
Quick facts

Anatomy rectangular polar notes

complex number a + ib Aeiθ a, b, θ, A real and A ≥ 0
sinusoid acos(ωt) + bsin(ωt) Acos(ωt − θ) a, b, θ, A same as above

Re{(a + ib)e−iωt} Re{Aeiθe−iωt} a, b, θ, A consistent as above
complex vocab: A is magnitude, modulus, absolute value, or amplitude. θ is phase, angle, argument.

sinusoid vocab: A is amplitude. θ is phase lag or phase shift.
Solutions equation solution notes

1st order LTI (D̂ − r1Î)x(t) = er2t x(t) = 1
r2−r1

er2t + Cer1t only if r1 6= r2

D̂ − rÎ)x(t) = ert x(t) = tert + Cert

2nd order p(D̂)xh(t) = 0

homogeneous (D̂2 + bD̂ + kÎ)xh(t) = 0

(overdamped) (D̂ − r1Î)(D̂ − r2Î)xh(t) = 0 xh(t) = C1e
r1t + C2e

r2t if r1 6= r2 real
(critical) xh(t) = C1te

rt + C2e
rt if r1 = r2 = r

(underdamped) xh(t) = e−at(C1cos(ωt) + C2sin(ωt)) if r1, r2 = −a ± iω

2nd order p(D̂)xp(t) = est

particular (D̂2 + bD̂ + kÎ)xp(t) = est xp(t) = 1
p(s)e

st only if p(s) 6= 0

2nd order

general p(D̂)xp(t) = est x(t) = xp(t) + xh(t)

Linear ODE vocab: xp(t) is the particular, periodic, or (sometimes) sinusoidal, solution. xh(t) is the
homogeneous, transient, autonymous, complementary, solution.

Quadratic roots

overdamped r1, r2 = −b/2±
√

(b/2)2 − k
critically damped r1 = r2 = −b/2
underdamped r1, r2 = a ± iω

a = −b/2 and ω =
√

k − (b/2)2

Generic homogeneous: If all the roots of p(r) are not equal,

p(D̂)xh(t) = 0

xh(t) = C1e
r1t + C2e

r2t + . . . + Cnernt

Exponential response: If p(s) 6= 0,

p(D̂)xp(t) = est

xp(t) =
1

p(s)
est

Undetermined coefficients: If p(0) 6= 0,

p(D̂)xp(t) = qntn + qn−1t
n−1 + . . . + q1t + q0

xp(t) = xntn + xn−1t
n−1 + . . . + x1t + x0

plug in and solve for coefficients xn, xn−1, . . . , x1, x0.
Exponential shift

p(D̂)x(t) = estg(t)

p(D̂ − sÎ)(e−stx(t)) = g(t)
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