Complex numbers and linear equations

Anatomy rectangular polar notes

complex number a+ib Ae® a,b,0, A real and A >0

sinusoid acos(wt) + bsin(wt) | Acos(wt —0) | a,b,0, A same as above
Re{(a+ib)e™ ™t} | Re{Aee ™} | a,b,0, A consistent as above

complex vocab: A is magnitude, modulus, absolute value, or amplitude. 6 is phase, angle, argument.

sinusoid vocab: A is amplitude. 6 is phase lag or phase shift.

Solutions equation solution notes

1%¢ order LTI (D —ril)x(t) = et z(t) = ﬁe”t + Cemtt only if 1 # ro
(D —rl)z(t) = e x(t) = te" + Ce't

274 order p(D)mh( ) 0

homogeneous (D2 + 0D + kI)xh( )=0

(overdamped) (D — D) (D — rol)ap(t) = xp(t) = Cre™t + Coe™™! if ry # 7o real

(critical) xp(t) = Crte™ + Coe™ ifri=rg=r

(underdamped) xp(t) = e (Cq cos(wt) + Cysin(wt)) | if r1,rg = —a £ iw

274 order p(D)zy(t) = e

particular (D% +bD + kD), (t) = e zp(t) = ﬁe“ only if p(s) #0

2" order

general p(D)x,(t) = et z(t) = zp(t) + zp (1)

Linear ODE vocab: x,(t) is the particular, periodic, or (sometimes) sinusoidal, solution. z(t) is the

homogeneous, transient, autonymous, complementary, solution.

Quadratic roots

overdamped ri,m2 = —b/2 £ \/(b/2)% —

critically damped ry=r9=—b/2

underdamped r1,re = a * iw
a=-b/2and w= —(b/2)?

»(t) = 0, and no repeated roots of p(r),
C16T1t + C2er2t +
e*, and p(s) # 0,

Generic homogeneous: If p(D)z
) =

xp(t oo+ Cpe™?
Exponential response: If p(D)z,(t) =

Undetermined coefficients: If p(D)x,(t) = gnt" + ¢n_1t""' + ...
zp(t) =
Exponential shift If p(D)z(t) = estg(t),
p(D = sl)(ea(t)) =
Coverup If Q1 (s) and Q2(s) have no roots in common
_ Pl
Q1(s)Q2(s)

Ql(’l“) =0

tn—l

Tpt™ + Tp1 + ...+ zt + x0.

g(t)

Rl(s)
06) | Qa
P

R1 (’I")

Ry (s)
(s)
(r)
Q2(r)

implies
Convolution If p(D)x(t) = f(t), and initial rest,

W(s) =+ X(s)=W(s)F(s)

— p(s)

x(t) = [ w(t—p)f(p)dp

+ (ht + qo, and p(O) 7& 07



Systems of linear equations

Anatomy general specific notes
R x
vector U ( )
Y

. a b
matrix A e d

. - ax + by
matrixx vector Ad (cm n dy)

. . aias + bica  aibs + bids
matrixx matrix A1As <01a2 "V dyes ciby - dldg)
. . . Ii=1 (10 . S
identity matrix AT —TA— A I = 01 I times anything is itself
linear system 1 = A 5 z( Z);C((:)Z j_;%zgg 0 homogeneous version
. IR . T=ax(t) +by(t) + q(t .
linear system 2 U= Ad + q(t . non-homogeneous version

y T = ealt) + dy(t) + aal) Beneons
trace trace(A) a+d trace(A) = A\ + Ao
determinant det(A) ad — be det(A) = A1 - Ao
eigenstuff AV =\ @—A b U = A is eigenvalue, , is eigenvector
c d— A Vo
characteristic polynomial | det(A — AI) A2 — trace(A)\ + det(A) the roots are the eigenvalues
inverse A1 . ( d _b> AA 1 =A"1TA=T
aa=be \ —c a
= U1 6)\t - .
normal mode TeMt et v and X are eigenstuff
2
. x1(t) xg(t)) (;vl(t)> (xg(t)> .
fundamental matrix P(t , both solutions
" () s ) L)

exponential matrix, e = ®(¢)®(0)~!, where ®(t) is any fundamental solutions of a homogeneous

linear system

companion matrix, (_Ok —1b)’ associated with the polynomial A2 + b + k or the linear operator
D? +bD + kI.
Common Soln’s conditions eigenvalues solution
saddle det(A) <0 A <0< A 11 eMt + cotihe??
unstable node trace(A) > 0,trace(A4)%2 > 4-det(A) >0 | 0< A, Ao c1T1eMt + coTae?t
stable node trace(A) < 0,trace(4)%2 > 4-det(A) >0 | 0< A, Ao 1T Mt 4 coTpe2?
unstable spiral trace(A) > 0,4 - det(A) > trace(A)? >0 | a+bi,a <0 | e®Re{(cy + ico)vet}
stable spiral trace(A) < 0,4 - det(A) > trace(A)? >0 | aLbi,a >0 | e®Re{(c; +icy)ve}
Unommon Soln’s conditions eigenvalues solution
center trace(A) = 0,det(A) > 0 +bi Re{(c1 + icy)ve™}
degenerate (unstable) trace(A) > 0,det(4) =0 A =0,2>0 c17h + cotpe2t
degenerate (stable) trace(A) < 0,det(A) =0 A1 =0,22<0 171 + cotipe?t
star (stable) trace(A) < 0,trace(A)? =4-det(A) | A\ =X2<0 (c1 + cotp)eMt
star (unstable) trace(A) > 0, trace(A)? =4 -det(A) | A\ =X2>0 (e1T1 + caly)e?t
defective (stable) trace(A) < 0,trace(A)2 =4 -det(A) | A\ =X <0 | (c1th + co(Vit + v2))e?
defective (unstable) trace(A) > 0,trace(A)? =4 -det(A) | M =X >0 | (17 + oVt + Ta))eMt

For defectives, ¥ is an eigenvector, but ¥y is (A — A)Uy = ¥.



Some Laplace transforms

t-function s-function | notes
u(t) H
é(t) 1
f(®) sF(s) — f(0) | derivative rule
f(t)e F(s—a) s-shift rule
fE=Tu(t-T) F(s)e T | t-shift rule
tety(t) # polynomial times exponential
cos(bt)e™u(t) ﬁ cosine times exponential
sin(bt)eu(t) Goar T sine times exponential
eAt (sI — A)~! | matrix exponential
Some matrix exponentials
A eAt notes
A0 et 0
0 A 0 et
A0 €>\t 0 Xt
<O )\) < 0 ) =€ 1 complete
Aob et pelioet
( 0 /\2> 0 21/\2;‘2 must have Ay # Ay
A b M bteM .
< 0 )\) 0 M defective
a b e cos(bt) e sin(bt)
-b a —esin(bt) e cos(bt)
a b Ayt a2t Mt _ghat _
¢ d o I N et (A AT | M £ N
“! (14 MM T — X det(A)A~T | A= Ao = A
Fourier series:
J) = ft+2r)
1 2 2 3 3
f) = 540 +ay cos(%t) + by sin(zt) + as cos(%t) + by sin(ft) + as cos(fﬂ-t) + b3 sin(%
with
L nm L : nm
an = 1 [ f@t)cos(ZEt)dt, b, = 1 [, f(t)sin(ZEt)dt

)+ ...



