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Abstra ct. In the study of partition theory and g-series, identities that relate seriesto in nite
products are of great interest (such as the famous Rogers-Ramanujan identities). Using a recent
result of Zagier, we obtain an innite family of such identities that is indexed by the positive
integers. For example, if m = 1, then we obtain the classical Eisenstein seriesidentit y
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If m= 2and 5 denotesthe usual Legendre symbol modulo 3, then we obtain
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We describe some of the partition theoretic consequencesof these identities. In particular, we nd
simple formulas that solve the well-known problem of counting the number of representations of
an integer as a sum of an arbitrary number of triangular numbers.

1. Intr oduction and Statement of Resul ts

Recall the following identit y of Euler:

Y X 2 —
(Euler) @ q')= ( 1<K+ R=2,
n=1 k=1

Note that the left hand side of Euler's identit y is related to partitions of integersinto distinct
parts. More precisely ead partition of n into an odd number of distinct parts adds 1 to
the coe cient of " and ead partition of n into an even number of distinct parts adds +1.
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Therefore, this identity, known as Euler's pentagonal number theorem, shows us that the
number of partitions of n into an odd number of distinct parts is equal to the number of
partitions of n into an even number of distinct parts exceptwhen n is a pentagonal number,
that is, a number of the form (3k? + k)=2.

There are many other identities of a similar form equating an in nite g-seriesproduct to
an in nite  sum. Perhapsthe most famous are the Rogers-Ramarmjan identities, one of which
follows:

4 X n2+n
! =1+ a ;
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A combinatorial interpretation of this identit y establishesthat the number of partitions of an
integer n into parts that are congruert to 2; 3 (mod 5) equalsthe number of partitions of n in
which any two summandsdi er by at least 2 and all summandsexceedl.

The purposeof this paper is to use a master theorem of Zagier [Z] previously conjectured
by Kac and Wakimoto [K-W] to prove a natural in nite family of analogoussimple g-series
identities that relate in nite products to generating functions for certain restricted partition
functions. Through a combinatorial examination of these identities, we obtain closedexplicit
formulas for the number of represenations of integers as a sum of an arbitrary number of
triangular numbers. We note herethat the generalproblem of nding formulas for the number
of represertations of n asa sum of squaresand triangular numbers has seengreat advancesin
the recert works of Milne, Ono, and Zagier (see[M], [O], [Z]).

Before we state the main theorems we must o er some notation. Throughout, if m is a
positive integer, then let s(m) denote the integer

(Rogers-Ramamijan)

m+ 1
5

(1.2) s(m) :=

For convenience,we de ne the following set of vectors which will determine the summandsin
our partition functions.

De nition  1.1. If m is a positive integer, then let S(m) denote the set of integral vectors

(i) 1>0andif j>1i,then ;> ;> 0.
(it) For everyi wehave ; m (mod 2).
(iii) For everyi wehave ; 6 0 (mod 2m + 2).
(iv) For everyi 6 ] wehave ; 6 j (mod 2m + 2).

Further, de ne subsetsS (m) of S(m) in the following manner:
(1.2) Si(m):=f 2S(m) : the numberof ; (mod2m+ 2)> m+ 1iseveng;

(1.3) S (m):=f 2S(m) : the numberof ; (mod2m+ 2)> m+ 1is oddg:

Now we can state our primary results, which will be proved in Section 2:
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Theorem 1.1. If m 1is odd, then

X q( 1t s(m))=2 X q( 1t 5m))=2
peem At (@ gem) 2 m@ a2 @ gem)
_ q(m+1) 2_g ¥ (1 q2(m+1) n)2m+2 .
- (1 q(m +1) n)m+1
Theorem 1.2. If m 1is even,then
X q( 1t 5m))=2 X q( 1t os(m))=2
e @ A1) (@ gm) s @ G0 (@ g=m)

_ q(m2+2m)=8\z (1 qn) (1 q2(m+1)n)2m+2.
- (1 q2n)2 (1 q(m+l)n)m+l

Before stating some partition theoretic interpretations of these identities, we must o er
additional de nitions.

De nition  1.2. If m is a positive integer, then let P (n; m) denote the number of partitions
of n of the form
(M)

n= (2ni + 1) i;
i=1
where = ( 1;::5; smy) 2 S (m) and eachn; 0.

In simple terms, the function P (n; m) courts the number of partitions of n into parts that
are elemernts of a vector 2 S (m), with odd multiplicit y for ead part. Clearly, for a xed
m,

X q( 1+ + s(m)) _ R
s m @ 1) @ ot =m)

sothe left side of our theoremsis the di erence of the generating functions for P (n; m).

Moreover, the in nite products in our theoremsare related to the generating functions for
the number of represetations of an integer as a sum of triangular numbers, i.e. numbers of
the form (k% + k)=2 with k 0. If k is a positive integer, then let T(n; k) denote the number
of represenations of n asa sum of k triangular numbers. A well known identit y due to Jacobi
implies that

(1.4)

P (n;m)q";

|
X Y (1 q2n)2' K
(1.5) T(n; k)q" = Ll
n=0 n=1 (1 q )

In view of (1.4) and (1.5) it is simple to verify the following corollaries of Theorems1.1 and
1.2, which give partition theoretic formulas for T (n; k).
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Corollary 1.3. If k 2 is even,then

k2 k2
T(n; k) = P+ 2kn+z;k 1 P 2kn+z;k 1

Corollary 1.4. If k 1is odd, then

s 2 2
T(n: k) = P. 2kn+ K 1 i )k 1 P 2kn+ K
=0

i bk 1

Remark. Obsene that Corollaries 1.3 and 1.4 completely characterize the number of repre-
sernations of every integer n as a sum of an arbitrary number of triangular numbersin terms
of the partition functions P (n; k). One should comparetheseresults with those appearing in
[M] where explicit formulas of a di erent type are obtained for T (n; k) for those k of the form
4s? and 4s® + 4s. It would be very interesting to obtain a combinatorial proof of theseresults.
Along with (1.4), Theorems1.1 and 1.2 immediately imply the following corollaries.

Corollary 1.5. If k 2 is even,then for every non-negative integer n we have
P,(nm;k 1) P (nk 1):

Furthermore, if n 6 k?=4 (mod 2k), then
Pr(n;k 1)=P (mk 1)

Corollary 1.6. If k 2is evenand n is a positive odd integer, then
P:(n; k) = P (n; Kk):

Remark. If k 4isewnandn k?=4 (mod 2k), then P, (n;k 1) > P (n;k 1) by
Gauss'Eureka Theorem (i.e. T(n;3) > O for all n). When k = 2, an easyanalysis shaws that
P.(n;1) = P (n;1) for a set of positive integersn with arithmetic density one.

One may also make the obsenation that the right hand side of the identities of Theorems
1.1 and 1.2 are quotients of powers of Dedekind eta-functions. In Section 3 we usewell known
results on suc eta-products to show that the generating function for P, (n;m) P (n;m) is
a holomorphic integer weight modular form. Then, using a powerful result of Serre, we obtain
the following corollary:

Corollary 1.7. If k is a positive integer and M is any integer, then
P.(n;k) P (n;k) (mod M)

for a set of positive integersn with arithmetic density 1.

Notice that Corollary 1.7 is a weak analog of Euler's perntagonal number theorem mentioned
above.



PARTITION IDENTITIES 5

2. Proof of Theorems 1.1 and 1.2

Our proof of Theorems 1.1 and 1.2 relies on the Kac-Wakimoto Conjecture, which was
proved by Zagier. The functions

\'4
ox):= 1 M " A " x D)
n=1

\2
()= (1 ML " QT "x Y
n=1

appear in the result, where the complex number g is xed throughout this section. To prove
our theorems, we usethe following form of the Conjecture, which appearsas an intermediate
step in Zagier's proof (see[Z]):

Theorem 2.1. (Zagier) If m 2 Z*;s(m) = % and X1;X2; 1 ;Xm+1 2 C are distinct
complexnumkers suchthat jgj < jxi=x;j < jgj *forall 1 i;j m+ 1, then
0 ) 1
X ( 1+ + s(m)):2 . i =2
(2.1) 0 (Al )ms1 @ X A
1> 2> > S(m)>o(1 g gz):::( gsm) =g Xm+2 i
i m (mod 2)
|
v 1 o2 2s(m) Y
= e T F (0 =6);
n=1 q 1 i m+l
where )
F(x) = g4x 22X
(x) = ¢ ()
and Alt ,,+1 denotesthe alternating sum over all permutations of X1;:::;Xm+1

We derive Theorems 1.1 and 1.2 directly from Theorem 2.1 by rst substituting roots of
unity for the x;, and then using combinatorial argumerts to relate the complicated alternating
sum to known values.

Proof of Theorems 1.1 and 1.2. Our rst task is to simplify the right side of (2.1). Let us
rewrite the functions ¢ and ; asfollows:

(2:2) o(x) = ! (T o hHa " a g x b ¥oa oy
n=1 - (1 q2n 1)
¥ ¥ (1 q2n)2

= @ " H @ " D)
n=1 o @ an)

\:
x) (1 oM F"x)@ g"x b):
n=1

(2.3) 1(x) =

|
~
=
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Note that for alli < j, the term (x;=x;) =2 isafactor of F (x; =x;): Sincewewill be substituting
complex values for the x;, the branching of the square root function necessitatesa careful
treatment of theseterms. For now, move all such terms to the left side of the equation.
We must also ched the exponerts in ; and  :
Y
(24) 1(Xj :Xi) =
1 if m+l |
Y ¥ '

1 x=x) @ M@ P G)NA X)) Y

1 i m+l n=1

Each x; appearswith integral exponerts, and o(x; =Xi) hasa similar form. Thus we can make

the substitution x; = ' ;1 i m+ 1, where is a primitiv e (m + 1)-st root of unity. The
value of m is xed throughout this proof, sothis notation will causeno confusion. The fraction
(Xj=x;) now reducesto ' ', and sincethe setf1; ; 2;:::; Mg contains all (m + 1)-st roots
of unity,

1 Mma ") @ " M= g™V

The product (2.4) contains m + 1 copiesof the term Qﬁzl (1 o ¥foralll k m. Thus
we have

= (1 j i)\2 (1 an)(m+l) m:2(1 q2n )m+1 (1 q2n m)m+1

— v (1 k)m+1 k ¥ (1 q2n)(m+1)( m 2):2(1 CI2n(m+1) )m+1:
k=1 n=1
The samesubstitution for x; yields
Y o
o' "
1 i m+l

\'4 \'4 (1 2n)(m+1)m

_ (1 @ L)mH(m =21 @n B(m+D) ym1 q )

- | | @ e
n=1

n=1

After these simpli cations (including the transfer of the fractional powers of x; to the left
side), the right side of (2.1) becomes

q(m2+m+2s(m)):8Yﬂ (1 k)m+1 k

k=1
Y (1 qn)(m+1) m=2 2s(m) \'4 (1 q(m+1)2 n)2m+2

(1 q(m+1) n)m+l

2 1 2) =2 4 2n 1 1 2)=2
@ mmeme) =2 Astm(L en Hme(m 92
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If m is odd, then 2s(m) = m + 1, sothe above product is equal to

A\l 4 (1 n (m+1)( m 2)=2
(25) q(m +1) 2=8 (1 k)m +1 k q
1 o @ oema g )

Y (1 q(m+l)2n)2m+2
(1 q(m+1)n)m+1

n=1

= q(m+1)2=8\Fn @ Kkm# Y@ gmrvznyzme2.

(m+1) nym+1 '’
k=1 n=1 (1 q )

which is nearly the form seenin the right sideof Theorem1.1. And whenm is even, 2s(m) = m,
sothe product is equal to

@ q) (m+1)( m 2)=2

(26) q(rT12+2 m)=8 ¥ (1 k)m+1 k ¥ (1 qn)
_ L@ em? @ oM o )
k=1 n=1

\'4 (1 CI(m+1)2n)2m+2

(1 q(m+1) n)m+1

n=1
(1 qn) (1 q(m+1)2 n)2m+2.

— q(m2+2m):8Yn (1 k)m+1 k
q2n)2 (1 q(m+l)n)m+l

k=1 n=1 (1

This resenbles the right side of Theorem 1.2.
If (2.5) and (2.6) are expandedinto anin nite sum, then the rst nonzeroterm with positive

exponert in g hasthe form cd™*Y *=8 whenm is odd, and cg™’*2™M)=8 when m is even, where

c:= Yn (1 k)m+1 k.
k=1

Now we simplify the left sideof (2.1). We must include the product of the transferred radical
terms:

Y _ my+1 B
X = (Xj =Xi)l—2 — (Xk)(Zk m 2)—2:

1ig m+1 k=1
Thus we have the following:
(2.7) 0 - 1

X (1t + sm))=2 _ =2
a (Alt )+ @ Xi A X
1> 2> > s(m)>0(1 ql)(l qz):::(l qs(m)) i=1 Xm+2 i

i m (mod 2)

Before we substitute roots of unity for the x;, we ched that all of their exponerts are integral.
If m is even,then eah  is even,so =2 is integral, and eac exponert in X is alsointegral.
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If m is odd, then eadh ; is alsoodd, but sois (2k m 2), which is the numerator of the
exponert for xx in X. Sincem is odd, every one of the m + 1 variables appearsin ead term
of the alternating sum, so the total exponert for ead Xy is an integer. Thus we may set

Xxj = ' 1. The value of the alternating sum now dependsonly on , sowe de ne
0 . 1 .
i=2 X . i =2
Xi X
(28) A() = (Alt)nss @ — A= sgn() —2—
=g Xm+2 2Sm 1 =1 X (m+2 i)
X m) (i) 1 =
= sgn( ) w1 :
23m+1 i=1

We alsode ne X to be X evaluated with this samesubstitution, i.e.

1
X = ( k 1)(2k m 2)=2.

k=1

For all but the simplest cases,the alternating sum is too unwieldy to calculate directly.
Instead we evaluate it by comparing the seriesexpansionof the left and right sidesof (2.1).
The exponert of g for an arbitrary term on the left sideis half of the sum of the componerts of
somevector , and hencethe term of minimum degreein q corresponds to the unique vector
of minimum sum, namely,

0_— ( 0..... 0 ) _
Lreeers(m) (m;m 2;:::;1) whenm is odd:
The minimum exponert is ( §+  + 2 ,)=2, which evaluatesto 3(™3%)? = (m*1) * when

m is odd and %(2(%(% + 1)=2)) = ”m% when m is even. These values are precisely the
exponerts of least degreeon the right hand side of (2.5) and (2.6). The seriesexpansionof the
left side must correspond to that of the right side, so we have the following identit y

N
A( OX =c= (@1 km Kk

k=1
We will now use(2.8) to shav that A() = A() (andis hencezero)for all 625(m), and
that A() = A( 9 for 2 S(m). Note that we needonly considervectors modulo (2m + 2),
for (' t=m* )= 20 m lisan(m+ 1)-st root of unity.

Considerthe casewhere ; 0 (mod 2m + 2) for somel j s(m). Then

( (i) 1= (m+2 j) 1)1':2: 1
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for any permutation 2 Sy .41, sothis term can be ignored in the alternating sum. We now
de ne the transposition = () m+ 2 j),andnotethat (i)= (i)forallié jm+2 |,
but sgn( ) = sgn( ). Thus we can negate(2.8) by inserting

X Y (i) 1 =2
A() = sgn( ) “mez 0 1
2Sm+1 1 i s(m);i6j
X Y (i) 1 =2
= ( )sgn( ) —mez 0 1
2Sm 1 10 s(m);i6]
X Y (i) 1 =2
= sgn( ) T(m+2 O 1 = A():
2Sm 1 10 s(m);i6j

The third equality follows since the summation index is over the group Sy +1, and thus the
mapping that sends to is a bijection. Thus A() = 0 for vectors of this form.

Now considerthe casewhere | k (mod 2m+ 2) forsomel |; k s(m). Let = (j k).
The j-th and k-th terms can then be combined under their common exponent, and for any ,

() (k) 2 i =2 K+ () 2 i =2

(m+2 j)+ (m+2 k) 2 - (m+2 j)+ (m+2 k) 2

The denominators are equalbecause (i) = (i) for all i 6 j; k. Again weinsert into (2.8):

X () () 2 T2y (i 1 =
A() = SIN()  —mw T e W 2 (m+2 1) 1
2Sm+1 1 i s(m)
i6jik
K+ () 2 =2y (i) 1 =2
= ( Isgn( ) (m+2 j)+r (m+2 k) 2 (m+2 i) 1
2Sm+1 1 i s(m)
i6 ik
X Y (i) 1 =2
= sgn( ) —wez o1 - AD:
2Sm+ 10 s(m)

Once again the changein the summation index is valid, and thus A() = 0for of this form.

Next, supposethat | k (mod 2m + 2) for somel j; k s(m). This casereducesto
the previous one after an easymanipulation. Let = (j m+ 2 j), sofor any |,
(i) 1 i=2 (m+2 j) 1 172 (i) 1 k=2

(m+2 j) 1 - () 1 - (m+2 j) 1
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Dene anewvector = ( 1;:::; gmy) by j = jand ;= ;fori6 j,sothat | K
(mod 2m + 2). We now shaw that A() = A(), which is zeroby the previous case.
X (i) 1 =2y (i) 1 1=2
A() = sgn( ) m+2 j) 1 (m+2 1) 1
2Sm+1 1 i s(m)
i6
X () 1 72y (i 1 1=2
= ( sogn( ) —mez 1 T mez ) 1
2Sm+1 1 i s(m)
i6
X S¢m) (i) 1 =2
= sgn( ) Tme2 0 1 = A() =0
2Sm+1 i=1

The only remaining vectors are those for which there is at most one ; in ead pair of
residue classes,k and 2m + 2k modulo (2m + 2). In fact, the following argumens shawv
that there must be exactly one ; in ead sud pair. Each ; hasthe sameparity as m, so
there are at most m + 1 possiblevaluesmodulo (2m + 2). We have also disallowed any pair of
additiv e inversesmodulo (2m + 2), sothe number of possiblevaluesis halved again, leaving

mgl = s(m) choices. We already know that the vector © has s(m) distinct terms, and
becauseof the symmetry of the alternating sum, the value of A() doesnot depend on the

order of the vector componerts. Therefore, after reordering, the componerts of must satisfy

i 9 (mod 2m + 2). We also know that 1 < m+ 1foralli, som+ 2 0
(mod2m+ 2) 2m+ 2. Thusif hasexactly r terms in the larger half of residue classes
modulo (2m + 2), say m + 2 i i i, 2m+ 2,thenwedene ¢ = (ix m+ 2 i) for
1 k randalsolet = ; k. Now we can easily calculate A():

X Y (i) 1 k=2 Y (i) 1 i =2
AQ) = sgn( ) ez T 1 Tmez 0 1
2Sm+ k=1 1 i s(m)
i6i)8k
X Y ((in) 1 W2y (i) 1 1=2
= sgn( ) (m+2 1) 1 (m+2 1) 1
2Sm+1 k=1 1 i s(m)
i6i)8k
X r ¥ (i) 1 PRCIY (i) 1 ’=2
= ( 1)'sgn( ) m2 T 1 —me2 ) 1
2Sm+1 k=1 1 i s(m)
168k
X (m) (i) 1 1=2
=( sgn( ) —mez ) 1 =( D'A(Y:
2Sm i=1

The third line follows because ¢ acts only on iy and (m+ 2 iy) for eadh k, and is the
product of thesetranspositions.
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Wehave shown that if 62S(m), then A() = 0, sothesevectorsare removed from the index
of summation in (2.7). We have also shown that if 2 S(m), then A() = A( 9, with the
sign determined by the parity of the number of vector componerts satisfy@g i>m+ 1, and
thus we de ne the subsetsS (m). Dividing (2.7), (2.5) and (2.6) by c= ~ ., (1  <m* k
givesTheorems1.1and 1.2.

Q.E.D.

Remark. It is alsopossibleto make the substitution x; = ;1 i m+ 1in (2.1) and obtain
identities similar to thosein Theorems1.1 and 1.2. The results are essetially the same,with
only minor adjustments to De nition 1.1.

3. Modular forms and the proof of Corollar y 1.7
For a positive integer N, de ne the subgroup o(N) of SL,(Z) asfollows:

(3.1) o(N) := ‘Z‘ 8 2SL,(Z):c 0 (modN)

Now supposethat f (z) is a holomorphic function on the upper half of the complex plane
and at the cuspsof ((N), and let be a Dirichlet character modulo N. We say that f (z) is
a modular form with character of weight k with respectto o(N) if

az+ b

P (d)(cz+ d)*f (2);

(3.2)

for all z in the upper half of the complex plane and 2 3 2 o(N). The nite dimensional
spaceof such modular forms is denotedby My ( o(N); ).
If welet q= € 2, we may construct a Fourier expansionfor suc a modular form:

R
f(z) = a(n)q":

n=0

In fact, we may identify any form with its Fourier expansion.
Next, recall Dedekind's eta-function:

4
(3.3) (=97 @ d):
n=1

A function f (z) is called an eta-product if it can be expressedas a product of the form

Y
(3.4) f(z) = " ( 2);

iN
where N and ead r are integers. Sud functions have many unique properties. Newman
(IN1],[N2]) provesthat certain eta-products fulll the functional equation (3.2) for modular
forms with character:
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Theorem 3.1. (Newman) If f (z) = Q i " ( 2) is an eta-product for which

X
(3.5) r 0 (mod 24)

iN

and

X N
(3.6) —r 0 (mod 24);

iN

. . . a b _ 1P
thenf (z) satis es the functional equation (3.2) for all c d 2 o(N), wheek = 3 in T
Here is the character de ned by:
(s Yo

(d) = g and s = |
iN

If an eta-product satis es the functional equation (3.2), we still must demonstrate holomor-
phicity at the cuspsof ((N) to proveit is a modular form. The following obsenation is well
known (for example, seelLigozat [L]):

Prop osition 3.2. Let c, d, and N be positive integers with djN and (c;d) = 1. With the
notation as alove, if the eta-product f (z) satis es (3.5) and (3.6), then the order of vanishing
of f (z) at the cusp 3 is

XN )

(3.7) 24 j d; % d

N

Using Theorem 3.1 and Proposition 3.2 we obtain the following:

Theorem 3.3. If m is even,then

b3
(3.8) (P (mm) P (n;m) ™22 Mp=z( of2(m+ 1)); );
n=0

where (d)= (D= M+ 1)m:§(m+1)

If m is odd, then

b3
(3.9) (P« (n;m) P (n;m) " 2 M(mugy =2( o(4(m+ 1)); );
n=0
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(m+1) =
where (d)= (27% (e

Remark. Note that Corollary 1.6 implies that (3.8) is a power seriesin integer powers of Q.

Proof of Theorem 3.3. We give the proof in the casethat m is ewven; the proof for odd m is
ertirely similar. By Theorem 1.2, for even m,

. z ¥ o) @ gamnyme
(3.10) (Ps(n;m) P (n;m))g=2= M *2m?=8 i i
n=0 - (1 )2 (1 gm+hnym+l

q1:24 q4(m+1)2:24 Y 1 q) @ q2(m+1)n)2m+2
= G2 A (L @N)E (I g nymeL

(z) ™2 (@2(m+1)2) _
222) ™ ((m+1)z)
If welet N = 2(m + 1), then we may write f (z) =
Proposition 3.2. We have
X

f(2):

iN " ( z) asin Theorem 3.1 and

r =1(1) 2@)+ 4m+ 1)> (m+ 1)2= 3+ 3(m+ 1)
iN
and
X N 1 2 2m+1) (m+1)

—r =2(m+ 1) 1 §+2(m+1) m+ 1) =0 0 (mod 24):

iN

Sof (z) satis es (3.5) and (3.6). Therefore, by Theorem 3.1, f (z) satis es (3.2) with 2 3 2

o2(m+ 1)), k=T, and (dy= DT (meD)

Now we must ched the holomorphicity of f (z) at the cuspsof ¢(2(m+ 1)). By Proposition
3.2,it su ces to shaow that the following is non-negative:

(d:1)*@)  (di2*@2) , (di2(m+ 1)?2(m+ 1)) (di(m+ 1)*(m+ 1)),
1 2 2(m+ 1) (m+ 1) '

If 26d, then

(d;1)*  (d;2)*+ (d;2(m+ 1)) (d;(m+ 1)) = O
If 2jd, then

(d:1)? (d;2)%+ (d;2(m+ 1))2 (d;(m+ 1)>=1 4+ 4(d;(m+ 1))*> (d;(m+ 1)? O

Q.E.D.
To prove Corollary 1.7, we recall a theorem of Serre[S].



14 JAYCE GETZ AND KARL MAHLBUR G

Theorem 3.4. (Serre) Let f (z) be a holomorphic modular form of positive integer weight k
with character on o(N) with Fourier expnsion

R
(3.11) f(z) = a(n)q"

n=0
where a(n) are algebaic integersin somenumber eld and N is a positive integer. If M is a
positive integer, then there exists a positive constant  such that there are O Iogx < integers
n X where the a(n) are not divisible by M.

Proof of Corollary 1.7. By Theorem 3.3, for every positive integer k the generating function

(P+ (k) P (mk))d"
n=0
is a holomorphic integer weight modular form. Therefore, Theorem 3.4 immediately implies
Corollary 1.7.

Q.E.D.
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