18.100A — PROBLEM SET #2
SOLUTIONS

Problem 1 (10 Points). First, we notice
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For a,, = y/n we therefore obtain
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Thus, for given € > 0, we can choose N > 1/(4€2) so that

as desired.

|ant1 —anl <€, foralln >N,

Problem 2 (10 Points).

(a) Since {z,} takes only finitely many values ay, ..., ax, we see that

(b)

B<z,<C, foralln,

where B = min{ay,...,a;} and C = max{ay,...,ar} (i.e., the numbers
B and C' are the smallest and largest value among the aq,...,ag, respec-
tively.). Hence {z,} is a bounded sequence and, by the Bolzano-Weierstrass
Theorem (Theorem 6.3), the sequence {x,,} has a convergent subsequence
{zn,} with limit K, say. By the cluster point theorem (Theorem 6.2), K
must be a cluster point of the whole sequence {z,}.

(i)

(i)

Since |cosz| < 1 for all z € R, we conclude that |b,| < 1 for all n.
Therefore {b,} is always a bounded sequence and, by the Bolzano-
Weierstrass Theorem (Theorem 6.3), the sequence {b,} has to have a
convergent subsequence.

The sequence b, = a,/(1 + a,) is unbounded if a,, converges to —1.
Hence the Bolzano-Weierstrass theorem is of no use in this case. More-
over, the following example shows that b,, can have in fact no conver-
gent subsequence: Take a,, = n/(1 —n). (Note that a,, # —1). Then
we have b, = n (by simple algebra) and it is easy to see that b, = n
cannot have a convergent subsequence. (For the sake of completeness,
here is the argument. Suppose that {b,, } is a convergent subsequence
of b, = n. Since convergence of a sequence implies its boundedness,
we have that b,, < C for all k£ and some constant C. However, we
have that b,, = nj tends to oo as k — oo, contradicting the bound
from above given by C.)

Since 1/(1 + |z|) < 1 for all z € R, we have that |b,| < 1 for all n.
Therefore {b,} is bounded and has a convergent subsequence, thanks
to the Bolzano-Weierstrass theorem.
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Problem 3 (10 Points). We claim that sup S is a lower bound for the set T, i.e.,
supS <t forallteT.

To prove this, we argue by contradiction as follows. Suppose the statement above
was false. Then there exist some ty € T, say, such that

to < supS.

Sincet > sforall s € Sandt € T, we deduce that ty > s for all s. Hence t is also an
upper bound for S, but by the previous inequality we have that ¢y < sup.S. Hence
to is an upper bound for S that is strictly smaller than sup S, which contradicts
the fact that sup S is the least upper bound for S.

Next, we claim that sup S being a lower bound for T implies that

sup S <infT.

Indeed, we see this again by a proof by contradiction. Suppose, on the contrary,
that sup S > inf T holds. Since sup .S is a lower bound for T, this contradicts the
fact that infT" is the greatest lower bound for 7. For otherwise sup S would be
a strictly greater lower bound for 7. Hence sup S > infT cannot be true and,
consequently, we find that supS < infT.

Problem 4 (10 Points).

(a) Inorder to complete the argument, one has to show that limy_, o | Zi:l anp| =

[ limg . o0 ZZ:l an| holds. Your critique was supposed to point out that “by
taking the limit £ — oco” has to be detailed.

(b) The proof of the usual (and extended) triangle inequality (see Section 2.4)
shows that

—lai| = ... = an| <ar + - +an, <l|ar| + -+ |an]

for all n > 1. Let {s,} and {¢,} denote the sequences of partial sums for
> ap and Y |a,| respectively. Then the inequality above gives us

—ty < s, <tn, foralln>1.

Since limy, o0 tn, = Yoy |ay| and lim, oo 8, = Yo" | an. This shows that

[eS) [eS) [e%S)
=D lanl =D an < faal,
n=1 n=1 n=1
[e%S)

which is equivalent to the desired statement | > 7 an| < 307 |an|.

Problem 5 (10 Points).
(a) We have convergence. To see this, note that

o< YN VI

“n?4+17 n2  nd/%’

forn > 1.

The series >~ # converges, as one easily concludes from the integral

test; see Example 7.5A in Section 7.5. By the comparison test, the series

oo Vn
Y me1 ¥y converges as well.



18.100A — PROBLEM SET #2 SOLUTIONS 3

(b) We have convergence. To show this, we use the ratio test. For a,, = g—j,
we find
|an+1| n+1)22" 1(m+1)2% 1n2+2n+1 1
e — = - —

— Z_ = L=—-.
an ontl p2 2 p2 2 n? 2

By the ratio test, the fact that L < 1 implies that Y~ , g—: converges.
(¢c) We have convergence. Since |cosn| < 1, we have

| cosn| 1

< —, foralln>1.

0= 2 = 2

n

The series Y., n—lz converges, thanks to the integral test. Hence, by the
| cosn|
n2

o cosn
n=1 n2

comparison test, the series Y |
converges too.

also converges. Thus

(d) We have convergence. We use the ratio test. For a,, = E;—i};, we find

an | A )2 @ntl)(2n+2) dn2+6nt+2 4

Since L < 1, the ratio test implies convergence.
(e) We have convergence. To see this, we use the n-th root rest. For a,, =
(n+1)"/(2n+ 1)", we obtain
Van = it L=
2n+1 2
Since L < 1, we have convergence.

(f) We have divergence. To prove this, we use the integral test, which implies
that Y.~ , —— diverges if the integral

/°° dx
o xlnx

diverges. Indeed, by defining y = In x so that dy =

|an+1| C((n+ )12 (2n)! (n+1)2 o+ 2n+1 1

dzx

x

/°° dx /°° dy o0
= —:lny‘ = 00.
9 xlnzx na Y y=In2

(g) We have divergence. First, we recall the inequality sinz > %:z: for 0 <
2 < 1. Since 0 < 1/n <1 for all n > 1, this inequality shows that

, we find

sin <1> > i, for all n > 1.
n 2n

Since }_,° | 5 diverges, we see that Y~ sin(1/n) also diverges by the
comparison test.
(h) We have convergence. This is a nice one and follows from the ratio test.

Let a,, = 2;:}!. Then

n 2n+1 1 | n n
et e e = 2+ Ve
an, (n+ 1)ntl 2npl (n+ 1)+l
n" 1 2

=2 =2 — L ==
(n+1)r (1 +1/n)

Since e = 2.71... > 2, we have L < 1 and the series converges thanks to the

ratio test.
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Problem 6 (Extra Problem). This is an extra (no credit) problem. Solution
will be posted soon.



