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If you are pressed for time, skip everything except the anatomy, vocabulary, common cases, and the last
section.

1 Complex numbers and sinusoids

Things you should know already, but it doesn’t hurt to review.
a,b, A, 0 are all (related) real constants with A > 0.
Vocabulary: A is magnitude, modulus, absolute value, or amplitude. # is phase, angle, or argument.
Anatomy of a complex number I: rectangular form: z = a + ib
Anatomy of a complex number II: polar form: z = Ae®
Conversion from (A, 0) — (a,b),
Acos(0) = a
Asin(0) =b
use that triangle to go the other way.

Real part: Re{a + ib} = a. Imaginary part: Zm{a + ib} = b. Real part is real. Imaginary part is real.
Anatomy of a sinusoid I: rectangular form

acos(wt) + bsin(wt)

Anatomy of a sinusoid II: real part of complex exponential with rectangular coefficient
Re{(a +ib)e” ™"}

Anatomy of a sinusoid III: real part of complex exponential with polar coefficient

Re{Ae et}
Vocabulary: here A is amplitude. 6 is phase lag, or phase shift.
Anatomy of a sinusoid I'V: polar form, amplitude A, phase 6
Acos(wt — 0)

—iwt

Note: If you don’t always take the real part or you don’t always use the e exponential (not e®?), the

formulas change, the warranty is void.
Example,

leos(11t) + \/§sin(11t) = Re{(1+ i\/g)e—nu}
= TRe{2e'5e
— Re{2e—i(11t—%)}
_ 2R6{67i(11t7§)}
T
= 2 11t — =
cos( 3)



2 Operators

Why operators? Operator methods don’t break down when two things are equal or something or another is
zero. For LTT equations, they always get the general answer. Why not operators? They are usually slower
than guessing and solving for parameters (the shortcut methods in section 5).
To try and keep things very clear, I will put a hat on top of all the operator variables like A instead of A.
The only operators of substantial interest to us are the linear differential operators. When I say operator,
I really mean linear operator.

o Ix(t) = z(t): the identity operator

o Duz(t) = &(t): differentiate.

e CDx(t) = Ci(t): differentiate and multiply by the constant C'
o f(t)Dx(t) = f(t)z(t): differentiate and multiply by f(t)

Clxz(t) = Ca(t): multiply by the constant C
o f()Iz(t) = f(t)z(t): multiply by f(t)

Why s there 1 For disambiguation, really. 2] is an operator (which multiplies by t?). ¢? is a function
of t.

When you have ABz(t), it means do B to x(t) first, then do A to that. AB is also an operator. Often
AB # BA, so order is important. R R

When you have (A + B)z(t) it means do A to z(t) and do B to x(t) and add the results: Ax(t) + Bxz(t) .

2.1 Operator identities

What an operator means is what it does.

IA A
Al = A
DCI=CID = CD

Df)l = fWD+f(t)i

Where’d that last one come from? R
To show that two operators are the same: A = B, when Axz(t) = Ba(t) for any x(t). For example,

D(t*x(t))

= t2i(t) + 2ta(t)
t2Da(t) + 2tIx(t)
= (2D + 2tD)x(t)

Dt?*Ix(t)

so Dt2] = 2D + 2t1. mnote: x(t) is just a placeholder (sometimes called a test function).
Dt2] = 121D + 2¢] is an example where Dt2] is different from t21D. Order was important in this case.
3 First order, linear differential equations

Just one identity,*

(D+pt)]) = e P D],

Lverify this yourself, if you want, but memorize it — kind of like exponential shift ep(t)(f) +p(t)f) = DeP(O)].



The left hand side: sum of operators. The right hand side: product of operators.

An Example:
ti(t) + 3x(t) = 2
3 2
i)+ z(t) = =
H1) + Salt) =
P A 2
D+ -Dzx(t) = -.
(D+32halt) =
Using the identity,
(=30 Pe3n) Pp(r) = 2
t
PN 2
3D Dx(t) = -
- 2
t3D(x(t)) = -
Solve by peeling back one piece at a time (left to right)
D(tz(t)) = 2t
2
B3z(t) = §t3 +C
2 -3
x(t) = Z4+Ct
3
3.1 Common cases to remember
Exponential drive with constant coefficients.
r1,T9 are constants, not equal.
(D —ryd)a(t) = et
1
z(t) = ———e™' + Ce™?
ro —T1
r is a constant.
(D —rl)z(t) = e
z(t) = te" +Ce™

4 Higher order, linear, constant coefficients (LTT)

(Expressing diffeq operators as products of simple operators is a good way to go.)
p(r) is a polynomial. We use a quadratic, p(r) = r2 + br + ¢, but it can be any polynomial.

p(D) = g(t)
(D*+bD + EDz(t) = g(t)

Anatomy of polynomials: they factor, p(r) = (r — r1)(r — r2), and 1,72 can be real or complex,
different or the same.

Anatomy of LTI operators: they factor, p(D) = (D — r1)(D — ry).



A (ﬁ—AﬁIA)(l:)—T%{)f(t) = 9(t)
(erltDe—rltI) (emtDefrztI);C(t) = g(t)

Order is not important because r1,ry are constant,
(D — 11 0)(D = rod) = (D — ro0)(D — 111

Easy example, building on the common cases for first order linear,

(D*> +4D +3D)z(t) = sin(2t)
(D+ 1) (D +3Dax(t) = ie 2"
A s _ 1 —2it —t
(D+30)x(t) = 21" +Ce
. 1 —92it C —t —3t
=) = (—2i+3)(-2i+1)" s e
1 .
" _ —2it —t —3t
z(t) Catg iz’ e T
z(t) = %;81672“ + Cre” ! + Coe™™
1
z(t) = %(—005(215) + 8sin(2t)) + Cre ™ 4 Che ™3t

(D* + 4D + 31)z(t) 2
(D+1)(D+3Dzt) =
(e7'De'l) (e ®'De® Dx(t) = t?
e"'Detle 3 De (1) t2

Detle ' De® Tx(t) = t%€!
etle ' De*lx(t) = (12 —2t+2)e +C
e D x(t) = (12 —2t+2)+ Cet
Dediz(t) = (2 —2t+2)e’ + Ce
. 1 1
ete(t) = ﬁ(gﬁ — 24t 4 26)e® + 5Oe” +Cy
1 1
z(t) = ﬁ(gﬁ — 24t + 26) + Ece*t + Coe™3
1
z(t) = ﬁ(gﬁ — 24t 4 26) + Cre™t + Che ™!
4.1 Common cases to remember
p(r) is quadratic: p(r) = r% +br + k.
General homogeneous solution:
r1,T9 are constants, not equal.
(D —rI)(D —rol)z(t) = 0
z(t) = Cre™' + Cge™!



r is constant.

(D —rI)(D—rDz(t) = 0
x(t) = Oite™ + Coe™

Classification of the general homogeneous solutions (depending on roots),
e 2 real: overdamped: ri,7o = —b/24+ +/(b/2)? — k
z(t) = Cre™t + Cge™!

e 1 real: critically damped: r; =7y = —b/2
x(t) = Cyte 5t + Che 35t
e 2 complex: underdamped: r1,79 = a + iw, where a = —b/2 and w = \/k — (b/2)?
z(t) = Cre” *cos(wt) + Cae™“sin(wt)

Vocabulary: A homogeneous solution in the form e is a normal mode. For example, 5e~tcos(t) is not a
normal mode, e(~1=9t and e(=1-9* are.

Exponential drive, general solutions:

r1,T2,T3 are constants, none equal.

(D _le)(D —Tzf):c(t) BENEL

z(t) = et 4+ Cre™t 4 Che™t
() (rs —r1)(rs —r2)

r1, T2 are constants, not equal.

(D —ri D) (D —riD)az(t) = et
1
t = = eret 4 O te™t 4+ Ohemt
x(t) (7“2—7“1)26 + Crte™" + Cae

Vocabulary: the normalized homogeneous solutions are two homogeneous solutions, x1 (t), x2(1). z1(t)
has Cy,C5 set by x1(0) = 1,£1(0) = 0, and z2(t) has C1,Cy set by z2(0) = 0,42(0) = 1. A particular
solution, x,(t), is normalized when Cy,Cs set so that x,(0) = 0,4,(0) = 0. Definitions are analogous for
higher (or lower) order equations.

4.2 Uncommon cases which are probably not important

(D —ri ) (D —rol)z(t) = et
x(t) = ﬁe”t + Cre™t 4 Coe™t
(D —r D) (D —riD)z(t) = et
x(t) = 7(7“2 _1T1)2 et 4 Chte™t + Che™t

5 Shortcuts

Guessing the form of the answer and solving is less tedious than operator methods. They don’t handle
every case, but when they do work, they are faster. We know some abstract things about solutions to linear
ODE’s. This motivates some short cuts.



5.1 Basic shortcut
Anatomy of a linear ODE:
La(t) = g(t)

where L is any (linear) operator. The common cases in class have been L=D- k(t)f, or L =D*+bD+kI.
Solutions to the homogeneous equation

Lan(t) =0
are important.
Superposition I: If
LaV(t) = 0
LaP() = 0

then for any constants c1, cs,

L(clxél)(t) + CQfo)(t)) =0.

i.e. linear combinations of x;’s are also zp’s.
Superposition II: If

LaD(t) = g(1)
Lz®(t) = g(1)
then
LMWty —2P@) = o
V@) —2@@) = a(b).

i.e. two solutions differ (at most) by some homogenous solution.
Anatomy of the general solution: by Superposition II,

w(t) = xp(t) + wn(t)

xp(t) is one solution, xp(t) is the general homogeneous solution (it has all the C’s).
Superposition III: If

Lai(t) = g1(t)
Lzo(t) = g2(t)
then for any constants c1, cs,
L(cizy(t) + cama(t)) = c1gu(t) + caga(t)

This helps find particular solutions for complicated g(t)’s.
The basic shortcut:

e Find the general homogeneous solution xj(t)

e Find a particular solution z)(¢).
If g(t) = c191(t) + c292(t), use superposition III:

— find particulars z1(t), z2(t)
— and put them together in z,(t) = c1g1(t) + cag2(t)

e General solution is z(t) = x,(t) + zn(t)



5.2 LTI shortcuts

Each of these facts can be derived with operators.
Generic homogeneous: If p(r) = (r —ry)(r —r2) -+ (r — rp,) with no two r; equal,

p(D)a(t) = 0
x(t) = Cre™t 4 Coe™' + ...

is the general solution.
Mutliple root homogenous: If p(r) = (r — 1) (r —rg)™? - (r — r,)™ with no two r; equal,

p(D)z(t) = 0
z(t) = (Cr+Cot4 ...+ Copt™ et 4+ (Cruy i1+ Cony ot + oo o A Cony e t™2 et

is the general solution. For example,

(D + 302D+ 1) (D +20)3z(t) = 0
z(t) = (Ci+ Cgt)e—3t + Cse P+ (Cy + Cst + 06t2)e—2it

Exponential response: If p(s) # 0,

p(D)x(t) = e
1 st
z(t) = Ime

is a particular solution: the exponential response.
Undetermined coefficients (UC): If p(0) # 0, and ¢(¢) is any polynomial

p(D)z(t) = q(t)
there is a unique particular solution z(t) which is a polynomial of the same degree as ¢(t). For example,
p(D)z(t) = 3+1

you can guess x(t) = At + Bt? + Ct + D and work out the constants A, B, C, D. )
UC special case: If p(0) =0, UC can still help. Since 0 is a root, we can factor out D from the operator

Dp(D)a(t) = q(t)

p(D)slt) = [ attras
and try UC again. For a particular solution, don’t worry about the constant. For the general, keep track of
" Exponential shift (ES): in operators, a couple different ways

etp(D) = p(D— sy
p(D)es'l = etp(D + s)
in practice,
DR = g
p(D +sI)(e™"a(t)) = g(t)

then solve for u(t) = e **x(t). ES doesn’t give a solution. It just gives a way to rewrite (and hopefully
simplify) the equation.



ES with UC: If p(s) # 0, and ¢(t) is any polynomial
p(D)z(t) = q(t)e”

there is a unique particular solution z(t) = u(t)e** where u(t) is a polynomial of the same degree as ¢(t),
and it solves

p(D+sDhu(t)y = q(t).

UC and EF can save you from the pain of multiple ugly integration by parts (as in the “Icky example”
previously).
Icky example, revisited: by UC, guess particular, z,(t) = At*> + Bt + C,

(D*4+4D 4+ 31)(A? + Bt+C) = 2
2A+4(2At + B) +3(At* + Bt +C) = *
3At2 + (8A+3B)t+ (2A+4B+3C) = 2
equating like coefficients,
34 = 1,
8A+3B = 0,
2A + 4B + 3C 0

so A= %, B=—8C = 2. The particular is x,(t) = 3% — 5t + 25. The roots of p(r) = r? + 4r + 3 are
—1,—3 so the general homogeneous solution is xp,(t) = C1e~! + Ce~3t, and the general solution is
1, 8 26
t) ==t — ~t+ =— + Cre~ " + Cre .
ot) = 3t = gt g7 + Che 4 Cae

Vocabulary: The homogeneous solution is sometimes called: the transient solution or the complemen-
tary solution. The particular solution from exponential response or ES combined with UC is sometimes called
the particular solution (which is a bit silly), the periodic solution (also sometimes silly), or the sinusoidal
response (assuming ro is imaginary).



