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Introduction to Cluster Algebras

In the late 1990's:Fomin and Zelevinskywere studying total positivity and
canonical bases of algebraic groups. They noticed recurring combinatorial
and algebraic structures.

Musiker (MSRI/MIT) Positivity for cluster algebras from surfaces October 7, 2009 3 / 28



Introduction to Cluster Algebras

In the late 1990's:Fomin and Zelevinskywere studying total positivity and
canonical bases of algebraic groups. They noticed recurring combinatorial
and algebraic structures.

Led them to de�necluster algebras, which have now been linked toquiver
representations, Poisson geometry, Teichm•uller theory, tropical geometry,
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Introduction to Cluster Algebras

In the late 1990's:Fomin and Zelevinskywere studying total positivity and
canonical bases of algebraic groups. They noticed recurring combinatorial
and algebraic structures.

Led them to de�necluster algebras, which have now been linked toquiver
representations, Poisson geometry, Teichm•uller theory, tropical geometry,
Lie groups, and other topics.

Cluster algebrasare a certain class of commutative rings which have a
distinguished set of generators that are grouped into overlapping subsets,
calledclusters, each having the same cardinality.
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What is a Cluster Algebra?

De�nition (Sergey Fomin and Andrei Zelevinsky 2001) Acluster algebra
A (of geometric type) is a subalgebra ofk(x1; : : : ; xn; xn+1 ; : : : ; xn+ m)
constructed cluster by cluster by certain exchange relations.
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The set of all such generators are known asCluster Variables, and the
initial pattern B of exchange relations determines theSeed.
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De�nition (Sergey Fomin and Andrei Zelevinsky 2001) Acluster algebra
A (of geometric type) is a subalgebra ofk(x1; : : : ; xn; xn+1 ; : : : ; xn+ m)
constructed cluster by cluster by certain exchange relations.

Generators:

Specify an initial �nite set of them, aCluster, f x1; x2; : : : ; xn+ mg.
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The set of all such generators are known asCluster Variables, and the
initial pattern B of exchange relations determines theSeed.

Relations:

Induced by theBinomial Exchange Relations.
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Example: Coordinate Ring of Grassmannian(2; n + 3)

Let Gr2;n+3 = f V jV � Cn+3 ; dimV = 2g planes in (n + 3)-space

Elements ofGr2;n+3 represented by 2-by-(n + 3) matrices of full rank.
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Let Gr2;n+3 = f V jV � Cn+3 ; dimV = 2g planes in (n + 3)-space

Elements ofGr2;n+3 represented by 2-by-(n + 3) matrices of full rank.

Pl•ucker coordinatespij (M) = det of 2-by-2 submatrices in columnsi and j .

The coordinate ringC[Gr2;n+3 ] is generated by all thepij 's for
1 � i < j � n + 3 subject to the Pl•ucker relationsgiven by the 4-tuples

pik pj ` = pij pk` + pi `pjk for i < j < k < `:

Claim. C[Gr2;n+3 ] has the structure of a cluster algebra.

Clustersare algebraically independent sets ofpij 's. Each have size (2n + 3)
where (n + 3) of the variables arefrozenand n of them areexchangeable.
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Example: Coordinate Ring of Grassmannian(2; n + 3)

Cluster algebra structure of Gr2;n+3 as a triangulated (n + 3)-gon.

Frozen Variables / Coe�cients ! sides of the (n + 3)-gon

Cluster Variables ! f pij : ji � j j 6= 1 mod (n + 3) g  ! diagonals

Seeds ! triangulations of the (n + 3)-gon

Clusters ! Set of pij ] 's corresponding to a triangulation
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Cluster algebra structure of Gr2;n+3 as a triangulated (n + 3)-gon.

Frozen Variables / Coe�cients ! sides of the (n + 3)-gon

Cluster Variables ! f pij : ji � j j 6= 1 mod (n + 3) g  ! diagonals

Seeds ! triangulations of the (n + 3)-gon

Clusters ! Set of pij ] 's corresponding to a triangulation

Can exchange between various clusters by 
ipping between triangulations.

This is calledmutation, and we will present a detailed example later.
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Seeds and Mutation

De�nition. A Seedis a pair (X; B), whereX = f x1; x2; : : : ; xn+ mg is an
initial Cluster, and B is anExchange Matrix, i.e. a (n + m)-by-n
skew-symmetrizable integral matrix. (di bij = � dj bji for di 2 Z> 0)
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initial Cluster, and B is anExchange Matrix, i.e. a (n + m)-by-n
skew-symmetrizable integral matrix. (di bij = � dj bji for di 2 Z> 0)

Columns ofB encode the exchanges

xkx0
k =

Y

bik > 0

x jbik j
i +

Y

bik < 0

x jbik j
i

for k 2 f 1; 2; : : : ng. Note: If only one sign occurs (e.g.bik > 0), we get a
monomial of 1.
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De�nition. A Seedis a pair (X; B), whereX = f x1; x2; : : : ; xn+ mg is an
initial Cluster, and B is anExchange Matrix, i.e. a (n + m)-by-n
skew-symmetrizable integral matrix. (di bij = � dj bji for di 2 Z> 0)

Columns ofB encode the exchanges

xkx0
k =

Y

bik > 0

x jbik j
i +

Y

bik < 0

x jbik j
i

for k 2 f 1; 2; : : : ng. Note: If only one sign occurs (e.g.bik > 0), we get a
monomial of 1. For allk 2 f 1; 2; : : : ; ng, there exists another seed
consisting of clusterf x1; : : : ; bxk ; : : : ; xn+ mg [ f x0

k g and matrix � k (B).

� k (B) ij =

8
>>>><

>>>>:

� bij if k = i or k = j

bij if bik bkj � 0

bij + bik bkj if bik ; bkj > 0

bij � bik bkj if bik ; bkj < 0
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Finite Mutation Type and Finite Type

A priori, get a tree of exchanges.
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Finite Mutation Type and Finite Type

A priori, get a tree of exchanges.

In practice, often get identi�cations among seeds.

In extreme cases, get only a �nite number of exchange patterns as tree
closes up on itself. Such cluster algebras called�nite mutation type.

Sometimes only a �nite number ofclusters. Called�nite type .

Finite type =) Finite mutation type.

Theorem. (FZ 2002) Finite type cluster algebras can be described via the
Cartan-Killing classi�cation of Lie algebras.
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Cluster Expansions and the Laurent Phenomenon

Example. Let A be the cluster algebra de�ned by the initial cluster
f x1; x2; x3; y1; y2; y3g and the initial exchange pattern

x1x0
1 = y1 + x2; x2x0

2 = x1x3y2 + 1 ; x3x0
3 = y3 + x2:

2

6
6
6
6
6
6
4

0 1 0
� 1 0 � 1
0 1 0
1 0 0
0 1 0
0 0 1

3

7
7
7
7
7
7
5
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Example. Let A be the cluster algebra de�ned by the initial cluster
f x1; x2; x3; y1; y2; y3g and the initial exchange pattern

x1x0
1 = y1 + x2; x2x0

2 = x1x3y2 + 1 ; x3x0
3 = y3 + x2:

2

6
6
6
6
6
6
4

0 1 0
� 1 0 � 1
0 1 0
1 0 0
0 1 0
0 0 1

3

7
7
7
7
7
7
5

A is of �nite type , type A3 and corresponds to atriangulated hexagon.
�

x1; x2; x3;
y1 + x2

x1
;

x1x3y2 + 1
x2

;
y3 + x2

x3
;

x1x3y1y2 + y1 + x2

x1x2
;

x1x3y2y3 + y3 + x2

x2x3
;
x1x3y1y2y3 + y1y3 + x2y3 + x2y1 + x2

2

x1x2x3

�
:

The yi 's are known asprincipal coe�cients.
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The Positivity Conjecture of Fomin and Zelevinsky

Theorem. (The Laurent Phenomenon FZ 2001) For any cluster algebra
de�ned by initial seed (f x1; x2; : : : ; xn+ mg; B), all cluster variables ofA (B)
are Laurent polynomialsin f x1; x2; : : : ; xn+ mg

(with no coe�cient xn+1 ; : : : ; xn+ m in the denominator).

Because of the Laurent Phenomenon, any cluster variablex� can be
expressed asP� (x1;:::;xn+ m)

x
� 1
1 ��� x � n

n
whereP� 2 Z[x1; : : : ; xn+ m] and the � i 's 2 Z.
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Theorem. (The Laurent Phenomenon FZ 2001) For any cluster algebra
de�ned by initial seed (f x1; x2; : : : ; xn+ mg; B), all cluster variables ofA (B)
are Laurent polynomialsin f x1; x2; : : : ; xn+ mg

(with no coe�cient xn+1 ; : : : ; xn+ m in the denominator).

Because of the Laurent Phenomenon, any cluster variablex� can be
expressed asP� (x1;:::;xn+ m)

x
� 1
1 ��� x � n

n
whereP� 2 Z[x1; : : : ; xn+ m] and the � i 's 2 Z.

Conjecture. (FZ 2001) For any cluster variablex� and any initial seed
(i.e. initial cluster f x1; : : : ; xn+ mg and initial exchange patternB), the
polynomialP� (x1; : : : ; xn) has nonnegativeinteger coe�cients.
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Some Prior Work on Positivity Conjecture

Work of [Carroll-Price 2002] gave expansion formulas for case ofPtolemy
algebras, cluster algebras oftype An with boundary coe�cients (Gr2;n+3 ).
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Some Prior Work on Positivity Conjecture

Work of [Carroll-Price 2002] gave expansion formulas for case ofPtolemy
algebras, cluster algebras oftype An with boundary coe�cients (Gr2;n+3 ).

[FZ 2002] proved positivity for�nite type with bipartite seed.

[M-Propp 2003, Sherman-Zelevinsky 2003] proved positivity for rank two
a�ne cluster algebras. Otherrank two cases by [Dupont 2009].

Work towards positivity foracyclic seeds[Caldero-Reineke 2006].

Positivity for cluster algebrasincluding a bipartite seed(which is
necessarily acyclic) by [Nakajima 2009].

Cluster algebras arising fromunpunctured surfaces[Schi�er-Thomas 2007,
Schi�er 2008], generalizing Trails model of Carroll-Price.

Graph theoreticinterpretation for unpunctured surfaces[M-Schi�er 2008].

Positivity for arbitrary surfaces[M-Schi�er-Williams 2009].
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Main Theorem

Theorem. (Positivity for cluster algebras from surfacesMSW 2009)
Let A be any cluster algebra arising from a surface (with or without
punctures), where the coe�cient system is of geometric type, and let � be
any initial seed.

Then the Laurent expansion of every cluster variable with respect to the
seed � has non-negativecoe�cients.
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Main Theorem

Theorem. (Positivity for cluster algebras from surfacesMSW 2009)
Let A be any cluster algebra arising from a surface (with or without
punctures), where the coe�cient system is of geometric type, and let � be
any initial seed.

Then the Laurent expansion of every cluster variable with respect to the
seed � has non-negativecoe�cients.

We prove this theorem by exhibiting a graph theoretic interpretation for
the Laurent expansions corresponding to cluster variables.

Due to work of Felikson-Shapiro-Tumarkin, we get

Corollary. Positivity for any seed, for all but 11skew-symmetriccluster
algebras of�nite mutation type. (Rank two skew-symmetric cases by
Caldero-Reineke)
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Cluster Algebras of Triangulated Surfaces

We follow (Fomin-Shapiro-Thurston), based on earlier workof
Fock-Goncharov and Gekhtman-Shapiro-Vainshtein.

We have a surfaceS with a set of marked pointsM. (If P 2 M is in the
interior of S, i.e. S n � S, then P is known an a puncture).
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Cluster Algebras of Triangulated Surfaces

We follow (Fomin-Shapiro-Thurston), based on earlier workof
Fock-Goncharov and Gekhtman-Shapiro-Vainshtein.

We have a surfaceS with a set of marked pointsM. (If P 2 M is in the
interior of S, i.e. S n � S, then P is known an a puncture).

An arc 
 satis�es (we care about arcs up to isotopy)
1 The endpoints of
 are inM.
2 
 does not cross itself.
3 except for the endpoints,
 is disjoint fromM and the boundary ofS.
4 
 does not cut out an unpunctured monogon or unpunctured bigon.
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Cluster Algebras of Triangulated Surfaces

We follow (Fomin-Shapiro-Thurston), based on earlier workof
Fock-Goncharov and Gekhtman-Shapiro-Vainshtein.

We have a surfaceS with a set of marked pointsM. (If P 2 M is in the
interior of S, i.e. S n � S, then P is known an a puncture).

An arc 
 satis�es (we care about arcs up to isotopy)
1 The endpoints of
 are inM.
2 
 does not cross itself.
3 except for the endpoints,
 is disjoint fromM and the boundary ofS.
4 
 does not cut out an unpunctured monogon or unpunctured bigon.

Seed$ Triangulation T = f � 1; � 2; : : : ; � ng

Cluster Variable$ Arc 
 (xi $ � i 2 T )

Cluster Mutation$ Ptolemy Exchanges (Flipping Diagonals).
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Example of Hexagon

Consider the triangulated hexagon (S; M) with triangulation TH .
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Example of Hexagon

Consider the triangulated hexagon (S; M) with triangulation TH .
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x2x00
2 = y1y2x3(x9) + x0

1(x4)
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1(x5)
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Example of Hexagon (continued)

8

gt t

t

t

t
4

1
2

5

6

7

t 9

t

3t

t

By using the Ptolemy relations on� 1, � 2, then � 3, we obtain

x000
3 = x
 =

1
x1x2x3

�
x2

2 (x5x8) + y1x2(x5x7x9) + y3x2(x4x6x8)

+ y1y3(x4x6x7x9) + y1y2y3x1x3(x6x9)
�

:
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Example of Hexagon (continued)

Consider the graphGTH ;
 =

7

1

41

8

2 3

2

9

3 5

6

2

GTH ;
 has �ve perfect matchings (x4; x5; : : : ; x9 = 1):

(x9)x1x3(x6), (x9x7x4x6),

x2(x8)(x4x6), (x9x7)x2(x5),

x2(x8)x2(x5).

A perfect matchingM � E is a set of distinguished edges so that every
vertex ofV is covered exactly once. Theweight of a matchingM is the
product of the weights of the constituent edges, i.e.x(M) =

Q
e2 M x(e).
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Example of Hexagon (continued)

Consider the graphGTH ;
 =

7

1

41

8

2 3

2

9

3 5

6

2

GTH ;
 has �ve perfect matchings (x4; x5; : : : ; x9 = 1):

(x9)x1x3(x6), (x9x7x4x6),

x2(x8)(x4x6), (x9x7)x2(x5),

x2(x8)x2(x5).
x1x3y1y2y3+ y1y3+ x2y3+ x2y1+ x2

2
x1x2x3

These �ve monomials exactly match those appearing in the numerator of
the expansion ofx
 . The denominator ofx1x2x3 corresponds to the labels
of the three tiles.
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A Graph Theoretic Approach

For every triangulationT (in a surface with or without punctures) and an
ordinary arc
 through ordinary triangles, we construct asnake graphGT ;


such that

x
 =

P
perfect matching M of GT ;


x(M)y(M)

xe1(T ;
 )
1 xe2(T ;
 )

2 � � � xen(T ;
 )
n

:

x
 is cluster variable (corresp. to
 w.r.t. seed given byT ) with principal
coe�cients .
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For every triangulationT (in a surface with or without punctures) and an
ordinary arc
 through ordinary triangles, we construct asnake graphGT ;


such that

x
 =

P
perfect matching M of GT ;


x(M)y(M)

xe1(T ;
 )
1 xe2(T ;
 )

2 � � � xen(T ;
 )
n

:

x
 is cluster variable (corresp. to
 w.r.t. seed given byT ) with principal
coe�cients .

ei (T ; 
 ) is the crossing numberof � i and 
 (min. int. number),

x(M) is the weight of M,

y(M) is the height of M (to be de�ned later),

Similar formula will hold for non-ordinary arcs (or throughself-folded
triangles).
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Examples ofGT ;


Example 1. Using the above construction for

8

gt t

t

t

t
4

1
2

5

6

7

t 9

t

3t

t

:
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19
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Examples ofGT ;


Example 1. Using the above construction for

8
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:

t

t

t

t
4

1
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6

7

t 9

t

3t

t 8

t '

2

3

t

8

19

2

7

,

9 41

8

2 3

7 2

1 , 21

419 2 3 6

532

7

8 . Thus

GTH ;
 =

7

1

41

8

2 3

2

9

3 5

6

2 :
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How to constructGT ;
 's (unpunctured surfaces)

De�nition. For 1 � i � n (i.e. all � i 2 T ), de�ne Tile Si to be (weighted)
triangulated quadrilateral corresponding to the quadrilateral bounding arc
� i in surfaceS. (DiagonalNW � SE and opposite sides still opposite)
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How to constructGT ;
 's (unpunctured surfaces)

De�nition. For 1 � i � n (i.e. all � i 2 T ), de�ne Tile Si to be (weighted)
triangulated quadrilateral corresponding to the quadrilateral bounding arc
� i in surfaceS. (DiagonalNW � SE and opposite sides still opposite)

1 Now given arc
 : Pick orientation of
 : s ! t .
2 Labelp0 = s; p1; : : : ; pd ; pd+1 = t , the intersection points of
 with

T (pj 2 � ij ).
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triangulated quadrilateral corresponding to the quadrilateral bounding arc
� i in surfaceS. (DiagonalNW � SE and opposite sides still opposite)

1 Now given arc
 : Pick orientation of
 : s ! t .
2 Labelp0 = s; p1; : : : ; pd ; pd+1 = t , the intersection points of
 with

T (pj 2 � ij ).
3 Let � i (for 1 � j � d � 1) denote the triangles bounded by arcs� ij

and � ij +1 . (� 0 and � d denote the �rst and last triangles that

traverses.)

4 Let [
 j ] denote the third side of �j for 1 � j � d � 1.
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3 Let � i (for 1 � j � d � 1) denote the triangles bounded by arcs� ij

and � ij +1 . (� 0 and � d denote the �rst and last triangles that

traverses.)

4 Let [
 j ] denote the third side of �j for 1 � j � d � 1.
5 By convention LetG
; 1 := Si1.
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and � ij +1 . (� 0 and � d denote the �rst and last triangles that

traverses.)

4 Let [
 j ] denote the third side of �j for 1 � j � d � 1.
5 By convention LetG
; 1 := Si1.
6 Inductively attach tileSij +1 to graph G
; j to obtain G
; j +1 .
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triangulated quadrilateral corresponding to the quadrilateral bounding arc
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3 Let � i (for 1 � j � d � 1) denote the triangles bounded by arcs� ij

and � ij +1 . (� 0 and � d denote the �rst and last triangles that

traverses.)

4 Let [
 j ] denote the third side of �j for 1 � j � d � 1.
5 By convention LetG
; 1 := Si1.
6 Inductively attach tileSij +1 to graph G
; j to obtain G
; j +1 .

(N or E edge ofG
; j agrees with tileSij +1 : N $ E and S $ W )
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5 By convention LetG
; 1 := Si1.
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; j to obtain G
; j +1 .

(N or E edge ofG
; j agrees with tileSij +1 : N $ E and S $ W )

7 We de�ne GT ;
 to be G
; d .
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How to constructGT ;
 's (unpunctured surfaces)

De�nition. For 1 � i � n (i.e. all � i 2 T ), de�ne Tile Si to be (weighted)
triangulated quadrilateral corresponding to the quadrilateral bounding arc
� i in surfaceS. (DiagonalNW � SE and opposite sides still opposite)

1 Now given arc
 : Pick orientation of
 : s ! t .
2 Labelp0 = s; p1; : : : ; pd ; pd+1 = t , the intersection points of
 with

T (pj 2 � ij ).
3 Let � i (for 1 � j � d � 1) denote the triangles bounded by arcs� ij

and � ij +1 . (� 0 and � d denote the �rst and last triangles that

traverses.)

4 Let [
 j ] denote the third side of �j for 1 � j � d � 1.
5 By convention LetG
; 1 := Si1.
6 Inductively attach tileSij +1 to graph G
; j to obtain G
; j +1 .

(N or E edge ofG
; j agrees with tileSij +1 : N $ E and S $ W )

7 We de�ne GT ;
 to be G
; d . (Erase diagonals to obtainGT ;
 .)
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Height Functions (of Perfect Matchings ofSnakeGraphs)

We now wish to give formula fory(M)'s, i.e. the terms in the
F-polynomials.
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Height Functions (of Perfect Matchings ofSnakeGraphs)

We now wish to give formula fory(M)'s, i.e. the terms in the
F-polynomials.

De�niton. [W. Thurston-Conway] (Following description of
[Elkies-Larsen-Kuperberg-Propp])

Given a snake graphG, there is a choice ofminimal matching(M� ) which
consists of every-other edge on the boundary. (If the orientation of the tile
Si agrees with the surface, thenM� contains the edges on the boundary
lying clockwise from the diagonal� i .)
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Height Functions (of Perfect Matchings ofSnakeGraphs)

We now wish to give formula fory(M)'s, i.e. the terms in the
F-polynomials.

De�niton. [W. Thurston-Conway] (Following description of
[Elkies-Larsen-Kuperberg-Propp])

Given a snake graphG, there is a choice ofminimal matching(M� ) which
consists of every-other edge on the boundary. (If the orientation of the tile
Si agrees with the surface, thenM� contains the edges on the boundary
lying clockwise from the diagonal� i .)

Given any other matchingM, let M 	 M� denote thesymmetric di�erence.

The height hM : Faces(G) ! Z � 0 of matchingM is a function recording
which faces are enclosed by cycles ofM 	 M� .
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Height Functions (of Perfect Matchings ofSnakeGraphs)

We now wish to give formula fory(M)'s, i.e. the terms in the
F-polynomials.

De�niton. [W. Thurston-Conway] (Following description of
[Elkies-Larsen-Kuperberg-Propp])

Given a snake graphG, there is a choice ofminimal matching(M� ) which
consists of every-other edge on the boundary. (If the orientation of the tile
Si agrees with the surface, thenM� contains the edges on the boundary
lying clockwise from the diagonal� i .)

Given any other matchingM, let M 	 M� denote thesymmetric di�erence.

The height hM : Faces(G) ! Z � 0 of matchingM is a function recording
which faces are enclosed by cycles ofM 	 M� .

For snake graphs,hM (F) 2 f 0; 1g and we obtain the formula

y(M) :=
Y

i

y
P

Faces Labeled i hM (F )
i :
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Height Function Examples

Recall thatGTH ;
 has three faces, labeled 1, 2 and 3.GTH ;
 has �ve
perfect matchings (x4; x5; : : : ; x9 = 1):

y1y2y3, y1y3,

y3, y1,

1  � This matching isM� .
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Height Function Examples

Recall thatGTH ;
 has three faces, labeled 1, 2 and 3.GTH ;
 has �ve
perfect matchings (x4; x5; : : : ; x9 = 1):

y1y2y3, y1y3,

y3, y1,

1  � This matching isM� .

For example, we get heightsy1y2y3, y1y3, and y3 because of
superpositions:

21 3
,

31
, and

3

Musiker (MSRI/MIT) Positivity for cluster algebras from surfaces October 7, 2009 21 / 28



Height Function Examples (continued)

For GTA ;
 = 1

1 2 3

4

1 2

4 6

2

4

7
13

5

4 6

2 3

1

8

8

2

5

3

, M� is

2

1 2 3

4

1

.
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Height Function Examples (continued)

For GTA ;
 = 1

1 2 3

4

1 2

4 6

2

4

7
13

5

4 6

2 3

1

8

8

2

5

3

, M� is

2

1 2 3

4

1
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17 matchings,M, is
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4

1

1 2 3
,
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Height Function Examples (continued)

For GTA ;
 = 1

1 2 3

4

1 2

4 6

2

4

7
13

5

4 6

2 3

1

8

8

2

5

3

, M� is

2

1 2 3

4

1

. One of the

17 matchings,M, is

2

4

1

1 2 3
, so M 	 M� =

2

3

4

1

1 2
,

which has heighty1y2
2 . So one of the 17 terms in the cluster expansion of

x
 is (using FST convention) x4(x6x8)x4(x5)x2(x8)
x2

1 x2
2 x3x4

(y1y2
2 ).
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Summary

Theorem. (M-Schi�er-Williams 2009) For every triangulationT of a
surface (with or without punctures) and anordinary arc
 , we construct a
snake graphG
; T such that

x
 =

P
perfect matching M of G
; T

x(M)y(M)

xe1(T ;
 )
1 xe2(T ;
 )

2 � � � xen(T ;
 )
n

:

Hereei (T ; 
 ) is the crossing number of� i and 
 , x(M) is the edge-weight
of perfect matchingM, and y(M) is the height of perfect matchingM.
(x
 is cluster variable with principal coe�cients.)
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 )
n

:

Hereei (T ; 
 ) is the crossing number of� i and 
 , x(M) is the edge-weight
of perfect matchingM, and y(M) is the height of perfect matchingM.
(x
 is cluster variable with principal coe�cients.)

Theorem. (M-Schi�er-Williams 2009) An analogous expansion formula
holds for arcs withnotches(only arise in the case of apunctured surface).
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Summary

Theorem. (M-Schi�er-Williams 2009) For every triangulationT of a
surface (with or without punctures) and anordinary arc
 , we construct a
snake graphG
; T such that

x
 =

P
perfect matching M of G
; T

x(M)y(M)

xe1(T ;
 )
1 xe2(T ;
 )

2 � � � xen(T ;
 )
n

:

Hereei (T ; 
 ) is the crossing number of� i and 
 , x(M) is the edge-weight
of perfect matchingM, and y(M) is the height of perfect matchingM.
(x
 is cluster variable with principal coe�cients.)

Theorem. (M-Schi�er-Williams 2009) An analogous expansion formula
holds for arcs withnotches(only arise in the case of apunctured surface).

Corollary. The F-polynomialequals
P

M y(M), is positive, and has
constant term 1.

The g-vector satis�es xg = x(M� ).
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Example 2 (Ordinary Arc through Self-folded Triangle)

��
��
��
��

��
��
��
��

��
��
��
��

11

12 7 13

p

9
10

8
3

4

6

14


 1

(S; M )

`
r
`

5

r

3 `

`r

r

3

` 11

4

3

3

12

5

4 14

4

5

10

5 6

7

9

6

`

r

` r
11

Figure: Ideal TriangulationT � of (S; M) and corresponding Snake GraphGT � ;
 1.

Note the three consecutive tiles of our snake graph with labels `, r and `,
as 
 1 traverses the loop̀ twice and the enclosed radiusr .
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Example 2 (Ordinary Arc through Self-folded Triangle)
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Example 3 (Notched Arc in Punctured Surface)
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Figure: Ideal TriangulationT � of (S; M) and corresponding Snake GraphGT � ;
 2.

We obtain the Laurent expansion forx
 2 by summing over so called

 -symmetric matchings ofGT � ;
 2, those that agree on the two bold ends.
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Encore Example ofGT ;
 : Annulus

Example 4. We now construct graphGTA ;
 .
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Thank You For Listening

Positivity for Cluster Algebras from Surfaces(with Ralf Schi�er and
Lauren Williams),arXiv:math.CO/0906.0748

Cluster Expansion Formulas and Perfect Matchings(with Ralf Schi�er),
arXiv:math.CO/0810.3638

A Graph Theoretic Expansion Formula for Cluster Algebras ofClassical
Type, http://www-math.mit.edu/ � musiker/Finite.pdf
(To appear in the Annals of Combinatorics)

Fomin, Shapiro, and Thurston.Cluster Algebras and Triangulated Surfaces
I: Cluster Complexes, Acta Math. 201 (2008), no. 1, 83{146.

Fomin and Zelevinsky.Cluster Algebras IV: Coe�cients, Compos. Math.
143 (2007), no. 1, 112{164.

Slides Available athttp//math.mit.edu/ � musiker/ClusterSurface.pdf
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