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1. INTRODUCTION

DISCLAIMER: This document is preliminary. Unlike an earlier version dated
March 2004, which contained a terrible number of misprints, this version is edited.
Its theorems (read: “conjectures”) have no proofs. In fact, the statements of the
theorems are not even correct, but they are morally correct. The computations at
the end need to be double checked, and there is ambiguity with on and € that I need
to sort out for myself, but have not done so yet.

The EHP sequence allows for the computation of the unstable homotopy of all
of the spheres simultaneously. The Goodwillie tower of the identity functor allows
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for the computation of the unstable homotopy groups of a given sphere in terms
of the stable homotopy groups of a collection of spectra, known as the derivatives
of the identity. We will investigate a relationship amongst these spectra which
mirrors the EHP sequence in the stable category. From this relationship we will
seek to understand how the EHP and Goodwillie perspectives on unstable homotopy
interact.

More specifically, the EHP spectral sequence E;-term is a list of all of the pos-
sible Hopf invariants of elements of the unstable homotopy groups of spheres. The
differentials are given by Whitehead products. The E., term is a collection of all
of the Hopf invariants of actual homotopy elements.

In Section 4 We will show that the Goodwillie tower is the opposite. Namely,
the F; term of the Goodwillie spectral sequence is a list of all possible iterated
Whitehead products. In Section 5, we will recover the essentially known result that
the differentials in the Goodwillie spectral sequences are given by Hopf invariants.
The Eo term consists of all of the iterated Whitehead products which exist (i.e.
have the correct spheres of origin to be defined) and are non-trivial.

Our core tool will be a Goodwillie reinterpretation of a decomposition of the
stunted Whitehead spectra L(k),, in terms of L(k — 1),,. This will be described in
Section 3.

Kuhn, Mahowald, and others have investigated the relationship of the EHPSS to
the AHSS for RP°°. Specifically, many differentials in the EHPSS may be deduced
from attaching maps in RP*°. In Section 6 we will demonstrate that there is a
similar relationship between the differentials of the EHPSS and the attaching maps
between the stunted Whitehead spectra that build up the derivatives.

In Section 7 we give some tables of computations in low dimensions at the prime
2 to give the reader some feeling for how the theory of this paper plays out in
practice. The range we work in is well-known. In fact, it is entirely contained in
Toda’s range.

This paper is (for the time being) written at the prime 2 only. Thus everything
in this paper is implicitly 2-local. Unless expressly stated otherwise, all ordinary
homology and cohomology groups are taken with Fs-coefficients. In order to avoid
confusion, we shall denote the sphere spectrum by S.

The author benefited enormously from conversations with Greg Arone, Brenda
Johnson, Nick Kuhn, Mark Mahowald, and Haynes Miller.

2. RECOLLECTIONS ABOUT CALCULUS

In this section we give a brief recollection of Goodwillie calculus. Let Spaces
be the category of pointed spaces and let F' be a functor from Spaces to Spaces.
We wish to assume that F' is a homotopy functor, in the sense that it sends weak
equivalences to weak equivalences, and that F'(x) = . The functor F is said to be
n-excisive if it takes strong homotopy cocartesian n+1-cubes to homotopy cartesian
n + l-cubes. If a functor is n-excisive, then it is n + 1 excisive.

Goodwillie [5] has developed a formal machinery that associates a functor F
a sequence of functors P;(F) which are the best i-excisive approximations to F.
Dwyer reformulates this process as an instance of localization [4]. The universal
property of P;(F) implies the existence of natural transformations

P (F) — Py(F).
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In nice situations, one recovers the values of F' as a homotopy inverse limit
F(X) ~ lim P,(F)(X)

for X sufficiently highly connected. We shall always be working with functors that
merely require X to be connected for this to hold.
Define the i** Goodwillie layer of F to be the homotopy fiber

One has

Dy(F)(X) = Py(F)(X) = lm Q" F(S"X).
In [5], Goodwillie constructs the functors D;(F') so that they comes equipped with
a canonical infinite delooping. Thus, there exists a functor

D;(F) : Spaces — Spectra

such that D;(F) = Q>D;(F).

The theory is especially interesting when applied to the identity functor Id. For
brevity of notation, we shall refer to D;(Id)(X) as D;(X), and P;(Id)(X) as P;(X).
In this case, for a connected space X, we get an inverse system of spaces

P (X) =—— P(X) =— P3(X) =— -

D1(X) D»(X) Ds3(X)
where the fibers D;(X) are the zeroth spaces of spectra. We shall refer to the
spectral sequence associated to applying homotopy groups to this tower as the
Goodwillie spectral sequence, and will use the abbreviation GSS. The GSS takes the
form

Ei(X) =m(D.(X)) = 7 (X).

Thus it computes the unstable homotopy groups of the space X from the stable
homotopy groups of the spectra D;(X).

The spectra I;(S™) are well understood, thanks to work of Brenda Johnson,
Greg Arone, Marja Kankaanrinta, Mark Mahowald, and Bill Dwyer [6], [2], [3], [1].
In fact, these spectra first appeared in the context of a conjecture posed by George
Whitehead and solved by Nick Kuhn, and in stable splittings of classifying spaces
investigated by Steve Mitchell, Stewart Priddy, and others (see for instance, [7], [9],
[12]).

A sequence of integers (I, ...,1l) is said to be completely unadmissible (CU) if
for all ¢, I; > 2l;41. In [3] the following is proven

Theorem 2.1 (Arone-Mahowald). If 7 is not of the form 2* for any &, then I;(S™)
is contractible. If i is of the form 2*, we have an equality

H*(2FDgi (S™)) = F2{Q" - - Q"1 = (la,..., 1) is CU, I, > n}
as modules over the Steenrod algebra.

The cohomology module in Theorem 2.1 should be regarded as a submodule of
the cohomology of the extended power spectrum H*(Dy, o (S™)) associated to the
k-fold iterated wreath product of Z/2. The @’ are Dyer-Lashoff operations, and
the Steenrod action is determined by the Nishida relations. Thus at the prime 2
one need only consider the values of the (2¥)th layers of the identity on spheres.
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The Goodwillie tower for S' has been well studied. In this case, the homotopy
groups of S! are known, and Kuhn’s theorem may be rephrased to say that the
GSS for S! collapses at E,. More precisely, define spectra

L(k), = est(BZ)2%)"5*

where & is the bundle induced from the reduced regular representation of Z/2*,
and ey is a lift of the Steinberg idempotent in Z[GLy(Z/2)]. Here, we get an
induced summand of the homotopy orbit spectra (BZ/2%)% since GL(Z/2) is the
normalizer of the subgroup Z/2"* in Y.

The spectrum L(k); is commonly referred to as L(k), and the spectrum L(k)o
is often called M (k). There are splittings (Mitchell-Priddy?)

M (k) ~ L(k) V L(k — 1).
One of the main results of [1, Corollary 9.6] is given below
Theorem 2.2 (Arone-Dwyer). There are equivalences
L(k)p ~ XF "Dy (S™)
In the case n = 1, we have [7], [1]
Theorem 2.3 (Kuhn-Arone-Dwyer). There are equivalences
5 FSpor(8°)/Spar-1(8°) ~ L(k) ~ ¥ Doi (S*)
where Spn(ﬁo) is the n'" symmetric power of the sphere spectrum.
There connecting homomorphisms of the triple
Sp2r(8”)/Spae-1(5°) 2 LSpa-1(S°)/Spar-2(S°)
induce transfers on the derivatives (applying Theorem 2.3)
Dy (S1) = BDyeor (5

which gives a chain deformation retract of the complex

T (D1(Sh)) &, Te_1(Do(S1)) 4, Te_2(D4(S)) A

to the complex
Z—-0—0—---

Thus Kuhn’s theorem is the statement that the GSS for S* collapses at Es.

3. BUILDING THE DERIVATIVES
The EHP sequence is based on the homotopy fiber sequence
smE axst &L anse(sm)

where E is the suspension, and H is the James-Hopf map. The functor Sq is the
squaring functor

Sqg: X — XNX.

In [3], it is explained how from Goodwillie’s formal theory of calculus, there is
are fiber sequences on the derivatives of the functors evaluated on spheres

Do (Id)(S™) £ QDo (£)(S™) 225 QDo (X 0 Sq)(S™).
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General properties of calculus imply that
Dyi(5)(X) = Dy (14) (£X)
Dy (X 08¢)(X) = Dor—1 (Id)(XX).
We therefore have the following proposition.

Proposition 3.1 (Arone-Mahowald). The natural transformations E : Id — Q%
and H : Q¥ — QX.Sq induce cofiber sequences

Dy (S") £ 51Dy, (571 25 £ Dy (§20F)

Remark 3.2. These cofiber sequences were shown to exist in the context of the
spectra L(k), independently by Nick Kuhn [8] and Shin-ichiro Takayasu [14]. In
this language, the cofiber sequences take the form

EnL(k - 1)2n+1 — L(k)n — L(k)n+1

Thus the spectra L(k) have a decreasing filtration {L(k),}, whose filtration
quotients are L(k — 1),,’s. The simplicity of the L(k),, notation will lead us to use
it throughout this paper. In the L(k),, notation, the GSS for S™ takes the form

EF(S™) = m(L(K)a) = musi_n(S™).

We shall now explain how to compute this F; term from the stable homotopy groups
of spheres using a sequence of iterated Atiyah-Hirzebruch spectral sequences.

The cohomology of L(k), will be given in the notation that was used in the
statement of Theorem 2.1 except that we will drop the ¢,, from the notation. Letting
L represent the sequence (ly ...l), with length |L| = k and degree ||L|| = Xi;, we
may rewrite the conclusion of Theorem 2.1 as

H*(L(k),) =F2{Q* : Lis CU, |L| =k, l;, >n}.

The cofiber sequences of Proposition 3.1 (Remark 3.2) break up into short exact
sequences

H*(L(k) i) H*(L(K),) H* (5" L(k)2ns1)

L . Lis CU,|L|=k L . Lis CU,|L|=k L . Lis CU,|L|=k—1
Fo{QF « DB CUIL=Ry S my{Ql « i CUILIERy L pp(Qlqr « L CUILI=E-1y

The iterated filtrations of L(k), in terms of L(k — 1)g;41’s give a sequence of
Atiyah-Hirzebruch type spectral sequences

E(L(k)n) = {m‘(L(k —1)2j41) j=n

= i (L(Kk)n).
; L s (L))

Through k iterated AHSS’s, we may begin from the stable stems and compute
e (L(K)n)-
@ (SN = o = i (L(k),)
Lis CU,\LL\:k,lkzn
We shall refer to this as the iterated AHSS for L(k),. We shall refer to elements
in the first F; term by the index L which identifies its summand of origin. Given

a € m (S, we shall use the notation a[L] to refer to the corresponding element
of the first E-term of the iterated AHSS.
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4. THE GOODWILLIE TOWER AND WHITEHEAD PRODUCTS

In this section, we would like to indicate the relationship of Whitehead products
to the GSS. Suppose o € m,4,(S™) is detected in the F; term of the GSS by
B8 € miyr(L(k)y), and suppose that [ is detected in the iterated AHSS by the
element

Y, - gl
where v is an element of 7,4 (S, Loosely speaking, what we would like to prove
is that a is given by the iterated Whitehead product

[ija [ijfw [ t [lev:ﬂ o ]
where 7 is a suitable desuspension of . In fact, every term of the Whitehead

product must be desuspended appropriately for the expression to make sense. The
slogan here is:

“Elements of the unstable homotopy groups of spheres in Good-
willie filtration 2% break up into k-fold Whitehead products”

We would like to make the above statement precise and accurate. Let
P, Q2§20 — gn
be the connecting homomorphism of the EHP sequence. The relation of P, to
Whitehead products is the following proposition (see [16, 7]).
Proposition 4.1. If « is an element of 7;1,1(S?"*!), and there is an element
a € m;(S™) so that « = E"T@, then we have
P, () = [in, q].

What we shall actually claim is that given certain GSS elements were permanent

cycles, we have a ‘formula’

a=E%p, E7p, o ETh P
where F is the suspension, [,,, is the quantity j,, — 2§41 — 1 for m < k, and [, is
the quantity jx — n.
Specifically, something like the following theorem should be true, but it is prob-
ably only morally true as stated.

k=1~

Theorem 4.2 (Relation between GSS representatives and Whitehead
products). Suppose that «f[J] is a permanent cycle in the iterated AHSS for
7w« (L(k)p), where J = (j1,...,Jr) is a CU sequence with j, > n. Let N,, be
the quantity given by

N {2jm+1+17 for 0 <m < k
™\, form =k
The elements
alfi, -y jm)
are permanent cycles in the iterated AHSS for 7. (L(m)y,, ). Suppose that each
of these subsequence elements «ji, ..., jn] detect elements in 7, (L(m)y,,) which

are permanent cycles in the GSS for 7, (S™V=). Then, for 0 < m < k, there exist
elements o, € 7.(L(m)y,, ) and B, € 1, (SV™) so that

m

(1) the element «,y, is detected by a[j1, . . ., jm] in the iterated AHSS for 7. (L(m)n,, ).
(2) the element (3, is detected by o, in the GSS for m,(SNm).
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(3) modulo elements of Goodwillie filtration greater than 2, we have an equal-
ity
EjmiNmﬁm = ijﬁmfl-

5. THE GOODWILLIE DIFFERENTIALS AND HOPF INVARIANTS

In this section we will explain how to compute the differentials in the GSS. They
are all Hopf invariants, as explained in [2] and elsewhere. In this section, we spell
out this relation from a computational point of view.

We must begin by discussing various generalized notions of the Hopf invariant.

Definition 5.1 (Unstable Hopf invariant). Given a in m;(S), suppose « has
sphere of origin S™*!. Let & € miyms1(S™T!) be an unstable element whose
stabilization is . Then we define the unstable Hopf invariant HI(a) to be the
coset of elements H (&) € miqpmy1(S?™ ™) for all choices of a.

The definition of the unstable Hopf invariant is summarized by the following
diagram.

i (Qr gmT) He 7 (Qrt §2m)

mi(S) mi(S™)

The unstable Hopf invariant is the coset of elements of the F; term of the EHPSS
for m,(S) that detect a.

Let SH : QS° — QRP> be the James-Hopf map associated to the Snaith
splitting of @S°. The unstable Hopf invariant should be compared to the following
‘stable’ analog. Let RP2° be the space RP>/RP™1L.

Definition 5.2 (Stable Hopf invariant). Given « in m;(S), suppose that m is
maximal so that the image of SH () € m;(QRP°) in m;(QRPS?) is nontrivial. Let
B € m(QS™) be a lift of the image of SH(«) under the inclusion of the bottom
cell of QRPS°. Then we define the stable Hopf invariant SHI(a) to be the coset
of elements § € 7;(S™) for all choices of lifts [.

The definition of the stable Hopf invariant is summarized by the following dia-
gram.

mi(QRP>) — i (QRPY)

g |

mi(S) T mi(S™)

The stable Hopf invariant is the coset of elements of the F; term of the AHSS for
T (B°RP>) that detect SH(«).

The relationship between the two follows from the relationship of the EHP se-
quence for m,(S) to the AHSS for 7, (3°°RP), and is given below.

Proposition 5.3. Let a be an element of 7;(S). Suppose that the stabilization
E>(HI(c)) does not contain 0. Then we have a containment

E*HI(a) C SHI(«a).
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The GSS d; differentials will turn out to be related to the stable Hopf invariant
when it agrees with the stabilization of the unstable Hopf invariant. The presence
of higher GSS differentials will reflect when the coset HI(a) contains an unstable
element. We define a generalized Hopf invariant that detects the Hopf invariant
even when the stable Hopf invariant does not.

Definition 5.4 (Generalized Hopf invariant). Given « in 7;(S), suppose «
has sphere of origin S™*1. Let & € mipm+1(S™H!) be an unstable element whose
stabilization is « such that the the Goodwillie filtration of H (&) is maximal. Let 27
be this maximal Goodwillie filtration. We shall call r the Hopf depth of a. Consider
the following diagram

(LML He, T (QHLg2m L par 1 (L Py (S2mH))

| T

o i (L Dy (52

7 §0) PP ST

where por is projection onto the (27)th term of the Goodwillie tower. Then the
generalized Hopf invariant

GHI(O[) g Wi(Qm-’_lDQr(S%?H—l)) = 7Ti7m+r(L(T)2m+1)

is the set of all lifts of par H(a) to the Goodwillie derivative Dar(S2™+1) for all
such a.

We shall index the GSS as follows
EF(S™) = m(L(k)) = Tusiok(S™).

Let afj1, ..., k] be a permanent cycle in the iterated AHSS for m,(L(k)y), where
J = (ji,--.,jr) is CU and « is an element of m;(SI'). Then a[J] detects an
element 3 € m(L(k),) = EF'(S™).

Theorem 5.5 (Relation of GSS differentials to Hopf invariants). Suppose
that (3 survives to E®!. Then there exists an element a[.J] which detects 3 in the
iterated AHSS for 7. (L(k),) so that one of the following possibilities occurs.

Case I: The Hopf depth of « is greater than r — 1.
Then d, () is detected in the iterated AHSS for . (L(k+7r),) by an element
Y[hi, ..., hegs] where b,y < jg.
Case II: The Hopf depth of a equals r — 1.
Then we have GHI(a) € T mir_1 (SMIL(r — 1)ami1).
Subcase (a): m < 2j; +1
Then the same conclusion for Case I holds.
Subcase (b): m > 2j; +1
Then there exists an element v[iq,...,4,—1] in the iterated AHSS for
T (L(r — 1)2m+1) which detects an element of GHI(«) and such that
the element

V[il,. ..,’L'Tfl,m,jl,.. ;jk]

of the iterated AHSS detects d,-(8) € mpr—1(L(k 4+ 7)p).
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Theorem 5.5 may be summarized (in Case II, Subcase (b)) by saying that the
following ‘diagram’ commutes.

GSS

T (L(F)n) ~~rrnmes o (L(K 4 7))

iterated iterated

AI—ﬂSS AIT|SS

W*(S”J”) ~a W*(EH‘]HL(T = 1ama1)

We end this discussion with an indication of how to proceed if Theorem 5.5 fails
to give any information.
Let us first consider the GSS for S!.

EPN(SY) = mu(L(k)1) = g1 (ST

Kuhn’s theorem implies that this spectral sequence collapses at F5. Assume that we
are able to compute 7, (L(k)1) through a range, and that we know all of the stable
Hopf invariants of all of the elements of the stable stems through a range. Then
one has a good chance of knowing the complete structure of this spectral sequence.
Theorem 5.5 implies that most of the d;’s are given as stable Hopf invariants. Since
7.(S1) is concentrated in the zero stem, the remaining d;’s may be deduced. We
shall use this methodology to compute the S* GSS in the Toda range in Section 7.

We shall now explain how to compute the differentials in the GSS for S™ that
are not covered by Theorem 5.5. We shall relate these more difficult differentials
to differentials in the GSS for S, which by the last paragraph may be deduced in
favorable cases from Kuhn’s theorem, and other certain generalized Hopf invariants.
The following proposition covers all of the cases found in the Toda range (see
Section 7. Let q(k), : L(k)1 — L(k), be the quotient map.

Theorem 5.6. Suppose that § is an element of the GSS Ej-term Ef’l(S") =
m(L(k)yn). Suppose that a[J] detects § in the iterated AHSS for 7, (L(k),). Then
there are two possibilities.

Case I: The element a[J] is a permanent cycle in the AHSS for L(k);. Then
there exists an element 3 € m(L(k)y) for which q(k),(3) equals 3 mod-
ulo elements of lower iterated Atiyah-Hirzebruch filtration, and we have a
formula of GSS differentials

dr(B) = q(k + T)n(dr(g))

modulo d,(elements of lower Atiyah-Hirzebruch filtration).

Case II: The element a[J] is not a permanent cycle in the AHSS for L(k),
Then there is a non-trivial AHSS differential d(«[J]) = o/[J']. Then there
exists an element y[H] in the iterated AHSS for 7. (L(k+7),) which detects
d, (), and such that there is an AHSS differential

d(y[H]) =~'[I,m, J']

where o is born on S™*! with 4[] € GHI().
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Theorem 5.6, Case I, may be summarized by saying that the following diagram
commutes.
dGSS

T (L(k)n) ~~Fm= 1% (L(E + 1))
q(k)n Tq(kw)n
e (L(k)1) ~rgsgm T (L(K 4 1)1)

GSS
dr

Theorem 5.6, Case II, may be summarized by saying that the following ‘diagram’
commutes.

dGSS
T (L(k)n) e o (L(K + 7))
A’HSS A’HSS
o (L(k = 1), 41) T (L(k + 7 = 1)an,y,+1)
aptses Gt
T (L(k = 1)2j; 41) T (L(k + 7 = 1)2j, +1)
m(SIT ~ T T (S IL(r = 1)2my1)

6. EHP DIFFERENTIALS AND ATTACHING MAPS

In this section we will describe how differentials in the EHPSS may be deduced
from differentials in the iterated AHSS.
The EHPSS takes the form

Ey? = mj1 (57 = m;-i(QS°).

We shall refer to elements 7 in the E1-term 7,41 (S2°"1) of the EHPSS by elements
B in Tjqp+1(L(k)2+1) which detect them in the GSS.

We observe that these representatives may actually be read off from the data of
the EHPSS while executing the Curtis algorithm by Theorem 4.2.

In the following theorem, we shall be working with the AHSS indexed by

Ey?(L(k + 1)1) = mj(L(k)ai41) = i (L(k + 1)1).

Elements of the EV7(L(k +1);) will be given by the notation §[i], where § is an
element of 7;(L(k)2i+1)-

Theorem 6.1 (Relation of EHPSS differentials to AHSS differentials).
Suppose that v € ;41 (S%T1) survives to the E,-term in the EHPSS and let 3 €
Tj+k+1 (L(k)2i41) be an element of the GSS which detects 7. Suppose that there is
a differential
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in the AHSS for L(k + 1);. Suppose that 8’ is a permanent cycle in the GSS
for 2=+ Then modulo elements of higher Goodwillie filtration, the EHPSS
differential d,.() is detected by 8" in the GSS.

Theorem 6.1 may be summarized by saying that the following diagram com-

mutes.
dEHP
T (S2HD) A 7T*(52(1'4)+1)

G%S G/%S
T (L(k)2i41) Wﬂ*(L(k)z(i—r)H)

(s

We shall now address what happens when the GSS element 3’ in Theorem 6.1
is not a permanent cycle in the GSS.

Theorem 6.2. Suppose that v, 3, §’ are the same as in the statement of Theo-
rem 6.1, except that 3’ is not a permanent cycle in the GSS. Suppose that there is
a non-trivial GSS differential

d(B') =v'
for " € m (L(k +1")2(i—r)+1). Then there exists an element
VE Ty (L(k + T/)Q(ifr+r”)+l)

so that in the AHSS for m.(L(k + r' + 1)1) we have d,»(v) = v/ and if v is a
permanent cycle in the GSS for S2(—m+")+1 and ~ persists to E,_,~, then v
detects the EHPSS differential d,_,. (7).

Theorem 6.2 may be summarized by saying that the following ‘diagram’ com-
mutes.

T (SZiJrl) ~ s (52(i—r+r”)+1)

GSS GHS

s (L(k)2i41) T (L(k + 1) 2y 11)
dAHSS§ l gAHSS
r 2 2 !/
y
T (LR)2(i-r)+1) ~ogso> Ta(L(k +1)2(i-r) 1)

GSS
!

We shall now address what happens when the GSS element 3’ in Theorem 6.1
is killed in the GSS.

Theorem 6.3. Suppose that v, 8, and 3’ are the same as in the statement of
Theorem 6.1, and that 3’ is killed in the GSS for $2¢=7)+1 by a differential

d(v) =5
for v € . (L(k—7")2(i—r)+1). Suppose that v supports a nontrivial d,» in the AHSS
for 7, (L(k—7r"+1)). Then if d.(v) € Ti(L(k—7")2(i—r—r)41 is @ permanent cycle
in the GSS for 7, (S2(="="")+1) then it detects the EHPSS differential d, .~ (v) €
7T*(S2(i_T_T“)+1).
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Theorem 6.3 is summarized by saying that the following ‘diagram’ commutes.

EHP
dT+T”

71_*(521‘-5—1) s, (SQ(ifrfr”)Jrl)

GSS G%S

i (L(k)2i+1) T (L(k — ") a(i—r—rr)1)
| /g
dAHSSe dA/{‘ISS
r 0 -
¢

T (L(K)2(i—r)11) e T (L(k = 7")2(i—r)+1)

!

Finally, we address a possible source of differentials when [ is a permanent cycle
in the AHSS for L(k + 1).

Theorem 6.4. Suppose v and (3 are the same as in the statements of Theorems 6.1
and 6.2, but that § is a permanent cycle in the AHSS for L(k + 1). Then there
exists an element p € 74 4x+1(L(k 4+ 1)) such that 3 detects p in the AHSS, and
an element 3’ € w4 yr—i1+1(L(k + 1)241) which detects the GSS differential dq ()
in the AHSS for L(k + 2), so that if 3’ is a permanent cycle in the GSS for S2*1,
then (' detects the EHPSS differential d; (7).

Note that the GSS differential d; (1) in Theorem 6.4 is in the GSS for S!, and by
Kuhn’s theorem, there are no higher differentials. Theorem 6.4 may be summarized
by saying that the following ‘diagram’ commutes.

dEHP

i—1

7, (S2iH1) s (82

(L + 1)) ————= . (L(k +2))

7. SOME LOW DIMENSIONAL CALCULATIONS

In this section we will apply our observations to give a complete understanding
of the unstable 2-primary homotopy groups of spheres in the Toda range (up to the
20-stem).

In Section 7.1, we give low dimensional calculations of the AHSS’s which compute
7« (L(k)y) in terms of mu(L(k — 1)2m+1). This data will be used to give the Ej-
terms of the GSS’s, and to give the differentials in the EHPSS. In Section 7.2 we
compute the GSS for S'. We use Kuhn’s theorem to deduce from this the stable
Hopf invariants. In Section 7.3 we compute the EHPSS in the Toda range, using
our AHSS differentials, together with some stable Hopf invariants. In Section 7.4
we compute the GSS for S? to illustrate our methods. We use the knowledge of
generalized Hopf invariants given to us by the EHPSS to compute the differentials.
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7.1. AHSS calculations. The AHSS for 7. (L(s)) is given 1 < s < 3 in Tables 1,
2, and 3. These AHSS’s take the form

E;,n = m(L(s — D)ant1) = Tryn(L(s)).

Thus, the F;-terms of these spectral sequences are the F,-terms of the previous
spectral sequences. These spectral sequences may be truncated to converge to
Tu(L(8)m) by setting E} ,, = 0 for n < m. Note that L(0)n41 = S.

The terms are given in terms of an Fo-basis of the associated graded with respect
to the 2-adic filtration. The notation

x(2™)[n1, ..., ns)
represents the span of the elements
{z[N], 22[N],4z[N],..., 2" ' [N]}

where N is a completely unadmissible sequence of length s, and z is an element of
the stable stems. If m = 1, then the “(2™)” in the notation is omitted.

We list all elements which are not the targets of differentials. If an element
supports a non-trivial differential, then the differential is represented by an arrow
which points toward the target.

We use standard terminology for the generators of the stable stems, most of which
originates with Toda [15]. The generators of the v;-periodic homotopy groups are
given using a variation on the notation of Ravenel [13]. The element ay/; is a
v1-periodic element of order 2! in the (2k — 1)-stem.

The most difficult of these computations is the computation of 7. (L(1)) given
in Table 1. The differentials on the v;-periodic elements are mostly deduced from
the J-homology AHSS for P, as computed in [10].

The remaining differentials may be deduced in this range from the dual action
of the Steenrod algebra on H*(L(1)). For instance, in the k = 5 list, the formula

SEQ = Q?
implies the AHSS differential

and in k = 12, the formula
Sq?8q;Q° = Q"'Sq; + Q°
implies the AHSS differential
ds(v?[6]) = (1,2,1°)[3] = €[3].
The other AHSS’s are actually much less complicated. The Steenrod operations
on H,(L(s)) are given by the Nishida relations. There are subtleties associated
with the fact that we are working with an iterated associated graded as the input

of the E; terms at every stage. We give an example that nicely illustrates how to
interpret things. We look at the AHSS for L(2), k = 19. The Nishida relations give

SEQ°Q = Q'Q%Sql + Q"Q* + Q°Q*.
The last term should be ignored because it is not completely unadmissible. We

would initially think that this should give an AHSS differential
da(v*[9,4]) = v*[7,2] = o1°[7, 2]
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except that on?[7] is null in 7.(L(1)7). In the AHSS for L(1), on?[7] is killed by
the differential d(on[9]) induced from

S¢Q = Q%Sq + Q.
However, something more is going on in L(2). The Nishida relations give
SERQ* = Q' +Q7Q?

which translate into the fact that in L(2), we have

d(on[9,2]) = on?(8,1] + on?[7,2]
so the terms in the RHS are equated. Thus we actually have

d(v?[9,4]) = on?[7,2] = on*[8,1].
Now, actually, since we are using Steenrod operations, all of the above formulas are
really only true modulo higher Adams filtration. We actually have

d(v?[9,4]) = (o1 + en)[8,1].

7.2. Calculation of the GSS for S! and Kuhn’s theorem. The GSS for ,(S!)
is given in Table 5.

By = m(L(k)) = mk(S")
We know that 7, (S!) is concentrated in degree 1, and by Kuhn’s theorem, the only
differentials it has are dq’s.

The E; term may be read off of Tables 1, 2 and 3. The other L(k)’s are too
highly connected to contribute anything in our range of computation. The d;’s
originating in the first column of Table 5 are exactly the stable Hopf invariants.
For example, we have SHI(n) =1 and

di(n) = 1[1].
Most of the other di’s are also given by stable Hopf invariants. The ones that are
not are indicated by dashed arrows in Table 5. They are deduced from Kuhn’s
theorem — they are necessary to make the spectral sequence acyclic.
Actually, in this range, these stable Hopf invariants are rather easy to deduce
from the Hopf invariants of 1, v, and ¢ and the attaching map structure in L(1).
We also used the relation of Hopf invariants to root invariants [11].

7.3. Calculation of the EHPSS. Table 4 displays the EHPSS in the Toda range.
Ep = Thpn 1 (S2F1) = mi(S)

Table 4 consists of lists of the permanent cycles in the Eiyk—term of the EHPSS.
If an element is the target of a differential, then this is displayed with an left
arrow followed by the source of the differential. If an element is not the target
of a differential, then it is boxed, and a double right arrow gives the name of the
element of the stable stems that it detects in the EHPSS. One can read the chart
backwards to read off the (unstable) Hopf invariants of elements of the elements of
the stable stems.
The elements in the E}l w-term of the EHPSS are given with the notation

x(2™)[n1, ..., ns,n]

where z is an element of the stable stems, and N = (n1,na, ..., ns, n) is a completely
unadmissible sequence. The parenthetical (2"") is the order of the element, and this
notation is omitted if m = 1. There are two interpretations of this notation. Let N
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be the subsequence (ni,...,ns). Then one could use the iterated AHSS followed
by the GSS to compute the unstable homotopy groups give the E}1 L-berm.

iterated

T (SIV) s s (L)1) = a1 (ST

Then the element z € 4,15 (SIV) detects the element z[N] of E} .

Here is an alternative point of view on the notation. One can truncate the
EHPSS to make it converge to the unstable homotopy groups of a sphere. Setting
E} (S™) equal to E,, ; for n < m and zero for n > m gives the S™-EHPSS

B} (™) = mim(S™).
Then the element x[N| € 7gin41(S?" 1) above has the following meaning. If

s = 0, then z[N] has a nontrivial image in the stable stems, and we have, under
the stabilization map

Thpni1 (S22 1 ()

Otherwise, z[NV] is unstable, and and is detected by an element of the EHPSS which
is the target of a differential. Then there is a zig-zag

52n+1
x[ni, ..., ns,n] oS y1[J1]
dEHP
g2ns+l
I[nl, ceey ns] ﬁ yQ[JQ]

dEHP

52712+1

e sl

dEHP
xng]

where x[nq] is stable. That this description agrees with the previous description is
the content of Theorem 4.2.
We give an example. In k = 15 there is an element

v[9,4,1] € Bf 15 = mi7(S°).

One can compute the GSS for S? using the techniques of Section 7.4, and one finds
that this element is detected by the element

v[9,4] € (S
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in the iterated AHSS followed by the GSS. On the other hand, there is a there is
the following zig-zag.

V]9, 4, 1] e=— o1[5, 2]

EHPSS
TdEHP

s 2
V9, 4] Srmss VB

The EHPSS is completed by means of the Curtis algorithm. A nice description of
this algorithm appears in [13]. The algorithm says that you can compute the entire
spectral sequence if you can compute differentials. This is where Theorems 6.1,
6.2, 6.3 and 6.4 come into play. All of the EHPSS differentials in the Toda range
are given by one of these theorems. In Table 4, differentials with no markings arise
from the application of Theorem 6.1, whereas differentials marked with (x), (xx),
or (* x x) arise from the application of Theorems 6.2, 6.3, or 6.4, respectively.

We illustrate the applications of these theorems with specific examples. In k = 5,
there is an EHPSS differential

d=P (1[5,2]) = n[4,1].
This differential arises from the differential in the L(2)-AHSS (see Table 2, k = 7)
55 (105, 2]) = m[4,1]

by Theorem 6.1
In £ = 12 there is an EHPSS differential

a1 (neld]) = n*[8,2].
This differential arises from the system of AHSS and GSS differentials

nel4] 7°[8,2]

dAHSSl IdAHSS

by Theorem 6.2.
In k = 19, there is an EHPSS differential
d"HP (n?[13,6]) = nagys[3)-
This differential arises from the system of AHSS and GSS differentials
17*[13, 6] nag s (3]

dAHSSl IdAHSS

n*[12, 5] <5 asys5]

by Theorem 6.3. This is actually the only occurrence of a differential arising in this
manner in the Toda range, and it also represents the only differential in this range
that decreases Goodwillie filtration.
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In k = 17 there is an EHPSS differential
dEHFE (95[4]) = 1[15, 3].
This differential arises from the S'-GSS differential
4558 (03 [4]) = 1[15,3)
by Theorem 6.4.

7.4. GSS calculations. Table 6 displays a calculation of the GSS for $2
Ef’l = Wl(L(k)g) = 7Tl—k+2(52)-

in the Toda range.

The FE;-term may be read off of truncated versions of Tables 1, 2, and 3.

The differentials all arise from the application of Theorems 5.5 (no marks) and
5.6 (indicated by (xx) for Case I, and (%) for Case II). We must use our EHPSS
calculations to compute generalized Hopf invariants.

We give examples of the application of each of these theorems. In n = 16 there
is a GSS differential

d5'*% (nagys) = n*[13,2].
This arises from the fact that the unstable Hopf invariant HI(nag/s) is detected
by 1?[13] € m.(L(1)5) in the GSS for S by Theorem 5.5. The stable element nog 5
has an unstable Hopf invariant, and this is precisely the mechanism which results
in higher GSS differentials.

In n = 17 there is a GSS differential

d7%(05[4]) = 1[15,3].

This arises from the same differential happening in the S* GSS, by Theorem 5.6,
Case 1. Note that there was a similar anomalous EHPSS differential given in Sec-
tion 7.3 in the sample application of Theorem 6.4.

In n = 12 there is a GSS differential

dg®% (enf4]) = n°[8,2].

This arises from the application of Theorem 5.6, Case II to the same system of
AHSS and GSS differentials that gave us

d”F (enf4]) = n°[8,2]

in Section 7.3. In general the same input goes into both Theorem 5.6, Case II, and
Theorem 6.2.
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TABLE 1. The AHSS for 7 (L(1))

k=3
k=2 °[1]
1] n[2]
1(00)[2] — 2(c0)[1] 1[3]
k=6
l;(:) [52] — 2v(4)[1] ;gﬁx] — 4v[2]
4] = 2(0)[3 4] — n*[2] 5] — n?[3
)[4] = 2(c0)[3] 1[5] — 73] 117E0]<))[6]n—> ]2(00)[5]
k=9
onf1]
k=8 ell]
Wow@E ol o(®)(2) = 20(E)1
VF5[]2] 8g[[§]]
1(00)[8] — 2(00)[7] v(4)[6] — 2v(4)[5]
n[8] — n?[6]
119] — n[7]
k=11
nasz[]l] k=12
Qs
o(8)[4] — 20(8)[3] 3[2%4]_,_;770[—;}2 2
8o[4] o[5] — on[3]
v(4)[8] — 2v(4)[7] 2 [6] — €[3]
43[[3]] - 6[772[]1] v[9] — v2[5]
n — €
o 0] = ol 1(00)[12] — 2(c0)[11]
1[11] — v[7]
k=15
03[1]
wp =14 il (4)[4] (4)[3]
n[4] — a6/3[1]6/2 a5775[4] Ny aﬁ[g] agﬁ] .
4] — asn[2] a56[ ol ol
5] — 0772 3] 6[7] as[6]
o£ é » o (8)[8] — 20(8)[7]
O b
(3] V£ 1]2_) V4[ ]10 v Bl o bl
@l nl[ | = 4[10] v(4)[12] — 2v(4)[11]
g n[13] — n*[11] Av[12]
Leo)[M4] = 2(00)13] apyay o 1)
n[14] — en[5]

1[15] — (on + €7)[6]
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Table 1, cont’d

k=19

v*[1]

04977[1]

kV|[2]

ag[2]

ag/5(16)[4] — ag/4(16)[3]
160{8/5[4]

k4] — k(1]

03[5]

K[5] — Kn(3]
ag/3(4)[8] — ag2(4)[7]
s8] — a8/5772[1]
04577[9] - a8/577[2]
as[10] — a8/5[3]
a(8)[12] — 20(8)[11]
80[12] — ag)3(7]
v(4)[16] — 2v(4)[15]
4v[16] — en[9]
7?[17] — €[10]

n[18] — v2[12]

1[19] — v[15]
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k=17

na[1]

048/577[1]

048/5(16)[2] - a8/4(16)[1]
as[2]

03[3]

k(3]

046/3(4)[6] - 0‘6/2(4)[5]
2772[5] - 06/3[5]

(on® + en)[8] — rn[l]
as[8] — asn[6]

anl9] — on?[7]

€l9] — en[7]

a(8)[10] — 20(8)[9]
80[10] — as[T7]

v2[11]

v(4)[14] — 2v(4)[13]
n[16] — n*[14]

1[17] — 77[15}

o~

=20
[1]

*(4)[2] = 2v7(4)[1]
V(3]

na4] — nan(2]
048/577[4] - a8/5772 2]
048/5[5] - 048/577[3]
k(5]

03[6] — na[3]

k(6]

on[12] — on?[10]
€[12] — en[10]

o[13] — on[11]

v2[14] — €[11]

v[17] — v?[13]
1(00)[20] — 2(0)[19]

R Q

x

n?[16] — 4v[14]
n[17] — n?[15]
1(00)[18] — 2(00)[17]

ag[4] — agn(2]

na[5] — nan(3]

048/577[5] - O‘8/5772[3]
arg/5(16)[6] — arg/4(16)[5]
as[6] — ag[3]

05[7]
a6/3(4)[10] - a6/2(4)[9]
s ¢ = 9]

as[12] — asn[10]
on[13] — on?[11]
€[13] — en|11]
o(8)[14] — 20(8)[13]
8c[14] — as[11]
v(4)[18] — 2v(4)[17]
1[20] — n*[18]

1[21] — 5[19]
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Table 1, cont’d

k=22

o?[1]

Fnll]

®(4)[2] — 2r(4)[1] k = 23(outgoing diffs only)
4%[2] a10/3(4)[4] = a10/2(4)[3]
(3] ag/5(16)[8] — ag/4(16)[7]

k18] — k5]
K[9] — k7]
ag/3(4)[12] — g /2(4)[11]

nan[5] ag[12] — 0410/3[3]
ag[5] — agn|3] asn[13] — ag/sn°[5)]
14(6] as[14] — a8/577[6]
ags(7] a(8)[16] — 20(8)[15]
93[8] 80'[16] — a8/5[7]
k(8] — rn[6] V2[17] — on?[13]

V(4)[20] — 20(4)[19)]
4V[20] — Olﬁ/g[ll]

€[14] — x[7] 7°[21] — en[13]
V2[16] — (om® +en)[12]  p[22] — on[14]
v[19] — v2[15] 1[23] — o]15]
n?[20] — 4v[18]

W21 — 2[19]

1(00)[22] — 2(c0)[21]

TABLE 2. The AHSS for 7 (L(2))

k=4 k= k=8
1[3_1] V[3,1 1[7,1]
’ 115,2] » 0 1] nf5.2] - 2[4, 1]
k=9
k=
V[57 1] 2 _
! %[3,1 k=11
n°[5,2] — n°[4,1]
2 v[5,2] o[3,1]
[6,2] — n*[5,1]
107 2] = nf6.1] 17, 3]
k=15
—13 B o[7.1]
38,2 — 8ofa,1] =14 €[5, 2] — enf4, 1]
2[9,2] — 7%[8,1] “£5[é2]2]_> ”’ﬁfﬁ] 801(6,2] — as[4,1]
[10,2] — n29,1] 7 - 2[9, 4] — n3[8, 3]
TR I U R AL R I
1[11,4] — 7[10,3]
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Table 2, cont’d

S
=

Iy
}—l")_l
e —

[

en)[8,2] — K[3,1]7
— (o0 +en)[8,1]
] — 80[8 3]
] — 77 [12 3]

n2[13,3]

— ’17[14 3]
v2[9, 3]
[12,5]

/X 23 33 t/Q\Q
»-n?}—u:;"ﬁﬁd:
R IR A i =)

o St -|-
____y,;_p_

~
Il

b
[\

1
1
]

w

*
K

3]

NN
=

>
=~

1

52| — 77048/5[47 1]

2] — vk[3,1]

03[6,2] — na[4,1]

k[6,2] — kn[5, 1]
n%[9,4]

as[9,4] — nas [8 3]

on[10,4] — on?[9, 3]
o[11,4] — on[10, 3]

v2[11, 5]

v[13, 6]

1[15,7]

)
I
S~

STl
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k=17
V[13,1] k=18
’17045[5, 2] — Qg [4, 1] 93[3, 1]
as5[6,2] — nas5, 1] v2[11,1]
80[8,2] — as[6, 1] v[13,2]
n3[12,2] — 808, 1] 1[15, 3]
n?[13,2] — n3[12,1] v[11,4] — 128, 3]
a[7,3]
k=21
k[6,1]
5[5, 2]
_ k[5,2] — knl4,1]
] s
. nas|d, 4] — g0,
F1[i,02]2 ]—> 07)1[7120[971]1] o5[10, 2] = nas[9, 1]
o[9,4] — ou[8.3 S B
V2[10,4] [8 3] 0'77[9’ 4] — an [87 3]
V[13,4] — v2[11, 2] €[9,4] — en[8, 3]
1[15,5] — u[13 3] igﬁ% :2‘52[8[’3%]
n[13,6] = 1°[12,5] V[13,5] — y2n11,é]
n?[13,6] — 4v[12, 5]
n[14,6] — 772[1& 5]
1[15, 6] — n[14, 5]

k = 23(outgoing diffs only)
1[5, 2] — a4, 1]

nag s[5, 2] — nlags(4, 1]
Oég[6, 2] — Qg [4, 1]

nas9,4] — g8, 3]
a5[10,4] — nasl9, 3]
8c(12,4] — «a5[10, 3]




(00)[9] = 1(c0)[10]  20(4)[7] — v (4)[§]
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TABLE 3. The AHSS for 7 (L(3))

k=18 19
ol7.3, 1] 1[15,3, 1]

1[11,5,2] — v[9,4,1] '

k=22 k=23

o[11,3,1] 1[15,7,1]

1[15,5,2] — v[13,4,1]  v[13,5,2] — v2[11,4,1]

TABLE 4. The EHPSS

k=1 k=2
11]|= 7 M1l
1(00)[0] | = 1(c0) 2(00)[1] « 1(00)[2] bl
k=5
(1] |= v k=4 nl4,1] —1[5,2]
_ 2o < v o e
Ui [2] — 77[4] 2 —
= v n[3] < 1[5] g(g) [5] 77<—5]1(<><>)[6]
2(00)[3] « 1(00)[4]
k=T k=8
Av[d]|= 8o V2[2]|= €
°[4,1] «n[5,2] ’[5]] = 4o v[5] | = on
= 12 n[6] | = 20 2v(4)[5] « v(4)[6]
Bl gls, 7 16] = i8]
ool — 1eos) M7 1)
k=11

[os1)] = a
T8, 1] 9.2

k=10
o ne[l] — 4v[8] Z;[[g] 2:[47]7[107 ’
s [1] =2> nas m = g2
L e[2] — (9] on?2] « onl4]
0 208)B] — o®) 3 21
Av[6] — 772[8] v? [4] < n[10] on[3] < a[5)
2[7] — 9] v[7] « 1[11] n[8, 3] «— 1[9, 4]

[80141] = a0/
V2[5] « v[9]
2(00)[11]  1(00)[12]



Table 4, cont’d

41/[12] = Oé8/5
2(00)[15] — 1(00)[16]

MARK BEHRENS

o
3
™~
=
T
)
ot
)

o 9
(=2
Lo
=
T
o0
S
=)
jS)

NI AT 9 I I I I3
N N 3 w
_w ™
nﬁ. E‘
]
_® =
) )
=

k=16

wn[1] — (om* + en)[8]
n[13,2]| = nag/s
V28, 3] «— v[11,4]

a6/3[5] - 057777[&[5]3]
nas 6] — as[8]
on?[7] « an9]

en[7] — €[9]

a5 7] < 80[10]
20(8)[9] « o (8)[10]
e
2v(4)[13] «— v(4)[14]
12[14] — 1]
n[15] — 1[17]

7 T e, 1] — 709, 4]
k(2] — k[4]

= a

7?13, 3] — n[14, 4]
v2[9,3] « v[11,5]
n[14.3] — 1[15, 4]
1[15, 3] < 03[4] (x * %)
= RV

12, 5] — 1[13, 6]
ag[6] — nas 8]

nas (7] — as|9]

V1] | = nma
4v[14] «— n?[16]
n?[15] < n[17]
2(00)[17] < 1(00)[18]
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Table 4, cont’d

o~

=1
Pag/s[1] «— g[8

ag[1] | = nag

7719,4,1] — v[11,5,2]
k[4,1] « kv[2] (* * x)

(on” + €n)[8,2] « wnl4] (%)
nags[2] « nas|9)]

k(3] — k[5]

ag/3(8)[3] — agy4(8)[4]
onl8, 3] — o9, 4]

€[8, 3] «— v2[10, 4]

n?[13,4] «— as[10] (*)
n%[12,5] « n[13, 6]

046/3[7] — 80’[12]

ag/2(4)[7] — a6/3(4)[8]
on?[9]| = 4v*

en[9] — 4v[16]

iy

€[10] «— n?[17]

-
V2[12] — n][18]

V[15] — 1[19]
20(4)[15] — v(4)[16]

oo

2]

k=19

k4, 1] « &[5, 2]
ag[8,1] «— nas[9, 2]
nas(9,1] — as[10,2]
772048 5[2] 77@8/5[4]
= Q10/2
as[8, 3] « 80[10, 4]
nays (3] — n?[13, 6] (++)
on?[8, 3] «— an9,4]
en|8, 3] — €9, 4]
ag[4] | = a1o/3

93[5] =0

713, 5] — n[14, 6]
nl14,5] — 1[15,6]
1[15, 5] « 65[6] ()
on?[10] « on[12]
en[10] «— €[12]

on[11] < o[13]

€[11] «— v2[14]

v2[13] « v[17]
2(00)[19] + 1(00)[20]
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MARK BEHRENS

TABLE 5. The GSS for m,41(S%)
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Tn—2(L(2)) Tn—3(L(3))
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MARK BEHRENS

TABLE 6. The GSS for m,2(5?)
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