NOTES ON THE CONSTRUCTION OF tmf
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1. INTRODUCTION

In these notes I will sketch the construction ¢mf of using Goerss-Hopkins obstruction theory.
These notes are the result of my attempts to understand the material surrounding a talk I gave at
the Talbot workshop in 2007. There is no claim to originality in this approach. All of the results
are the results of other people, namely: Paul Goerss, Mike Hopkins, and Haynes Miller. I benefited
from conversations with Niko Naumann and Charles Rezk, and from Mike Hill’s talk at the Talbot
workshop. I am especially grateful for numerous corrections and suggestions which Niko Naumann
supplied me with. The remaining mathematical errors, inconsistencies, and points of inelegance in
these notes are mine and mine alone.

Let M denote the moduli stack of generalized elliptic curves over Spec(Z). For us, unless we
specifically specify otherwise, a generalized elliptic curve is implicitly assumed to have irreducible
geometric fibers (i.e. no Néron n-gons for n > 1). That is to say, My is the moduli stack of pointed
curves whose fibers are either elliptic curves, or possess a nodal singularity. Our aim is to prove the
following theorem.

Theorem 1.1. There is a presheaf O°P of E.-ring spectra on the site (My)et, which is fibrant
as a presheaf of spectra in the Jardine model structure. Given an affine étale open
Spec(R) <> My
classifying a generalized elliptic curve C/R, the spectrum of sections E = O%P(Spec(R)) is a weakly
even periodic ring spectrum satisfying:
(1) mo(E) = R,

(2) Gg=C.
Here, C is the formal group of C.
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Remark 1.2. A ring spectrum FE is weakly even periodic if w,E is concentrated in even degrees, mo F/
is an invertible mg F-module, and the natural map

Mol @ mo B = moy o

is an isomorphism. The spectrum FE is automatically complex orientable, and we let G denote the
formal group over myFE associated to F. It then follows that there is a canonical isomorphism

7T2tE = ng;
where wg,, is the line bundle (over Spec(R)) of invariant 1-forms on Gg.

Remark 1.3. The properties of the spectrum of sections of E = O!P(Spec(R)) enumerated in
Theorem 1.1 make E an elliptic spectrum associated to the generalized elliptic curve C'/R in the
sense of Hopkins and Miller [Hop95]. Thus Theorem 1.1 gives a functorial collection of E.-elliptic
spectra associated to the collection of generalized elliptic curves whose classifying maps are étale.

Remark 1.4. This theorem practically determines (%P, at least as a diagram in the stable homotopy

category. Given an affine étale open Spec(R) <, M .1, the composite

Spec(R) <, My — Mpg

is flat, since the map M., — M pg classifying the formal group of the universal generalized elliptic
curve is flat (this can be verified using Serre-Tate theory, see [BL, Lemma 9.1.6]). Thus the spectrum
of sections £ = O'P(R) is Landweber exact [Nau]. Fibrant presheaves of spectra satisfy homotopy
descent, and so the values of the presheaf are determined by values on the affine opens using étale
descent.

Remark 1.5. The spectrum t¢mf is defined to be the connective cover of the global sections of this
sheaf:

tmf = TZOOtOp(Me”).

We give an outline of the argument we shall give. Consider the substacks

(Mell)p i’ mell7

(Men)o =L Moy,

where:

(Mei)p = p-completion of My,

(Men)g = Mey ©7 Q.

Remark 1.6. We pause to make two important comments on our use of formal geometry in this
paper.
(1) The object (M), is a formal Deligne-Mumford stack. We shall use these throughout this
paper — we refer the reader to the appendix of [Har05] for some of the basic definitions.
Given a formal Deligne-Mumford stack X and a ring R complete with respect to an ideal
I, we define the R-points of X by X(R) = lim_ X(R/IY).
(2) If R is complete with respect to an ideal I, a generalized elliptic curve C/Spf(R) is a
compatible ind-system C.,/Spec(R/I™). There is, however, a canonical “algebrization”
C/ Spec(R) where C is a generalized elliptic curve which restricts to C,, over Spec(R/I™)
[Con07, Cor. 2.2.4]. With this in mind, we shall in these notes always regard C/Spf(R) as
being represented by an honest generalized elliptic curve over the ring R.
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We shall construct QP as the homotopy pullback of an arithmetic square of presheaves of Eq-
ring spectra

Ot()p Hp prime(LP)*O;()p

| |

(LQ)*O(g)p o (Hp primc(LP)*Of)op)

Qarith

Q
Here, (’)f,"p is a presheaf on (M.y),, and C’)gp is a presheaf on (M.y)g. The presheaf

II w).op7

rime
pp Q

is the (sectionwise) rationalization of the presheaf [], in.(tp)«OpP. The presheaf Og “P will be
constructed using rational homotopy theory, as will the map ayigh-
It remains to construct the presheaves (’)fg"p for each prime p. Define

(Mew)w, = My @7 F,.
Let
(MZr, € (Men)w,
denote the locus of ordinary generalized elliptic curves in characteristic p, and let
(MZ)r, = (Mea)r, — (M)r,

denote the locus of supersingular elliptic curves in characteristic p. Consider the substacks

(1.1) M= (M),
(1.2) M 22 (Me)p,
where

Mg{ﬁ = moduli stack of generalized elliptic curves over p-complete rings with ordinary reduction,
M35, = completion of My at (M2, .

The presheaves Of,"” will be constructed as homotopy pullbacks:
OfP ————= (). 0%

| |

o to
(Lord)*oi(](gl) v ((LSS) OKZ()Q ) K(1)

Qchrom

Here,
top
(-0
denotes the (sectionwise) K (1)-localization of the presheaf (tss)s (9;??2

The presheaf (9;?1(92) will be constructed using the Goerss-Hopkins-Miller Theorem — its spectra
of sections are given by homotopy fixed points of Morava E-theories with respect to finite group
actions.

The presheaf Oi?j(gl) will be constructed using explicit Goerss-Hopkins obstruction theory. The
map Qehrom Will be be produced from an analysis of the K (1)-local mapping spaces, and the 6-algebra
structure inherent in certain rings of p-adic modular forms.
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2. DESCENT LEMMAS FOR PRESHEAVES OF SPECTRA

For a small Grothendieck site C with enough points, let PreSp, denote the category of presheaves
of symmetric spectra of simplicial sets. The category PreSp, has a Jardine model category structure
[Jar00], where

(1) The cofibrations are the sectionwise cofibrations of symmetric spectra,

(2) The weak equivalences are the stalkwise stable equivalences of symmetric spectra,

(3) The fibrant objects are those objects which are fibrant in the injective model structure of
the underlying diagram model category structure, and which satisfy descent with respect to
hypercovers [DHI04].

The following lemma will be useful.

Lemma 2.1.

(1) If F € PreSp. satisfies homotopy descent with respect to hypercovers, then the fibrant re-
placement in the Jardine model structure

F—F

s a sectionwise weak equivalence.
(2) If f : F — G is a stalkwise weak equivalence in PreSp., and F and G satisfy homotopy
descent with respect to hypercovers, then f is a sectionwise weak equivalence.

Proof. (1) The Jardine model category structure is a localization of the injective model category
structure on PreSp.. In the injective model structure, weak equivalences are sectionwise. Let

F—F

be the fibrant replacement in the injective model category structure. This map is necessarily a
sectionwise weak equivalence. By the Dugger-Hollander-Isaksen criterion, to see that F’ is fibrant
in the Jardine model structure, it suffices to show that F’ satisfies homotopy descent with respect
to hypercovers. Let U € C and let U, be a hypercover of U. Consider the diagram

F(U) —= holima F(U,)

Nl iN

F'(U) —— holima F'(U,)

We deduce that the bottom arrow is an equivalence. Thus F’ satisfies descent with respect to
hypercovers, and is fibrant in the Jardine model category structure.
(2) Consider the diagram of Jardine fibrant replacements:

Ftsg

/ li
.7:7>g

By (1), the maps u and v are sectionwise equivalences. The map f’ is a stalkwise weak equivalence
between Jardine fibrant objects. Because the Jardine model structure is a localization of the injective
model structure, we deduce that [’ is a sectionwise weak equivalence. We therefore conclude that
f is a sectionwise weak equivalence. 0

Let X be a Deligne-Mumford stack, and consider the site X.;. Being a Deligne-Mumford stack,
X possesses an affine étale cover. The full subcategory

[
Xet,aﬁ - Xet
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consisting of only the affine étale opens is also a Grothendieck site. The map ¢ induces an adjoint
pair of functors

i* : PreSpy, S PreSpy,, ., @ ix

where ¢* is the functor given by precomposition with ¢, and i, is the right Kan extension.

Lemma 2.2.

(1) The adjoint pair (i*,i.) is a Quillen equivalence.
(2) To construct a fibrant presheaf of spectra on X, it suffices to construct a fibrant presheaf
on Xe afp and apply the functor i..

Proof. (1) The functor i* is easily seen to preserve cofibrations, and it reflects and detects weak
equivalences, since the sites X, and X .5 have the same points. Therefore (i*,4.) is a Quillen
equivalence. (2) In particular, the functor i, preserves fibrant objects. O

The following construction formalizes the idea that a Jardine fibrant presheaf on X,; is determined
by its sections on étale affine opens.

Construction 2.3.
Input: A presheaf F on X, 5 that satisfies hyperdescent.

Output: A Jardine fibrant presheaf G on X, and a zig-zag of sectionwise weak equivalences
between F and ¢*G.
We explain this construction. Let

u:F—F
be the Jardine fibrant replacement of 7. By Lemma 2.1, u is a sectionwise weak equivalence. Let
G be the presheaf i, F’. By Lemma 2.2, G is Jardine fibrant. The counit of the adjunction
€:1°G =i, F - F

is a stalkwise weak equivalence since, by Lemma 2.2, the adjoint pair (i*,4,) is a Quillen equivalence.
The sheaf i*G is easily seen to satisfy hyperdescent — it is the restriction of G to a subcategory.
Therefore, by Lemma 2.1, the map € is a sectionwise weak equivalence. Thus we have a zig-zag of
sectionwise equivalences

i'G — F — F.

Construction 2.3 requires a presheaf 7 on X o5 which satisfies homotopy descent with respect
to hypercovers. The following lemma gives a useful criterion for verifying that F has this property.

Lemma 2.4. Suppose that F is an object of PreSp

o and suppose that there is a graded quasi-
coherent sheaf A. on X and natural isomorphisms

fu i AJU) S m,FU)
for all affine étale opens U — X. Then F satisfies homotopy descent with respect to hypercovers.

Proof. Suppose that U — X is an affine étale open, and that U, is a hypercover of U. Consider the
Bousfield-Kan spectral sequence

ES' = 18 Ay(Uy) = m_ holima F(U,).

Since A, quasi-coherent, it satisfies étale hyperdescent, and we deduce that the Fo-term computes
the quasi-coherent cohomology
Ey" = HY(U, Ay)
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and since U is affine, there is no higher cohomology. The FEs-term of this spectral sequence is
therefore concentrated in s = 0. The spectral sequence collapses to give a diagram of isomorphisms

~
S
-~
1R
1R

7 F(U) —— 7, holima F(U,)

We deduce that the map
F(U) — holima F(U,)

is an equivalence. (|

Remark 2.5. Construction 2.3 shows that to construct the presheaf Otop it suffices to construct
OP(U) functorially for affine étale opens U — My, as long as the resulting values O%P(U) satisfy
homotopy descent with respect to affine hypercovers. This is automatic: there is an isomorphism

7T2t0t0p (U) o w®t (U)

for an invertible sheaf w on M. Lemma 2.4 implies that (O'°P satisfies the required hyperdescent
conditions.

3. p-DIVISIBLE GROUPS OF ELLIPTIC CURVES
Let C be an elliptic curve over R, a p-complete ring. The p-divisible group C(p) is the ind-finite
group-scheme over R given by

C(p) = lim C[p"].
k

Here, the finite group scheme C[p*]/R is the kernel of the p*-power map on C.
Let C be the formal group of C'. If the height of the mod p-reduction of C' is constant, then over
Spf(R) there is short exact sequence

0—>6—>C’(p) — C(p)et — 0

where C(p).; is an ind-étale divisible group-scheme over R.
If R =k, a field of characteristic p, then we have

~

2 = height(C(p)) = height(C) + height(C(p)et)-
The height of C is the height of the formal group. The height of C(p)et is the corank of the
corresponding divisible group. There are two possibilities:
(1) C is ordinary: C has height 1, and the divisible group C(p)e; has corank 1.
(2) C is supersingular: C has height 2, and the divisible group C(p): is trivial.

Theorem 3.1 (Serre-Tate). Suppose that R is a complete local ring with residue field k of charac-
teristic p. Suppose that C is an elliptic curve over k. Then the functor

{deformations of C to R}

1
{deformations of C(p) to R}

is an equivalence of categories.



4. CONSTRUCTION OF O}f,
Lubin and Tate identified the formal neighborhood of a finite height formal group in M gq:

Theorem 4.1 (Lubin-Tate). Suppose that G is a formal group of finite height n over k, a perfect
field of characteristic p. Then the formal moduli of deformations of k is given by
Defg = Spf(B(k, G))
where there is an isomorphism
B(k,G) 2 W(k)[[u1,. .., un—1]].
(Here, W(k) is the Witt ring of k.)

Let G/B(k,G) denote the universal deformation of G. The following theorem was proven by
Goerss, Hopkins, and Miller [GH04].

Theorem 4.2 (Goerss-Hopkins-Miller). Let C be the category of pairs (k,G) where k is a perfect
field of characteristic p and G is a formal group of finite height over k. There is a functor
C — E ring spectra
(k,G) — E(k,G)
where E(k,G) is Landweber exact and even periodic, and
(1) moE(k,G) = B(k,G),
(2) Geg.e) = G.

Theorem 3.1 and Theorem 4.1 give the following.

Corollary 4.3.

(1) Suppose that C is a supersingular elliptic curve over a field k of characteristic p. There is
an isomorphism
Defe 2 Spf(B(k, C)).

(2) The substack (M35)r, C (Meu)p is zero dimensional.

el

Proof. If C' is a supersingular curve, then the inclusion of p-divisible groups C — C(p) is an
isomorphism. Therefore, Theorem 3.1 implies that there is an isomorphism
Defc = Def@
and Theorem 4.1 identifies Def 5.
To compute the dimension of (M?$};)r, it suffices to do so étale locally. Let k be a finite field,
and suppose that C is a supersingular elliptic curve over k. The completion of M. along the map
classifying C' is the deformation space Def¢c 2 Spf(B(k, C)), and there is an isomorphism

B(k,C) = W(k)[[u]].
Since we have
u; =v1  mod p,

the locus where C has height 2 is given by the ideal (p,u1). The quotient B(k, a)/(p, up) is k, and
is therefore zero dimensional. ]

We now construct the values of the presheaf (9;‘(’@) on formal affine étale opens

f+Spt(R) — M.
Here R is complete with respect to an ideal I. This suffices to construct the presheaf (’)337(”2) on M3j,

by Construction 2.3.
The induced map of special fibers

fo: Spec(R/I) — (MZi))r,
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is étale. Since (M?2])r, is smooth and zero-dimensional, Spec(R/I) must be étale over F,. We
deduce that there is an isomorphism

R/I = Hk

a finite product of finite fields of characteristic p. Let C be the elliptic curve classified by f, and let
Cy be the elliptic curve classified by fo. The decomposition of R/I induces a decomposition

Co=]Jcs.

Since f is étale, the elliptic curve C' is a universal deformation of the elliptic curve Cj, and hence
by Corollary 4.3 there is an isomorphism

R=T[ Bk, C§").

We define
0P, (Spf(R)) == ] B(ki, C§).
Let G be the formal group of this even periodic ring spectrum. By Theorem 3.1, since G is a
universal deformation of Cy and C' is a universal deformation of Cy, there is an isomorphism
G=C.
We have therefore verified

Proposition 4.4. The spectrum of sections (9;??2) is an elliptic spectrum associated to the elliptic
curve C/Spf(R).

5. THE IGUSA TOWER

If C' is a generalized elliptic curve over a p-complete ring R, let C),s denote the non-singular locus
of C' — Spf(R). Then C,; is a group scheme over R. Given a closed point = € Spf(R), the fiber
(Chs)e is given by

C, ('} nonsingular,
(Cns) = .
G,, C} singular.

The formal group C is the formal group éns. We still may consider the ind-quasi-finite group-scheme

C(p) is technically not a p-divisible group, because its height is not uniform. Rather, we have the
following table:

O:c ‘ ht(c(p)m) ht((c(p)x)et) ht(cz)
supersingular 2 0 2
ordinary 2 1 1
singular 1 0 1

If the classifying map

C : Spf(R) — (M),
factors through ./\/lgl’ld, then C has no supersingular fibers, but may have singular fibers. We shall
call such a generalized elliptic curve C ordinary.
8



Let M2 (p*) be the moduli stack whose R-points (for a p-complete ring R) is the groupoid of
pairs (C,n) where

C/R = ordinary generalized elliptic curve,

(0= ppr = [p¥]) = isomorphism of finite group schemes.

The isomorphism 7 is a pF-level structure. The stacks Mgﬁd (p*) are representable by Deligne-
Mumford stacks.
A pFtllevel structure induces a canonical p*-level structure, inducing a map

(5.1) M) — MEE ().

Lemma 5.1. The map M (ph+l) — MOrd(p*) is an étale Z/p-torsor (an étale (Z/p)* -torsor if
k=0).

Proof. (This proof is stolen from Paul Goerss.) By Lubin-Tate theory, the p-completed moduli stack
Mt of multiplicative formal groups admits a presentation

Spf(Zy) — Mg

which is a pro-étale torsor for the group:

Aut(G,/Z,) = L%
Associated to the closed subgroup 1 + kap C Z is the étale torsor

M () — M4
for the group (Z/p*)*. The intermediate cover

MES ) — Mg )

is an étale Z/p-torsor (it is an étale (Z/p)*-torsor if k = 0). The R-points of MB4!(pk) is the

groupoid whose objects are pairs (G, 7n) where G is a formal group over Spf(R) locally isomorphic
to G,,, and 7 is a level pF-structure:

The stacks Mg[ld (p*) are therefore given by the pullbacks

MGHPM) ——= MG (pF) ———= MY}

| L

M () —— M () —> Mg

where the map g[ld — M%‘g” classifies the formal group of the universal ordinary generalized

elliptic curve. The result follows. O
9



Thus we have a tower of étale covers:

ord (,.k+1
Mell )

p

- < ..

M (")

M
This is the Igusa tower.
Lemma 5.2. Fork > 1 (k> 2 ifp = 2) the stack M2 (p*) is formally affine: there is a p-complete

ring Vi such that
M (B") = Spt(Va)-

Proof. The variant of this lemma where a sufficiently large level structure has been introduced is
well-known (see, for instance, [Hid04, Sec 3.2.7-9]). Let R be a complete Z,-algebra.

Case 1: p > 3. Suppose that (C,n) is an object of M(p¥)(R) for k > 1, so that n is a level
pk—structure

n: Gl = Ot
Choose a coordinate T of the formal group @m. Zariski-locally over Spec(R), there is a Weierstrass
parameterization
C =Cy:y?+ar1zy + asy = 2° + asx? + sz + ag.
The Weierstrass curve C, has a canonical coordinate at infinity given by T, = —x/y. We write
0 Ta = moT +myT? + -+ mye TP ~1 4 O(T).

According to [Rez, Rmk. 20.3], there are unique values

such that under the transformation
f)\,s,r,t : Ca - C'a’
T ANz
yi— Ny +sz+t
the induced level p*-structure n = ]?A,S’T,t o7 is of the form
() Tar = T +mlT® + -+ mly_, TP~ + O(T?").
We have shown that the pair (C,n) is (Zariski locally) uniquely representable by a pair (Ca, n) where

W Ta =T +maT° + -y TP ™1+ O(T).

The only morphism fy s+ : Ca — Ca which satisfies

f;,s,r,tTa/ =T + O(Ts)
10



has A=1and s =r =t =0. Thus (C,n) is determined, Zariski locally, up to unique isomorphism,
by the functions

a1,a2,03,04,06,14, . .. 7mpk72'

The uniqueness of these functions implies that they are compatible on the intersections of a Zariski
open cover, and hence patch to give global invariants of (C, 7).
Express the Eisenstein series (Hasse invariant) E,_; of Ca as

Ep—l - Ep—l(ala az,as, a4, aﬁ)'

Let Auty(u,+) denote the automorphisms of j,./R which preserve the coordinate 7' modulo 7°.
Let I C Zp[my, ..., myr_o] denote the ideal such that

Aut]:’%(upk) = Algy (Zp[ma, ... ,myr_s]/1, R)
when we associate to an automorphism « : p1,» — p,x over R the power series
QT =T +myT5 + - mys TP ~1 4 O(T"").
Then the representing ring Vj is explicitly given as
Vi = (Zplar, az, a3, as, a6, ma, . .. ,mpk_2]/I)[EZ;11].

With minor modification, the method for p > 3 extends to the cases p = 2,3. The canonical
forms for (C,n) just change slightly.

Case 2: p = 3. Suppose that (C,n) is an object of M24(3%) for k > 1. If k > 1, then a level
3*_structure trivializes the 4-jet of any coordinate of C, and thus admits a canonical Weierstrass
presentation.

If £ = 1, then this no longer holds. Instead, choosing

A = A(mg)
s =s(mg,mq)
there exists (Zariski locally) a Weierstrass curve (Ca,n) = (C,7) such that
n*Ta =T+ O(T?).
Choosing ty accordingly, there is a transformation
fto : Ca — Cyu
(#,y) = (z,y + to)

such that a4 = 0. The induced level structure ’ = f;, o still satisfies (')*Ta =T mod T°. The
automorphisms fy s ¢ of (Cy/,n’) preserving the property that as = 0, and the trivialization of the
2-jet, satisfy

A=1
s=0
t=—air/2.

Under such a transformation, we find that
ay — ay + 2byr + 312

where by = ag + a% /4. Because C' is assumed to be ordinary, the element bs is a unit. Because R
is p-complete, there is a unique r such that ay — 0. Thus we have shown that there is a canonical
Weierstrass presentation which trivializes the 2-jet, and for which ag = a4 = 0.

11



Case 3: p = 2. Assume that k = 2 (for k > 2, a level 2*-structure trivializes the 4-jet). Let
(C,n) be an object of M2/(4). Choose (Zariski locally) a Weierstrass presentation (Ca,n) = (C, 7).
Choosing

A= Amo)
s = s(mog,mq)
r = r(mg, my, ma)

we may assume that n satisfies
n*Ta =T+ O(T?).
The automorphisms fy s ¢ of (Cqy,n) preserving the property the trivialization of the 3-jet satisfy

A=1
s=0
r=20

Under such a transformation, we find that
ay — a4 — aqt.

Because C' is assumed to be ordinary, the element a; is a unit. Letting ¢t = a4/a1, we have ay — 0.
Thus we have shown that there is a canonical Weierstrass presentation which trivializes the 3-jet,
and for which a4 = 0. O

Define
V2= liﬂlli_I)nd/pka.
m k
The ring V2 is the ring of generalized p-adic modular functions (of level 1).
Let M4 (p>) be the formal scheme Spf(VZ). There is an isomorphism between the R-points
M (p>)(R) and isomorphism classes of pairs (C,7) where

C = a generalized elliptic curve over R,
(n: G, oo =R 6) = an isomorphism of formal groups.

(Note that the existence of n implies that C' has ordinary reduction modulo p.)
The ring V2 possesses a special structure: it is a f-algebra (see [GH]). That is, it has actions of
operators

*, ke L),
P, lift of the Frobenius,
0, satisfying ¥P(x) = 2P + pf(z).

The operations 1* and 1P are ring homomorphisms. The operation # is determined from ?, since
V2 is torsion-free and we have
PP (x) = 2P mod p.
We determine ¥* and 9P on the functors of points of M4 (p>). Suppose that R is a p-complete
ring. Note that

~

Autzp (Gm) = Z; .

We may therefore regard Z; as acting on @m /R. Let [k] be the automorphism corresponding to
k € Z,; . Define

(W")* s MY (™) (R) — M (p™)(R)
(C,n) = (Cyno[k]).

12



The map (¢*)* is represented by a map
PE VL = VL.

Suppose that (C,n) is an R-point of M2¢(p>). Since C' has ordinary reduction mod p, the pth
power endomorphism of C,,, factors as

(5.2) Chrs i Chrs

c®

where ®@;;,5¢, is purely inseparable. The morphism @, is not, in general, étale, but ker ®, is an
étale group scheme over R. On the non-singular fibers of C, ®,., has degree p, whereas on the
singular fibers it has degree 1.

These morphisms, and their kernels, fit into a 3 x 3 diagram of short exact sequences of group
schemes:

a[p] —— Ons[p} — C[p]et

L

l [p] l iq’aep
00— Cns e Cns

where C [p] is the p-torsion subgroup of the height 1 formal group C and C [pet is the p-torsion of
the ind-finite group scheme C(p)c.
Given a uniformization

n:Gp = C
we get an induced uniformization n®):
~ Pl
(5.3) Hp G, G,
ul mln n®
R v
Clp) >C—=CW
(q)msep)*

Remark 5.3. The uniformization n® admits a different characterization: it is the unique isomor-
phism of formal groups making the following diagram commute:

Gm
n® l
n
s
o C
13
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(The isogeny @, induces an isomorphism on formal groups.) The equivalence of this definition of
n®) with the previous is proved by the following diagram.

f— @m

7
o~ (Cpmaep)* — ((I)aep)* o~
C Ccl) —% C

(p]
We get a map on R-points
(WP)* s M (p™)(R) — M (p™)(R)
(Cyn) = (CW, @)
which is represented by a ring map
PP VL — VL.

It is easy to see that ¥P commutes with ¢*. To show that ¢? induces a f-algebra structure on
V2, it suffices to prove the following:

Lemma 5.4. We have yP(z) = zP mod p.

Proof. Tt suffices to show that (¢P)* is represented by the Frobenius when restricted to characteristic
p. That is, we must show that if R is an Fp-algebra, and (C,7) is an R point of M4 (p>), then
the Frobenius

c:R—R

x — xP
gives rise to an isomorphism
(CW 9 ®)) = (0"C,0™n).

We briefly introduce some notation: if X is a variety over R, then we have the following diagram

of morphisms.
C \ Frtot
\ Fr

o'C—>C

N

Spec(R) —— Spec(R)

The square is a pullback square, and Fr is the pullback of o. The map Fr'®
and the universal property of the pullback induces the relative Frobenius Fr

Because the isogeny Fr™® has degree p, we have a factorization

is the total Frobenius,
rel

.. [p] o

%4@

0*Chs

—

Because C has no supersingular fibers, the dual isogeny Frrel
[Sil86, Thm. V.3.1]).

has separable kernel (see, for instance,

14



Therefore, we have
o*C = W),

rel
(I)msep = Fr )
—_—

Dyop = Freh,

We just have to show that under these isomorphisms, we have o*n = 7). We have the following
diagram of formal groups.

~ Frret ~
Gm Gm Gm
nl cf*nl ln

*
Oz o0 >0

Fr

On G,,, the relative Frobenius is the pth power map. Therefore, by the definition of 7®), we have
o*n =2 1) under the isomorphism ¢*C = C'P), ]

More generally, letting we, denote the canonical line bundle over Spf(V2), then the graded algebra
(Vog)g* = ng*

inherits the structure of an even periodic graded 6-algebra. The 6-algebra structure may be described
by the isomorphism

(V)s = (Kp)x @z, Ve
Here (K). is the coefficients of p-adic K-theory, and the §-algebra structure is induced from the
diagonal action of the Adams operations.

Remark 5.5. By defining ? on V2 using its modular interpretation, I have glossed over several
technical issues related to extending the quotient by the cannonical subgroup of ordinary elliptic
curves to the sigular fibers of a generalized elliptic curve. The careful reader could instead choose a
different path to defining the operation ¥?: define it just as I have on the non-singular fibers, and
then explicitly define its effect on g-expansions to extend this definition over the cusp. (The effect
of ¥P on ¢ expansions is to raise ¢ to its pth power.)

6. K(1) LOCAL ELLIPTIC SPECTRA

In this section we will investigate the abstract properties satisfied by a K (1)-local elliptic spec-
trum. Throughout this section, suppose that (E, a,C) be an elliptic spectrum. That is to say, E
is a K (1)-local weakly even periodic ring spectrum, C is a generalized elliptic curve over R = moFE,
and « is an isomorphism of formal groups

a:Gg — C.
We shall furthermore assume that R is p-complete, and that the classifying map

f: Spf(R) — (Meu)p
is flat. This implies:
(1) E is Landweber exact (Remark 1.4),
(2) C has ordinary reduction modulo p (Lemma 8.1).
There are three distinct subjects we shall address in this section.
(1) The p-adic K-theory of K (1)-local elliptic spectra.
(2) f-compatible K (1)-local elliptic E-ring spectra.
(3) The 6-algebra structure of the p-adic K-theory of a supersingular elliptic E-ring spectrum.
15



The p-adic K-theory of K(1)-local elliptic spectra.
Let

(K).E = 7. (K A E)y)
denote the p-adic K-homology of E. It is geometrically determined by the following standard
proposition.
Proposition 6.1. Let Spf(W) be the pullback of Spf(R) over M9 (p>°). Then there is an isomor-
phism
(K)o =W.
This isomorphism is Z, -equivariant, where the Z, -acts on the left hand side through stable Adams

operations, and it acts on the right hand side due to the fact that Spf(W) is an ind-étale Zy -torsor
over Spf(R).

Proof. By Landweber exactness, choosing complex orientations for K, and F, we have
(K;\)OE = ((Kp)o Qmur, MUPIMUP @mup, R);\.

Using the fact that Spec(MUPyMU P) = Spec(MU Py) X a5, Spec(MU Py), it is not hard to deduce
from this that we have

Spf((K})oE) 2 Spf(R) X e SPE((Kp)o)-

Consider the induced diagram
Spf((K})oE) —— M (p™) — Spf((K7)o)
f(R) ; Mord Mrc

Sp

The right-hand square is a pullback by the proof of Lemma 5.1, and we have established that the
composite is a pullback. We deduce that the left-hand side is a pullback, which completes the
proof. O

f-compatible K(1)-local elliptic F..-ring spectra
If E/'is an E-ring spectrum, then the completed K,-homology

(KD = m (K A B),)

naturally carries the structure of a f-algebra: for k € Z;, the operations Y* are the stable Adams
operations in Kj,-theory, and the operation 6 arises from the action of the K (1)-local Dyer-Lashof
algebra [GH].
If the classifying map
f < Spf(R) — M}

is étale, then the pullback W of Proposition 6.1 carries naturally the structure of a #-algebra which
we now explain. Since Spf(R) is étale over M9/, the pullback Spf(W) is étale over M2 (p™) =
Spf(V2). It is in particular formally étale, and therefore there exists a unique lift

Spec(W/p) —— Spec(W/p) ——= Spf(W)

Spf (W) ——— M (p™) o M ()

where
(WP)" s M (™) — MG (p™)

16



is the lift of the Frobenius coming from @-algebra structure of V2 and o : W/p — W/p is the
Frobenius. Note that because Spf(R) is étale over Mgﬁd, it is in particular flat, and so W must be
torsion-free. Therefore, the induced homomorphism

PP W - W
determines a unique #-algebra structure on W.
If F is E, and the classifying map f is étale, it is not necessarily the case that the isomorphism

(Kp)oE =W

of Proposition 6.1 preserves the operation )P. This is rather a reflection of the choice of E-structure
on E. We therefore make the following definition

Definition 6.2. Suppose that E is a K (1)-local FE, elliptic spectrum associated to an elliptic curve
C'/R, and suppose that the classifying map

Spf(R) — (Meu)p
is étale. If the isomorphism (K, )oE = W is a map of f-algebras, then we shall say that (E,C) is a
0-compatible.

Remark 6.3. As a side-effect of our construction of (’);?1(01) it will be the case that the FE-structure
on the spectrum of sections E = OZ?I)(Spf(R)) is f-compatible.

Remark 6.4. In [AHS04], the authors define the notion of an Ho.-elliptic ring spectrum, which is
a stronger notion than that of an elliptic Hy.-ring spectrum in that they require a compatibility
between the H.o-structure and the elliptic structure. It is easily seen that every K(1)-local Huo-
elliptic spectrum whose classifying map is étale over the p-completion of the moduli stack of elliptic
curves is #-compatible.

The #-algebra structure of the p-adic K-theory of supersingular elliptic F..-ring spectra.
In [AHS04, Sec. 3], previous work of Ando and Strickland is condensed into an elegant perspective
on Dyer-Lashof operations on an even periodic complex orientable H..-ring spectrum 7. Namely,
suppose that
(1) T is homogeneous — it is a homotopy commutative algebra spectrum over an even periodic
E-ring spectrum (such as MU).
(2) moT is a complete local ring with residue field of characteristic p.
(3) The reduction Gt of Gz modulo the maximal ideal has finite height.
(4) Gr is Noetherian — it is obtained by pullback from a formal group over Spf(S) where S is
Noetherian.
Then, for every morphism
i : Spf(R) — Spf(mT)
and every finite subgroup H < G (i.e. H is an effective relative Cartier divisor of G represented
by a subgroup-scheme) there is a new morphism

Y : Spf(R) — Spf(mT)
and an isogeny of formal groups
fH . i*GT — ¢;{GT
with kernel H. This structure is called descent data for subgroups.

Remark 6.5. The authors of [AHS04] actually describe the structure of descent data for level struc-
tures. However, their treatment carries over to subgroups (see [AHS04, Rmk. 3.12]).

Ezample 6.6. Suppose that T is a K (1)-local E-ring spectrum. Then the formal group G must
have height 1 (see the proof of Lemma 8.1), and it follows that Gz has a unique subgroup of order
p, given by the p-torsion subgroup Gr[p]. Taking ¢ to be the identity map, we get an operation

Ve rpp) : moT — moT.
17



This operation coincides with ¢?. We shall let f,, denote the associated degree p isogeny
fo = forpp - G — (¥P)*Gr.

Ezample 6.7. Suppose that T = E(k,G) is the Morava E-theory associated to a height n formal
group G/k, with universal deformation G/B, and the E-structure of Goerss and Hopkins [GHO4].
Then in [AHS04] it is proven that the associated decent data for subgroups is given as follows. Let

i: Spf(R) — Spf(B)

be a morphism classifying a deformation Z*G/R of i*G/k'. Suppose that H < i*G is a finite
subgroup, and let H denote the restriction of H to ¢*G. Because G is a formal group of finite height
over a field of characteristic p, the only subgroups of G are of the form

H, = ker((Fr")" : i*G — i*G)
where Fr" is the relative Frobenius. Therefore, we have H = H, for some r. The quotient (i*G)/H,
is the pullback of G under the composite i(?"):
i@ Spe(k") 705 Spf(k') L Spi(k)

where o is the Frobenius. The quotient i*G/H is then a deformation of (i*G)/H = (i?"))*G, hence
is classified by a morphism

Yy : Spf(R) — Spf(B).
This determines the operation ¢ 5. The morphism f5 is given by
fg:i"H — (i*G)/H = (¥3)*G.

Suppose now that & is a finite field, and that C/k is a supersingular elliptic curve. Then, by
Serre-Tate theory, there is a unique elliptic curve C over the universal deformation ring

B := B(k,C) = W(k)[[uy]]

such that the formal group C” is the universal deformation of the formal group C. Furthermore, we
have seen that the Goerss-Hopkins-Miller theorem associates to C/k an elliptic F-ring spectrum

E:= B(k,C) = O}, (Spf(B))

with associated elliptic curve C.
The curve C is to pe regarded as an elliptic curve over~Spf (B), but by Remark 1.6, there is a
unique elliptic curve C%9 over Spec(B) which restricts to C/Spf(B). Let B°"¢ be the ring
B = Blu;']).
We regard B°"® as being complete with respect to the ideal (p). Let C°r? be the restriction of C%9
to Spf(B°%). The following lemma follows from Lemma 8.1.

Lemma 6.8. The spectrum Ey 1y is an elliptic spectrum for the elliptic curve C"”d/B‘"“d.

The Goerss-Hopkins Eo.-structure on E induces an F, structure on the K (1)-localized spectrum
Ek (1), and there is an induced operation

wp . Bord N Bord
on B¢ = 1y E (1) which lifts the Frobenius in characteristic p. We have the following proposition.

Proposition 6.9. There is an isomorphism

(wp)*éord ~ (Cvord)(p)

18



(where (CO")P) is the quotient of C°™ of Diagram (5.2) making the following diagram of isogenies
of formal groups commudte.

(61) (éord)/\ i> (wp)*(éord)/\

(% l

((Cvord)(p))/\

Proof. (In some sense, this proposition is one of the most important ingrediants to the construction
of tmf, and I would have gotten it wrong except for the help of Niko Naumann and Charles Rezk.)
Let

i : Sub,(C') — Spf(B)

be the formal scheme of “subgroups of C” of order p (see, for instance, [Str97]). The formal scheme

Sub,(C) is of the form

Spf (Lo (p)(C))-

Observe that because the p-divisible group of C' is entirely formal, we have

Lo(p)(C) = To(p)(C").

Let H,qy, be the universal degree p subgroup of i*C. There is a corresponding operation
Vi, : B=mE = To(p)(C)

and an isomorphism vy Ch = *CN /f[c,m. This operation arises topologically from the total
power operation

Y :B=mFE Pz, o BBt - Fo(p)(é/\)

where the surjection is the quotient by the image of the transfer morphisms [AHS04, Rmk. 3.12]).
Forgetting the topology on the ring B, we can regard C” simply as a formal group over the ring
B, and we get an induced formal group (C°"4)"/B°"® and degree p subgroup

Hord < Z-*(Cvord)/\

can

over
Lo(p)(C) := To(p)(C)[uy '] = To(p)(C™).
The last isomorphism follows from the fact that forgetting about formal schemes, there is an iso-
morphism
Sub, (C) Xgpec(n) Spec(B?) 22 Sub,(C™ xg,0c(p) Spec(B™?)).
Let
¢: To(p)(C") — To(p)((C7)N) = B

be the map classifying the subgroup ﬁggg of order p of Fo(p)((é'ord)/\), regarded as a subgroup

of C°"?. The isomorphism To(p)((C?"%4)") = B reflects the fact that there is one and only one
degree p-subgroup of a deformation of a height 1 formal group. Thus

f{ord _ i*(é«ord)/\ [p]

can
By Example 6.6, the corresponding operation
wgord . Bord N FO (p)((éord)/\) o~ Bord
is nothing more than the operation ¢? on the K'(1)-local Ey, ring spectrum Eg ;). Since localization

E — Ek1) is a map of E-ring spectra, E/ and Eg ;) have compatible descent data for subgroups,
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and we deduce that there is a commutative diagram:

(6.2) B

o ——— 7T0EK(1)

PEK(l)
Yioan Pe (PB) K (1)

woEBErt —— WQ(EBEP+)K(1) — 7TO(EK(l))

i i i

Lo(p)(C) Lo(p)(C) Lo(p)((Cor)") == Bord

The subgroup H,on can be regarded as a finite subgroup-scheme of the elliptic curve i*C. Using
Serre-Tate theory, we may deduce that there is an isomorphism

(i*C)/ Hean = (V,,,)°C.
Using Diagram 6.2, we deduce that there is an isomorphism
(C«ord)(p) — C«ord/f{g[;dL ~ (wp)*érord.
Diagram (6.1) commutes because both f, and (®;nsep)s are lifts of the relative Frobenius with the
same kernel. 0

B()T'd

BYp+

can

Consider the pullback diagram

(6.3) SpE((K)oEx (1)) —& Spf(VL)
qi iq’
Spf(moEx (1)) - o

of Proposition 6.1. The following theorem will be essential in our construction of the map acprom-

Theorem 6.10. The map

g: Vog — (Kz/)\)OEK(l)
of Diagram (6.3) is a map of 0-algebras.
Proof. We just need to check that g commutes with ¥? (we already know from Proposition 6.1 that
g commutes with the action of Z;). The map g classifies a level structure

n: @m =, q*(éord)/\.
We need to verify that there is an isomorphism

((P)*q"Co, () n) = ((g" )P ).

The descent data for level structures arising from FE..-structures is natural with respect to maps of
E-ring spectra (see [AHS04]). It follows that the maps of E.-ring spectra:

K, = (Kp A EK(I))p & EK(l)'

induce a diagram

*

~ r fp -~
Gy ——— 1" (YP) "G,

"l J{(w”)*n
(q*évord)A q*f; q* (wp)*(éord)/\
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The E-structure on p-adic K-theory associates to the formal subgroup u, < @m over Z, the pth
power isogeny

fp:[p]:Gm_)Gm
(this is a special case of Example 6.7). Combined with Diagram (6.1), we have a diagram

~ [p] ~
G —p>Gm

ni J{(w”)*n

q* (C«ord)/\(q)msﬁi)*q* ((CVOTd)(P))/\

We deduce from Diagram (5.3) that with respect to the isomorphism (?)*C°"? = (C°*)(P) we have
(pP)rn =@, O

7. CONSTRUCTION OF Oﬁ?(’l)

For a f-algebra A/k and a 6-A-module M, let
H:\lgg (A/kv M)
denote the f-algebra Andre-Quillen cohomology of A with coefficients in M. In [GH] (see also

[GHO4]), an obstruction theory for K(1)-local E, ring spectra is developed. We summarize their
main results:

Theorem 7.1 (Goerss-Hopkins).

(1) Given a graded 0-algebra A, the obstructions to the existence of a K(1)-local Ey-ring
spectrum E, for which there is an isomorphism

(Kp)E = A,
of 0-algebras, lie in
Hig, (A/(Kp)ws Au[=5 +2]),  s>2.
The obstructions to uniqueness lie in
Hiig, (As)(Kp)es Al=s +1]), s> 1L

(2) Given K(1)-local Eeo-ring spectra Ey, FEy such that K['E; is p-complete, and a map of
graded 0-algebras
f* : (K;\)*El - (K;\)*E%
the obstructions to the existence of a map f : E1 — Fo of Ex-ring spectra which induces
f+« on p-adic K-homology lie in
Hjllgs((K;\)*El/(Kp)*a(KI/)\)*E2[*5+1])a S Z 2.

(Here, the §-(K))).Ey-module structure on (K))).Ey arises from the map f..) The obstruc-
tions to uniqueness lie in

Hig, (K)o Er [ (Kp)s, (K)o Ea[=s]), s> 1.

(3) Given such a map f above, there is a spectral sequence which computes the higher homotopy
groups of the space Eoo(E1, E2) of Eoy maps:

stﬁllge((Kz/;\)*El/(Kp)*v (K[/)\)*E2[t]) = ﬂ_ftfs(Eoo(Elv EQ), f)

Remark 7.2. The notation A, [u] corresponds to the notation Q~*A, in [GHO4], [GH].
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Remark 7.3. To simplify notation in the remainder of this paper, we will write
H g, (As; M) = Hiyyp (As/(Kp)s, M)

(That is, we will always be taking our Andre-Quillen cohomology groups in the category of graded
0-(K,)+-algebras unless we specify a different base explicitly.)

Remark 7.4. The homotopy groups of a K(1)-local E.-ring spectrum E are recovered from its
p-adic K-homology by an Adams-Novikov spectral sequence

(7.1) H3(ZY,(KD)E) = m—oE.

Let A, be a graded even periodic 8-algebra, and M, be a graded #-A,-module. In [GH, Sec. 2.4.3],
it is explained how the cohomology of the cotangent complex L(A/Z,) inherits a canonical §-Ao-
module structure from that of Ay, and that there is a spectral sequence

(7.2) Ext‘jwodgo (H(L(Ay/Zy)), M) = HZUQ (Ay, M,).
The following lemma simplifies the computation of these Andre-Quillen cohomology groups.

Lemma 7.5. Suppose that A./(K,)« is a torsion-free graded 8-algebra, and that M, is a torsion-free
graded 0-A.-module. Let A* denote the fived points Aiﬂ’kz" (A9 = A%p ). Note that we have
A, = limlny A% /p™ A%,
m k
Let A, (respectively A? and M, ) denote A, /pA. (respectively A?/pAY and M, /pM, ). Assume that:
(1) 4* and M, are even periodic,
(2) AY is formally smooth over F,
(3) H(Zy, Mp) =0 for s >0,
(4) Ag is ind-étale over AY.
Then we have:
Hjg, (Ass M [t]) = 0
if s> 1 ort is odd.

Proof. By [GHO04, Prop. 6.8], there is a spectral sequence
g, (Aw oM./ ML) = Hiyg, (As, M),

Thus it suffices to prove the mod p result. Note that because M is torsion-free, there is an isomor-
phism

M, = pmM*/p””lM*.
Since A is formally smooth over F,, and since Ay is ind-étale over AY, we deduce that Ay is formally
smooth over IF,,. Therefore, the spectral sequence

Exthsoqs (Hi(L(Ao/Fp)), M.lt]) = Hy S (As, M)

0
Alng
Collapses to give an isomorphism

EXt?\/Iod%U (QAO/]ITp7M—t) = (A*,M*[t])

S
Alg]gp
Since Ay is ind-étale over A§, there is an isomorphism
iy /e, = Ao @19 Qagy,

of #-Ap-modules. Because Ay is flat over A9, this induces a change of rings isomorphism

EXt?\/]odzo (QAO/F;N M—t) = EXt?\/IOdiﬁg (QAS/F:D7 M_t).
There is a composite functors spectral sequence

_ . _
EXt%g[a](QAg/FP7H£(Z;,Mu)) = Ext}, (Qg/r,, Mu)

Mod%0 P
0
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which, by our hypotheses, collapses to an isomorphism

S Ly ~ S \
(73) EXtAg 0] (QAg/]FP, Mup ) = EXtMOd%B (QA’g/Fp y Mu)
Because A is formally smooth over F,, the module of Kihler differentials A9k, 1s projective as

an AY-module. The Ext groups in the left hand side of (7.3) therefore vanish for s > 1, and, since
M, is concentrated in even degrees, for u odd. |

There is a relative form of Theorem 7.1. Fix a K(1)-local E-ring spectrum E. The entire
statement of Theorem 7.1 is valid if you work in the category of K (1)-local commutative E-algebras
instead of K(1)-local F..-ring spectra. The obstructions live in the Andre-Quillen cohomology
groups for graded 6-W,-algebras:

.Zlg%v* (A*’ M*)
where W, = (K{,\)*E
Lemma 7.6. Suppose that W, and A, are even periodic, and that Ag is étale over Wy. Then for
all s,
j&lg%v* (A*a M*) =0.
Proof. Consider the spectral sequence

Ext}yog0 (Hy(L(A /W), My) = Hyj o (As, M)

Algiy,
Because A, is étale over W,, the cotangent complex is contractible, and the spectral sequence
collapses to zero. O
We outline our construction of Oﬁ?(’l):

Step 1: We will construct a K (1)-local E..-ring spectrum tmf (p)°"¢. This will be our candi-
date for the spectrum of sections of (’);?’(’1) over the étale cover

M (p)
Ly
M
This cover is Galois, with Galois group (Z/p)*. We will show that there is a corresponding

action of (Z/p)* on the spectrum tmf(p)°"® by Es-ring maps. We will define tmf g (1) to
be homotopy fixed points

tmf i1y = (tmf (p)°r ) #/P)"
Step 2: We will construct the sheaf O;?fl) in the category of commutative {mf x(;)-algebras.
We now give the details of our constructions.

Step 1: construction of tmf j ().

Case 1: assume that p is odd.
Let X be the formal pullback

(7.4) X ——— M (p™)

| l

ME (p) ——= M
For a p-complete ring R, the R-points of X are given by
X = {(Cv m, 77/)}
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where the data is given by:

C a generalized elliptic curve over R,

~

n: G =0 an isomorphism of formal groups,
n : o =N [p] an isomorphism of finite group schemes.

Since M9 (p) = Spf(V1) is formally affine, we deduce that X = Spf(W) for some ring W. Since
Mer(p) is étale over M9, the ring W possesses a canonical f-algebra structure extending that of
V2. For k € Z, , the operations ¥ are induced by the natural transformation on R-points:

(¥*)*X(R) — X(R)
(C.n,m') = (Cymo[k]n)
The operation P is induced by the natural transformation
(¥P)"X(R) — X(R)
(Cyn, 1) — (C(p)m(p), (n/)(p))

Here, given 7/, the level structure (n')®) is the one making the following diagram commute (see
Remark 5.3).

Hp
(n/)(p); l ,
n
cw [p](q>scp)* C[p]

Taking ws,1 to be the canonical line bundle over X', we can construct an evenly graded 0-algebra
W, as
WQ* = Fw?;fl.

Theorem 7.7. There is a (7/p)* -equivariant, even periodic, K (1)-local Ex-ring spectrum tmf (p)°re
such that
(1) motmf(p)ord = V7,
(2) Letting (C1,m1) be the universal tuple over MCd(p), there is an isomorphism of formal
groups Gypp(pyora = Cy.
(3) There is an isomorphism of 0-algebras
(K)o tmf () = W..

Proof. Observe the following.
(1) W, is concentrated in even degrees.

(2) W is ind-etale over Wi = Vi, and V; is smooth over Z,. This is because in the following
pullback

X M (p™)

| |

MEE (p) ———> M2
we have M9 (p>°) ind-etale over M9, thus X = Spf(W) is ind-etale over M°%(p) =
Spf(V1), and M (p) is smooth over Spf(Z,).
(3) Hi(Zy,W) =0 for s > 0. This is because W is is an ind-étale Z-torsor over V.

We deduce, from Lemma 7.5, that there exists a K (1)-local E.-ring spectrum tmf (p)°"¢ such that
we have an isomorphism

ord ~
(D)ot () = W,
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of graded #-algebras. As a consequence of (3) above, we deduce that the spectral sequence (7.1)
collapses to give an isomorphism

motmf (p)4 2= (V1)
where, if w; is the canonical line bundle over M (p), then

(Vl)z* = le *.

Let (C1,m1) be the universal tuple over M2 (p). The existence of the isomorphism

M ¢ pp — Cilp]
implies that w; admits a trivialization. In particular, tmf(p)°"® is even periodic.
We now show that the formal group of Gyy,f(,yora is isomorphic to the formal group C;. Choose
complex orientations @, Pypp(pyora of K and tmf (p)°r¢. Consider the following diagram.

q>tfﬂf(p)‘”d d
MUPO 0 tmf (p)OT Vl
R \LHR \{
A ord
MUP()MUP ‘I>K/\‘i’tmf(p)ord(Kp )Otmf(p) e

The map @ g A Pypppp(pp)ora classifies an isomorphism of formal groups

a: Gy — NRG g (pyora-

over W. At the same time, the universal tuple (C,n,n’) over W has as part of its data an isomor-
phism of formal groups

n:G, — C.
The generalized elliptic curve C over W is a pullback of the elliptic curve C; over Vi — thus it
is invariant under the action of Z;. The same holds for the formal group n3Gypgpyora — it is

tautologically the pullback of G,z (p)ora. Under the action of an element k € Z), the isomorphisms
«a and 7 transform as

[F]*a = aofk],
[k]'n = n o [k].

The isomorphism
noa !: NRG g (pyers — C

is therefore invariant under the action of Z;. Thus it descends to an isomorphism

Qaq Gtmf(p)wd — Cl.

The Galois group (Z/p)* of M4 (p) over M4 acts on V;. The last thing we need to show is
that this action lifts to a point-set level action of (Z/p)* by Eoo-ring maps. Because W, satisfies
the hypotheses of Lemma 7.5, we may deduce from Theorem 7.1 that the K,-Hurewitz map

[tmf (p)°"?, tmf (p) "] .. — Homagg, (W, Wi)

is an isomorphism. The action of (Z/p)* on Vi lifts to W in an obvious way: on the R-points of
Spf(W) = X, an element [k] € (Z/p)* acts by

[k]" : X(R) — X(R)

(Cyny1') = (Conyn' o [K])
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This action is easily seen to commute with the action of ¢! for [ € Z,, and 9P. Thus (Z/p)* acts
on W through maps of f-algebras. We deduce that there is a map of groups

(Z/p)* — [tmf ()", tmf ()]

The obstructions to lifting this homotopy action to a point-set action may be identified using the
obstruction theory of Cooke [CooT78] (adapted to the topological category of E..-ring spectra).
Namely, the obstructions lie in the group cohomology

H*((Z/p)" s ws—2(Boo (tmf (p)°, tmf (p)”"?),1d)), s > 3.

Since the space Eo (tmf (p)°"%, tmf (p)°"?) is p-complete, and the order of the group (Z/p)* is prime
to p, these obstructions must vanish. O

Define
tmf g1y == (tmf (p)or ) E/P)"
The following lemma is a useful corollary of a theorem of N. Kuhn.

Lemma 7.8. Suppose that G is a finite group which acts on a K(n)-local Ex-ring spectrum E
through Eoo-ring maps. Then the Tate spectrum EC is K (n)-acyclic, and the norm map

N: Enc — E'C
is a K(n)-local equivalence.

Proof. Kuhn proves that the localized Tate spectrum ((ST(n))tG)T(n) is acyclic [Kuh04, Thm. 1.5],
where T'(n) is the telescope of a v,-periodic map on a type n complex. The Tate spectrum (E*¢) K(n)
is an algebra spectrum over ((ST(n))tG)T(n). In particular, it is a module spectrum over an acyclic
ring spectrum, and hence must be acyclic. (|

Lemma 7.9. There is an isomorphism of 0-algebras (K}))«tmf (1) = (VL)
Proof. By Lemma 7.8, the natural map

or X ord\h(Z x
(Kp A (tmf (p) d)h(Z/p) )iy — (Kp Atmf (p) d)K((l/)p)

is an equivalence (the homotopy fixed points are commuted past the smash product by changing
them to homotopy orbits). The homotopy fixed point spectral sequence computing the homotopy
groups of the latter collapses to give an isomorphism:

(VD)s 22 (W) P 2 (K2)tmf ey

(The first isomorphism above comes from the fact that X is an étale (Z/p)*-torsor over M2 (p>).)
]

Case 2: p=2.

If one were to try to duplicate the odd-primary argument, one would do the following: the first
stack in the 2-primary Igusa tower which is formally affine is

M (4) = Spf(Va).

The cover M2t (4) L M9 is Galois with Galois group (Z/4)*. One must begin by constructing
the K (1)-local E.-ring spectrum tmf (4)°"®. One would like to use the obstruction theory of Cooke
to make this spectrum (Z/4)*-equivariant, but the order of the group is 2, so we cannot conclude
that the obstructions vanish.
We instead replace K with KO. Define a graded reduced 0-algebra to be a graded 6#-algebra
over KO, where the action of Z is replaced with an action of Z5 /{+1}. Given a graded reduced
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f-algebra W,, the obstructions to the existence and uniqueness of a K (1)-local E.-ring spectrum
E with (KO%).E = W, lie in the cohomology groups

H,Saugged (W, Wi [u)).
Given F; and FEs, the obstructions to realizing a map of graded reduced 6-algebras
(KO3)wEr — (KO3).Es
lie in
H3orea (KOR)w By, (KO3 )y Ea[u)).
Now, suppose that V is a 6-algebra, and that the subgroup {1} C ZJ acts trivially on V. Then
V' may be regarded as a reduced #-algebra. One may form a corresponding graded reduced #-algebra
by taking
W,=KO,®V.

We shall refer to graded reduced 6#-algebras arising in this way as Bott periodic graded reduced
0-algebras. The relevance of this definition is given by the following lemma.
Lemma 7.10. Suppose that E is a K(1)-local Ex-ring spectrum for which

(1) =1 acts trivially on (K§)oE.

(2) (KL)+«F is torsion-free and concentrated in even degrees.
Then the graded reduced 0-algebra (KOL)E is given by

(KOY).E~2 KO, ® (K))oE.
In particular, (KO%).E is Bott periodic.

Proof. Use the homotopy fixed point spectral sequence
H*(Z)2,(K5)E) = (KOY)_sE.
|

Remark 7.11. Both KOz and tmf ;) (once we construct it) satisfy the hypotheses of the above
lemma.

We have the following analog of Lemma 7.5.

Lemma 7.12. Suppose that A, /(KOs), is a graded 2-complete reduced 0-algebra, and that M, is a

graded 2-complete reduced 0-A,-module. Let A* denote the fized points Ai+2k22 (AY = Af;). Note
that we have
A, = limlim A%/p™ AL
m  k
Let A, (respectively AQ and M*) denote the mod 2 reduction. Assume that:
(1) As and M, are Bott periodic,
(2) AY is formally smooth over Fa,
(3) H3(Zy /{£1}, Mo) = 0 for s >0,
(4) Ay is ind-étale over AJ.
Then we have:
H.Zlg’éed(A*’ M,[t]) =0
if either s > 1 or —t =3,5,6,7 mod 8.

The following lemma is of crucial importance.

Lemma 7.13. Let V) be the representing ring for M°1¢(2°°) (a.k.a. the 0-algebra of generalized
2-adic modular functions).

(1) The element [—1] € Z acts trivially on VL.
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(2) The subring Vo C Vi, is isomorphic to the fixed points under the induced action of the group
7y J{%1}.
(3) We have HE(Z5 J{£1},VL/2VL) =0 for s > 0.
Proof. The stack M2/ (2°°) represents pairs (n, C) where

n:Gm—>6

is an isomorphism. However, we have ([—1]*n,C) & (1, C):

(-1

3

Q)

This proves (1). Under the isomorphism given by the composite
1+4Zy — 75 — L5 /{+1}

the action of the subgroup 1+ 4Z, agrees with the induced action of Z /{£1} on VL. But VL /2V]
is ind-Galois over V2 /2V5 (the representing ring for M9/(4) ® Fy) with Galois group 1+ 4Zs. This
proves (2) and (3). O

The algebra V2 /2V is ind-etale over V2/2Va, and M9%(4) ® F5 is smooth. Lemma 7.12 implies
that the groups

H3yrea(KOL @ VL, KO, @ VY [u])

6

vanish for s > 1 and —u = 3,5,6,7 mod 8. This is enough to deduce that there exists a K (1)-local
E-ring spectrum tmf & (1) such that there is an isomorphism of graded reduced 6-algebras

Remark 7.14. There is another construction of ¢mf ;) at p = 2 which is described in [Lau04] (see
also [Hop]). The spectrum is explicitly constructed by attaching two K (1)-local E.-cells to the
K (1)-local sphere. Unfortunately, it seems that this approach does not generalize to primes p > 5,
though it does work at p = 3 as well [Hop].

Step 2: construction of the presheaf 03?(91)' We shall now construct the sections of a presheaf

(’);?fl) on (M°4),,. By Remark 2.5, it suffices to produce the values of Oi?z(’l) on étale formal affine
opens of M.

Let Spf(R) ER Mg[ld be an étale formal affine open. Consider the pullback:

f/
Spf(W) —— M2 (p™)

L

Spf(R) —— M}

Since f is étale, W is an étale V2 -algebra, and W carries a canonical #-algebra structure (Section 6).
We have an associated even periodic graded 6-(VY).-algebra W,.

The relative form of Theorem 7.1 indicates that the obstructions to the existence and uniqueness
of a K(1)-local commutative tmf j(;)-algebra E such that there is an isomorphism

(KD).E = W.
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of -(V2),-algebras lie in the Andre-Quillen cohomology groups
Hj”g (VV*7 W lu)).
These cohomology groups vanish by Lemma 7.6.
Given a map
g : Spf(R2) — Spf(Ry)
in (M9%).;, we get an induced map
9" (W)s — (W),

of the corresponding #-(V2).-algebras. Let F;, Es be the corresponding K (1)-local commutative
tmf (1)-algebras. The obstructions for existence and uniqueness of a map of ¢mf (;)-algebras

g : Ey — Fs
realizing the map g* on Kj,-homology lie in the groups
e (W) (Wa). ).
Furthermore, given the existence of g*, there is a spectral sequence
H,Saug( ((Wl)*a(WZ) [u]) = Tu—s(Algyy ., (B1s E2), G7)-
Again, these cohomology groups all vanish by Lemma 7.6. We deduce that:
(1) The K,-Hurewitz map
[ElaE2]Algtme( Y HomAlg( ((Wl)*, (W2).)

is an isomorphism.
(2) The mapping spaces Algtmfk(l) (E1, E) have contractible components.

We have constructed a functor
@;?fl) (M) etagr )P — Ho(Commutative tmf ¢ (1)-algebras).
Since the mapping spaces are contractible, this functor lifts to give a presheaf (see [DKS89])
(’);?1(’1) S (M)t apr) P — Commutative tmf (1)-algebras.
The same argument used to prove part (2) of Theorem 7.7 proves the following.

Proposition 7.15. Suppose that Spf(R) — Mg[ld is an étale open classifying a generalized elliptic
curve C'/R. Then the associated spectrum of sections Oﬁ?l(’l) is an elliptic spectrum for the curve
C/R.

8. CONSTRUCTION OF O;,OP

To construct O;Op it suffices to construct the map

Qchrom - (iord)*oi?()l) - ((is-s) 0;3(2)) K(1)-
Our strategy will be to do this in two steps:
Step 1: We will construct
Qchrom * tMf g1y = (0mf g (2)) k(1)
where
top S8
tmf g (a) 7= O oy (M2D)-
Step 2: We will use the K(1)-local obstruction theory in the category of tmf K (1)-algebra
spectra to show that this map can be extended to a map of presheaves of spectra:
to to
(Lord)*OKl()l) - ((Lss)*OKZ()Q))K(l)‘

We will need the following lemma.
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Lemma 8.1. Suppose that C' is a generalized elliptic curve over a ring R, and that E is an elliptic
spectrum associated with C'. Then

(1) E is E(2)-local.
(2) Suppose that R is p-complete, and that the classifying map

Spf(R) — (Meu)p
for C is flat. Then there is an equivalence
Exq) = Elv;'p.
Proof. Greenlees and May [GM95] proved that there is an equivalence
Epgy ~ E[L}4].
They also showed there is a spectral sequence
(8.1) H*(Spec(R) — X,,,w®") = Wgt_SE[In_il]

where X,, = Spec(R/I,+1) is the locus of Spec(R/p) where the formal group of F has height greater
than n. (1) therefore follows from the fact that C' never has height greater than 2. For (2), since R
is assumed to be p-complete, there is an isomorphism

mo(Efvr ') = Rlvr p-

Over R[v;']/pR[v; Y], the generalized elliptic curve C' is ordinary, hence X is empty and the spectral
sequence (8.1) collapses to show that E[v; '], is F(1)-local. It is also p-complete by construction,
and since K (1)-localization is the p-completion of E(1)-localization, we deduce that E[v; '], is
K (1)-local. It therefore suffices to show that the map

E— E[Ul_l]p

is a K (1)-equivalence. It suffices to show that it yields an equivalence on p-adic K-theory. However,
by Proposition 6.1, both (K})oFE and (KQ)O(E[vl_l]p) are given by W, where we have pullback
squares:

Spf (W) Spf(R[v; ']py) — Spf(R)
M (p™) M (Meu)yp

Step 1: construction of achrom : tmf k(1) = (tmf k(2)) k(1)

We shall temporarily assume that p is odd. After we complete Step 1 for odd primes, we shall
address the changes necessary for the prime 2.

Fix N to be a positive integer greater than or equal to 3 and coprime to p. Let M. (N)/Z[1/N]
denote the moduli stack of pairs (C, p) where C is an elliptic curve and p is a “full level N structure”:

p:(Z/N)? = CIN].
Since N is greater than 3, this stack is a scheme [DR73, Cor. 2.9]. The cover

Me”(N) — Mell ® Z[l/N]
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given by forgetting the level structure is an étale GLy(Z/N)-torsor. Let My;(N), denote the
completion of M¢;(N) at p, and let M?5,(N) denote the pullback

€

S(N) ——= M (N),

| |

M ———— M)y

Since My (N), is a formal scheme, M35,(N) is also a formal scheme. By Serre-Tate theory, the
formal scheme M35, (V) is given by

(V) = H Spf (W (ks ) [[u1]])

for a finite set of finite fields {k;} (this set of finite fields depends on N). Let Ay denote the
representing ring

AN = HW(’%‘)[[M]]

and let By be the ring
By = Anfur Ty = [T Wk ((w1);-
(Elements in the ring W(k;)((u1)),, are bi-infinite Laurent series
Do
JEL
where we require that a; — 0 as j — —o0.) We shall use the notation
Z;l(N) = Spf(p,ul)(AN)
to indicate that Spf is taken with respect to the ideal of definition (p,u1). Define M35,(N)°" to be
the formal scheme given by
MZ?Z(N)OTd = Spf(p)(BN)~
Let (C3F,n3%)/M:25,(N) be the elliptic curve with full level structure classified by the map
(V) = Men(N).
We regard M35,(N)°"® as the “ordinary locus” of C3f. This does not actually make sense in the
context of formal schemes — M35, (N)°" is not a formal subscheme of M35,(N). Nevertheless, by
Remark 1.6, there is a canonical elliptic curve (with level structure) ((C3£)%9,753) which lies over
88 (N)9 := Spec(Ay), and restricts to C¥ /Spf(pu.)(ANn). The formal scheme M5 (N)°rd is
given by the pullback

(V) ——= Mg

L

SSI(N)alg — M

el
We let ((C32)°74,m3¢) denote the restriction of the pair ((C38)%9,753) to M35,(N)°"®. We define
52 (N,p)"? to be the pullback

(N, p)°rd ——= M (p)
s(N)erd Mo
51 (N, p)°r by (C3,)°¢. Since M5, (N)°™ and M2} (p)

are formally affine, we deduce that M55;(N,p)°™® is formally affine, and is of the form Spf () (Bn,1)-
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Let M2 (p)™s denote the locus of the formal affine scheme M9/ (p) where the universal curve
is nonsingular; it is covered by an étale GLo(Z/N)-torsor given by the pullback

MEEN, p)™ —— Meu(N),
M ()™ ——— (M),

The action of GLy(Z/N) on the formal affine scheme M35, (N, p)°¢ = = Spf ,)(Bn,1) over MOTE(N, p)"*,
gives descent data which, by faithfully flat descent (see, for instance, [Hid00, Sec. 1.11.3]), yields a
new formal affine scheme

My (P)Ord = Spf(p)(Bl)
ord (1, \nS _ pGL2(Z/N) . .
over Mg (p)"* (where By = By | ) together with a pullback diagram
(N, )t ——= M (p)
M (N, p)" ——= M (p)"®
Define (V2)** to be the pullback
Spf () (VS)**) ——= M2 (p>)
(p)7 ——— M (p)

and define W** and W** to be the pullbacks

(8.2) Spf () (W5%) —— Spf(p)(Wss) — Spf(p)((vog)ss)
Mgf[d( )ns Mord( ) 5 (Mglr‘ld)ns

By faithfully flat descent, we have
Wss = (ﬁ/ss)GLz(Z/N)7
(VL) = (Weo)Em”.

Remark 8.2. Both W*5 and W*5 possess alternative descriptions. They are given by pullbacks

Spf(W#*) ——— Spf(W**) ——= Mj{! (p)

SN, p)ore = M5 (p)°? = M

Let tmf (N )k (2) be the spectrum of sections
tmf (N) e (2) = Oty (ME(NV)).

The action of GLy(Z/N) on the torsor M2} (N) induces an action of GLa(Z/N) on tmf (N )k (2)-
Since the sheaf O 1(()?2) satisfies homotopy decent, we have

(tmf(N)K(z))hGL2(Z/N) =~ tmf g (2)-
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Lemma 8.3. There is an equivalence

((tmf (N) ke (2) 1) "2 )~ (tmf g0 1)

Proof. Using Lemma 7.8, and descent, we may deduce that there are equivalences

((tmf(N)K@))K(l))hGL2(Z/N) ~ ((tmf (o )hGLQ(Z/N))Ku)
(2)
= (tme(Q))K(1)~
O

Consider the finite (Z/p)* Galois extension Eh(1+p L) of S k(1) given by the homotopy fixed

points of Fj-theory with respect to the open subgroup 1+ pZ, C Z; (see [DHO04], [Rog08]). Note
that we have

(8.3) (BMO+70)yh(z/p)* ~ S,
Define spectra
h
(tmf (N, p)k(2)) k(1) = (tmf (N)k(2)) k(1) NSy B (14pZy)

(tmf (P) Kk (2)) k(1) = (tmf 2))K(1) ASrn Eh(1+pzp)

These spectra inherit an action by the group (Z/p)* = Z, /1 + pZ,.
Using Lemma 7.8, Lemma 8.3 and Equation (8.3), we have the following,.

Lemma 8.4. There are equivalences of Eo-ring spectra
((tmf (N, p)K(z))K(l))hGLZ(Z/N) ~ (tmf (P) Kk (2)) k(1)
((tmf (P) re2)) )" =~ (tmf (o)) i1
We now link up some homotopy calculations with our previous algebro-geometric constructions.
Lemma 8.5. There is an GL3(Z/N) x (Z/p)* -equivariant isomorphism
mo(tmf (N, p)k(2)) k(1) = B

making (tmf (N, p)k(2)) k(1) an elliptic spectrum with associated elliptic curve (C’f\il)o’”d.

Proof. By construction, there is a GLo(Z/N )-equivariant isomorphism

motmf (N)g2) = AN

making tmf(N)g(2) an elliptic spectrum with associated elliptic curve C3’. By Lemma 8.1, this
gives rise to an isomorphism

mo(tmf (N)k(2)) k(1) = By
making the pair ((¢tmf(N)x(2)) (1), (Ca)°"®) an elliptic spectrum. For any K (1)-local even periodic
Landweber exact cohomology theory E, the homotopy groups of

E - E Asia, B h(1+pZy)

are given by the pullback

Spf(moE') —— MEE" (p)

| |

Spf (o E) Mt

(where the notation here is the same as in the proof of Lemma 5.1). This is easily deduced from
the cofiber sequence

E' — (K, NE), “=% (K, AE),
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where £ is chosen to be a topological generator of the subgroup 1+7Z, C Z7. In particular, we have
the desired isomorphism

mo(tmf (N,p)k(2)) k(1) = Bn,1-
The formal group of E’ is the pullback of the formal group of E along the map ngE — mgE’. The
elliptic curve (C3,)°" is the pullback of (C37)°"* under the same homomorphism. The canonical
isomorphism between the formal group of E and the formal group of (C38)°"? thus pulls back to give
the required isomorphism between the formal group of E’ and the formal group of (Cf\ﬁl)”d. ]

Lemma 8.6. There are isomorphisms
(KD« (tmf (N, D)k (2)) (1) = (Kp)s ®z, W**
(K))«(tmf () k(2)) k(1) = (Kp) s ®z, W
()« (tmf g (2)) k(1) = (Kp)« ®z, (V)™
(We shall denote these graded objects as W2°, W25, and (VL)*, respectively.)

* 7

Proof. We deduce the first isomorphism by combining Proposition 6.1 with Remark 8.2. Using
Lemma 8.4, and Lemma 7.8, we have equivalences

((Kp A (tmf (N, p)K(Z))K(l))p)hGL2(Z/N) ~ (Kp A (tmf (p)k(2)) K (1))p
((Kp N (tmf(17)1{(2))K(l))p)h(z/p)X = (Kp A (tmf(p)K(Q))K(l))p
The pullback diagram (8.2) implies that W** is an étale GLo(Z/N)-torsor over W**, and W** is
an étale (Z/p)*-torsor over (V2)*5. The resulting homotopy fixed point spectral sequence
H*(GL2(Z/N), (Kp)«(tmf (N, p) ke (2)) k(1) = (K)«(tmf () ke (2)) k(1)

therefore collapses to give the required isomorphism

(K« (tmf (p)k (2)) k(1) = (Wres)GL2 @) — yyss

This in turn allows us to conclude that the homotopy fixed point spectral sequence
H*((Z/p)*, (Kp)«(tmf () k(2)) k(1)) = (K)«(tmf (2)) k(1)
collapses to give the isomorphism
(K))«(tmf g (o)) (1) = (Wes)EP" = (VL)se.
|
The universal property of the pullback, together with the diagram of Remark 8.2, gives a (Z/p)*-

equivariant map a*:

Spf(W**)

§

s (p)ord Spf(W) —— M2t (p™)

. |

M (p) ——— MY
Here, Spf(W) = X is the pro-Galois cover of M2 (p) given by Diagram (7.4).
To construct our desired map

Xchrom * tme(l) - (tme(Q))K(l)

it suffices to construct a (Z/p)*-equivariant map

Yoprom = tf (D) k(1) = (tmf (D) k(2)) K (1)
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The map aprom is then recovered by taking homotopy fixed point spectra.
The map &* induces a map
a: W, —» Wgs
of graded f-algebras. The obstructions to the existence of a map of K (1)-local E.-ring spectra
Xrom * tmf (D) k1) — (tmf (P)k(2)) k(1)
inducing the map & on p-adic K-theory lie in:
Hjlge(W*,Wfs[—s +1]) 5> 2.
These groups are seen to vanish using Lemma 7.5. The obstructions to uniqueness (that is, unique-

ness up to homotopy) lie in
Hig, We, W[=s]) s 21,

and these groups are also zero. Because & is (Z/p)*-equivariant, we deduce that the map o/, ..
commutes with the action of (Z/p)* in the homotopy category of Eo-ring spectra. Because we
are working in an injective diagram model category structure, after performing a suitable fibrant
replacement of (tmf(p)x (2)) x (1), there is an equivalence of (derived) mapping spaces

Eoo(tmf( )K(l (tmf( ) 2))K(1))(Z/p)x—equlvmrlant ~ Ex (tmf( )K(l (tmf( )K(2))K(1))h(z/p)x~

Because the order of (Z/p)* is prime to p, the spectral sequence

H*((Z/p)* w1 Eoo (tmf (p) k(1) (tmf (D) K (2)) k(1)) = Tt Foo (tmf () k1) (b (D) 529 e 1)) /P
collapses to show that the natural map
7 X
[tmf (p) k1), (tmf (P) k (2)) K (1)) o = [tmf () 1) (tmf (D) ke (2)) (1))
(Z/p)* — equivariant
is an isomorphism. In particular, we may choose o’ to be a (Z/p)*-equivariant map of Fu.-ring
spectra.

chrom

Modifications for the prime 2.

At the prime 2, the first stage of the Igusa tower which is a formal affine scheme is M9/ (4). All

of the algebro-geometric constructions such as M55 (N, p)°™d, M33,(p)°¢, etc for p an odd prime

go through for the prime 2 with M9?(p) replaced by M?2/4(4) to produce formal affine schemes
88 (N,4)°r® and M35,(4)°"%. One then defines (V2)** as the pullback

(8.4) SPE((VA)™) — Mei(2%)

| |

M ()T ——= M (4)
Define
(tmf (N) k@) k(1) = (O;(()€2)( u(N))
(tmf (N, 4) k(2)) k(1) = (mf (N) K (2)) k(1) NS Epaze)
(tmf (4) i 2)) k(1) = (0mf g (2)) K (1) ASrery BT
Just as in the odd primary case, argue (in this order) that we have
(K3 )o(tmf (N, 4) (2)) (1) = W**
(K3 )o(tmf (4) ke (2)) (1) = W™
(K3)o(tmf g @) = (V. L)
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where W55 and W*5 are given as the pullbacks
Spf(W**) —— Spf(W**) —— Spf((VL)>)

| | |

MG (N A = M () —— (M)
By Lemma 7.10, we have an isomorphism
(KO2)«(tmf g (2)) k(1) = KOy ®z, (V)™
The map o* of Equation (8.4) induces a map
a: KO, ®VL — KO, ® (VL)%
of graded reduced Bott periodic 6-algebras. The obstructions to the existence of a map of K (1)-local
FE-ring spectra

Aehrom - tme(l) - (tme(Z))K(l)
inducing the map « on 2-adic K O-theory lie in:
Hygrea (KO ® VL KO, ® (VL)*®[-s+1]) s>2.

These groups are seen to vanish using Lemmas 7.10 and 7.12.

Step 2: construction of a.j.,n as a map of presheaves over M.
We will now construct a map of presheaves
Qchrom - (Lord)*o?()zé) - ((LSS)*O?I(E))K(D'
By the results of Section 2, it suffices to construct this map on the sections of formal affine étale
opens of M ;.
Let R be a p-complete ring, and let

SPf () (R) — (Mer)p
be a formal affine étale open, classifying a generalized elliptic curve C/R. Let wg be the pullback
of the line bundle w over M. The invertible sheaf corresponds to an invertible R-module I. Let
R, denote the evenly graded ring where

Ry, = I®R,
Consider the pullbacks:
(8.5) Spf(Ro7®) —Spi(R)  Spf(R™) —= Spi(R)
M —— (Men)y M ———= (Meu)y

Remark 8.7. Tt is not immediately clear why these pullbacks are formal affine schemes.

(1) The pullback of Spf(R) over M2/ is a formal affine scheme because the Hasse invariant can
be regarded as a section of the restriction of the line bundle w%pﬂ to Spec(R/p). Indeed,
if v; € I®r(P=1) js a lift of the Hasse invariant, then R°"¢ is the zeroth graded piece of the
graded ring

R = (RO '],

(2) The pullback of Spf(R) over M?#, is formally affine because, by Serre-Tate theory, and the

fact that the classifying map is étale, we know that

R = HW(@)[[ulH,
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where {k;} is a finite set of finite fields. In Diagram (8.5), Spf(R*?) is taken with respect to
the ideal (p,u;) C R®®, while Spf(R) is taken with respect to the ideal (p) C R. The ring
R*® has an alternative characterization: it is the zeroth graded piece of the completion
Ry = (R*)g\vl).
Define

(R = (R ]))

and let (R*%)°rd =~ Rss[ul_l];} be the zeroth graded piece. Define generalized elliptic curves:
Oord =C Qr Rard
CSS — C ®R RSS
(Css)ord — (s ®Rss (RSS)OT‘d

Since the image of vy is invertible in (R**)9"?, the curve (C%°)°"® has ordinary reduction modulo p,
and there exists a factorization

(86) R* Ris (Rss)zrd
T
Rord o

We have K(1)-local E.-ring spectra:
Eord = (Lord)*oz)ﬁ)(spf(R)),
E®® = (LSS)*(Q;?:(DQ)(Spf(R))a
(Ess)ord = 88(1)'
Combining Propositions 4.4 and 7.15 with Lemma 8.1, we have the following.

Lemma 8.8. The spectra E™, E*%, and (E**)°" are elliptic with respect to the generalized elliptic
curves C°T4/RO™ 5 | R%% | and (C**)°"?/(R**)°", respectively.

Consider the pullbacks

SPF((Wis)o®) —1—= Spf(Word) ——= M (p™)

| | |

SPE((Rex)™) ——= Spt (") Mg

We have, by Proposition 6.1, the following isomorphisms of graded 6-(V2).-algebras:
(KZ/)\)*Eord ~ W*ord
(Kg/)\)* (Ess)ord o~ (Wss)ord

*

where W2 and (W,)2"¢ are the even periodic graded #-algebras associated to the #-algebras Werd
and (W,,)°md.
We wish to construct a map:

QA chrom

tmf g1y == (tmf (2)) k(1)

| |

Eord [ (Ess)ord

Qchrom

37



The map g induces a map of graded 6-(V.),-algebras
qg: W*ord N (Wss)ord.

The obstructions to realizing this map to the desired map
A chrom + Eord - (Ess)ord

of K(1)-local commutative tmf i (1)-algebras lie in

y (Wfrdv (Wss)ird[fs + 1})7 s> 1.

Alg?vgo)*

Because W' is étale over V., Lemma 7.6 implies that these obstruction groups all vanish. Thus
the realization qcprom €xists.
Suppose that we are given a pair of étale formal affine opens

Spf(R;) — My, 1=1,2.
Associated to these are K(1)-local commutative tmf g (1)-algebras
By = (tora)« Ol (SPE(R:)),
(Ei,SS)OTd = (LSS)*O?](DQ)(Spf(Ri))K(l)-
and graded 6-(V2).-algebras
(Kp). g = (W),

(Ké\)*(Ei,ss)ord = (Wi,ss)ord'

*

Again, Lemma 7.6 implies that
) (W), (Wa,ss)¢ u]) = 0.

Alglyn),
We deduce that
(1) the Hurewitz map
d d d d
[EfT a(E2,SS)OT }Alg‘m,fK(l) - HomAlgva)* ((Wl):r 7(W2,88)ZT )
is an isomorphism.
(2) The mapping spaces Algtmem (EX™, (B 55)
We conclude that:
(1) The maps cprom assemble to give a natural transformation

°rd) have contractible components.

X chrom + (Lord)*@?()z()l) - ((Lss)*@igzgg))K(l)'

of the associated homotopy functors

(Lord)*@ig?l) : ((mell)pﬁt,aff)op - HO(COIHHI tme(l)'algebraS)?

((Lss)*oigi)g))l((l) : ((Mell)p,et,aﬁ)op - Ho(Comm tme(l)_algebraS)'
(2) The contractibility of the mapping spaces implies that the maps «cprom may be chosen to
induce a strict natural transformation of functors:
Qchrom - (Lord)*oi?()l) - ((LSS)*O;?‘?@)K(U'

Putting the pieces together.
Define O;"p to be the presheaf of E, ring spectra given by the pullback

OfP —————— (16)- Ol

| |

(%rd)*oﬁgz()l) ((Lss)*oigz()g))l((l)

QX chrom
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Let R be a p-complete ring and suppose that

Spf(R) — (Men)p
is an étale open classifying a generalized elliptic curve C/R. Using the same notation as we have
been using, there are associated elliptic spectra E°™¢ E*° and (E**)°"®. The spectrum of sections
E := O}°?(Spf(R)) is given by the homotopy pullback

_—

Eord N (Ess)ord

Q& chrom

We then have the following.
Proposition 8.9. The spectrum E is elliptic for the curve C/R.
We first need the following lemma.

Lemma 8.10. Suppose that A is a ring and that x € A is not a zero-divisor. Then the following
square is a pullback.

N
Al

N

AlpY) —= Al 7]

Proof. Because of our assumption, the map A — A[z~!] is an injection. The result then follows
from the fact that the induced map of the cokernels of the vertical maps

Az — A(Ax)/xoo

is an isomorphism. O

Remark 8.11. Lemma 8.10 is true in greater generality, at least provided that A is Noetherian, but
this is the only case we need.

Proof of Proposition 8.9. The proposition reduces to verifying that the diagram
(8.7) R, RE®

L

R:’I"d g; (Rss)zrd

is a pullback. Since Spf(R) — (M), is étale, and the map (M), — (Mpg), is flat (Remark 1.4),
the composite

Spf(R) — (Meu)p — (Mra)p
is flat. In particular, by Landweber’s criterion, the sequence (p,v1) C R, is regular. Therefore R,
is p-torsion-free, and v; is not a zero divisor in R, /pR.. Using the facts that R, is p-complete and
p-torsion-free, it may be deduced that vy is not a zero divisor in R,. Therefore, by Lemma 8.10,

the following square is a pullback.




The square (8.7) is the p-completion of the above square. Since p-completion is exact on p-torsion-
free modules, we deduce that (8.7) is a pullback diagram, as desired. g

9. CONSTRUCTION OF QP AND (Otop
Q

In this section we will construct the presheaf OfQOP , and the map

Oarith (L@)*O&OP — (H(Lp)*020p> .
Q

p

By the results of Section 2, it suffices to restrict our attention to affine étale opens.

The Eilenberg-MacLane functor associates to a graded Q-algebra A, a commutative HQ-algebra
H(A,). Suppose that o
f:Spec(R) — (M)g
is an affine étale open. Define an evenly graded ring R, by
Ry =T f*w®!,
We define
04" (Spec(R)) = H(R.).

The functoriality of H(—) makes this a presheaf of commutative HQ-algebras.

Proposition 9.1. Let C/R be the generalized elliptic curve classified by f. Then the spectrum
H(R.) uniquely admits the structure of an elliptic spectrum for the curve C.

Proof. We just need to show that there is a unique isomorphism of formal groups
C — Gu(r.)-

It suffices to show that there is a uniue isomorphism Zariski locally on Spec R. Thus it suffices to
consider the case where the line bundle f*w is trivial. In this case, the formal group Gy (g, ) is just
the additive formal group. Since we are working over Q, there is a unique isomorphism given by
the logarithm. (]

Because its sections are rational, the presheaf (HP(LP)*OZOP )o is a presheaf of commutative HQ-
algebras.

There is an alternative perspective to the homotopy groups of an elliptic spectrum that we shall
employ. Let (M;)* denote the moduli stack of pairs (C,v) where C is a generalized elliptic curve
and v is a tangent vector to the identity. Then the forgetful map

U (mell)l — M.
is a G,,-torsor. There is a canonical isomorphism
(9'1) f*O(ﬂeu)l = ®w®t
tez
which gives the weight decomposition of O(Veu)l induced by the G,,-action. We deduce the following
lemma.

Lemma 9.2. For any étale open
U — (Meu)g
for which the pullback
FU — Meai)g
is an affine scheme, there is a natural isomorphism

W*ng(U) = O(ﬂezz)é(f*U)’
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Consider the substacks:
mell[c4_1] C ﬂella
Mu[A™Y € M.

A Weierstrass curve is non-singular if and only if A is invertible, whereas a singular Weierstrass
curve (A = 0) has no cuspidal singularities if and only if ¢4 is invertible. Thus the pair ./\/le”[czl],
M i[A7Y form an open cover of M. Consider the induced cover

{Man)gler '], Men)plA™}

The following lemma is a corollary of the computation of the ring of modular forms of level 1 over

Q.
Lemma 9.3. The stack (Me”)b is the open subscheme of
Spec(Qley, c))

given by the union of the affine subschemes
(Meu)gles '] = Spec(Qlegt, ea)),
(Meu)lA™"] = Spec(Qles, cs, A™H).
where A = (¢} — c2)/1728.
Let Mey[c;*, A~ denote the intersection (pullback)
Menleg 1N Mep[ATY — M.
For a presheaf F on M.y, let
Fleg'l, FIAT, Flegh, A7

denote the presheaves on M, obtained by taking the pushforwards of the restrictions of F to the
open substacks

Mealer ], Me[A7Y, Menlegt, A7,

respectively. By descent, to construct ag.in, it suffices to construct a diagram of presheaves of
HQ-algebras:

02) (10):0¥le; ') —2— (TL, (1) 0" | [es]

(10): 05" Iey ", A1) 2 (T, () 057) [eg, A7)

(10).OF"1A7] (IT, ()2 0f7) a7

Q

Qarith

We accomplish this in two steps:

Step 1: Construct compatible maps on the sections over M [A™1], My [ch], and M [cgl, AL
Step 2: Construct corresponding maps of presheaves.

Step 1: Construction of the «,-;, on certain sections.
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Define commutative HQ-algebras

tme[C4 = (1)« 05" (Meuley )
tme[c4 A ] = (1) O (mell[% AT ])
tmf o[AT"] = (1) O, ﬂell[A )

tmf [ '] =

( ell[041])>
Q
tmfy,[ert, A7) = ( P(Meuley ', A7 1]))

ell[Al])>
Q

Totmfy [—] = mtmfgl—] ®g Af

Q

tmfy [A

Observe that we have

where Ay = (Hp Zp) ® Q is the ring of finite adeles. Therefore there are natural maps of commu-
tative Q-algebras
Qarith * Tx tmf@[f] — T« tmfAf [7}
The Goerss-Hopkins obstructions to existence and uniqueness of maps
Qgrith - tmf@[_] - tmf&f [_}

of commutative HQ-algebras realizing the maps &g, lie in the Andre-Quillen cohomology of
commutative Q-algebras:

HSOme(W*tme[f]aﬂ*tmfAf[7][78+1})7 s> 1.
Because
metmfo[=] = Qlea, ce][—]
is a smooth Q-algebra, we have
H o (mitmf =], matmf [—][u]) = 0, s> 0.
We deduce that the Hurewitz map
[tmfo[=], tmf u, (=11 atg s — HOM comme (matmf o], watmf 5, [~])

is an isomorphism. In particular, the maps oy, €xist.
We similarly find that we have

H; g (metmf gleg ] matmf ey, A7 [u]) = 0, s> 0,
HS g (matmf o[ATY ], mtmf et A7 [u]) =0, s>0.

This implies that the diagram
(9.3) tmf ey '] —=— tmf, [c; "]

tme[ch7 A1 et tmf [c; A
tmf g[A™Y] —" tmf , [ATY]

commutes up to homotopy in the category of commutative HQ-algebras.
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Because the presheaves Off” are fibrant in the Jardine model structure, the maps r; and r9 in
Diagram 9.3 are fibrations of commutative HQ-algebras. The following lemma implies that we can
rectify Diagram (9.3) to a point-set level commutative diagram of commutative HQ-algebras.

Lemma 9.4. Suppose that C is a simplicial model category, and that

A—tox
pl lq
BT>Y

s a homotopy commutative diagram with A cofibrant and q a fibration. Then there exists a map [,
homotopic to f, such that the diagram

A

|

B

f/
—

b

-~
Q

~

_—
g
strictly commutes.

Proof. Let H be a homotopy that makes the diagram commute, and take a lift

Ag0—L—
7
T H
1
AR A o Y
Take f' = H;. O
Step 2: construction of Diagram 9.2.
It suffices to construct the diagram on affine opens. Suppose that
Spec(R) — My
is an affine étale open. Define commutative HQ-algebras
Tley '] = (19)«Og" (Spec(R[cy ']))
Tley ', A7 = (1) 04" (Spec(R[c; ', A1)
T[A™"]) := (1g)+ O " (Spec(R[A™1]))

T’y '] = (H(Lp)*Oﬁ,”p(SpeC(R[Cll})))

T’ A7 = H(Lp)*OZ“p(SPeC(R[%1A—1]))>
P Q

T'A™Y = (H(Lp)*OEOP(SpeC(R[A‘l]))>
P Q

Let 7" be any commutative tmf, [—]-algebra, and let

Ty tmf@[—] — w1
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be a map of m.tmfy[—]-algebras. We have the following pullback diagram.

Spec(m.T[—]) Spec(R ® Q)
Spec(Qles, co][~]) = Meu)y[~] —— Meu)o

In particular, we deduce that 7, T[] is étale over
W*tme[_] = Q[C47 Ce, A_l]-
Therefore, the spectral sequence

Exty g (H(L(m T[] /mtmfo[=])), m T [u]) = Hg,y (m (=], m T [u])

COMMere, timf [ -]

collapses to give

Hgommw*m/Q[,] (W*T[_L ’/T*T/ ['LL]) = 0
We deduce that
(1) The Hurewitz maps
T[], T’]Algm_r@[_] — Homcomm"*‘mf@_] (mu T[], mT")

are isomorphisms.
(2) The mapping spaces Algtme[_] (T[], T") have contractible components.

This is enough to conclude that there exist maps g, functorial in R, making the following
diagrams commute

QXarith

Tlcy '] T'[cy ']

| i

Tley ', AT =5 Ty A

T T

T[Ail] Qarith T/[Afl}
Since, by homotopy descent, there are homotopy pullbacks

(1) 0" (Spec(R)) —— Tle7"] (IT,0)- 07 (Spee(R))) | ———=17e; ]
TIA™Y) ———Tle; ', A TA ] =T, A

We get an induced map on pullbacks

Carith (L@)*O&Op(Spec(R)) — (H(Lp)*(’);Op(Spec(R))> .
Q

P

which is natural in Spec(R). o
We define O to be the presheaf on M, whose sections over Spec(R) are given by the pullback

017 (Spec(R)) [T, (1) 0L (Spec(R))

(1) 08" (Spec(R)) = (IT, (1) O} (Spec(R)))
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The following proposition concludes our proof of Theorem 1.1.

Proposition 9.5. The spectrum O°P(Spec(R)) is elliptic with respect to the elliptic curve C/R.

Proof. The proposition follows from Propositions 8.9 and 9.1, and the pullback

[AHS04]

[BL]
[Con07]

[CooT8]
[DHO04]
[DHI04]
[DKS89)]

[DR73]

R

[T, &

|

R®Q—— (HPR;\) ®Q
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