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Abstract

In 1944, Freeman Dyson proposed the existence of a “crank” statistic that would give
a combinatorial explanation for all three of the famous Ramanujan congruences for the
partition function p(n). There was a 40 year wait before Dyson’s dream was realized by
Andrews and Garvan in 1988, when they defined the crank and proved that it decom-
posed Ramanujan’s congruences in a natural way. In 2000, there was another dramatic
development in the subject of partition theory, as Ono proved that p(n) satisfies infinitely
many congruences in distinct arithmetic progressions. This again led to the question of
how these new families might be explained combinatorially. One of the main theorems
of this thesis proves that the same crank defined by Andrews-Garvan satisfies precisely
the same type of congruences as those found by Ono for the partition function, and is
thus a sort of “universal” statistic for partition congruences.

Ramanujan also studied the divisibility properties of the coefficients of the classical
Eisenstein series Ej(z). These coefficients are essentially divisor sums when properly
normalized. The inverses of these series are not holomorphic, but the theory of /-adic
modular forms can be used to study the divisibility properties of quotients of Eisenstein
series. The main result here is the existence of positive density sets of primes ¢ for which
almost all of the coefficients of these quotients vanish modulo powers of £.

These results demonstrate two important applications of modular forms in number
theory, and the techniques used here naturally apply to more general classes of mod-
ular forms. The analytic modular transformation properties are a powerful tool for

understanding the coefficients of these and many other number-theoretic functions.
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Chapter 1

Introduction

The applications of modular forms to modern number theory are as widespread as they
are important. Some of the earliest developments in the subject include the study of
theta functions, the generating functions for class numbers, representations by quadratic
forms, the analytic properties modular L-functions, and elliptic functions. These areas
have been driving forces in number theory since the 19th century, and continue to
influence active research throughout the subject. More recently, modular forms have
maintained their fundamental importance in the proofs of many groundbreaking results,
including the works of Fields medalists Borcherds and Deligne on the connections be-
tween the coefficients of modular forms and Galois representations, and also in Wiles’
proof of Fermat’s Last Theorem. See [26] for more discussion of the breadth of number
theory topics in which modular forms have made valuable contributions.

In many of these settings, modular forms arise as the generating functions of number
theoretic functions, and thus the arithmetic of the coefficients of modular forms is very
important. Loosely speaking, a modular form is a function on the complex upper-half
plane that has a Fourier series and that satisfies certain analytic transformation prop-
erties. The power of modular forms in applications to number theory is in the modular
transformation laws, which can “translate” the analytic properties of the function into

remarkable combinatorial relationships among the coefficients.



The results of this thesis expand upon some of the author’s previously published
works that highlight the interplay between the analytic and combinatorial properties of
two well-known examples of modular forms. First is the family of classical Eisenstein
series, which have simple divisor sums as coefficients. In [22], the author considered sim-
ple quotients of Eisenstein series and proved divisibility properties for their coefficients
for infinite families of primes. The second example is the partition function, whose gen-
erating function is very nearly the inverse of another important modular form, namely,
Dedekind’s eta-function. In [23], the author showed that a simple combinatorial statistic
that was first envisioned by Dyson (the “crank”) plays a fundamental role in explaining

partition congruences of all types, not just those discovered by Ramanujan.

1.1 Congruences for quotients of Eisenstein series

The Eisenstein series are among the first examples of modular forms, and serve as
canonical generators for many others. Recall the standard s-th divisor function, given

by
os(n) = Z d’,
dln, d>0

and also the Bernoulli numbers B,,, which are defined by the Fourier expansion

iBnl’” o
nl T er—1

n=0

Finally, for z € H, the complex upper-half plane, set ¢ := 2™ throughout this thesis.

Definition 1.1 Let k > 2 be even. The Eisenstein series of weight & s



For more background on divisor functions, Bernoulli numbers, and the Eisenstein series,
see [17].
Ramanujan and Hardy [16] paid particular attention to the coefficients of the first

three Eisenstein series:

By(q)=1-24) o1(n)q", (1.1)

Ey(q) = 14240 a3(n)q",

n=1
00

Es(q) =1— 504205(7’&)(]”.

In a recent paper, Berndt and Yee [10] proved congruences modulo small powers of 3

and 7 for seven different quotients of these Eisenstein series.

Theorem 1.2 (Berndt-Yee) Let the functions Fi(q) = ), -, ai(n)q" be given by the
first two columns of the following table. Then the final two columns describe arithmetic

progressions for which a;(n) satisfy congruences.

i F n=2 (mod 3) n=4 (mod 8)

1| 1/By(q) | ai(n) =0 (mod 3

2| 1/Euq) | as(n) =0 (mod 3?)

31 1/Es(g) | as(n) =0 (mod 3%) | as(n) =0 (mod 72)
4| Ex(q)/E4(q) | as(n) =0 (mod 3%)

5| Ex(q)/Es(q) | as(n) =0 (mod 3%)

6 | Ei(q)/Es(q) | as(n) =0 (mod 3%)

7| E3(q)/Es(q) | az(n) =0 (mod 3°) | ar(n) =0 (mod 7)




The following theorem shows that the types of congruences in Theorem 1.2 are ac-
tually quite common, as there are infinite classes of primes for which almost every

coefficient is divisible by arbitrary prime powers.
Theorem 1.3 Let the coefficients a;(n) be defined as above.
1. If T is any positive integer, then the set of non-negative integers n satisfying
aj(n) =0 (mod 37)
has arithmetic density 1.

2. Ifi € {2,4}, the prime { is in the set {3} U{s=5or 11 (mod 12)}, and 7 is any
positive integer, then the set of non-negative integers n satisfying

a;(n) =0 (mod ¢7)

has arithmetic density 1.

3. Ifi € {3,5,6, 7}, the prime £ is in the set {3} U{s =T7or 11 (mod 12)}, and 7 is

any positive integer, then the set of non-negative integers n satisfying
a;(n) =0 (mod ¢7)
has arithmetic density 1.

Remark 1.4 In each of the cases in Theorem 1.3, there are infinitely many distinct
arithmetic progressions of coefficients that satisfy linear congruences of the form found
by Berndt and Yee. These can be found by using the theory of Hecke operators for integer
weight modular forms in direct analog to the proof of Theorem 1.18 (see Chapter 3). In

this way, Berndt and Yee’s original congruences are all accounted for.



The case of ¢ = 2 was not addressed in [10], but the following theorem shows that

all of the coefficients a;(n) also satisfy explicit congruences modulo arbitrary powers of

2.

Theorem 1.5 If 1 < ¢ < 7 and 7 is a positive integer, then the set of non-negative
integers n satisfying

a;(n) =0 (mod 27)
has arithmetic density 1. Furthermore, there exists some integer w such that

a;(mn') =0 (mod 27)

whenever m is a square-free odd integer that is the product of at least w - T distinct, odd

prime factors, with (m,n’) = 1.

The second part implies that there are numerous specific arithmetic sequences for which

congruences hold, such as
a3(1334025n 4+ 1155) = 0 (mod 2%). (1.2)

Remark 1.6 The proof of this theorem follows from the nilpotency of the integral weight
Hecke operators modulo 2, and appears in Section 3.1. Recent results of Khare and
Boylan [11, 18] imply that the Hecke operators behave similarly modulo primes ¢ < 7,
and thus there are also analogs to Theorem 1.5 for these moduli (although the statements

for the explicit congruences are slightly more complicated).

1.2 Partitions

The theory of partitions can be traced back to basic results of Euler, and some of the

earliest significant work by American mathematicians occurred in this subject [3]. In



the twentieth century, partition theory has matured greatly, and there are now numer-
ous connections to other areas of mathematics, including combinatorics, representation
theory, and even mathematical physics. Howeverr, despite these advancements, even
seemingly innocent questions about the basic properties of partitions can be quite diffi-
cult, and the results of this section represent the culmination of over 60 years of study of

questions first raised by Dyson (who was influenced by even earlier work of Ramanujan).

Definition 1.7 A partition of an integer n > 0 is a non-increasing sequence of integers
that sum to n. The partition function p(n) counts the number of distinct partitions of

n. If n is not a non-negative integer, then p(n) := 0.

A partition of n is also frequently written as Ay + X\ + - -+ + A\, = n, where Ay > Ay >

-+« > Mg > 1. The weight of such a partition is |A\| = n.
Example 1.8 The partitions of 4 are:
4, 3+1, 242
24141, I1+1+1+1,

and thus p(4) = 5.

1.2.1 Divisibility properties of the partition function

Partitions reflect fundamental additive properties of the integers (and might even be said
to encode the “failure” of unique additive decompositions), so it is surprising to learn
that p(n) has divisibility properties as well. Indeed, some of the more famous results
in the theory of partitions are Ramanujan’s celebrated congruences for the partition

function.



Theorem 1.9 (Ramanujan) For all n,

p(bn+4)=0 (mod 5),
p(Tn+5)=0 (mod 7),

p(1In+6) =0 (mod 11).

There are many different proofs and generalizations of these formulae, and Ramanu-
jan’s original work influenced Watson and Atkin as they extended the congruences to
arbitrary powers of 5,7 and 11. They achieved these results by using properties of theta
functions, Eisenstein series, and other g-series identities (see [26] for more history). Spo-
radic progress was made in proving congruences for other small primes (largely by Atkin,
who found many partition congruences for prime moduli up to 31 [8]), until a seminal
paper by Ono revolutionized the subject in 2000 [24]. He developed aspects of the p-
adic theory of half-integral weight modular forms and used this to prove the existence

of infinite families of partition congruences modulo every prime ¢ > 5.

Theorem 1.10 (Ono) For any prime ¢ > 5 there are infinitely many distinct arith-

metic progressions {An + B} such that
p(An+ B) =0 (mod /) Vn >0.

This result was then extended to classes of congruences for every modulus coprime to 6
through the continued works of Ahlgren and Ono [1, 2]. Unlike the original Ramanujan

congruences, these results are typically quite complicated, as exhibited by the example

p(1977147619n + 815655) = 0 (mod 19). (1.3)



1.2.2 Partition statistics

Although the above results have a strikingly combinatorial flavor, the proofs of the pre-
ceding theorems do not provide great combinatorial insight as to why such congruences
are true. However, there are simple statistics on partitions that do have an amazing
relationship to the divisibility properties of the partition function.

Upon learning of the Ramanujan congruences, Dyson observed that a simple combi-
natorial statistic gives a tangible decomposition of the congruences modulo 5 and 7 [13];

this phenomenon was proven several years later by Atkin and Swinnerton-Dyer [9].
Definition 1.11 Ifn = A + Ay + - - - + A\, the rank of the partition X is defined by
rank(\) == A\; — k. (1.4)

The key result of [9] is that the rank function explains the Ramanujan congruences

by dividing the partitions into classes of equal size.

Theorem 1.12 (Atkin, Swinnerton-Dyer) Let N(m, N,n) denote the number of par-

titions X of n such that rank(A\) = m (mod N). Then for any n > 0,

N(m,5,5n+4) = —-p(5n +4) 0<m <4,

= ot =

N(m,7,Tn+5)==-p(Tn+5) 0<m<6.

However, one can easily check that even for the partitions of 6 the ranks do not follow
this pattern modulo 11, so the Ramanujan congruence modulo 11 is not dissected by
the rank.

Instead, Dyson conjectured the existence of an analogous “crank” function for the

final Ramanujan congruence.



Conjecture 1.13 (Dyson) There is a combinatorial statistic on partitions that ex-
plains the three Ramanujan congruences in the same manner as the rank dissection for

the congruences modulo 5 and 7 found in Theorem 1.12.

The existence of the crank remained unresolved for over forty years until Andrews and
Garvan studied Ramanujan’s so-called “Lost Notebook” and found that some peculiar
g-series appeared near some computations related to p(n) [4]. They defined the crank by
combinatorially interpreting these series as generating functions, and then used a variety

of g-series techniques to prove the congruences.

Definition 1.14 If n =X+ o+ -+ As + 1+ --- + 1, with exactly r ones, then let

o(A\) be the number of parts of A that are strictly larger than r. The crank is given by

)\1 if r :0,
o(A) —r ift r>1

Andrews and Garvan proved Dyson’s conjecture by verifying that the crank decom-

poses each of the Ramanujan congruences [5].

Theorem 1.15 If the crank counting function is denoted by

M(m,N,n) :=#{|A\| =n : crank(\) =m (mod N)},

then for n > 0,

M(m,5,5n+4) = = - p(bn +4) 0<m <4,

|~ Ot

M(m,11, T +5) = = - p(Tn + 5) 0<m <6,

|~

M(m,11,11n +6) = — -p(1ln+6) 0 < m < 10.

—_
—_
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It is notable that the crank dissects the Ramanujan congruences modulo 5 and 7 in a

different way than the rank.

Remark 1.16 In [14]/, Garvan, Kim and Stanton also found “crank” functions of a
different sort. They presented one such function for each of the original Ramanujan
congruences, as well as one for the higher congruence p(25n+24) =0 (mod 25). These
functions were constructed to encode explicit disjoint cycles of partitions; for example,
the partitions of bn + 4 were split into p(5n + 4)/5 different 5-cycles, and one of the
“crank” functions takes on 5 values corresponding to the cycle positions. The results of
the present paper are based on Definition 1.14, and the term crank shall refer only to

this for the remainder of the paper.

It is clear that the set of partitions of n can be grouped by the crank,

N—

p(n) = ZM(m,N, n). (1.5)

m=0

—

Theorem 1.15 shows implies that in the special case of the Ramanujan congruences
(N = 5,7, or 11), all N terms on the right-hand side of (1.5) are equal. This clearly
gives a combinatorial proof of the congruences. However, this is not the only useful way
in which the crank might group partitions, and Ono speculated that a more general

approach would lead to many more partition congruences.

Conjecture 1.17 (Ono) For every prime ¢ > 5 and integer T > 1, there are infinitely

many non-nested arithmetic progressions An + B for which
M(m,l,An+ B) =0 (mod (")

for every 0 <m < /¢ —1.
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This can be viewed as a natural extension of Conjecture 1.13, as it is of great interest
whether the new collection of congruences can also be explained combinatorially, and
whether the crank function plays a similar role.

In particular, combining Ono’s Conjecture with (1.5) would give a modified combina-
torial proof that p(An+ B) =0 (mod ¢7). The next theorem shows that this conjecture
is true, and as such it represents the culmination of the study of questions first raised by
Dyson in 1944. However, although the type of congruences in Conjecture 1.17 appear
similar to those in Theorem 1.10, several technical problems intervene and complicate a
naive application of Ono’s methods to the crank function.

For a prime ¢ > 5, set 0, := (£ — 1)/24, and define
0. —6
€= (f) = (7> . (1.6)

S@::{ogﬁg£—1’(625‘):001«—@}. (1.7)

Finally, let

Theorem 1.18 Suppose that { > 5 is prime, T and j are positive integers, and 3 € Sy.
Then a positive proportion of primes () = —1 (mod 24¢) have the property that for every

0<m<¥—1,
Q3n +1

J
M <m,€ Y

) =0 (mod (")

for alln =1 — 248 (mod 24¢) that are not divisible by Q).

As developed by Ahlgren and Ono in [2], the most general known framework for con-
gruences of p(n) has a similar dependence on the set Sy, and thus the crank congruences
apparently hold in the most general possible setting. This makes the following natural

corollaries of Theorem 1.18 all the more remarkable. Note that Corollary 1.19 is actually
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a stronger result than Ono’s Conjecture, as there is an additional degree of freedom in

the exponents.

Corollary 1.19 Suppose that ¢ > 5 is prime and that T and j are positive integers.

Then there are infinitely many non-nested arithmetic progressions An + B such that
M(m, ¢’ An+ B) =0 (mod (")
for every 0 < m < ¢ — 1.

Corollary 1.20 Let ¢ > 5 be prime, and j be a positive integer. Then there are in-
finitely many non-nested arithmetic sequences An + B such that the crank underlies the

congruence

p(An+ B)=0 (mod (7).

1.3 Structure of the thesis

Chapter 2 is devoted to the theory of modular forms, and contains all of the tools needed
later. This includes the general theory of both integral and half-integral weight forms,
data about the structure of spaces of modular forms, a variety of operators on these
spaces and the connections to congruences for the coefficients. Specific examples of
modular forms, such as Dedekind’s eta-function and the Klein forms are also given, as
they arise in the later proofs.

Chapter 3 contains the proofs of all of the main theorems. First, Theorems 1.3 and
1.5 are proven by relating the relevant quotients of Eisenstein series to f-adic modular

forms. Next comes more background on the crank function, leading to the proof of
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Theorem 1.18. The generating functions that Andrews and Garvan found in Ramanu-
jan’s notebooks are closely related to Klein forms, which enables the application of the
techniques from Chapter 2.

Finally, Chapter 4 concludes this thesis by discussing the context of the main theo-

rems and their proofs, and offers some speculations for future and related work.
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Chapter 2

Modular Forms

This chapter contains all of the relevant facts about one-variable modular forms that will
be needed in the proofs of Chapter 3. See [26] for more details and a more exhaustive

list of references for the subjects in this chapter.

2.1 Basic definitions

This section presents many of the fundamental objects and properties of modular forms.
After the initial definitions, certain operators that map between spaces of modular forms
are also defined; these types of manipulations will be important tools for understanding

the coefficients of modular forms in later proofs.

2.1.1 Modular transformations

Let I' := SLy(Z) denote the full modular group of 2-by-2 matrices with determinant 1.

I' acts on points z in the upper half-plane H by linear fractional transformations,

a b az+b
Z = )
cz+d

c d

A congruence subgroup of level N is a subgroup IV < T" that also contains ker(¢y), where
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is the projection map modulo N. For a given modulus N, denote the canonical congru-

ence subgroups of level N by

a b * %
[o(N) = = (mod N) », (2.1)
c d 0 =
\
( 3\
a b 1 %
['1(N) := = (mod N) »,
c d 01
\
4 A
a b 10
['(N) := = (mod N)
L \¢ d 0 1

The cusps of a subgroup I'' < T" are the equivalence classes of ico (also known as “the

cusp at infinity”) under the action of I".

Definition 2.1 Suppose that f is a meromorphic function on the upper half plane 'H,

and that (24) € GL} (R). For k € 1Z, the slash operator of weight k is defined by

a b

9 _ az+b
f(2) A = (ad — be)*?(cz +d)7F f (cz—i—d)' (2.2)

A key property of this operator is that it gives a group action on the ring of meromorphic

functions on H, as described in the next proposition.

Proposition 2.2 If (2%),(% %) € GL; (R), then

a b a v

f(2)

L \c d L \c d L \c d d d

The convenient shorthand of the slash operator is very useful when computing a

function’s order of vanishing at cusps, as the matrix (¢ %) maps ico to the cusp a/c.

The importance of these calculations is seen in the next definition; note that g = >
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is the uniformizer at ioo, and thus a g¢-series can be viewed analytically as a Fourier

expansion around 70o.

Definition 2.3 Let k € %Z, and let T' < T be a congruence subgroup of level N, with
4| N when k —1/2 € Z. A meromorphic function f on the complex upper half plane is
a weakly holomorphic modular form of weight k with respect to I' if it satisfies each of

the following properties.

1. If(¢%) €T, then

(2.3)

f(az+b)_ (cz +d)*f(2) if keZ,
cz+d)

()" ;™ (ez+d)f(z)  otherwise,
where (5) is the generalized Legendre symbol (which is extended to negative ¢ and

d in the natural way), and €5 := 1 ori if d =1 or 3 (mod 4), respectively.

2. There is some ng € Z such that f has a Fourier expansion in qy = ¢*/N = e2™#/N

of the form

f(2) =) cln)dy.

n>ng

3. f(z) is holomorphic on the upper-half plane and meromorphic at the cusps of T".

If f(z) is holomorphic at the cusps of T, then it is called a holomorphic modular form
(typically shortened to modular form in this work), and if f(z) vanishes at the cusps,

then it is a cusp form.

The spaces of weakly holomorphic modular forms of weight k for the congruence sub-
group I" (resp. holomorphic modular forms, cusp forms) are denoted by M} (I") (resp.
M (T"), Sp(I”)). The space of modular functions with respect to I" is defined to be

M.
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In the special case that I = I'g(V), there is an additional definition.

Definition 2.4 Suppose that x is a Dirichlet character of conductor N and that f(z)

is a weakly holomorphic modular form of weight k with respect to I'y(N) (resp. modular

form, cusp form). Let (24) e I'. If f(gjig) is exactly x(d) times the right side of (2.3),
then f(z) is a weakly holomorphic modular form with character x (resp. modular form,

cusp form).

The spaces of weakly holomorphic modular forms of weight k& with respect to I'o(/V) with
character y are denoted by M} (To(N),x) (resp. My(To(N),x), Sk(To(N),x)). There is

a well-known decomposition of spaces of modular forms with respect to I';(N):

Sre2(T1(N) = @D SniajelTo(N), X). (2.4)

X even

2.1.2 Operators on modular forms

Now we review the Hecke operators for modular forms, which are crucial in finding

congruences for the coefficients of such functions.
Definition 2.5 Suppose that f(z) =, oa(n)q" € Mi(To(N),x), and that pt N is a

prime.

1. If k € Z, then the Hecke operator T;C’X is defined by the action

FE T =" (a(pn) +x(p)p*ta <%)) q".

n>0

2. If k —1/2 € Z, then the Hecke operator T*X(p?) is defined by

f(2) | T (p?) =

> (a<p2n> +X(0) (g) 3 2a(n) + X () (pﬁ)) ”

n>0
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where x*(n) := x(n) <(_1)Z_71/2>.

The superscripts k and y are suppressed whenever the context is clear.
Another basic operation on modular forms is also described explicitly in terms of

Fourier coefficients.

Definition 2.6 Suppose that f =3 a(n)q" € M(To(N), x), and that ¢ is a Dirich-

let character. Then the twist of f by 1 is

(f®U)(=) =) _w(n)aln)g".

n>0
The Hecke operators act on spaces of modular forms in an easily described manner,

as does the operation of twisting by a character.
Proposition 2.7 Suppose that f(z) € Mp(To(N), x)-

1. For a prime pt N, let T := T, if k is an integer, or T := T(p?) if k —1/2 € Z.

Then the action of T is space-preserving, i.e.,
f(2) [T € Mp(To(N), x).
2. If ¥ is a character with modulus M, then

(f @) (2) € My(Do(NM?), xv°).

If v is a quadratic character, then this last part is especially simple.
It is a useful fact that the twist of a modular form by a quadratic character can also

be written in terms of the slash operator. If p is a prime and

p—1
v TV
g:gp:Z(]—o) 62 /p
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is the standard Gauss sum, then

()@l ) e

1

This identity follows from the classical evaluation of the signs of Gauss sums. Note that
the weight on the slash operator is irrelevant, as the above expression has no dependence
on k.

Twisting a modular form by a character varies the coefficients in a periodic way
(relative to the modulus of the character). An even simpler operation is to merely
discard the coefficients that lie in certain arithmetic progressions, and this also acts

functorially on spaces of modular forms.

Proposition 2.8 Suppose that f(z) = > 2 a(n)q” € Si(T'1(N)), where k is a half-
integer. Ift >1 and 0 < r <t —1, then
> a(n)g” € Sp(T(Nt)).
n=r (mod t)
The famous Shimura correspondence gives a means of embedding half-integral weight

forms into spaces of even integral weight forms.

Theorem 2.9 (Shimura [30]) Suppose that f(z) =}, -, c(n)q" € Sk(L'o(N), x), with
3/2 <k &7, and define a Dirichlet character by 1, := x(e) (%) Lett >0 be a

square-free integer, and define the coefficients Ay(n) by

> A;(Sn) = L(s—k+3/2,00) W”Q)’

n>1 n>1

where the L-function is defined by
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There is then an integral weight form associated to f:
Ser(f(2)) = ZAt(n)q” € My—1(To(N), x°).
n>1

Furthermore, if k > 5/2, then Sy x(f(2)) is a cusp form.

The map S, is called the Shimura lift, and the next result states the important fact
that it commutes with the Hecke operators. Note that the weight k is often suppressed

when it is clear from context.

Proposition 2.10 Suppose that f(z) € Sp(To(NV), x) with k > 3/2. If t > 0 is square-

free and pt Nt is a prime, then

Si(f(2) [ T(*) = Si(f(2) | T

The action of the Hecke operators can also be understood from the perspective of Galois
representations associated to modular forms, a subject which owes much to the work of

Deligne and Serre [12].

2.1.3 Congruences for modular forms

The proofs in Section 3.1 require knowledge of the divisibility properties of the coeffi-
cients of integral weight modular forms. One of the most useful tools is Serre’s work
on divisibility of the coefficients of modular forms. His theorem implies that almost
all of the coefficients will be divisible by M. The results in this section assume some
familiarity with algebraic number theory and the properties of Hecke eigenforms, but

the background material is thoroughly explained in the references mentioned.
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Theorem 2.11 (Serre) Let f(z) be a holomorphic modular form of positive integer
weight k, with Fourier expansion
f(z) =7 aln)q", (2.6)
n=0

where a(n) are algebraic integers in some number field. If M is a positive integer, then

T

there exists a positive constant o such that there are O (log_o‘m

> integers n < x where the

a(n) are not divisible by M.

Although this result determines the behavior modulo M of almost all of the co-
efficients of an integral weight modular form, the proofs in Section 3.2 rely on more
specific knowledge of simultaneous congruences for multiple modular forms of different,
non-integral weights and distinct levels. Fortunately, the ideas in Serre’s proof actually
provide much more information about precisely which coefficients vanish when reduced
modulo M. Ono built on these arguments and determined when collections of integer

modular forms will simultaneously vanish under the action of certain Hecke operators.

Theorem 2.12 (Ono [25]) Let fi(2), fa(2), ..., fr(2) be integer weight cusp forms where
fiz) = Zai(n)qn € Sk, (Lo(Ni), xi)-
n>1

Suppose that the coefficients of every f;(z) and the values taken on by every x; are in
Ok, the ring of integers for some number field K. Finally, let v be a finite place of K
with residue characteristic 0. If pot (N1 Ny - -+ N, is prime and j > 1, then there is a set
of primes p with positive Frobenius density such that for every 1 < i < r the functions
satisfy

ord, (fi(2)| T — f;(2)|TyXi) > j.
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A close inspection of the proof of Theorem 2.12 combined with Serre’s observation
that the coefficients of Hecke eigenforms arise as the traces of Frobenius elements under
Galois representations imply two important special cases of the previous result. Specifi-
cally, the universal presence of complex conjugation and the identity map in the Galois
group Gal(K/Q) implies that there are always T, with Hecke eigenvalues 0 and 2 modulo
v/ for primes p in certain arithmetic progressions. A straightforward application of this

phenomenon combined with Ono’s proof of Theorem 2.12 gives the following corollary.

Corollary 2.13 Suppose that k;, N; are integers, and that x; is a Dirichlet character
for 1 <i<r. Let A; := Sk,(T'o(N;), xi) N Okllq]], where Ok is the ring of integers in a
fixzed number field K. Suppose that m C Ok is an ideal with Normg (m) = M. Then for
0 € {£1}, a positive proportion of primes p = 0 (mod Ny --- N.M) have the property
that for each 1,

fi(2) | T]ﬂ“i’xl‘ =(146)fi(z) (mod m)

for every fi(z) € A;.

Finally, following a similar argument as the one found in Ahlgren and Ono’s proof
of Lemma 3.1 in [2], one can use Proposition 2.10 to obtain analogous congruence prop-
erties for the coefficients of half-integral weight modular forms. These follow from the
commutativity of the Shimura correspondence and Hecke operators. These conclusions
also hold for modular forms with respect to I';(N) due to the decomposition (2.4). To-
gether with Corollary 2.13, this gives a result that plays a central role in the proof of

Theorem 1.18 in Section 3.2.

Theorem 2.14 Suppose that N; is a positive integer and that k; € 1/2 4+ Zsq for 1 <

i <1, oand let g1(z),...,9-(2) be half-integer weight cusp forms with algebraic integer



23

coefficients such that g;(2) € Sg,412(T1(N;)). If M > 1, then a positive proportion of

primes p = —1 (mod Ny --- N, M) have the property that for every i,
gi(2) | T(p*) =0 (mod M).

A more general result for congruences modulo arbitrary ideals (in the style of Corollary
2.13) is also true for modular forms of half-integral weight, but only the setting of the

above statement is relevant here.

2.2 Modular forms modulo /

We now return our attention to modular forms on I' and consider the effects of reducing
the g-series expansions modulo a prime £. The space of modular forms of weight k with
respect to I' is denoted by Mj. For example, the Eisenstein series Fi(z) from (1.1) is in
M, whenever k > 4 is even, and in fact all modular forms of level 1 are generated by E,

and Fg.

Proposition 2.15 If E; and Eg are assigned the weights 4 and 6, respectively, then the

spaces My form a graded algebra:

@ Mk ~ C[E4, EG]

even k>4

For a holomorphic function f, let ord,(f) denote the order of zero of f at z. The

definitions of modular forms and holomorphicity then imply a useful result.

Lemma 2.16 If two modular forms f € My and f' € My satisfy

ord,(f) > ord.(f")

for all z € 'H, then % € My_y.
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The following basic facts are useful in understanding the divisors and congruence
properties of Eisenstein series. For notational convenience, let w := (=1 + iv/3)/2 be

the unique cube root of unity in the upper half plane.
Lemma 2.17 Suppose that k > 2 is even. Then the following hold:

1. Ex(2) =1 (mod 24) for all k.
2. If € is prime and ({ — 1) | k, then Ej(z) =1 (mod ¢orde(k)+1),

3. If k>4 and k # 0 (mod 6), then Ex(w) = 0. In particular, E4 has a simple zero

at w.
4. If k>4 and k # 0 (mod 4), then Ex(i) = 0. In particular, Eg has a simple zero
at 1.

This lemma follows from the definitions of modular forms and the Eisenstein series, and

from classical congruences for the denominators of Bernoulli numbers (see [17], [26]).

2.2.1 The structure of ]Tfk

For the purpose of understanding the divisibility properties of the coefficients of modular
forms, consider now the algebra of modular forms whose coefficients have been reduced
modulo ¢, where ¢ is a fixed prime for the duration of this development. Modular
forms here are identified with their coefficients as formal power series, and the reduction

modulo ¢ applies to each coefficient individually.

Definition 2.18 The space of modular forms of weight k reduced modulo ¢ is

M, = {f(z) = Za(n)q” (mod ¢) : f(z) = Za(n)q” € MN Zg[[q]]} :

n>0 n>0
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Swinnerton-Dyer showed that the only non-trivial relation that is introduced when
reducing modular forms modulo ¢ comes from the congruences of Lemma (2.17) [31]

(compare with Proposition 2.15).

Proposition 2.19 The graded algebra of modular forms modulo ¢ has the structure:

B M. ~ClE,, Es)/Er.

even k>4

Finally, Fermat’s Little Theorem implies a simple result that relates congruences

modulo ¢™ to congruences modulo ¢+,

Lemma 2.20 If f(q) = g(q) (mod ¢™) as formal power series, then

f@=g(@)" (mod (™).

2.2.2 Integer weight /-adic modular forms

Theorem 2.11 of Serre would directly imply Theorem 1.3 if each Fj(q) were a modular
form of positive integer weight. However, these functions are not even holomorphic,
so this argument does not succeed. Instead, Lemmas 2.16 and 2.17 will lead to the
construction of modular forms that are congruent to F;(g) modulo ¢” for those 7 specified
in Theorem 1.3. This is equivalent to the fact that F;(q) are “l-adic holomorphic modular
forms”, which will be explained shortly.

Before that, recall the construction of Q, as the inverse limit of finite field extensions
of Q. The space of /-adic modular forms is similarly defined as the inverse limit of spaces
of modular forms under the f-adic metric for power series, where series convergence

requires uniform convergence across all coefficients.
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Definition 2.21 Let ¢ be a prime number. An ¢-adic modular form is a function f(q) =
> nso @(n)q", with coefficients a(n) € Q¢ for which there exists a sequence { fi(q)}i>1 of

modular forms with respect to I' with rational coefficients that satisfy

lim fi(q) = f(q).

1— 00

The weight of f(q) is then defined by

1—00

where k; is the weight of f;(q).

A key fact is that the value of k does not depend on the f;, and thus the weight of a
(-adic modular form is well-defined.
The only remaining hurdle in proving Theorem 1.3 is the fact that Fy(z) is not a

modular form, but a result of Serre shows that Fs(z) does behave well ¢-adically.

Proposition 2.22 (Serre [29]) For all positive, even integers k, and for any prime ¢
that doesn’t divide the numerator of By, the Eisenstein series Ey, (possibly re-normalized)

1s an L-adic modular form of weight k.
Remark 2.23 Re-normalizing may be necessary to ensure {-integral coefficients.

This implies that modulo ¢7, an Eisenstein series Ej; may always be replaced by a
modular form of integral weight, which is also true for generic f-adic modular forms by

Definition 2.21.

Definition 2.24 Fiz a prime €. If f(q) is an (-adic modular form and T > 1, then let

f*(r;q) denote a holomorphic modular form such that

fH(r9) = f(g) (mod £7).
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Note that Ej(7;q) may be taken as Eji(q) itself if & > 4 (again, up to possible re-

normalizations).

2.2.3 Nilpotency modulo 2

The situation modulo 2 (and other primes ¢ < 7) is somewhat different, as there is
additional structure afforded by the action of the Hecke operators. Tate proved a con-
jecture of Serre for modular forms modulo 2 [32] and showed that the action of the
Hecke operators is locally nilpotent modulo 2. In other words, if f € M, there exists

w < dim M, < 1% + 1 such that for any collection of distinct odd primes myq, ..., My,
fl1Tmy)| - | T(my) =0 (mod 2).
Combined with (2.5), this leads to the following fact.

Lemma 2.25 If f =" ja(n)q" is a modular form of integral weight, and my, ..., my,

are distinct odd primes such that
f1T(m) [+ [T(my) =0 (mod 2),
then a(nmy -+ -my) =0 (mod 2) for any n that is coprime to myms - -+ Mmy,.

Proof. By induction on Definition 2.5 (as in [26]), we obtain

> n nm
F@ | Tm) [+ | Tma) =Y q" Y a () (mod 2) (2.7)
n=0 d|m
where m = m; - - - m,,. The conclusion follows, as a(nm) is the only non-zero term in the

coefficient of ¢"™ whenever n is coprime to m. O
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2.3 Modular forms with infinite product expansions

Thus far modular forms have been viewed in terms of their g-expansions, and the coef-
ficients have been discussed from an additive perspective. However, some of the most
natural number-theoretic generating functions, such as those associated with partitions,
are infinite g-series products. There are two special classes of such products that also

satisfy modular transformation properties.

2.3.1 Dedekind’s eta-function

Recall the definition of Dedekind’s eta-function,

n(z) = ¢[00 —q"). (2.8)

n>1
This function has an explicit multiplier system under modular transformations as proved

by Petersson [27]. For notational convenience, set exp(r) := e*™.

Proposition 2.26 If (¢ %) € ', then the modular transformations for n(z) are given by

Al " =ctwbed e
77 VA =& a,o,cC, . 77 Z),
1/2 c d
where
(%) exp ((a+d—bd2c4—3)c+bd)> it 2tc,
e(a,b,c,d) =
(ﬁ) exp <(a+d—bdc—32c2c+bd+3d—3) T

The preceding formulas show that 1(z) € M;/»(I'(24)), and in fact, properties of
classical modular forms show that it is actually a cusp form [7]. Proposition 2.26 also
implies modularity properties for many other more complicated infinite products that

arise in practice, which are encapsulated in the next result about eta-quotients [15].
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Proposition 2.27 Suppose that there is some N > 1 such that f(z) = ][5y 1" (62),

with the additional properties that k := %ZélN € Z and

Z(S rs = Z— rs =0 (mod 24).

5|IN 5|IN
If the expression
N (c,0)%-r
24 S (e, %) 0(5

is non-negative (resp. vanishes) for each divisor ¢ | N then

f(z) € Mi(To(N),x)  (resp. Si(I'o(NV), x)-

The character here is x 1= <(_1)k5> , where s := ] d".

The formula preceding the cusp condition is the order of a cusp ¢, which is calculated

in a similar manner to the modular transformations that are found in Section 3.2.3.

Remark 2.28 If f(z) is an eta-quotient, then the order at a cusp ¢ only depends on

the denominator c.

2.3.2 Siegel functions and Klein forms

While developing the theory of modular units, Kubert and Lang [20] studied the trans-
formation properties of certain modular functions that generalize n*(z) and that are
closely connected to the crank generating function found by Andrews and Garvan (see
Section 3.2.1).

The Siegel functions and Klein forms have an implicit dependence on a fixed modulus

N, and for such a modulus, set ¢ := e*>™/V.

Definition 2.29 Let1 <s< N —1.
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1. The (0, s)-Siegel function has the q-expansion

Mo,s(2) 1= ql/uws H(l —¢'q") (1 —¢q"),

n>1

where w, = ¢/2(1 — (79).

2. The (0, s)-Klein form is given by

tos(2) i= 2__7: : 72);((22)) _ —Qi;ds g (1- Cs(fi"z(;n—)f_sqn).
Remark 2.30 The Siegel functions and Klein forms are also defined for arbitrary in-
teger pairs (r,s) (mod N), although the general definition is unnecessary in the present
development. The complete set of Siegel functions over all pairs modulo N comprises the
modular units in the modular function field for T'(N). These functions were also studied

extensively by Schoeneberg [28].

Kubert and Lang studied Klein forms from the perspective of modular forms on
lattices, and their work helps characterize the transformations for the Klein forms that

are used in Section 3.2. In the following, let d denote the reduction of d modulo N.

a b
Proposition 2.31 If € I'o(N), then
c d
a b
t0,3<2) ‘ 1 = B(Svca d) ’ tO,%(Z)v
\e d

where the multiplier is

(2.9)
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Proof. The Klein form t is closely related to the Weierstrass o-function on lattices,

and thus for any v € T,
tO’S(AZ> = t(o,s).A(Z). (210)
Formula K2 in Kubert and Lang [20] states that

ta1+b1,a2+b2(z) = 50(CL17 as, by, 52) : tal,a2(2)7 (2-11)

where

bibo — bras — b b+ b
g0(a1, az, b1, by) := eXp( 1%~ 0 — ot AT 2).

2N? N
Combining (2.10) and (2.11) leads to an expression for the general multiplier system

for the collection of ) ¢(z). In the specific case that N | ¢, the proposition statement is

recovered:
a b
to,s(2) i = tes, ds(2) = Lo, @) + (cs,ds—%)(z> (2.12)
c d
= ¢0(0, ds, cs, ds — ds) toa(2) (2.13)
cs+ (ds —ds)  cds?
~exp ( B ) hm), (214)
which is the desired transformation. O

While it is true that ¢,(z) is a modular form of weight —1 with respect to T'(2N?)
for any pair (r,s) [20], Proposition 2.31 shows that the Klein forms comprise a set
of “vector-valued modular forms” with respect to I', as the function index can change
under transformations. However, the Klein forms ¢ ;(z) are actually modular for a larger
subgroup, as the expression for the roots of unity are always trivial and tos = £, g; for

matrices in T';(2N?).

Corollary 2.32 If1 < s < N — 1, then ty4(z) € M'(T1(2N?)).
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Chapter 3

Proofs of Theorems

This chapter presents proofs of the main theorems from Chapter 1, making heavy use

of the theory of modular forms from Chapter 2.

3.1 Quotients of Eisenstein series

3.1.1 Inverse power series expansions

The congruences of Theorem 1.2 provide certain arithmetic progressions such that a;(n) =
0 (mod ¢*), where ¢ € {3,7} and a is a small, positive integer. Berndt and Yee’s proof

relies on the fact that each of the series in (1.1) has the form
F(g) =1+ M) a(n)q", (3.1)
n=1

where M is some rational number. Setting G(q) := 1/F(q) and observing that G(q)F'(q) =

1 leads to a simple functional equation for the power series of G(¢), namely

G(g) =1-G(g) (Mia(n)ff) : (3.2)

This can then be iterated to give an “M-adic” expansion

Glg)=1-M> a(n)g" +M>> > a(n)a(ng)g™ ™™ + ... (3.3)

ni=1 n1=1no=1
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For primes ¢ | M, this formula simplifies drastically when considered modulo powers
of £. In the specific cases examined by Berndt and Yee, the value of M is always divisible
by 3 in the expansion of 1/FE5(q), 1/FE4(q), and 1/Eg(q), and is additionally divisible by
7 in the case of 1/Eg¢(q). By using both new and known identities involving divisor
functions, they obtained the stated congruences.

The present author also used a similar inverse series expansion to study the over-
partition function p(n) modulo small powers of 2 in [21] and conclude that p(n) = 0
(mod 64) for a set of n with density 1. An owverpartition is a partition in which the
first occurrence of each distinct part may or may not be overlined. The overpartition
function p(n) counts the number of distinct overpartitions of n, and this is effectively a
convolution product between standard partitions and partitions into distinct parts. The
generating function for overpartitions is

> i) =] % - (1+2Z<—1>nq"2) .

n>0 n>1 n>0

This means that there is an inverse series expansion of the form (3.1) with M = 2. The
density then follow from asymptotics and parity properties for the number of represen-
tations of integers by simple diagonal quadratic forms.

However, in both of the settings just described the method was clearly restricted to
primes that divide the leading factor M, and a different approach is required to obtain
divisibility properties for infinite classes of primes. It is here that the theory of modular

forms modulo ¢ can be applied.
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3.1.2 Proof of Theorem 1.3

The proof of Theorem 1.3 uses the theory of f-adic modular forms to relate the quo-
tients of Eisenstein series to holomorphic modular forms. The proof is subdivided into

the same cases as the theorem statement.

(1) Suppose that i = 1, and consider the function Fi(q) = 1/E(q). By Proposition
2.22, F5 is a 3-adic modular form of weight 2. Recall Definition 2.24, so that E5(7;q) is

a modular form of positive weight £ = 2 (mod 37) with the property that
E5(m5q) = Ex(g)  (mod 37).
From equation (1.1), it is clear that F»(¢) =1 (mod 3), and thus Lemma 2.20 yields
Ey¢)* =1 (mod37).
To complete this section of the proof, apply Theorem 2.11 to

= (Ba(0)* = (Ba(9)” ' = (By(riq)” T (mod 37). (34)

(2) Now suppose that ¢ € {2,4}, so that the function F;(q) has the form G(q)/E4(q)
for some G. When ¢ = 3, equation (1.1) again shows that E;(¢) = 1 (mod 3). Then

Serre’s theorem applies to

Gla) _ D g™ =64 mg) - (Ba(@)” ™ (mod ). (3.5)

Ey(q)  Eulq)

The remaining cases are when £ =5 or 11 (mod 12). By Lemma 2.17,

Ey_1ye-1(¢) =1 (mod (7), (3.6)
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and therefore

G(g) _ G*(1;9) E_1ye-1(q)

Enyer-1(q) = G (139) - (mod £7). (3.7)

Edq)  Eulq) Eq(q)
A simple calculation shows that
4.5 (mod 12) if /=5 (mod 12),
i
10-(—=1)™' (mod 12) if /=11 (mod 12).

Thus (¢ — 1)¢"' £ 0 (mod 6), and therefore Lemmas 2.16 and 2.17 demonstrate that
E—1yr-1(q)/E1(q) is a modular form of weight (¢ —1)¢7~! — 4. This is a positive value
unless ¢ = 5 and 7 = 1, but in this case the quotient becomes F,/FE; = 1, and the

congruences in the statement of the Theorem hold trivially.

(3) Finally, consider the cases where i € {3,5,6,7}. Here the functions F;(q) all have
the form G(q)/Es(q), and as Fg(q) = 1 (mod 3), an equation similar to (3.5) holds,
which proves the theorem for ¢ = 3.

Now suppose that £ =7 or 11 (mod 12). A direct analog to equation (3.7) holds, so
the proof is complete so long as Ey_1y¢~—1(q)/Es(q) is a modular form of integer weight.

The weight of the numerator is

6-7! (mod 12) if (=7 (mod 12),
(-1t =

10-(=1)""*  (mod 12) if £=11 (mod 12),
and in either case, (¢ — 1)¢""! # 0 (mod 4). Lemmas 2.16 and 2.17 again imply that
E_1y¢—1/FEg is a modular form of positive weight, with a single exception when ¢ = 7

and 7 = 1, which is the trivial case Fg/Eg = 1. O

Remark 3.1 Note that the expressions for the weights of each F;(q) converge {-adically,

which verifies the conditions of Definition 2.21.
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3.1.3 Proof of Theorem 1.5

Theorem 1.5 requires analysis of the coefficients of Eisenstein series modulo 2. For any
i, the series Fj(q) has the form F(q)/G(q), and both F' and G may be replaced by
integer weight modular forms F*(7;¢) and G*(7;¢q) when reduced modulo 27. Also,

since G(¢) =1 (mod 8) in all cases by (1.1),

(9)
(q)

T
T

EZ% (G@)” " = F(rig) - (G'(159) " (mod 27), (3.8)

)
Q

where the final term is a modular form of some integral weight k. This modular form is

denoted by

Ho(q) =Y _b(n)q" = F*(r;q)G"(r;i¢)* . (3.9)

n=0

Theorem 2.11 then immediately implies the desired density result.

To prove the specific congruences, observe that the discussion in Section 2.2.3 shows
that Hy has some degree of nilpotency that is bounded by w = [%} + 1, which also
bounds the degree of nilpotency of the image of Hy under any Hecke operator. Let

mq, ..., M, be distinct odd primes, and define
Hi(q) == Ho(q) | T(ma) |-+ | T(mu). (3.10)

By the definition of nilpotency, Hi(¢) = 0 (mod 2), so we may set H(q) := Hi(q)/2,
which is again a modular form of weight £ with integer coefficients.
Now iterate the above process to construct H;(q) for each 1 <i <7 — 1. For each 1,

choose primes Mmiy1, . .., My@41) that are coprime to my, ..., my,;, and then define

V@) | Tmi) - | TOmagin)]- (3.11)

DN —

Hipa(q) :=

The end result of this is the function H.(g), which is a modular form with integer
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coefficients. Expanding (3.10) and (3.11), this means that

2H,(q) = 271—1 [Ho(q) | T(my) |-+ | T(Mmywr)| =0 (mod 2). (3.12)

Lemma 2.25 leads to the conclusion that

=0 (mod 2)

for any n that is coprime to my - - - my,,;, which completes the proof, as the above argu-

ments hold for every set of distinct primes. 0J

It bears noting that in the cases i = 2,3,6, neither F(q) nor G(q) are equal to
Es(q), and thus F*(7;q) = F(q) and G*(7;q) = G(q). Thus the weight of Hy(gq) can
be calculated explicitly to obtain bounds on the weights of the modular forms in (3.8),
which in turn gives bounds on the nilpotency degree w in the statement of Theorem 1.5.

For example, if i = 3, then F3(q) = 1/Fs(q) and

Hy(q) = - (Es(0))* " = (Bo(g))” "™ (mod 27).

This has weight 6(273 — 1) = 12-27* — 6, and thus the nilpotency degree w is at most
274 Set m to be the product of the first 7-27~* primes. Since mn + 1 is prime to m

for any integer n,

as(m*n+m) =0 (mod 27). (3.13)

In particular, when 7 = 4 and 5, then m is the product of the first 4 and 10 primes,

respectively, and (3.13) becomes

az ((3-5-7-11)>n+3-5-7-11) =0 (mod 2*)

az ((3-5---31)°n+ (3-5---31)) =0 (mod 2°).
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3.2 The proof of Theorem 1.18

3.2.1 Crank generating functions
Definition 3.2 The refined crank counting function is
M(m,n) :=#{|A\ =n : crank(\) =m}.
This is indeed a refinement of the crank counting functions from Chapter 1, as

M(m,N,n) = i M(m + kN, n). (3.14)

k=—00

It is the generating function for M(m,n) that Andrews and Garvan studied when
defining the crank [5]. This two-variable generating function has a nice infinite product
representation

F(z,2) = i ZM(m,n)xmq" = Zaycmnk(’\)ql)‘| (3.15)

m=—oo0 n>0 A

-TI l—q

(1 —2gn) (1 - a27gn)

which is clearly related to the Siegel functions and Klein forms seen in Section 2.3.2.
Standard techniques in g-series and character sums now relate these generating func-

tions to those for M(m, N,n). Consider a positive integer N and a residue class m

(mod N), and define a primitive root of unity by ¢ := ¢**/". Elementary manipulations

of power series involving the orthogonality of primitive characters then show that

N-1
% Z (C C ms _ Z chrank()\)s ms \)\| (316)
0

s=0 A
= Z q|/\| (% szl CS(Crank()\)—m)) _ Z q|/\/‘
A 5=0 ~
= ZM(m N,n

n>0
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where the summation in the penultimate expression is over all partitions A such that
crank(\) = m (mod N). Combining (3.15) and (3.16) gives the generating function for
the cranks modulo N:

N-1 1_ N\ ~—mms
3" M(m, N,n)q Z(H = qq)zg_@qn)) (3.17)

n>0 s=0 \n>1

The specialization to roots of unity completes the connection to the Klein forms, so

that the crank generating function can be rewritten in terms of modular forms.

Proposition 3.3 If1 < s < N, then

1/24

s v g ‘ —iWs
F(C,2) = n(tos(z) 21

The s = 0 term in (3.17) is just the partition generating function

> " =]+ _1qn =1

n>0 n>1 TI(Z)

1/24

so the relationship between the crank function and partition function is now much

clearer.

Proposition 3.4

. N-1

— we(™me ¢l
S MmN =5 i e

n>0 n>0

Remark 3.5 Theorem 1.15 and the ensuing discussion show that the summand in
Proposition 3.4 involving Klein forms is identically zero in the special cases of the Ra-
manujan partition congruences. In general, the difference between the crank function
M(m, N,n) and p(n)/N is evidently the coefficient of a modular form, so understand-

ing the divisibility properties of these coefficients is of fundamental import.
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3.2.2 Crank generating functions and modular forms

Throughout the rest of this section, let N := ¢/ be a fixed power of a fixed prime ¢ > 5.
This will be the modulus for the crank functions, and the reader should understand that
many of the auxiliary functions defined in this section implicitly depend on N.

The results of Chapter 2 require modular forms of positive weight with algebraic
coefficients, so define

gm(z) = (Z N -M(m,N, n)q”+54> H(l —q™)* (3.18)

n>0 n>1

27r$

0 toa(z) | ()

—i szl n'(lz) wsC™  nt(lz)
=
Let G,,(2) and P(z), respectively, denote the two summands in the final line of (3.18).

The modularity properties of eta-quotients and Klein forms described in Proposition 2.27

and Corollary 2.32 show that

P(2) :"UE‘Z) € Mes (row), (%)) and (3.19)
Gm(2) € M, (T1(2N?)). (3.20)

Although G,,(z) has poles at many cusps (the orders are calculated explicitly later),
many of them can be cancelled by subtracting a certain quadratic twist (see Theorem

3.10).
Definition 3.6 For any function f(z) =>_ a(n)q”, define
f)=fe)-a(fe (7))@

Remarkably, this same quadratic twist was applied to P(z) in [2] in order to prove

congruences for p(n). This was necessary because the analog of Theorem 2.14 used by
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Ahlgren and Ono also applies only to cusp forms. In fact, there were still some non-
vanishing cusps even after subtracting a quadratic twist of P(z), so they eliminated the
other cusps by using /-adic properties of certain modular forms.

Specifically, they used the facts recorded in Proposition 2.27 to construct an eta-

quotient that behaves simply modulo ¢ and that vanishes at many cusps.

Proposition 3.7 Ift is a positive integer, and X, is the Dirichlet character defined by

Xealn) = ((_”Tg) ,

1" (2)
n(tz)

then the modular form

Ei(z) =

€ MﬂT—l(Po(ﬁ)a Xet)
vanishes at every cusp & with (* not dividing c.

Remark 3.8 By Lemma 2.20, this function also satisfies E;(2)" = 1 (mod (™+1) for

any T > 0. Also note that the weights of these functions converge £-adically ast increases.

A modified version of the arguments in [2] now produce a cusp form from P(z).

Proposition 3.9 If 7 is sufficiently large, then there is some integer X' > 1, and some

character x such that

P(24z) o :
= F1(242)" € Sygaya(Lo(5760m B3I ),
7]8(2462) J+1( Z) >\+1/2( 0( ):X)
This somewhat complicated modular form still encodes a great deal of information about
p(An + B) modulo ¢™*! for certain arithmetic progressions An + B, and it is this form

that can be used to prove the congruences. Arguing in a similar way with 5;1(2) gives

another important cusp form (see Lemma 3.11), which, once combined with (3.18) and
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Proposition 3.9, implies the existence of a crucial decomposition of the crank generating
function into what is essentially a sum of /-adic modular forms (which can also be defined

for half-integral weights).

Theorem 3.10 For any 7 > 0 and 0 < m < N — 1, there is a character x, positive

integers A and X', and modular forms with algebraic integer coefficients

Fu(2) € Sxi10(T1(BT60°N?)),
F'(z) € SA'+1/2(F0(576£max{3’j+1}), X)
such that

gm(242)
nt(244z)

Fu(2) + F'(2) (mod (7).

The existence of F’(z) is clear from Proposition 3.9, whereas the existence of F,(z)
is the content of Lemma 3.11 in the next section. After that, Theorem 1.18 follows as a

consequence of Theorem 3.10.

3.2.3 The existence of F,,(2)

The existence of a suitable F},(z) is the final piece needed in the proof of Theorem 3.10).

Lemma 3.11 If 7 is sufficiently large, then there is some X > 1 such that

Gm(24z)

W . Ej+1<242)£7 € S)\+1/2(F1(576€2N2)). (321)

Proof.  Basic facts about modular forms along with Proposition 2.7, Definition 3.6, and
(3.20) imply that G,,(242) € My, 1) 5(T1(48¢2N?)). Combining this with the eta-product

factors makes it clear that T';(576/2N?) is the appropriate congruence subgroup.
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Because of Proposition 3.7, we know that £ ,(z) vanishes at each cusp ¢ where
(N 1 c¢. Once 7 is taken to be sufficiently large, it only remains to be shown that
Cfljn(z) /n*(€z) vanishes at each cusp ¢ with /N | ¢, as replacing z by z/24 does not affect

the signs of the cusp orders. Such a cusp ¢ is associated with a matrix of the form

Aa,c = ( ¢ _b) = (gg)_l € PO(EN)v

—C a

since e2™4ac?) vanishes as z — ¢. However, since the behavior at ¢ is completely

determined by the value of ¢ for the relevant modular forms, a slight abuse of notation
can be adopted whereby the matrix (¢ }) is used to compute the order at ¢ (even though
this latter matrix is actually Az.).
The expansion of the denominator function at the cusp ¢ with /N|c is
1 a b
nt(lz) lej2

e (3.22)
c d
up to a root of unity. Thus the proof of the lemma hinges on showing that the expansion

of G(2) at ¢ s (x¢" 4 ...) for some h > (?/24, where the * represents a non-zero

constant. To determine this expansion, recall (3.19) and calculate

a b 7 N-1 ¢ Vi —ms a b
Gn(2) | e -y ) e " (3.23)
W 2 \ = n(z)  tos(2) . 4
=i <d> n'((z) NZ_I weTms a b
2 \t) n(z) =1 tos(2) I c d
_ i <£l> 7(02) G w0
2t \ ¢ ) n(z) — ﬁstm%(Z’)'
Here the (3, are the roots of unity described in Proposition 2.31, so that
a b
tos(2) ‘_1 = O toz(2)- (3.24)

c d
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To find the expansion of G,,(z) ® (%), first observe that for any v’ = d®v (mod ¢)

there is a commutation relation

1 —v/t) [a b a v 1 =/t
- , (3.25)
0 1 c d d d)\o 1
where
a v a—cv/l b—cov'/?+ (e — dv) /L
- € Ty(N). (3.26)
d o d c d+cv'/l

Recall the twist of a modular form by a quadratic character from (2.5), and set
g := g Taken together with the expansion in (3.23) and the identities (3.25) and

(3.26), this implies that

(Gm(z)®<%>> i Z Z (3.27)
1 1~/ b
:%vzl (7)ot 0 j 2 Z d
1 cy\ 1 =
:%vzl (7) 6ot E2 Z’ d ‘ 0 1}1

s () (N‘l nf(&).wsc—ms) @ v\ (1 -
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Now this can be evaluated using the modular transformation properties of ¢, s(z) and

n'(L2)/n(2).

(3.28)

—ig -1 (U) (d/) N-1 ng(fz) . wscfms 1 —Ul/f
T](Z) ﬁgto,%(z) 0 1

—ig [d" "= = /v n'(lz)  w, ™ 1 =/t
- () ZX () T 1y
Here (3. is defined just as (s was in (3.24). The next goal is to find the relationship
between (3.23) and (3.28). Since d = d (mod N) and ¢N | ¢, a short computation
involving Proposition 2.31 shows that 3, = ;. Thus the expansion of (3.23) begins as

— [(d N—1 wscfms 5

s=1

and (3.28) begins with

—ig d Nflwsg_ms -1 v | 1 —’U’/f

. —Zg d e — wsC_ms — v —2miv' 6y /L
_2_7T€<Z> q ;%552;(?)6 4+ ... .

=1

Multiplying the first term of the above equation by —e, gives precisely the negative of the
displayed term in (3.29), and hence they cancel in é\;n(z) The cusp expansion has only
integral powers of ¢ due to the series expansion of the Klein forms and eta-quotient in
(3.23) and (3.28), and therefore must have the form (x¢**' +...). Since d, +1 > (2 /24,

the proof is complete. OJ
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3.2.4 Proof of Theorem 1.18 from Theorem 3.10

Armed with the existence of F,,,(z) and F’(z), Theorem 2.14, and other results from
Section 2.1.3, we can now prove the congruences for the crank generating functions. On
the one hand, the definition of g,,(2) in (3.18) shows that

gm(242)

_ _ 24n—02
o (2107) Y NM(m,N,n—d)q (3.31)

n=0 (mod ¢)

+2 Z NM(m, N,n—ég)qz‘m_ﬁ.

(F)=—e

If 5 € Sy, then restricting the above sum to those indices n’ = 4 §, (mod /) gives a

new series
hm,ﬁ(z) :'76 Z NM(’]’T% N’ n/ _ 6e)q24n/_£2 (332)
n/=p+0,+{n
=78 Z NM (m, ]\77 In + ﬁ)q24€n+24,3,1
n>0
n+1\ ,
n=246—1 (mod 24¢)
where
L if 8=-6 (mod/),
" (3.34)
2 otherwise.

On the other hand, Theorem 3.10 implies that
hing(2) = Fp(2) + F(2)  (mod £7), (3.35)

where the g-expansion of F,, 5(z) is defined by restricting F,,(z) to only those indices

with n’ = 40, (mod £), and the g-expansion of Fj3(z2) is defined by a similar restriction.
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Proposition 2.8 implies that

Fnp(2) € Sai1/2(T1(57641N?)), (3.36)

F[;(z) € Syt1/2 (F0(576€2+max{3’j+1}>7 X)-

Applying Theorem 2.14 to F,, s(z) and Fj(z) and appealing to Dirichlet’s density
theorem about primes in arithmetic progressions shows that a positive proportion of

primes @@ = —1 (mod 24/¢) have the property that
Fp(z) | TMV2HQ?) = Fj(2) | TM2X(Q*) =0 (mod ) (3.37)

for all m. This in turn gives that h,, 5(z) | T(Q*) =0 (mod ¢7) for all m. Replace n by

@n in Definition 2.5 to see that

Q3n +1
24

vsNM (m, N, ) =0 (mod (") (3.38)

for all n = 1 — 248 (mod 24¢) that are not divisible by @). Since N is fixed and 7 is

arbitrary, dividing by N proves the congruences of Theorem 1.18. U
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Chapter 4

Conclusion

The divisibility properties of the coefficients of Eisenstein series and the partition func-
tion are primary examples of the importance of the arithmetic of modular forms in
number theory, and the results of this thesis exhibit the ongoing development of this
field. Holomorphic modular forms are very special analytic objects, and therefore it’s not
surprising that many of the modular forms that arise as generating functions of natural
number-theoretic objects lie in spaces of modular forms with fewer analytic conditions.
However, the f-adic properties of these functions are often still quite nice, and because
the theory of /-adic modular forms also encompasses a wider class of functions, the
arithmetic of their coefficients have become more accessible to study, as seen in Section

2.1.3.

4.1 Quotients of Eisenstein series

The proofs in Section 3.1 suggest that the Fj(q) satisfy no such pervasive congruences
for any other moduli, as Lemma 2.17 and Section 2.2.1 completely characterize the
Eisenstein series modulo prime powers. It is also clear that many other quotients of
Eisenstein series will have similar infinite families of congruences for primes in certain

arithmetic progressions.
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However, the techniques used here are not limited to only quotients where the de-
nominator has the form of equation (3.1). Indeed, any quotient of modular forms that is
congruent to an f-adic modular form can be studied in this way. For example, consider
the modular j-function, j(2) = ¢~! + 744 + 196884¢ + ..., which is clearly not of this
form [19]. Nonetheless, the coefficients of 1/j(2) can still be shown to satisfy all of the

properties stated in Theorem 1.3, part (2), as we can write

L QW' (B@P _ QWP - (R@P oy
J(z)  1728(Q())3 T~ 1728(Q(q))3 (Ep-1ypi(q))”  (mod p').

The arguments of Section 3.1 show that the appropriate holomorphicity and modularity
conditions are met, so the asserted congruences hold.

The theory developed in Section 2.1.3 actually allows for much more general func-
tions, including sums of meromorphic modular forms with distinct weights and levels.
Conclusions can be made about the asymptotic behavior of the distribution of the coef-

ficients of these functions modulo algebraic ideals in all cases.

4.2 Cranks and partition congruences

The partition function has often acted as a perfect “test case” for new techniques in
modular forms, as its generating function is associated with a negative, half-integral
weight modular form. The theory of half-integral weight modular forms, the Shimura
correspondence, the theory of /-adic modular forms, and the theory of Hecke operators
and Galois representations have all been successfully applied in the study of the partition
function. Of particular interest is the interplay between the combinatorics of partitions
and the divisibility properties of the associated modular forms. The crank function

arose from the happy situation that the coefficients of the modular units afford a simple
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combinatorial interpretation in terms of partitions and g-series, and thus the important
analytic properties of these functions meshes nicely with the combinatorial realm.

A natural question to ask is whether the crank function might provide an equinumer-
ous decomposition for any partition congruences apart from Ramanujan’s congruences
modulo 5,7 and 11, and thus if there are any direct analogs to Theorem 1.15 for other
primes.

In [6], Andrews and Lewis studied the behavior of M(m,N,n) for N = 2,34,
and found that not only are they unequal for different m, they also display a certain

alternating phenomenon. For example, when N = 2, they proved that

M(0,2,2n) > M(1,2,2n) (4.1)

M(1,2,2n + 1) > M(0,2,2n + 1)

for all n > 0. This sort of distribution is not surprising after viewing the expansion in
Proposition 3.4. The crank functions modulo N differ from p(n)/N by a meromorphic
modular form, and it is reasonable to expect that with the exception of finitely many
small primes and arithmetic progressions (which will perhaps turn out to include only
those for Ramanujan’s congruences), this difference is never zero. As a consequence,
Theorem 1.18 would then be the best possible result, in the sense that there are no
infinite families of partition congruences that are grouped into equal classes by the
crank.

It is also important to observe that the techniques used to prove congruences for the
crank generating functions also apply to a large class of modular forms. The essential
properties of the crank generating function are apparent in Theorem 3.10. The main

results followed from the fact that the crank functions can be written as finite linear
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combinations of /-adic cusp forms. The conditions of Theorem 2.14 are then met, and
the combinatorics of the Hecke operators led to linear congruences for the coefficients.
There are many other natural families of number-theoretic functions whose generating
functions are also closely related to weakly holomorphic and/or negative weight modular
forms, and similar results are likely to hold. Of particular interest are the number-
theoretic interpretations of the modular units, as their role in number theory has been
explored much less thoroughly than more classical functions such as the Eisenstein series

and eta-function.
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