li;L) = inf length( ), wherethe inm um is
taken over all exact paths on L(P;4 ) that connectL; and L.

In what follows we chooseP = M M, = | | andtake 4 to be the
diagonalof M M. We abbreviate L = L(P;4 ) asin the beginning of the paper.
Based on a result by Banyaga [1], it can be shovn that every smooth path on
L (P;4 ) is necessarilyexact. Our main result is the following:

Theorem 1.1. Let (M;!) be a closa symplectic manifold with (M) = 0: Then
there exist a family f' (g; t 2 [0;1 ) in Ham(M;! ) and a constant ¢ suchthat:

(1) d;' ) 1 ast! 1:
(2) (graph(1);graph(' {)) = c:

In fact, we construct the above family f' (g explicitly:

Example 1.1. ConsideranopensetB M. Supposethat there exists a Hamilto-
nian di eomorphism h such that h(B) \ Closure(B) = ;. By perturbing h slightly,
we may assumethat all the xed points of h are non-degeneratelLet F (x;t), where
X 2 M, t 2 [0;1] be a Hamiltonian function such that F(x;t) = ¢ < O for all
2 MnB, t 2 [0;1]. Assumethat F(t;x) is normalized such that for every t,
v F(t )" = 0. We de ne the family f' (g, t 2 [0;1 ) by ' = hfy, whereffg
is the Hamiltonian o w generatedby F(t; x). As we'll seebelow, the family f' (g
satis es the requiremerts of Theorem 1.1.

Theorem 1.1 has somecorollaries:

Corollary 1.1. The emiedding of Ham(M ;! ) in L is not isometric; rather; the
image of Ham(M ;! ) in L is highly distorted: The minimal path between two graphs
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of Hamiltonian di e omorphismsin L; might pass through exact Lagrangian sub-
manifolds which are not the graphs of any Hamiltonian di e omorphisms Compare
with the situation descriled in [8]; wher it wasproventhat in the caseof a compact
manifold; the space of Hamiltonian deformations of the zer section in the cotangent
bunde is locally at in the Hofer metric:

Corollary 1.2. The group of Hamiltonian di e omorphismsof a closal symplectic
manifold with (M) = 0 hasan in nite diameter with respect to Hofer's metric:

Corollary 1.3. Hofer's metric d on Ham(M ;! ) doesnot coincide with the Viterbo-
type metric on Ham(M ;! ) de ned by Schwarzin [13].

As a by-product of our method we obtain the following result (seeSec.3 below):

Theorem 1.2. Let (M;!) be a closa symplectic manifold with (M) = 0: Then
there exists an element' in (Ham(M ;! );d) which cannot be joined to the identity
by a minimal geodesic

The rst example of this kind was establishedby Lalonde and McDu [7] for
the caseof S2.

2. Pro of of the Main Theorem

In this sectionwe prove Theorem 1.1. Throughout this sectionlet (M ;! ) bea closed
symplectic manifold with (M) = O.Let f' ;g,t 2 [0;1 ) the family of Hamiltonian
di eomorphisms de ned in Example 1.1. We begin with the following lemma which
statesthat Hamiltonian di eomorphisms act asisometrieson the space(L; ). The
proof of the lemma follows immediately from the de nitions.

Lemma 2.1. Let :4 [0;1]! M M bean exactLagrangianisotopyin L and
let :M M! M M beaHamiltonian di e omorphism Then

lengthf g = lengthf g:
In particular; (Lq;L2) = (( L1); ( Lp)) for everyLq;L, 2 L:

Next, consider the following exact isotopy of the Lagrangian embeddings

4 [0;1)! MM, (x1)= (X" ¢(X). Wedenoteby Ly = ( 4 ftg)
the graph of ' { = hf; in M M. The following proposition will be proved in
Sec.5 below.

Prop osition 2.1. For everyt 2 [0;1 ) there exists a Hamiltonian isotopy f sg;
s2 [0;t] of M M; suchthat ¢(Lo) = Ls and suchthat for everys; <(4)=4:

Hence, it follows from Proposition 2.1 and Lemma 2.1, that the family f' g,
t 2 [0;1 ) satis es the secondconclusionof Theorem1.1with constart c= (4 ;Lg).
Let us now verify the rst statemert of Theorem 1.1. For this purposewe will
usea theoremby Schwarz [13] stated below. First, recall the de nitions of the action
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functional and the action spectrum. Consider a closedsymplectic manifold (M ;! )
with (M) = 0. Let ff;g be a Hamiltonian path generated by a Hamiltonian
function F : [0;1] M ! R. We denote by Fix (f1) the set of xed points, X,

of the time-1-map f1 whoseorbits = ff((x)g, t 2 [0;1] are cortractible. For
X 2 Fix (fi), take any 2-disc M with @ = , and de ne the symplectic
action functional by
z Z,
A(F;x) = ! F(t; fe(x))dt:
0

R
The assumption (M) = 0 ensuresthat the integral ! doesnot depend on the
choiceof .

Remark 2.1. In the caseof a closedsymplectic manifold with (M) = 0, aresult
by Schwarz [13], implies that for a Hamiltonian path ff ;g with f; 6 1 there existtwo
xed points x,y 2 Fix (f1) with A(F;x) 6 A(F;y). Moreover, the action functional
doesnot depend on the choice of the Hamiltonian path generating f ;. Therefore,
we can speak about the action of a xed point of a Hamiltonian di eomorphism,
regardlessof the Hamiltonian function usedto de ne it.

De nition  2.1. For each f in Ham(M ;! ) we de ne the action spectrum
¢ = fA(f;x)jx 2 Fix (f)g R:
The action spectrum ¢ is a compact subsetof R (seee.g.[13; 5]).

Theorem 2.1 ([13]). Let(M;!) be a closel symplectic manifold with (M) = O:
Then; for everyf in Ham(M;!)

da;f) min ¢:

Next, consider the family f' (g = fhfig, t 2 [0;1 ). Note that Fix (h) =
Fix (') for ewvery t. The following proposition shows that the action spectrum
of ' { is a linear translation of the action spectrum of h. Its proof is carried out
in Sec.4.

Prop osition 2.2. For everyt 2 [0;1 ); and for every xed point z 2 Fix (') =
Fix (h);

A(' t;2) = A(h;z) tco
whete ¢ is the negative (constant) valuethat F attains on M nB (see Example 1:1):

We are now in a position to complete the proof of Theorem 1.1. Indeed, the
action spectrum is a compact subsetof R, henceits minimum is nite. By Propo-
sition 2.2 the minimum of ., tendsto innit y ast! 1 . Thus,

da;'¢)! 1 ast! 1

as follows from Theorem 2.1. This completesthe proof of Theorem 1.1.
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3. Geodesics in Ham( M ;! ) and Pro of of Theorem 1.2

In this section we describe our result about geadesicsin the group of Hamilto-
nian di eomorphisms endowved with the Hofer metric d. We refer the reader to
[2; 6; 7, 11] for further details on this subject.

Let =f (g,t2 [0;1] beasmooth regular path in Ham(M;! ), i.e. g—t + 6 Ofor
every t 2 [0;1]. The path is called a minimal geodesicif it minimizes the distance
betweenits end-points:

length( ) = d( o; 1):

The graph of a Hamiltonian path = f (g is the family of embeddedimages of
MinM M dened bythemap M [0;1]! M M, (xt) 7' (X (X)).
Next, considerthe family f' (g, t 2 [0;1 ) that was constructed in Example 1.1.
We will show that there exists no minimal geadesicjoining the identity and ' +,, for
sometp.

Pro of of Theorem 1.2. Assume(by contradiction) that for every t, there existsa
minimal geadesicin Ham(M ;! ) joining the identit y with ' ;. Fix to 2 [0;1 ). There
exists a Hamiltonian path = fgsg, s 2 [0;1] in Ham(M ;! ) such that

t, = d(1;" ¢,) = length( ):

Expressedin Lagrangian submanifoldsterms, = fgraph(gs)g, s 2 [0; 1]is an exact
path in M M joining the diagonal with graph(' {,). By Proposition 2.1, there
exists a Hamiltonian isotopy  such that for every t, ((graph(' t,)) = graph(' t),
and (4) = 4. We chooset; to be sucien tly closeto ty so asto ensurethat
f ¢, (graph(gs))g, s 2 [0; 1]is the graph of someHamiltonian path in Ham(M ;! ).
Indeed, this can be done sinceit follows from the proof of Proposition 2.1, that the
Hamiltonian di eomorphism is C-closeto the identit y in a small neighborhood of
graph(' t,). Moreover, usinga compactnessargumert, we canchoosea nite number
of points S = fs; < < shgin [0; 1], and repeat the construction of in a small

those Hamiltonian o ws, we concludethat for every s 2 [0;1], ¢, (graph(gs)) is the
graph of someHamiltonian di eomorphism. Next, we claim the following:

di, length( ) = lengthf graph( )g = lengthf graph( )g= lengthf g= d,:

Indeed, a straightforward computation yields that the embedding f 7! graph(f)
presenesHofer's length, and from Lemma 2.1,

lengthf graph( )g = lengthf graph( )g:

We have shown that for every tg there exists " > 0 such that if jt tgj " then
(o di,. Since d; is a continuous function, we conclude that d; is a constart
function. On the other hand, by Theorem1.1,d; = d(1;' {)! 1 ast! 1 .Hence
there is a contradiction.
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4. Pro of of Prop osition 2.2

We investigate the expressionA(' ¢;z) for some xed t. Sincethe action functional
doesnot depend on the choice of the Hamiltonian path generating the time-1-map
(seeRemark 2.1), we considerthe following path generating' ;.

8
1
3 fost; s2 05 ;
(s) =
3 1
T hys 1ft; s2 5;1

Note that sinceh(B)\ B = ; and f is supported in B, then for z 2 Fix (' {) =
Fix (h) the path f s(z)g, s 2 [0; 1] coincideswith the path fhs(z)g, s 2 [0;1].

Denoteby the loopf s(z)g, s2 [0;1]and let beany 2-discwith @ = . The
details of the calculation of A(' {;z) are asfollows:
z Z, Z,
A(t;2) = ! tF (s;z)ds H (s;hs(z))ds;
0 0

whereF and H arethe Hamiltonian functions generatingf hyg and f f ;g respectively.
Recall that by de nition, F is equalto a constart co in M nB. This implies that

z Z,
A( ;2)= ! H(s;hs(z))ds  tco:
0

The right hand side is exactly A(h;z) tco. Hence,the proof is complete.

5. Extending the Hamiltonian Isotop y

In this section we prove Proposition 2.1. Let us rst recall somerelevant nota-
tions. Let f'{g, t 2 [0;1 ) the family of Hamiltonian di eomorphisms de ned
in Example 1.1. Consider the following exact isotopy of Lagrangian embeddings

4 [0;1)! MM, (xt)= (X" t(x). Wedenoteby L = ( 4 ftg) the
graphof 'y = hf; in M M, and by 4 the diagonalin M M. It follows from
the construction of the family f' g, that for every t, Fix(' ;) = Fix(h). Hence, L
intersectsthe diagonal at the sameset of points for every t. Moreover, we assumed
that all the xed points of h are non-degenerate,therefore for every t, L; trans-
versely intersect the diagonal. In order to prove Proposition 2.1, we rst needthe
following lemma.

Lemma 5.1. Letx;y 2 Fix (') = Fix (h); i.e.; intersection points of the family
fL¢g and the diagonalin M M : Takea smamth curve :[0;1]! M with (0) = x
and (1) = yandlet :[0;1] [0;1]! M; (t;s) = ' ¢( (s)) be a 2-disc with
@0 ;t] [0;1]) = "¢ "o = "¢ h: Then the symplectic area of =
([0 ;1] [0; 1)) vanishesfor all t:
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Pro of. By a direct computation of the symplectic areaof , we obtain that
z z Z, Z, @

I = I = dt ab, = s) ds
t o] 01 o 0 g ®

Z, Z,
i B «(x))dt i B «(y)dt;

where B is the Hamiltonian function generatingthe ow f' ;g. A straightforward
computation shows that Ib(t; x) = F(t; h x), whereF is the Hamiltonian function
generatingthe ow ff;g. Recallthat by de nition, F(x;t) is equalto a constart cg
outside the ball B. Moreover, sincex, y 2 Fix (h) and h(B)\ B = ;,thenx,y 2
B. Therefore, Ibt(' t(x)) = Ibt(' t(y)) = ¢ for every t. Thus, we concludethat for
every t, the symplectic areaof ; vanishesas required. O

Pro of of Prop osition 2.1. We shall proceedalong the following lines. By the
Lagrangian tubular neighborhood theorem (see [14]), there exists a symplectic
identi cation between a small tubular neighborhood Us of Ly in M M and
a tubular neighborhood Vs of the zero section in the cotangert bundle T Ls.
Moreover, it follows from a standard compactnessargumernt that there exists
s= (s;Us)> Osudhthat Lo Ug for every swith jsS° sj 5. Next, denote
ls = (s 5+ 5)\ [0t], ang consider an open cover of the interval [0;t] by

the family flsg, that is [0;t] = ;04 ls. BY compactnesswe can choosea nite
number of points S = fs; < < spg sud that [0;t] = [, Is,. Without loss
of generality we may assumethat Is \ Is;,, = ;. Now, for every s 2 S, we will

construct a Hamiltonian function ¥ : Us ! R suc that the corresponding Hamil-
tonian ow sendsLs to L for s°2 I, and leave the diagonal invariant. Next, by
smoothly patching together those Hamiltonian o wson the intersectionsUg, \ Us, ,, ,
we will achieve the required Hamiltonian isotopy .

We x sp 2 S. Let (p;g) be canonical local coordinates on T Lg, (where g is
the coordinate on Ls, and p is the coordinate on the b er). Moreover, we x a
Riemannian metric on Lg,, and denoteby k ks, the induced b ernormon T Lg,.
Considerthe aforemertioned tubular neighborhood Us, of Ls, in M M. For every
X 2 Ls, \ 4 denoteby ¢,(x) the componert of the intersection of Us, and 4
containing the point x. Note that we may chooseUs, small enoughsuc that the
setsf s, (xX)g, x 2 Lg, \ 4, are mutually disjoint. In what follows we shall denote
the image of s, (x) under the above identi cation betweenUs, and Vs,, by ,(X)
as well.

We rst claim that there existsa Hamiltonian symplectomorphism'e : Vs, ! Vs,
which for every intersection point x 2 Lg, \ 4 sends g,(x) to the b er over x
and which leavesLs, invariant. Indeed, sincelL, transverselyintersectsthe diago-
nal, and since ,(x) is a Lagrangian submanifold, s,(x) is the graph of a closed
1-form of p-variable i.e, ,(x) = f(p; (p))g where (p) is locally de ned near
the intersection point x, and (0) = 0. De ne a family of local di eomorphisms by
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"t(p;9) = (p;q t (p). Sincethe 1-form (p) is closed,f' {gis a Hamiltonian ow.
Denote by K (p;q) the qu\niltonian function generatingf' ;g. A simple computation
shows that K (p;q) = (p)dp. HenceK (p;q) is independert on the g-variable
i.e, K(p;q) = K(p). Furthermore, we may assumethat K (0) = 0. Next, we cut o
the Hamiltonian function K (p) outside a neighborhood of the intersection point x.
Let (r) beasmooth cut-o function that vanishesfor r 2" and equalto 1 when
r ", for suciently small". De ne

K (p;a) = (kpk) (kak) K(p):

A straightforward computation shows that, %(0; ) = %(0; ) = 0. Hence the
time-1-map of the Hamiltonian o w corresponding to ¥ (p;q) is the required sym-
plectomorphism. Therefore, we now can assumethat s, (x) coincidewith the b er
over the point x.

Next, since is an exact Lagrangian isotopy, we have that for every s 2 I,
Ls is a graph of an exact 1-form dGs in the symplectic tubular neighborhood Vs,
of Ls,. Hence,in the above local coordinates (p;q) on T Ls,, Ls takesthe form

Ls = (dGs(q); ). Moreover, note that dGs(0) = 0.
De ne

Bs,(pid) = (kpk) Gs(q):
Consider the Hamiltonian vector eld corresponding to Hs,,

8
@R @5s(9)
= Pk :
o o Gt (W0 g
3 _@t_ @ .

It follows that for every s 2 |5, such that Ls  f(p;q)j kpk < "g, the Hamiltonian
ow is given by

@5s(0)
@

Hence, locally, the Hamiltonian ow sendsLg, to Ls as required. It remains to
prove that € vanisheson the diagonal. First, since dGs(0) = O, it follows that
p = 0. Next, considerx and y, two intersection points of the family fL g and the
diagonal. It follows from Lemma 5.1 that the symplectic areabetweenL, and L
in Vs, vanishesfor every s 2 |s,. Hence,by the sameargumert asin Lemma 5.1,
for every such s wezhave

(p;) ! p+

:q

Z S
0= 1= ! = (Gs(x) Gs(y)ds:

s [0;s] [0;1] 0
Thus, we get that Gs(x) Gs(y) = 0. Note that by changing the functions f Gsg
by a summand depending only on s, we can assumethat for every s, Gs vanishes
onLs\ 4. Hence,we obtain that eM = 0. Therefore, we have that the diagonal is
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invariant under the Hamiltonian o w. Finally, by smoothly patching together all the

we concludethat there exists a Hamiltonian isotopy sudh that s(Lg) = Ls and
s(4) = 4 . This completesthe proof of the proposition.
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