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April 9, 2008

Problem 1 (10 Points)

Let £ > 0 be arbitrary. Because the function ¢’ is continuous at ¢ = 0, there exist a
positive real number ¢ such that

|e‘ — 1| = |e’ — eol <ege™™

whenever [f| < d. Since x,, — x, we can find a positive integer N such that for all
integer n > N, we get
lx, — x| < 9.

Therefore, if n > N, then

e —e'| =¢e” |ex"_x - 1| <e'(ee™) =¢.

This proves that the exponential function is a continuous function.

Problem 2 (10 Points)

Let x > O be arbitrary. By induction on n, we have
fo=r(x").
Substitute x by x7 in the above equation to yield

f) = f(x) .



2 18.100A SprinG 2008

Consequently, for any integer n, f(x) = f (xzn).
If x> 1, then x> — 1 as n — —oo. Since f is continuous,

Jim () = 1),

Thus, f(x) = f(1) forall x > 1.
If0 < x < 1, then x*' — 0 as n — +oco. By continuity of f, we get

lim f(x") = £(0).

n—+00

This shows that f(x) = f(0) foreach0 < x < 1.
Now, f(0) and f(1) have to be equal since f(x) is continuous at x = 1. Hence,
f 1s a constant function.

Problem 3 (10 Points)

If f(0) = 0or f(1) = 1, the result is trivial. Now, we assume that f(0) > 0 and
f(1) < 1. Define g(x) := f(x) — x for each x € I. Thus, g is a continuous function
on I (why?). Since g(0) > 0 and g(1) < 0, Bolzano’s Theorem dictates that there
exists a number x, € [ for which g (xy) = 0. Hence, x, is a fixed point of f as
required.

Problem 4 (10 Points)

If there exists an integer k = 1,2,...,n such that f(%) = f(%) then we are
done. Now, suppose that f (£) # f (%) for all k = 1,2,....n. Let g(x) denote

f(x) - f(x —~ %) for all x € [%, 1]. Hence, g is continuous on [%, 1] (why?).
Clearly (if you are not cleared, try to expand the summation),

n

Zg(§)=f<1>—f<0>:o.

k=1

Since none of g (5)’8 is zero, then at least one of them must be positive, and at least
one must be negative. Again, we use Bolzano’s Theorem and acquire a number
Xo € [}l, 1] with property: g (xo) = 0. Thus, y := xo — 1 € [0, 1] satisfies

f<y>=f(y+1).
n
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Problem 5 (10 Points)

P
(a) Let {x,},_, be an infinite sequence in S, where S := |J I is a finite union
k=1
of compact intervals [;’s. Consider T := {n € N: x, € I;} for each k =
1,2,...,p. Thus,

p
N::QT,(.

This shows that at least one of the T}’s, say T,, must be infinite.

Consequently, {x,},cr, is an infinite subsequence of {x,},>; that lies en-
tirely in the compact interval /,. Theorem 13.1 asserts that the subsequence
{X.}ner, has a convergent subsequence {x,,};_, in I,. Therefore, {x, ], is a
convergent subsequence of {x,},., in §, proving the assertion.

(b) Choose S := G[k — 1,k]. Thus, § = [0, ). Note that the sequence {n},
k=1
does not converge in S.

(c) Using the Maximum Theorem, we know that there exists x, € [ such that
f(xo) = inff(x). Let 6 := f (xg). Then,
RS

f(x)=6>0,
as desired.

(d) A trivial example would be f(x) := x — a for each x € (a,b). Clearly,
f(x) > 0 forall x € (a,b) and lim f(x) = 0.

Problem 6 (Extra, No Points)

Definition: The image of a set S under a function f is the set

f@§) ={f(x):xeS}.

The preimage of a set T under f is defined by:

AT ={(x: fx)eT}.

Moreover, we normally write only f~!(a) to mean f~! ({a}).
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Basically, the problem statement is that f is a real-valued function on R such
that | f‘l(a)| = 2 for each a € f(R). We suppose contrary that such an f exists.
Without loss of generality, assume that 0 € f(R). Let f~'(0) = {a, b}, where
a < b. Hence, either f ((a,b)) C (0,+00) or f((a,b)) C (—o0,0). (Otherwise,
there would be ¢ and d in (a, b) such that f(c) < 0 and f(d) > 0. Using Bolzano’s
Theorem, there must be x, in between ¢ and d such that f (xy) = 0, a contradic-
tion.)

Without loss of generality, we assume that f ((a, b)) C (0, c0). We shall prove
that if x ¢ [a, b], then x < 0. Suppose contrary that f (x) > O for some x, ¢ [a, b].
First assume that xy < a. Select an element ¢ € (a, b) such that 0 < f(c) < f (xg)
(why is this choice of ¢ possible?). Now, let y := % Using Bolzano’s Theorem,
we can easily deduce that there exists dy and d», a < d; < c and ¢ < d, < b such
that

fd)=y=f(d).

Bolzano’s Theorem also shows that f (d3;) = y for some d3, xy < d3 < a. That is,

{di,dr,d3} C '),

which is a contradiction. The case where xy > b is similar.

The above argument shows that f ([a,b]) = [0,+c0) N f(R). Since [a,b]
is a compact interval, f|,, must attain the maximum at some point ¢ € [a, b].
According to the property of f, there is another point # # ¢ such that f (') =
f() > 0. Therefore ¢’ € [a, b] (using the above argument again).

Ift < ¢, then f(x) < f(¢r) = f(¢') for all x € (¢,1"). Suppose that the real number
r = f(x) for some x € (t,#'). We observe that f(x) = r for some x € [a, ) and
for some x € (¢, b], as well (why?). Hence, | f‘l(r)| > 3, which is a contradiction.
If ¢ < t, the same contradiction arises. Thus, ¢ = ¢’. Therefore, there is only one
number (which is 7) that yields f(¢). This is a contradiction again. Therefore, there
is no function f satisfying the conditions.



