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Concave/con vex preliminaries

Convex sets

Convex functions

Concave functions




Concave/con vex preliminaries (cont.)

Due to my inabilit y to cope with signs,we will deal with concave, rather than
convex functions.

A generalconcave function f :R" ! [1 ;1),
I
X X X
i X if (Xi); where

de nition notes

domf = fx :f(x) > 1g IS a convex set
epif = f(x;e):e f(x)g R"* atechnically useful corvex set
f isclosael $ epif is closed a technical condition

f is proper $ domf 6 ; a technical condition




Concave gradien ts and \subgradien ts"

If r f(x) exists,f(y) H(y)=fXx)+ (y x)'r f(x):

H (y)
f (x)

epif
Concave functions minorize their tangent hyperplanes.

Generalizegradient with sulgradient at x is @ (x):
s2@():f(y) f)+(y x's;

@ (x) = ; whenx Z2domf (converselywhenf is closed).

For just about anything we do: f is di erentiable

@(x) = fr T(x)g




The Fenchel conjugate

a.k.a. Fenchel/F enchel-Legendre/Legendre  conjugate/transform/dual

The Fendel conjugatef s

f (2) = igffytz f(y)o:

Easycheks: f isconcaseandg f, g f .
(Not soeasyched: f is closed)

When closedand concave, f = f:

f(y) = ir;ffytz f (2)g:

Analogy with Laplace transform.

functions/op erationsin t $ functions/op erationsin s

8This use of the word \dual" here is unfortunate




Fenchel conjugate, dieren tiable case

f (2) = igffytz f(y)g

Minimum (in y, xed z) whenz r f(y) = 0,denesy (z),

f (z) = (y@)'z f(y(2) (whenmin is attained)
f (1) = ytz f(y) wherer f(y) =z

1 no sud y

Generalway to expressthe f;f relation is, (write this down)

f (2+f(y)=y'z fz2@(y) )

f (2)+ f(y)<y'z else

called the Fenchel-Young theorem.




A simple example

Let f(y) = vy2, yv2R.
Finding the conjugate,f (z) = inf,fyz f(y)g,

z rf(y) = 0

) z(y) + 2y 0 (thusy(z) =

t(2) y(2)z  1(y(2)

1z Z+ 1z
2 2

The Fendiel-Young thm

fF(y)+f (2



For more convex analysis:
Borwein and Lewis's Convexanalysis and non-linear optimization

The intro to convex analysisis over!

Now let's talk about inference...




Cumm ulants and concavity

The goal:
X
compute Z = ( X); where|Sj is very big.
x2S

(think of S as a sample space,with sample point x)

The goal (let = log())

|
X

log(Z) = A= log exp( (X)) :
x2S

A is a concave function of . (divergenceof sum) A= 1 ).
Note, A( + C1)= A( )+ C (C is any constan).

Let's play the conjugation gameon A( ).




Conjugation of A( )

With ; :S! R,A()= log szsexp( (X))

(. )

A() = Inf x) x) A()

x2S

Optimalit y when

@\()
@

@) exp(A( ) (X))

. !
only possibleif (x)=1
x2S
) (X) AQD) log( (X))
A () « (0log(l= (x)) 2 P(S)
1 else

P
where P (S) are distributions on S (i.e. (x) 0; , (x)=1).




A () conclusions
domA = P(S) and A ( ) = entropy.
Optimum attained when (x) = exp(A( ) (x)).

Same game with an exponential family: (x) = 'T(x),
|
. !

A()=A('T) log exp(  'T(x))

x2S

A( ) is concare function in  (b.c. % = covarianceof T).
Wwith ; 2 R",

A() = inf ' A()

Optimum when (9 : 2 @\())

X
T(x)exp(A() 'T(x)) E [T]

maybe exists, maybe doesnot.
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Conjugation game on expfams
E [T] doesnot existthen A ( )= 1 (i.e. 2ZdomA ).
E [T] exists,then A ( )> 1 (i.e. 2 domA ).

Let (x) exp(A() 'T(X) 5
and plugin = T(x)exp(A( ) tT(x)) =  T(X) (x)

A () OA()
X

Tx) x)  A()

X X
[Tl (x) A()
X
[AC) logC G () A())

X

X

entropy of

(x) log(1=(x))
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A ( ) conclusions

domA = realizable meansof T
For 2 domA , A ()= entropy.
domA ( ) is convex but otherwise can be hard to determine.

What have we learned?
Cummulants conjugate to entropies.

Approximations to cummulants will conjugate to approximations to entropy
(and vice versa).

Insights into entropy should be useful.

Jordan and Wainwright: focuseson approximations in terms of -spaceand
entropy.
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Bi-conjugation

Remenber how A = A? SupposeB ( )

A (), then we hope that
B() A()

@ @
@B( ) @A( )

SupposeB () is a cummulant for some: °

B() = inf ' B ()

inf  'E o[T] H( %)

(y )

inf 'T(x) %(x) H(% = inf free energy
( X

» )
inf ‘T(x) log(1= °(x)) “(x)
(y )
B() A() inf log( %(x)= (x)) “(x) =infD( %jj ):

X

Bi-conjugation recoversthe usual idols of worship .
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Appro ximations

Approximations to A( ) can be obtained either directly, or by approximating
A ( ) and conjugating back.

Conjugation reinterprets approximations.

minorants!  majorants

majorants!  minorants

The basic a vors of approximation:

upp er bound: ReplaceA( ) with a majorant. Common majorizations
comefrom mean eld.

lower bound: ReplaceA( ) with a minorant. The literature is pretty
sketchy. Convexi ed Bethe (i.e. tree weighted BP) would be an example.

heuristic: Inspiration givesa similar A( ) = A( ). We'd like
domA domA . Examplesinclude the regular Bethe and loopy BP.
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Mean eld (upp er bound)
Partition variables: A( 1; »). Concavity says (for any ; 1; »2)

1

A( 15 2) A( ;0)+ ! where ( )=r A( ;0)

= A(;0) ! ; B( () 1 2)

Say A( ;0) is tractable:
Can compute A( ;0)
Cancompute ( )=r A( ;0)= (E [T1];E [T2])

Can compute E [T;T{'] for i;j 2 f1;2g

|

. !

E [gl= gXx)exp(A( ;0)  'Ti(x))
x2S

Best bound is

A(1; 2) InffB(r A( ;0); 1; 2)9 A( 1; 2)
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Mean eld equations
@(;0) ', @0
@1 @1 :

not convex, but we can still try,

@A( ;0)
@1

A( 1; 2) = inf  A( ;0)

@A( ;0)
@1@: ¢

O=r B= (1 )+

@A( ;0) _ @A( 1; 2)
@3 @?
@A( ;0) _ @A( 1; 2)
@1@: @@

E [ThTi]1+ E [JE [Ty] C

E [TiT3]1+ E [T4JE [T3] D

C (1 ) D >
1+ C D

Fixed point iteration might converge, might not. We have the gradien t
regardless.
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Mean eld with mean parameters

Let Ay( )= A( ;0). 1( )= &2 isinvertible.

The xed point equations,c.o.v.to = 1( ),

= 1 1+C %4, D

O
@

L) 2

Last part from,

1
E 11( )[th] @éé’( ) @@E [Té]

@i() _ @A( ;0)
@ @1
@A( ;0)
@,@>

@
@

@@E T3]

SometimesE Y )[T§ »] is more conveniern to calculate (lik e in the next
example).
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Simple Ising model example

From the Wainwright and Jordan paper.
0

X
exp( A()) = exp@

x2f 0;1g"

Ti's are x; and T,'s are X; X .

(1+exp( i) log(1 + exp( 1))
i=1
exp( )

1() = T+ o) (componertwise)

2E 2 L )[XinB]

i XiXj 2

and the update is

19
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A common mean eld tric k

The mean eld approad can also be usedto approximate one distribution with
another.

p (y) exp(A1( ) 'Tu(y))
p,(yY) = exp(Az2) 5Ta(y))

with A; tractable, A, intractable.
|
X t t |
A( 1; 2) log exp( 1Ti(y)  2Ta(y)

y

thus Ax( 2) = A(O; »). Upper bound by MF: C D , hasa cute form

@
@

E 1)[T2 2]
E [Ti]

Mixture model approximations are sort of like this.
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Bethe/Kikuc hi/Y edidia appro ximations

Recall concavit y means

X .
A )
i=1
P -
Make a constraint: ; ; ' = (the ; xed with ' varying).
A( ') are \tractable" (parts of ' are 0)
we can get a lower bound on A( ).

Simplecase:n = 3;k= 2, ; > 0,with A( 1; »;0) and A(O; ,; 3) tractable,
1A(1= 1;( 2+ )= 1,00+ A0 (2 )= 25 3= 2) A( 1; 25 3):

forany 2 R,

(Generally) let Zji 2f0;1gwith 1 i kandl | n, constraints are

0
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Contin uing simple example

Best lower bound (in ),

supf (A( 1= 1;( 2+ )=100+ LA0;( 2 )= 2; 3= 2)0

P
If ;> O;

. i = 1, then [above] convex in
@\( 1= 1; ;0) @\(0; ; 3= 2)
@ _ @

for optimalit y.

E( 1= 1;( 2+ )= 1;0)[T2] E(O;( 2t )= 2, 3% 2)[T2] =0

25



Generally

A()=p sup ACD) A

= ;Zji ji:O :

Enforce constraints with Lagrange multipliers, like
t A i A i i
( ) 5Z; |

giving optimalit y conditions

Beliefs, , consistert acrossoverlaps.
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Big picture

Maximality (in ' with constraints) implies \in tersecting statistics" have
consistert expectations acrossthe pieces.

The Lagrange multipliers are pseudo-maginals or beliefs.

X @(h
@
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The Fenchel Conjugate view

=~ )
nf ! A(D
)
A(
)
A
|

inf Y A()
ijI =0

X

A () whereA ()= inf ' A() :
§Z1=0

If A, ( ) are pleasar, this is a good approad.
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The Fenchel Conjugate view (cont.)

8i:A () A()
\k
domA () = domA,
i=1
In Bethe, Yedidia and Kikuchi, you can\cheat" by relaxingthe constraints on ;.
Losesthe guarrantees of global optimalit y
Loseslower bounding properties

Seemsto work pretty well on multinomial models
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Multinomial example: tree weighted BP

Node values2 Sp = f1 Ng, S= Sf, with parameters ;(a); j (a;b) at nodes
i and (i;j) 2 E with a;b2 Sp.

For trees,
X X X X i b
I a2So | j ,

(ij )2E ah2 So

P P
with constraints: _ j(a)=1,and [ j(ab)= . «i(c;a)= i(a).

X X 1 XX (@ (O
A() = i (a) log + 7 i (a;b)log :
i a2Sg 1(3) i<] J a;b2 So J i (&:h)

F)
where j =y ijyze, K

In the Bethe approximation, j = 1 (relaxed constraints).
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tree weighted BP (cont.)

Bi-conjugation to get A( ) and qpt.
8 9
<X X =
A() = Inf, i(@) j(@)+ j (@b (b A ()

ai a;b;isj

P P P
with constraints _ i(a)=1land [ j(a;b= . «i(c;a = i(a).

Lagrange multiplier terms of the form

"o "L )
i E)I

P p p
* Giyee i (@[ i(a) o i @D+ e (@[ i(a) ¢ i (C;a)]

The local optimalit y conditions are then

X
16 i@+ ji(a
j (i )2E

i (@b (@ ji(a

31



tree weighted BP (cont.)

X X X X | |
A() = i (a) log :(La) + 7 i (a;b)log i(a) j(b)
I a2So | i<j a;b2 Sg

i (a;b)

Absorbing annoying constarts into the Lagrange multipliers,
X
i@ it j(@+ ji(@ = log( i(a)
1:(j )2E
i (a;b
i (@b (@ i@ = ij log i (@)

(@) (D

0O O 11
X
(@ /| exp@ @ (a)+ i (QAA

j2N (i)
j (&b /[ i(a) j(Dexp([ @b+ @+ ;i(D]=j)
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tree weighted BP (end)

Let Mj (a) = exp( j (a)= i)
Y
(@ [/ exp( i(a) Mj (a) ¥
j2N (i)
o (@) j(bexp( j(ajh)
i (Gl |</|ij (a)Mji(S)

enforcing the constraints,

oy 1 @ex (@b

. Mi (a) 5
X My (a) &
= exp( (@) j(aib) = li;l)ij (ak)( |

Q .
X : . b) ik
M (a) / exp( (b i (a;b) k2N (j) M (b)

’ M;i(b)

which are generalupdate equationsfor messagegyassing.
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Conclusions
The cummulant is concave
Its Fendhel conjugate is the mean parametrized entropy
Convex analysis hasideasof how to bound concave functions

Resulting best bound problems may or may not be concase/convex

Insights into the form of the entropy can also motivate approximations
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