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1. Introduction

In recent years, the topological cyclic homology functor of [4] has been used
to study and to calculate higher algebraic K-theory. It is known that for finite
algebras over the ring of Witt vectors of a perfect field of characteristic p, the
p-adic K-theory and topological cyclic homology agree in non-negative degrees,
[20]. This has been used to calculate the p-adic K-theory of truncated polynomial
algebras over perfect fields of characteristic p > 0, [21], and of rings of integers
in unramified extensions of the field Qp of p-adic numbers, [6]. In this paper, we
extend the definition of topological cyclic homology to schemes.

The topological Hochschild spectrum TH(A), recalled in paragraph 2 below,
defines, as the ring A varies, a presheaf of spectra on the category of affine schemes.
We show in paragraph 3 that the corresponding presheaves of homotopy groups are
quasi-coherent sheaves for the étale topology. It follows that the map

TH(A) ∼−→ H·((SpecA)ét,TH),

where the right hand side is Thomason’s hypercohomology construction, is a weak
equivalence. The same is true if the étale topology is replaced by any coarser
topology τ . This suggests that we define topological Hochschild homology of a
scheme X by

TH(Xτ ) = H·(Xτ ,TH),

the choice of topology being irrelevant, at least if X is quasi-compact and quasi-
separated. One defines topological cyclic homology from TH(Xτ ) analogously to
the original definition in [4]. In more detail, the circle group acts on TH(Xτ ) and
we write

TRn(Xτ ; p) = TH(Xτ )Cpn−1

for the fixed points by the subgroup Cpn−1 of the indicated order. There are two
maps

R,F : TRn(Xτ ; p)→ TRn−1(Xτ ; p),
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called the restriction and Frobenius, respectively, and we let TCn(Xτ ; p) be the
homotopy equalizer. Then

TC(Xτ ; p) = holim
←

TCn(Xτ ; p).

Again, the choice of topology is irrelevant and the definition agrees with the original
definition for affine schemes in that the canonical map

TC(A; p) ∼−→ TC((SpecA)τ ; p)

is a weak equivalence. The homotopy groups π∗ TC·(−; p) form a pro-presheaf on
the category of schemes, and we let T C·

i denote the sheafification for the τ -topology.
One then has a descent spectral sequence

Es,t
2 = Hs

cont(Xτ , T C·
−t)⇒ TC−s−t(X; p),

where the left hand side is continuous cohomology in the sense of Jannsen. The
spectral sequence usually depends on the choice of the topology τ . Moreover, the
cyclotomic trace of [4] extends to the present situation to give a natural map

trc : K(X)→ TC(X; p)

from the algebraic K-theory spectrum of the scheme X.
Let k be a perfect field of characteristic p > 0. In paragraph 4 below, we

determine the pro-sheaves T C·
i on the category Sm/k of smooth schemes over k

in the étale and Zariski topology. In either topology, the pro-sheaves T R·
i are

isomorphic to the de Rham-Witt pro-sheaves W·Ωi by a theorem of the second
author, [18, theorem B], and there is an exact sequence of étale pro-sheaves

0→ ν·(i)→W·Ωi R−F−−−→W·Ωi → 0,

where the left hand term is the logarithmic de Rham-Witt pro-sheaves of Milne-
Illusie. Hence the pro-sheaves T C·

i and ν·(i) on (Sm/k)ét are canonically isomorphic,
so that the descent spectral sequence takes the form

Es,t
2 = Hs

cont(Xét, ν·(−t))⇒ TC−s−t(X; p).

We use this to show that TCi(X; p) = 0, when i > dimX, and that TCi(X; p) is
finite for i > 0, when X is a smooth projective variety over a finite field.

Let ε : (Sm/k)ét → (Sm/k)Zar be the change of topology map. Since the pro-
sheaf ν·(i) has only a single non-vanishing higher derived image, one has a short
exact sequence of Zariski pro-sheaves

0→ R1ε∗ν·(i+ 1)→ T C·
i

ρ−→ ν·(i)→ 0.

The cyclotomic trace induces a map of pro-sheaves on (Sm/k)Zar

trc : (K/p·)i → T C·
i,

where the left hand side is K-theory with coefficients. Using a theorem of Bloch-
Kato, [1, corollary 2.8], and a recent theorem of the first author and M. Levine,
[11], we show that the composition

(K/p·)i
trc−−→ T C·

i
ρ−→ ν·(i)

is an isomorphism of pro-sheaves on (Sm/k)Zar. Hence for the Zariski topology,

T C·
i
∼= ν·(i)⊕R1ε∗ν·(i+ 1),
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and the cyclotomic trace corresponds to the inclusion of the first summand. Sheafi-
fying for the étale topology, the map ρ becomes an isomorphism, showing that the
cyclotomic trace induces an isomorphism

(K/p·)i
∼−→ T C·

i

of pro-sheaves on (Sm/k)ét. It follows that for a smooth scheme X/k,

TC(X; p) ' H·(Xét,K(−))
∧

p ,

the p-completion of the étale hypercohomology spectrum for K-theory, and more-
over, the cyclotomic trace may be identified with the change of topology map

H·(XZar,K(−))
∧

p → H·(Xét,K(−))
∧

p .

Indeed, the left hand side is equivalent to K(X)
∧

p by [43, theorem 10.3].
In the case of a field E of characteristic p > 0, the above equivalence implies

that
TC(E; p) ' (holim

−→
α

K(Eα)hGα)
∧

p ,

where the homotopy colimit runs over all finite separable extensions Eα/E and Gα

is the Galois group. Let Es be the separable closure of E and let GE be the Galois
group. Then on the level of homotopy groups, we show

TCi(E; p) ∼= Ki(E)
∧

p ⊕H1
cont(GE ,Ki+1(Es)

∧

p ),

where the second term on right is the continuous cohomology of the profinite group
GE acting on the module Ki(Es)

∧

p
∼= KM

i (Es)
∧

p in the p-adic topology. In the two
lowest degrees,

TC0(E; p) ∼= Zp ⊕ Tp Br(E)

TC−1(E; p) ∼= Hom(Gal(Es/E),Zp),

where Tp Br(E) is the Tate module of the Brauer group. Let us also note that
for a field of characteristic different from p, TC∗(E; p) ∼= Ω∗E/Q. As an example,
we calculate the topological cyclic homology of a field complete under a discrete
valuation with perfect residue field.

In paragraph 5, we examine the Zariski descent sequence

Es,t
2 = Hs(XZar, T C·

−t)⇒ TC−s−t(X; p)

for X a smooth scheme over k. The E2-term decomposes according to the decom-
position of the Zariski pro-sheaf T C·

−t stated earlier, but the differentials usually
mix the two summands. Indeed, we show that when X is affine, the composite

Hs
cont(XZar, R

1ε∗ν·(−t+ 1)) � Es,t
2

d2−→ Es+2,t−1
2 � Hs+2(XZar, ν·(−t+ 1))

has the same kernel and image as the d2-differential in the Leray spectral sequence
sequence

Ei,j
2 = Hi

cont(XZar, R
jε∗ν·(−t+ 1))⇒ Hi+j

cont(Xét, ν·(−t+ 1)).

It follows that the descent sequence collapses at E3 with the all non-zero groups
concentrated on the lines s = 0, 1. This in turn identifies the kernel of the cyclotomic
trace

trc : Ki(X; Zp)→ TCi(X; p)
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with the second step of the filtration of the left hand group induced by the Zariski
descent sequence, F 2Ki(X,Zp). In particular, the part of K-theory of weight
greater than i+ 1 cannot be detected by topological cyclic homology.

Finally, we mention two results used in the proofs. We show in the appendix
that for a commutative ring A, the cyclotomic trace map is a map of symmetric
ring spectra. In particular, the induced map of homotopy groups

trc∗ : K∗(A)→ TC∗(A; p)

is a ring homomorphism. Moreover, we give a description of the restriction of the
trace to the subgroup of units A× ⊂ K1(A) in terms of the Teichmüller section and
Connes’ B-operator. See lemma 4.2.3 below for a precise statement.

In this paper, pro-sheaves of abelian groups on a site will alway be considered
modulo the Serre subcategory of Mittag-Leffler zero pro-sheaves, i.e. a sequence
of pro-sheaves will be called exact if its cohomology pro-sheaves are Mittag-Leffler
zero. We recall that short exact sequences of pro-sheaves induce long-exact se-
quences on continuous cohomology in the sense of Jannsen, [25]. Spectra will mean
symmetric spectra in the sense of Hovey-Shipley-Smith, [22]. Rings are assumed
to be commutative and unital without further notice.

Acknowledgement: Part of this paper was written while the second author
was visiting Princeton University. He would like to thank the university for its
hospitality and support.

2. Topological cyclic homology

2.1. It will be most convenient for our purpose here to work in the closed
model category of symmetric spectra recently constructed by Hovey-Shipley-Smith,
[22]. The notion of a symmetric spectrum is close to Bökstedt’s notion of a functor
with stabilization, [3]. We recall the definition.

A symmetric spectrum E consists of a sequence of pointed spaces En, n ≥ 0,
together with, for every n ≥ 0, an action by the symmetric group Σn on En, and
for every pair m,n ≥ 0, pointed maps

λm,n : Sm ∧ En → Em+n,

which are Σm × Σn-equivariant, when Σm × Σn acts via the inclusion Σm × Σn ⊂
Σm+n on the right. Here and throughout, Sm is the m-fold smash product of the
circle ∆1/∂∆1. Let σn,m ∈ Σm+n be the permutation i 7→ i+ n (mod m+ n) and
define

ρm,n : Em ∧ Sn → Em+n

as the composite σn,m◦λn,m◦twEm,Sn , where twEm,Sn permutes the smash factors.
Then we require that, for every n ≥ 0,

λ0,n = En,

and for every triple k,m, n ≥ 0,

λk,m+n ◦ (Sk ∧ λm,n) = λk+m,n

and
ρk+m,n ◦ (λk,m ∧ Sn) = λk,m+n(Sk ∧ ρm,n)

up to coherent isomorphisms. A map of symmetric spectra is a sequence of maps
fn : En → Fn of pointed spaces which commutes with all the structure.
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We say that a symmetric spectrum E is quasi-fibrant if for all m,n ≥ 1, the
adjoint map of λm,n is a weak equivalence

En
∼−→ F (Sm, Em+n).

For a symmetric spectrum of pointed simplicial sets, we require in addition that En

be fibrant as a simplicial set, for all n ≥ 1. The homotopy groups of a symmetric
spectrum are defined by

πnE = lim−→
m

πm+nEm,

where the maps in the limit system are induced from the maps λ1,n. We say
that E is convergent if for all n, this limit is attained. A convergent symmetric
spectrum is connective if the negative homotopy groups vanish. A map f : E → F
of quasi-fibrant symmetric spectra is a weak equivalence if and only if it induces an
isomorphism on homotopy groups.

The categorical limit and colimit of a diagram of symmetric spectra is equal to
the limit and colimit formed at each level. Homotopy limits and homotopy colimits
are formed levelwise. Limits and homotopy limits preserve quasi-fibrant symmetric
spectra, but this is not the case of colimits and homotopy colimits in general.

A symmetric ring spectrum is a symmetric spectrum E together with, for every
n ≥ 0, a Σn-equivariant map

1n : Sn → En,

and for every pair m,n ≥ 0, a Σm × Σn-equivariant map

µm,n : Em ∧ En → Em+n

such that, for every pair m,n ≥ 0,

µm,n ◦ (1m ∧ En) = λm,n, µm,n ◦ (Em ∧ 1n) = ρm,n,

and for every triple k,m, n,

µk+m,n ◦ (µk,m ∧ En) = µk,m+n ◦ (Ek ∧ µm,n).

We note that it follows from these axioms that 1m+n = µm,n ◦ (1m ∧ 1n). Finally,
if in addition

µn,m ◦ twEm,En
= σm,n ◦ µm,n

then we say that E is commutative. A map of symmetric ring spectra is a sequence
of maps fn : En → Fn which commutes with all the structure.

We define the Eilenberg-MacLane spectrum Ã associated with the ring A as
follows: If X is a pointed set we write A(X) for the quotient of the free A-module
generated by X by the submodule generated by the basepoint. We define

Ãn = |A(Sn
· )|

with the action by the symmetric group Σn induced from the permutation of the n
smash factors in Sn

· . The multiplication in A induces a Σm × Σn-equivariant map

µm,n : Ãm ∧ Ãn → Ãm+n

and the assignment x 7→ 1 · x defines a Σn-equivariant map

1n : Sn → Ãn.

If is easily verified that Ã is a symmetric spectrum, commutative if A is.
5



2.2. We next recall the definition of Bökstedt’s topological Hochschild homol-
ogy of a symmetric ring spectrum E. We will use the model from [20, 2.7], which
gives us a quasi-fibrant symmetric spectrum TH(E) with a continuous S1-action.

Let E be a symmetric ring spectrum and let X be a pointed space. We begin
by defining a cyclic space

(1) [r] 7→ THH(E;X)[r].

The geometric realization, which we denote by THH(E;X), will then be an S1-
space. Let I be the category with objects the finite sets

i = {1, 2, . . . , i}, i ≥ 1,

and the empty set 0 and morphisms all injective maps.
We define a functor G0(E;X) : I → T∗ from I to the category of pointed spaces.

It is given on objects by

G0(E;X)(i) = F (Si, X ∧ Ei),

the pointed mapping space, and on the standard inclusion ι : i → j by the map
G0(E;X)(ι), which takes f : Si → X ∧ Ei to the composite

Si ∧ Sj−i f∧1j−i−−−−−→ X ∧ Ei ∧ Ej−i
X∧µi,j−i−−−−−−→ X ∧ Ej .

The symmetric group Σi acts on on Si andEi and on the mapping spaceG0(E;X)(i)
by conjugation. This specifies the functor G0(E;X) on automorphisms, and finally,
every map in I may be written as the standard inclusion followed by an automor-
phism.

More generally, we have functors

(2) Gr(E;X) : Ir+1 → T∗
defined on objects by

Gr(E;X)(i0, . . . , ir) = F (Si0 ∧ · · · ∧ Sir , X ∧ Ei0 ∧ Ei1 ∧ · · · ∧ Eir
),

and whose value on morphisms is defined component-wise. Then the space of r-
simplices is

(3) THH(E;X)[r] = holim
−→
Ir+1

Gr(E;X).

We recall the definition of the face maps in THH(E;X) in detail, the remaining
cyclic structure maps being defined analogously. The category I has a monoidal
structure given by concatenation of sets and maps,

t : I × I → I,

but note that (I,t) is not symmetric monoidal. Let dj : Ir+1 → Ir, 0 ≤ j ≤ r, be
the functors defined by

dj(i0, . . . , ir) = (i0, . . . , ij t ij+1, . . . , ir), 0 ≤ j < r,

= (ir t i0, i1, . . . , ir−1), j = r,

on objects and similar on morphisms, and let

δj : Gr(E;X)→ Gr−1(E;X) ◦ dj , 0 ≤ j ≤ r,
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be the natural transformations defined by

δj = F (Si0 ∧ . . . ∧ Sir , X ∧ Ei0 ∧ . . . ∧ µij ,ij+1 ∧ . . . ∧ Eir ), 0 ≤ j < r,

= F (Sir ∧ Si0 ∧ . . . ∧ Sir−1 , X ∧ µir,i0 ∧ Ei1 ∧ . . . ∧ Eir−1) ◦ τ#, j = r,

where τ# = F (τ−1, τ) and τ permutes the smash factors as indicated. Then the
face maps

(4) dj : THH(E;X)[r]→ THH(E;X)[r − 1] , 0 ≤ j ≤ r,
are given by the composites

holim
−→
Ir+1

Gr(E;X)
δj−→ holim

−→
Ir+1

Gr−1(E;X) ◦ dj
can−−→ holim

−→
Ir

Gr−1(E;X),

where can is the canonical map of homotopy colimits, cf. [7].
In order to define the symmetric spectrum TH(E), we modify the construction

above as follows: Let P be a finite ordered set and let IP be the product, indexed
by P , of copies of I. Iterated concatenation according to the ordering of P specifies
a functor

tP : IP → I.

Let GP
r (E;X) be the functor obtained by composing Gr(E;X) with tP in each

factor and note that component wise concatenation gives a functor

tP : IP × IP → IP .

We then define the S1-space THHP (E;X) as the geometric realization of the cyclic
space with r-simplices

THHP (E;X)[r] = holim
−→

(IP )r+1

GP
r (E;X)

and cyclic structure maps defined as in (3), but with the functor tP in place of t.
Let P → P ′ be an injective, but not necessarily order preserving map. Extending
by zeros, we get a functor IP → IP ′

and in turn an S1-equivariant map

ι : THHP (E;X)→ THHP ′
(E;X)

which makes THHP (E;X) functorial in the variable P . In particular, the symmetric
group ΣP acts on THHP (E;X).

Let Q be a finite ordered set and let SQ be the |Q|-sphere with the ΣQ-action
given by permuting the smash factors. By naturality, we get an induced ΣQ-action
on THHP (E;SQ). Moreover, there is a natural ΣQ′ × ΣQ × S1-equivariant map

l : SQ′
∧ THHP (E;SQ)→ THHP (E;SQ′tQ)

which is functorial in P . We let both P and Q be equal to n and define the n-th
space of the topological Hochschild spectrum by

TH(E)n = THHP (E;SQ),

with Σn acting via the diagonal embedding Σn → ΣP × ΣQ. The map

λm,n : Sm ∧ TH(E)n → TH(E)m+n

is defined as the Σm × Σn × S1-equivariant map defined as the composite

Sm ∧ THHQ(E;SQ) Sm∧ι−−−→ Sm ∧ THHQ′tQ(E;SQ) l−→ THHQ′tQ(E;SQ′tQ),
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where Q′ = m and Q = n. We recall from [20, proposition 2.4] that

Proposition 2.2.1. Let E be a convergent connective symmetric ring spectrum.
Then with these definitions, TH(E) is a quasi-fibrant symmetric spectrum with an
S1-action. Moreover, for every finite subgroup C ⊂ S1, the fixed set TH(E)C is a
quasi-fibrant symmetric spectrum.

If E is a commutative symmetric spectrum, then TH(E) is again a commutative
symmetric ring spectrum, [20, 2.7.1]. We consider products in the appendix. We
also note that the zeroth space

TH(E)0 = |N cy(E0)|

is equal to the realization of the cyclic bar-construction on the pointed monoid E0

with multiplication given by µ0,0.

2.3. The basis of the definition of the topological cyclic homology of [4] is
the existence of a special family of maps, the restriction maps. These are maps of
symmetric spectra

(5) Rr : TH(E)Crs → TH(E)Cs ,

whose definition we now recall. We first remind the reader of the edgewise subdi-
vision of [4, §1].

Let Y : ∆op → C be a simplicial object in the category C. The r-fold concate-
nation of sets and maps defines a functor sdr : ∆ → ∆ and the r-fold subdivision
of Y is defined as the composite

sdr Y : ∆op sdop
r−−−→∆op Y−→ C.

In particular, the n-simplices are (sdr Y )[n] = Y [r(n + 1) − 1]. When C is the
category of sets, there is a canonical (non-simplicial) homeomorphism

Dr : | sdr Y | → |Y |

induced from

id×dr : Y [rn− 1]×∆n−1 → Y [rn− 1]×∆rn−1,

where dr : ∆n−1 → ∆rn−1 is the diagonal embedding.
Suppose thatX : Λ→ C is a cyclic object. The cyclic operator tn : X[n]→ X[n]

satisfies tn+1
n = id, so we get an action by the cyclic group Cr on (sdr X)[n] by

letting the generator act as tn+1
r(n+1)−1. One easily checks that the action is through

simplicial maps such that sdr X is a simplicial Cr-object. If C has finite limits,
we can take fixed points (sdr X)Cr . It turns out that this is again a cyclic object
with the cyclic operator on (sdr X)Cr [n] given by tr(n+1)−1. In the case of cyclic
sets, it is proved in [4, §1] that the homeomorphism Dr induces an S1-equivariant
homeomorphism

(6) Dr : |(sdr X)Cr | → ρ∗r |X|Cr ,

where the circle acts through the root isomorphism ρr : S1 → S1/Cr, ρr(z) =
z1/rCr, on the right.

We now construct the maps (5). We consider only the case s = 1, the general
case being similar. The cyclic space

sdr(THHn(E;Sn)[−])Cr
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has k-simplices
( holim
−→

(In)r(k+1)

Gn
r(k+1)−1(E;Sn))Cr ,

and the diagonal functor

∆r : (In)k+1 ∆r−−→ (In)r(k+1), (i0, . . . , ik) 7→ (i0, . . . , ik, . . . , i0, . . . , ik)

induces a homeomorphism

holim
−→

(In)k+1

(Gn
r(k+1)−1(E;Sn) ◦∆r)Cr

∼=−→ ( holim
−→

(In)r(k+1)

Gn
r(k+1)−1(E;Sn)Cr .

Indeed, this may be seen by considering the simplicial replacement of the homotopy
colimits, [7, §XII]. The left hand side is

holim
−→

(In)k+1

F ((Stni0 ∧ · · · ∧ Stnik)∧r, (Etni0 ∧ · · · ∧ Etnik)∧r)Cr ,

where Cr acts by cyclically permuting the smash factors in each variable and by
conjugation on the mapping space: the fixed set is the space of equivariant maps.
Restricting an equivariant map to the fixed set defines a map

holim
−→

(In)k+1

F ((Stni0 ∧ · · · ∧ Stnik)∧r, (Etni0 ∧ · · · ∧ Etnik)∧r)Cr

→ holim
−→

(In)k+1

F (Stni0 ∧ · · · ∧ Stnik , Etni0 ∧ · · · ∧ Etnik),

and one checks that as k varies, this induces a map of cyclic spaces

sdr(THHn(E;Sn)[−])Cr → THHn(E;Sn)[−].

Realizing and precomposing with the inverse of the map (6), we get the desired
map (5) of symmetric spectra.

The Frobenius maps

(7) Fr : TH(E)Crs → TH(E)Cs

are defined as the obvious inclusions. We fix a prime p and write R and F for Rp

and Fp, respectively. Then one defines

(8)
TRn(E; p) = TH(E)Cpn−1

TCn(E; p) = holim
←−

( TRn(E; p)
R //

F
// TRn−1(E; p) ),

the homotopy equalizer of R and F . As n varies, these constructions form pro-
systems TR·(E; p) and TC·(E; p) of quasi-fibrant symmetric spectra, and then

TR(E; p) = holim
←−
R

TRn(E; p)

TC(E; p) = holim
←−

TCn(E; p).

Since homotopy limits commute, the diagram

TC(E; p) // TR(E; p)
R //

F
// TR(E; p)

is a homotopy equalizer.
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Finally, we recall the homotopy orbit spectrum EhG of a finite group G acting
on a symmetric spectrum E which is defined as follows: We may view E as a functor
E from the category G with one object with endomorphisms G to the category of
symmetric spectra and form the homotopy colimit

holim
−→
G

E.

However, this is only fibrant in trivial cases, so we define EhG to be the fibrant
replacement. There is a strongly convergent first quadrant spectral sequence

(9) E2
s,t = Hs(G;πtE)⇒ πs+tEhG

from the group homology of the G-module π∗E. The following result is instrumental
in the analysis of topological cyclic homology. It was proved in [5, §1], but see also
[20, §2].

Theorem 2.3.1. There is a cofibration sequence of quasi fibrant symmetric
spectra

TH(E)hCpn

N−→ TRn+1(E; p) R−→ TRn(E; p),
where the map N is the norm map or hypertransfer. �

We thank Stefan Schwede for help with the proof of the following corollary.

Corollary 2.3.2. Suppose the ring A is the filtered colimit of rings Aα. Then
the canonical map

lim−→
α

π∗ TCn(Ãα; p) ∼−→ π∗ TCn(Ã; p)

is an isomorphism.

Proof. We recall that a filtered colimit is an exact functor. It is therefore
sufficient to show that

lim−→
α

π∗ TH(Ãα) ∼−→ π∗ TH(Ã)

is an isomorphism. Indeed, the spectral sequence (9) then shows that the same is
true for the homotopy orbits π∗ TH(−)hCpn and a five-lemma argument based on
2.3.1 implies the corresponding isomorphism for π∗ TRn(−; p). The statement then
follows from a five-lemma argument based on (8).

In order to prove the above isomorphism, we encounter the following technical
difficulty. As is well-known, a map from a compact space to a countable filtered
colimit of spaces along closed inclusions factors through some stage. However, this
is false for filtered colimits in general as one sees by considering the union of the
countable subsets of the unit interval. This example is due to Gaunce Lewis. We
overcome this difficulty by replacing TH(Ã) by a different model. Recall that for
every pair X· and Y· of pointed simplicial sets there are natural weak equivalences

F (|X·|, |Y·|)
∼−→ F (|X·|, |Ex∞(Y·)|)

∼←− |F (X·,Ex∞(Y·))|,
where Ex∞ is Kan’s functor, [27]. Moreover, the right hand side is the realization
of a fibrant simplicial set, and hence the homotopy groups may be calculated on the
simplicial level, [31, pp. 7, 62, 65]. The advantage of this is that if X· is finite and
if Y· is the filtered colimit of pointed simplicial sets Yα,· then the canonical map

lim−→
α

F (X·,Ex∞(Yα,·))→ F (X·,Ex∞(Y·))
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is an isomorphism of fibrant simplicial sets. Indeed, every map from a finite simpli-
cial set to a filtered colimit of simplicial sets factors through some stage of the limit.
We now define a quasi-fibrant symmetric spectrum TH′(Ã) of simplicial sets. The
definition is analogous to the definition of TH(Ã) with the following exceptions:
We replace the functor (2) by the functor

G′r(Ã;X)(i0, . . . , ir) = F (Si0
· ∧ · · · ∧ Sir

· ,Ex∞(X ∧Aα(Si0
· ) ∧ · · · ∧Aα(Sir

· )))

and define
THH′P (Ã;X)[r] = Ex∞( holim

−→
(IP )r+1

G′
P
r (Ã;X)).

As r varies this defines a bisimplicial set and the nth space of TH′(Ã) is then
diagonal simplicial set

TH′(Ã)n = δTHH′P (Ã;SP
· ),

where P = n. The discussion above shows that there is a natural isomorphism

π∗ TH′(Ã) ∼= π∗ TH(Ã),

where on the left the homotopy groups are calculated on the simplicial level. More-
over, it is also clear that if A is the filtered colimit of rings Aα, then the canonical
map

lim−→
α

TH′(Ãα)→ TH′(Ã)

is an isomorphism of quasi-fibrant symmetric spectra of pointed simplicial sets. But
taking homotopy groups on the simplicial level commutes with filtered colimits, and
hence the claim follows. �

3. Hypercohomology spectra

3.1. In his fundamental paper [42], Thomason extends the Godement con-
struction to presheaves of spectra on a site X. We briefly recall the construction.

Let F be a presheaf of symmetric spectra of simplicial sets on X, that is, a
contravariant functor from X to the category of symmetric spectra of simplicial
sets. By the stalk of F at the point x, we mean the colimit

Fx = lim−→
nbd(x)op

F (U),

where the colimit runs over the opposite category of the category of neighborhoods
of x in X. The functor p∗, which to a presheaf associates the collection of its stalks,
has a right adjoint p∗ given by

p∗({Fx})(U) =
∏

nbd(x)3U

Fx.

Every pair of adjoint functors Φ a Ψ defines a monad Ψ ◦ Φ and every monad
has a cobar construction, [30]. In the case at hand, we denote the monad p∗ ◦ p∗
by G and call its cobar construction G· the Thomason-Godement construction.
The hypercohomology spectrum of the site X with coefficients in the presheaf of
symmetric spectra F is then defined as the symmetric spectrum

H·(X;F ) = holim
←
∆

Γ(X,G·F ),

11



where the homotopy limit is taken over the simplicial category. The unit map of
the adjunction p∗ a p∗ gives rise to a map

F (X)
η−→ H·(X;F ).

If F is a presheaf of symmetric spectra of spaces on X, we define

H·(X,F ) = holim
←
∆

Γ(X, |G· SinF |),

where |G· SinF | is the cosimplicial presheaf of symmetric spectra of spaces which
in cosimplicial degree n has the presheaf whose value on U is |Gn SinF (U)|. To see
that these definitions are homotopically meaningful, we need the

Lemma 3.1.1. A filtered colimit of quasi-fibrant symmetric spectra of simplicial
sets is again quasi-fibrant. Moreover, the homotopy groups of the colimit are equal
to the colimit of the homotopy groups.

Proof. Every map from a finite pointed simplicial set (finitely many non-
degenerate simplices), to a filtered colimit of pointed simplicial sets factors through
a finite stage in the colimit. From this it follows easily that a filtered colimit
of fibrant pointed simplicial sets is again fibrant. Since the homotopy groups of a
fibrant simplicial set can be calculated using the simplicial spheres, which are finite,
the homotopy groups of a filtered colimit of fibrant pointed simplicial sets is the
colimit of the homotopy groups. This proves the lemma. �

The lemma shows that if F is a presheaf of quasi-fibrant symmetric spectra of
simplicial sets, then the stalk Fx is again quasi-fibrant and

π∗(Fx) ∼= (π∗F )x,

the stalk of the presheaf of abelian groups π∗F . Indeed, the category nbd(x)op

is filtered, and moreover, products preserve quasi-fibrant symmetric spectra and
commute with taking homotopy groups, so G·F is a cosimplicial presheaf of quasi-
fibrant symmetric spectra and the homotopy groups

π∗(G·F ) ∼= G·(π∗F )

is the Godement construction of the presheaf of abelian groups π∗F . If X has
enough points then this is a flabby resolution of the sheaf π̃∗F associated with
the presheaf π∗F and may thus be used to calculate the sheaf cohomology groups
H∗(X, π̃∗F ). It follows that for a presheaf of quasi-fibrant symmetric spectra (of
spaces or simplicial sets) on a siteX with enough points, one has a spectral sequence

Es,t
2 = Hs(X, π̃−tF )⇒ π−s−tH·(X,F ),

which converges conditionally in the sense of [2]. Indeed, this is the spectral se-
quence of [7, XI, §7]. Moreover, the edge homomorphism of the spectral sequence
coincides with the map induced from the map η above.

Proposition 3.1.2. Let F· be a pro-presheaf of quasi-fibrant symmetric spectra
on X which has enough points. Then there is a conditionally convergent spectral
sequence

Es,t
2 = Hs

cont(X, π̃−tF·)⇒ π−s−t holim
←−
n

H·(X,Fn),

where the groups on the left are the continuous cohomology groups of the pro-sheaf
π̃∗F· in the sense of Jannsen, [25].

12



Proof. The spectral sequence of [7], chap. X, takes the form

Es,t
2 = lim

←−
∆×N

sπ−tΓ(X,G·F·)⇒ π−s−t holim
←

∆×N

Γ(X,G·F·),

and the identification of the E2-term follows from the

Lemma 3.1.3. Let F· be a pro-presheaf on X and F̃· its associated pro-sheaf.
Then

Hs
cont(X, F̃·) = lim

←−
∆×N

s Γ(X,G·F·),

provided that X has enough points.

Proof. The Godement construction on a presheaf calculates sheaf cohomol-
ogy, and in particular global sections, of the associated sheaf. Hence

lim
←−
∆×N

Γ(X,G·F·) = lim
←−
N

Γ(X, F̃·),

for every pro-presheaf on X. Hence it suffices to show that for every injective object
I· in the category of pro-sheaves of abelian groups on X,

lim
←−
∆×N

s Γ(X,G·I·) = 0,

when s > 0. Since limits preserve injectives, we have a Grothendieck spectral
sequence

Ep,q
2 = lim

←−
N

p (lim
←−
∆

q Γ(X,G·I·))⇒ lim
←−
∆×N

p+q Γ(X,G·I·).

Now recall from [25] that a pro-sheaf I· is injective if and only if each Ip is an
injective sheaf and each structure map Ip → Ip−1 has a section. Hence

lim
←−
∆

q Γ(X,G·Ip) = Hq(X, Ip) =

{
Γ(X, Ip) if q = 0
0 if q > 0,

and the maps Γ(X, Ip) → Γ(X, Ip−1) have sections such that, e.g. by the Mittag-
Leffler criterion,

lim
←−
N

p Γ(X, I·) = 0,

for p > 0. This proves the lemma. �

Let X be a scheme and let K(X) be a functorial quasi-fibrant symmetric spec-
trum model for the non-connective K-theory of the category of perfect complexes
on X. We let K/pn(X) be a functorial fibrant replacement of the smash product of
K(X) and a Moore spectrum for Z/pn, where the smash product is formed in the
symmetric monoidal category of symmetric spectra, [22]. The homotopy groups
is the non-connective K-theory with coefficients K∗(X; Z/pn). Since the Moore
spectrum is finite, [43, theorem 10.3] implies that the canonical map

K/pn(X) ∼−→ H·(XZar,K/p
n(−))

is a weak equivalence, at least if the underlying space of X is noetherian of finite
dimension. This remains true if we take the homotopy limit over n, so we get a
weak equivalence

K(X)
∧

p
∼−→ holim

←−
n

H·(XZar,K/p
n(−)).
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The homotopy groups of the p-completion K(X)
∧

p are given by Milnor’s sequence

0→ lim←−
n

1Ki+1(X; Z/pn)→ Ki(X; Zp)→ lim←−
n

Ki(X; Z/pn)→ 0.

Therefore, the proposition gives a spectral sequence

(10) Es,t
2 = Hs

cont(XZar, (K/p·)−t)⇒ K−s−t(X; Zp)

which we will call the Zariski descent sequence for p-adic K-theory.

3.2. Let Sch/S and Aff/S denote the categories of all schemes and all affine
schemes, respectively, over a base S. The functor

U = SpecA 7→ TH(Ã)

defines a presheaf of cyclic quasi-fibrant symmetric spectra on Aff/S. We first study
the associated presheaf of abelian groups π∗ TH.

Proposition 3.2.1. Let A→ B be an étale map of rings. Then the map

B ⊗A π∗ TH(Ã) ∼−→ π∗ TH(B̃)

induced from the product structure is an isomorphism.

Proof. We deduce the lemma from the corresponding statement for Hochschild
homology which is well-known, see e.g. [13]. Since A→ B is flat the statement of
the lemma is equivalent to the statement that the map of symmetric spectra

B̃ ∧Ã TH(Ã)→ TH(B̃)

is a weak equivalence. By the arithmetic square, it is enough to prove that this
map induces isomorphism on homotopy groups with Z/p-coefficients, for all primes
p, and on rational homotopy groups. Moreover, since the spectra are connective, it
will be sufficient to prove the corresponding statements on homology. So let k be a
prime field. The skeleton filtration of the symmetric spectrum TH(Ã) gives rise to
Bökstedt’s spectral sequence

E2(A) = HH∗(AA)⇒ H∗(TH(Ã); k),

where AA denotes the spectrum homology H∗(Ã; k). The map B ⊗A AA → AB

induced from the multiplicative structure is an isomorphism since A → B is flat.
In particular, AA → AB is étale such that

AB ⊗AA
HH∗(AA)→ HH∗(AB)

is an isomorphism, and moreover,

AB ⊗AA
HH∗(AA) = (B ⊗A AA)⊗AA

HH∗(AA) = B ⊗A HH∗(AA).

This shows that B ⊗A E2(A) → E2(B) is an isomorphism, and since A → B is
flat, this persists to E∞. Finally, the filtration of H∗(TH(B̃); k) induced from the
spectral sequence is finite in each degree such that

B ⊗A H∗(TH(Ã); k)→ H∗(TH(B̃); k)

is an isomorphism. This concludes the proof. �

The proposition shows that π∗ TH(−) is a quasi-coherent sheaf on (Aff/S)τ

in any topology τ which is coarser than the étale topology. Since quasi-coherent
sheaves do not have higher sheaf cohomology on affine schemes, the descent spectral
sequence collapses showing that

14



Corollary 3.2.2. For any affine scheme SpecA, the canonical map

TH(Ã) ∼−→ H·((SpecA)τ ; TH)

is a weak equivalence of quasi-fibrant symmetric spectra.

The analogous statement for linear Hochschild homology was proved in [13].
The corollary suggests that we take the right hand side of 3.2.2 as our definition of
the topological Hochschild homology of a general scheme X. Note that a presheaf
F on Aff/S can always be extended to a presheaf on Sch/S by assigning a scheme
X the value F (Γ(X,OX)).

Definition 3.2.3. TH(Xτ ) = H·(Xτ ; TH)

The choice of topology is irrelevant. For the morphism of sites Xét → Xτ will
induce a weak equivalence

TH(Xτ ) ∼−→ TH(Xét),

at least if X is quasi-compact and quasi-separated. Indeed, for affine schemes this
is 3.2.2 and the general case follows from this using the fact that hypercohomology
has Čech cohomological descent, [42, theorem 1.46].

3.3. We next consider topological cyclic homology. Note that the symmetric
spectrum H·(Xτ ,TH) has an action by the topological group |SinS1| and hence by
the circle S1. Moreover, the canonical map

H·(Xτ ; THCr )→ H·(Xτ ; TH)Cr

is an isomorphism since finite limits commute with realization, filtered colimits and
with any functor which has a left adjoint. Hence the restriction and Frobenius maps
of (5) and (7) induce similar maps

Rr, Fr : TH(Xτ )Crs → TH(Xτ )Cs ,

where again Rr and Fr are maps of quasi-fibrant symmetric spectra, respectively.
Following (8) we define pro-symmetric spectra TR·(Xτ ; p) and TC·(Xτ ; p), and
then

(11)

TR(Xτ ; p) = holim
←−
R

TRn(Xτ ; p)

TC(Xτ ; p) = holim
←−

TCn(Xτ ; p).

This is our definition of the topological cyclic homology of the site Xτ . We proceed
to show that the choice of topology is irrelevant. The key result we need is the
analog of the fundamental cofibration sequence 2.3.1.

Lemma 3.3.1. Let X be a quasi-compact and quasi-separated scheme and let τ
be any topology coarser than the étale topology. Then the canonical map

H·(Xτ ; TH)hCr

∼−→ H·(Xτ ; THhCr
)

is a weak equivalence.

Proof. The homotopy orbit spectrum TH(E)hCr is a fibrant replacement of
the symmetric spectrum TH(E) ∧

Cr
ECr+, where ECr is a contractible space on

which Cr acts freely. We may choose ECr such that the k-skeleton EkCr is finite.
This implies that

H·(Xτ ; TH) ∧
Cr
EkCr+

∼−→ H·(Xτ ; TH∧
Cr
EkCr+)
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is a weak equivalence. Moreover, the canonical map

holim
−→
k

H·(Xτ ; TH) ∧
Cr
EkCr+

∼−→ H·(Xτ ; TH)hCr

is a weak equivalence, so we have left to show that the same holds for the map

holim
−→
k

H·(Xτ ; TH∧
Cr
EkCr+)→ H·(Xτ ; THhCr ).

The cofibration sequence of Cr-spaces

Ek−1Cr+ � EkCr+ →
∨
α

ΣkCr+

leads to a cofibration sequence of symmetric spectra

H·(Xτ ; TH∧
Cr
Ek−1Cr+)→ H·(Xτ ; TH∧

Cr
EkCr+)→

∨
α

ΣkH·(Xτ ; TH),

where the wedge sum on the right is indexed by the set of (equivariant) k-cells in
ECr. Since X is quasi-compact and quasi-separated, the spectrum H·(Xτ ; TH) is
bounded below, and hence the connectivity of the wedge sum on the right tends to
infinity with k, proving the claim. �

Proposition 3.3.2. Let X be a quasi-compact and quasi-separated scheme.
Then there is a cofibration sequence of quasi-fibrant symmetric spectra

TH(Xτ )hCpn

N−→ TRn+1(Xτ ; p) R−→ TRn(Xτ ; p),

where τ may be any topology which is coarser than the étale topology.

Proof. The hypercohomology construction preserves cofibration sequences, so
theorem 2.3.1 gives a cofibration sequence

H·(Xτ ; THhCpn ) N−→ H·(Xτ ; THCpn ) R−→ H·(Xτ ; THCpn−1 ).

The middle and the right hand term are canonically isomorphic to the terms in
the cofibration sequence in the statement, and the lemma identifies the left hand
term. �

Corollary 3.3.3. For any ring A, the canonical map

TC(Ã; p) ∼−→ TC((SpecA)τ ; p)

is a weak equivalence of quasi-fibrant symmetric spectra.

Proof. Taking homotopy orbits preserves weak equivalences, so lemma 3.2.2
implies that

TH(Ã)hCpn

∼−→ TH((SpecA)τ ))hCpn

is a weak equivalence. It then follows inductively from 3.3.2 that same holds for the
presheaves TRn(−; p), and this in turn implies the statement for TCn(−; p). The
corollary follows by taking homotopy limits. �

Corollary 3.3.4. The morphism of sites Xét → Xτ induces a weak equiva-
lence of quasi-fibrant symmetric spectra

TC(Xτ ; p) ∼−→ TC(Xét; p),

at least if X is quasi-compact and quasi-separated.
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Analogous statements hold for the functor TR(−; p). Moreover, the diagram
of quasi-fibrant symmetric spectra

TC(Xτ ; p) // TR(Xτ ; p)
R //

F
// TR(Xτ ; p)

is a homotopy equalizer. Let T R·
i and T C·

i denote the pro-sheaves on (Sch/S)τ

associated with the pro-presheaves πi TC(−; p) and πi TR(−; p), respectively. Then
the spectral sequence 3.1.2 takes the form

(12) Es,t
2 = Hs

cont(Xτ ; T C·
−t)⇒ π−s−t TC(Xτ ; p),

where, by the corollary, the spectrum TC(Xτ ; p) is independent up to weak equiv-
alence of the choice of topology τ . The spectral sequence, however, depends on the
choice of topology. The continuous cohomology of a pro-sheaf F· fits in an exact
sequence

(13) 0→ lim←−
n

1Hs−1(Xτ ;Fn)→ Hs
cont(Xτ ;F·)→ lim←−

n

Hs(Xτ ;Fn)→ 0.

The sheaf cohomology of any Zariski sheaf of abelian groups on a Noetherian scheme
X vanishes in dimensions > dimX. It follows that the continuous cohomology of
a Zariski pro-sheaf of abelian groups vanishes in dimensions > dimX + 1. In
particular, the groups TCi(X; p) vanish for i < −dimX − 2. In fact, they vanish
for i < −dimX − 1. For the structure maps in the pro-sheaf T C·

−1 = W·(−)F are
surjections and top dimensional sheaf cohomology is right exact, so the relevant
derived limit vanishes.

Remark 3.3.5. In [8], Dundas and McCarthy give a definition of topological
cyclic homology of an exact category, which in the case of the category of finitely
generated projective modules over a ring A recovers the topological cyclic homology
of A. It would therefore be natural to define topological cyclic homology of a scheme
X as the topological cyclic homology of the exact category of algebraic vector
bundles on X. Such a definition has some advantages. For example, it implies a
formula for the topological cyclic homology of a Brauer-Severi variety analogous to
the well-known formula inK-theory. To show that the Dundas-McCarthy definition
agrees with the definition given here, it would be sufficient to show that every
covering of X by two Zariski open sets gives rise to a Mayer-Vietoris square. We
shall not go into this here, however.

4. The pro-sheaves T C·
i

4.1. Throughout this paragraph, k will be a perfect field of characteristic
p > 0, W its ring of p-typical Witt vectors and K the field of fractions of W .

The de Rham-Witt complex W·Ω∗ of Deligne-Illusie, [23], is a complex of pro-
presheaves on Sch/k which may be characterized as the universal example of a
certain algebraic structure, see e.g. [18, §1]. It is proved in loc.cit. that the pro-
presheaves TR·

∗(−; p) gives another example of this structure such that there is a
canonical map of complexes of pro-presheaves

λ : W·Ω∗ → TR·
∗(−; p),

where the differential on the right is given by Connes’ B-operator. Both of these
pro-presheaves are in fact pro-sheaves for the étale topology, and hence also for any
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coarser topology. We write T R·
∗ for the right hand side. It follows from a theorem

of the second author that the canonical map

(14) λ : W·Ω∗
∼−→ T R·

∗

is an isomorphism of complexes of pro-presheaves on Sm/k. Indeed, by [18, theorem
B] there is a canonical isomorphism

WnΩi ⊗ Z[σn] ∼−→ T Rn
i ,

such that R(σn) = pσn−1 up to a p-adic unit and such that the cokernel Cn of the
canonical map WnΩi → T Rn

i is isomorphic to WnΩi ⊗ σnZ[σn]. Since WnΩi is a
Z/pn-module and R(σn) = pσn−1, it follows that C2n → Cn is the zero map, and
hence the cokernel pro-sheaf is Mittag-Leffler zero. The kernel is trivial.

Consider the map d log : Gm → WnΩ1 of presheaves on Sm/k which takes a
section x to dxn/xn, where n : Gm → Wn(Ga) is the Teichmüller section. Using
the product on WnΩ∗, we get a map of presheaves

G⊗i
m →WnΩi.

Both of these presheaves are in fact sheaves on (Sm/k)ét and the image sheaf is
denoted by νn(i), and also WnΩi

log, and called the ith logarithmic de Rham-Witt
sheaf. In other words, νn(i) is the subsheaf of the sheaf WnΩi on (Sm/k)ét which is
generated locally for the étale topology by sections of the form d log x1∧. . .∧d log xi.
By Gros-Suwa [17], the sheaves νn(i) have a Gersten resolution

0→ νn(i)→
⊕

x∈X(0)

(ix)∗νn(i)(k(x))→
⊕

x∈X(1)

(ix)∗νn(i− 1)(k(x))→ . . . ,

where the sums run over the points of X of the indicated codimension, and where
(ix)∗M is the skyscraper sheaf concentrated at x with value M . It follows, in
particular, that Hi

cont(XZar, ν·(j)) = 0 for i > j. As n varies we get a pro-sheaf
ν·(i) on (Sm/k)ét, and it is proved in [23, I 5.7.2] that the sequences

(15) 0→ ν·(i)→W·Ωi R−F−−−→W·Ωi → 0

are exact. Here F is the Frobenius operator on the de Rham-Witt complex. It is
related to the geometric Frobenius by φ = piF .

Theorem 4.1.1. The pro-sheaves T C·
i and ν·(i) on (Sm/k)ét are canonically

isomorphic. In particular, the descent spectral sequence takes the form

Es,t
2 = Hs

cont(Xét, ν·(−t))⇒ TC−s−t(X; p).

Moreover, the spectral sequence degenerates rationally with naturally split filtration.

Proof. The isomorphism (14) identifies the long-exact homotopy sequence

· · · → T C·
i → T R

·
i

R−F−−−→ T R·
i → T C

·
i−1 → . . .

with the short-exact sequences (15). This proves the first claim and the spectral
sequence is then given by (12). To see that spectral sequence degenerates rationally,
we consider the action by the geometric Frobenius endomorphism φX on the spectral
sequence. But φX acts like pi on ν·(i), and by naturality of the spectral sequence,
the differentials commute with φX . Hence

ds,−t
r (ptx) = pt+r−1ds,−t

r (x)

such that pt(1− pr−1)ds,−t
r = 0. �
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Remark 4.1.2. On a smooth scheme X, the de Rham-Witt pro-sheaves W·Ωi

vanish above the dimension of X and the sequence (15) then shows that same holds
for the pro-sheaves ν·(i). Hence the spectral sequence shows that

TCi(X; p) = 0,

when i > dimX and X is smooth.

Lemma 4.1.3. Let U be a smooth affine scheme. Then Hs
cont(Uτ ,W·Ωi) = 0,

for s > 0, in either the Zariski or étale topology, and Hs
cont(Uét, ν·(i)) = 0, for

s > 1.

Proof. On an affine scheme U , the cohomology of a quasi-coherent sheaf of
OU -modules vanishes in positive degrees. This holds in both the Zariski and étale
topology. Let Wn(U) be the scheme which has U as its underlying topological
space and Wn(OU ) as its structure sheaf. Then WnΩi is a quasi-coherent sheaf
of Wn(OU )-modules. It follows that the higher sheaf cohomology of WnΩi

U van-
ishes. Hence the first statement follows from (13). For by construction, the struc-
ture maps in the limit system H0(U,WnΩi) are surjections, so the derived limit
lim←−

1H0(U,WnΩi) vanishes and hence so does H1
cont(U,W·Ωi). The second state-

ment is a consequence of the first statement and (15). �

Consider the morphism of sites

ε : (Sm/k)ét → (Sm/k)Zar

and denote the restriction ε∗νn(i) again by ν·(i). By lemma 4.1.3, we get an exact
sequence of Zariski pro-sheaves

0→ ν·(i)→W·Ωi R−F−−−→W·Ωi → R1ε∗ν·(i)→ 0,

and the higher derived images Rsε∗ν·(i) vanish for s > 1. In particular, the Leray
spectral sequence

(16) Es,t
2 = Hs

cont(XZar, R
tε∗ν·(i))⇒ Hs+t

cont(Xét, ν·(i))

becomes a long-exact sequence

· · · → Hs
cont(XZar, ν·(i))→ Hs

cont(Xét, ν·(i))→ Hs−1
cont(XZar, R

1ε∗ν·(i))
δ−→ · · ·

By (14), the canonical map W·Ωi → T R·
i is an isomorphism of Zariski pro-sheaves

on Sm/k, and comparing the sequences above to the long-exact homotopy sequence

· · · → T C·
i → T R

·
i

R−F−−−→ T R·
i → T C

·
i−1 → . . .

we get short sequences

(17) 0→ R1ε∗ν·(i+ 1)→ T C·
i

ρ−→ ν·(i)→ 0

of pro-sheaves on (Sm/k)Zar.

Proposition 4.1.4. There is a natural isomorphism

H0
cont(XZar, R

1ε∗ν·(1)) ∼= Tp Br(X),

where the right term is the Tate module of the (cohomological) Brauer group of X.
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Proof. From [23, 3.23.2] we have a short exact sequence of étale sheaves

(18) 0→ Gm
pn

−→ Gm
d log−−−→ νn(1)→ 0,

and Hilbert’s theorem 90 and lemma 4.1.3 shows that associated long exact sequence
of higher derived image sheaves takes the form

0→ R1ε∗νn(1)→ R2ε∗Gm
pn

−→ R2ε∗Gm → 0.

It follows that H0(XZar, R
1ε∗νn(1)) ∼= pnH0(XZar, R

2ε∗Gm), and finally, Hilbert’s
theorem 90 and the vanishing of H2(XZar,Gm) shows that edge homomorphism in
the change of topology spectral sequence induces an isomorphism

H0(XZar, R
2ε∗Gm) ∼= H2(Xét,Gm) = Br(X).

The stated isomorphism now follows from the short exact sequence for continuous
cohomology, (13). �

4.2. The Milnor K-groups of a field E are defined as

KM
∗ (E) = T ∗(E×)/(a⊗ (1− a)|a ∈ E× − {1}),

the tensor algebra on the units modulo the ideal generated by the Steinberg relation.
If E is a field of characteristic p > 0, one has the map

d log : KM
i (E)→WnΩi

E

induced via products from d log x = dxn/xn. It factors through the Steinberg
relation because WnΩ2

Fp(x) = 0. It is easily checked that (R − F ) ◦ d log = 0, and
by Bloch-Gabber-Kato, [1], the induced map

(19) d log : KM
i (E)/pn → νn(i)(E)

is an isomorphism. It is known that the groups KM
i (E) are p-torsion free. This was

proved by Suslin, [41], when i = 2, and by Izhboldin, [24], in general. Recently,
the first author and M. Levine have shown

Theorem 4.2.1. ([11]) Let E be a field of characteristic p > 0. Then the
canonical map

ι : KM
i (E)/pn → Ki(E,Z/pn)

is an isomorphism. �

The cyclotomic trace map induces a map of pro-sheaves on (Sch/k)Zar:

(20) trc : (K/p·)∗ → T C·
∗,

where we remember, pro-sheaves are considered up to the Serre subcategory of
Mittag-Leffler zero pro-sheaves. Indeed, the cyclotomic trace gives, upon smashing
with the mod p· Moore spectrum, a map of pro-presheaves of symmetric spectra
on Sch/k,

K(−)/p· → TC·(−; p)/p·,

and the map of homotopy groups induced from the reduction map

TC·(−; p)→ TC·(−; p)/p·
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is an isomorphism of pro-presheaves of abelian groups on Sch/k. Let us explain the
last statement in more detail. We have maps of cofibration sequences of symmetric
spectra

TCn(−; p)
pn

−−−−→ TCn(−; p) −−−−→ TCn(−; p)/pnypR

yR

y
TCn−1(−; p)

pn−1

−−−−→ TCn−1(−; p) −−−−→ TCn−1(−; p)/pn−1

and the statement is then equivalent to the pro-presheaf of homotopy groups
associated with the left hand maps being Mittag-Leffler zero. But the groups
π∗ TRn(−; p) are pn-torsion and the sequence

· · · → π∗ TCn(−; p)→ π∗ TRn(−; p) R−F−−−→ π∗ TRn−1(−; p)→ . . .

shows that the groups π∗ TCn(−; p) are p2n−1-torsion.

Theorem 4.2.2. The composition of maps of pro-sheaves on (Sm/k)Zar,

(K/p·)i
trc−−→ T C·

i
ρ−→ ν·(i),

is an isomorphism.

Proof. It is enough to show that the composite induces an isomorphism of
stalks at the points of (Sm/k)Zar, and since the functors in question all commute
with filtered colimits, this is equivalent to showing that for any essentially smooth
local k-algebra A, the composite map

Ki(A,Z/p·) trc−−→ TC·
i(A; p)

ρ−→ ν·(i)(A)

is an isomorphism of pro-abelian groups up to Mittag-Leffler zero objects. To this
end, we first use Gersten resolutions together with (19) and 4.2.1 to produce an
isomorphism between Ki(A,Z/p·) and ν·(i)(A). We then show that the map above
induces the isomorphism.

Let U = SpecA and let x be a point of codimension 1 on U . Let k(U) be the
function field of U and let k(x) be the residue field at x. Let Ri denote any of the
functors Ki(−,Z/pn), KM

i /pn and νn(i). Then one has residue homomorphisms

Ri(k(U)) ∂x−→ Ri−1(k(x)),

and these are compatible up to a sign with the maps ι and d log such that the
following diagram commutes up to a sign:

Ki(k(U),Z/pn) ι←−−−− KM
i (k(U))/pn d log−−−−→ νn(i)(k(U))y y y⊕

x∈U(1)

Ki−1(k(x),Z/pn) ι←−−−−
⊕

x∈U(1)

KM
i−1(k(x))/p

n d log−−−−→
⊕

x∈U(1)

νn(i− 1)(k(x)).

Moreover, the inclusion of the generic point Spec k(U)→ U induces isomorphisms
of the kernel of the left vertical map and Ki(U,Z/pn) and of the right vertical
map and νn(i)(U). The first of these statements is proved analogously to [39, §7,
5.11], and the second statement is proved in [17]. Now the right horizontal maps
are isomorphisms by (19) and the left horizontal maps are isomorphisms by 4.2.1.
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It follows that the abelian groups Ki(U,Z/pn) and νn(i)(U) are isomorphic, and
hence so are the corresponding pro-abelian groups.

It remains to show that the composite map listed in the beginning of the proof
induces the isomorphism. By 4.2.1 and naturality, it will suffice to prove that the
following diagram of pro-abelian groups commutes:

Ki(k(U),Z/p·) trc−−−−→ TC·
i(k(U); p)xι

yρ

KM
i (k(U))/p· d log−−−−→ ν·(i)(k(U)).

We write E = k(U) and embed this diagram in the larger diagram

Ki(E) // // Ki(E,Z/p·) trc // TC·
i(E; p) //

ρ

��

TR·
i(E; p)

KM
i (E)

ι

OO

// // KM
i (E)/p·

ι

OO

d log
// ν·(i)(E) // // W·Ωi

E

∼ λ

OO

Since the lower left hand horizontal map is epi, the lower right hand horizontal map
is mono and the right hand vertical map is an isomorphism, we may instead show
that the outer diagram commutes. We prove in the appendix that the cyclotomic
trace is multiplicative, thus reducing us to showing that the diagram commutes
for i = 1. Since the differential on the de Rham-Witt complex and Connes’ B-
operator are compatible under the map λ, the commutativity would be trivial was
trc replaced by the map B log. Hence the following lemma finishes the proof. �

Lemma 4.2.3. Let A be any commutative ring, let tr : K1(A) → TR·
1(A; p) be

the trace and let ι1 : A× → K1(A) be the inclusion of the units. Then

tr ◦ ι1 = −B log,

where B log x = Bx · x−1.

Before we prove the lemma, we derive three immediate corollaries of the theo-
rem.

Corollary 4.2.4. There is a canonical isomorphism of pro-sheaves on (Sm/k)Zar,

T C·
i
∼= ν·(i)⊕R1ε∗ν·(i+ 1),

and the cyclotomic trace corresponds to the inclusion of the first summand.

Proof. Indeed, theorem 4.2.2 identifies the pro-sheaves ν·(i) and (K/p·)i and
shows that the cyclotomic trace splits the sequence (17). �

Corollary 4.2.5. The map of pro-sheaves on (Sm/k)ét induced from the cy-
clotomic trace,

trc : (K/p·)i
∼−→ T C·

i

is an isomorphism.

Proof. Sheafifying the composite map of Zariski pro-sheaves in the statement
of theorem 4.2.2 for the étale topology, the map ρ becomes an isomorphism by
corollary 4.2.4. Since the composite is also an isomorphism, the claim follows. �
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Theorem 4.2.6. If X is a smooth scheme over k, then

TC(X; p) ' H·(Xét,K(−))
∧

p .

Proof. The map of hypercohomology spectra induced by the cyclotomic trace,

holim
←−
N

H·(Xét,K/p
·(−)) ∼−→ holim

←−
N

H·(Xét,TC·(−; p)) = TC(X; p)

is a weak equivalence. For by the previous corollary, the map of E2-terms of the cor-
responding descent spectral sequences is an isomorphism, and for X quasi-compact
and quasi-separated, lemma 4.1.3 and the fact that hypercohomology has Čech
cohomological descent shows that the spectral sequences are concentrated in the
region s ≤ N , for some N , and hence converges strongly. Since the mod p· Moore
spectrum is finite

H·((SpecE)ét,K/p·(−)) ' H·((SpecE)ét,K(−))/p·,

see e.g. [36, 3.10]. But by definition of p-completion,

holim
←−
N

H·((SpecE)ét,K(−))/p· = H·((SpecE)ét,K(−))
∧

p ,

and the theorem follows. �

Example 4.2.7. The theorem is also valid for any field E of characteristic
p > 0, and then states that

TC(E; p) ' (holim
−→
α

K(Eα)hGα)
∧

p ,

where the homotopy runs over the finite extensions Eα/E in a separable closure Es

and Gα is the Galois group of Eα. Indeed, [42, Example 1.50] shows that for any
presheaf F of quasi-fibrant symmetric spectra on (SpecE)ét,

H·((SpecE)ét, F ) ' holim
−→
α

F (Eα)hGα.

To see that the theorem holds for fields, it is enough, by 3.1.2, to show that the
cyclotomic trace induces an isomorphism

Hs
cont((SpecE)ét, (K/p·)−t)

∼−→ Hs
cont((SpecE)ét, T C·

−t),

and to this end, we write E as a filtered colimit of smooth Fp-algebras Aα and
consider the diagram

Hs
cont((SpecE)ét, (K/p·)−t) −−−−→ Hs

cont((SpecE)ét, T C·
−t)x x

lim−→
α

Hs
cont((SpecAα)ét, (K/p·)−t) −−−−→ lim−→

α

Hs
cont((SpecAα)ét, T C·

−t)

The lower horizontal map is an isomorphism by corollary 4.2.5 and the vertical
maps are isomorphisms by continuity of étale cohomology, [33, III lemma 1.16],
and (13).
Proof of lemma 4.2.3. We begin the proof by recalling the definitions of the maps
in the statement. For typographical reasons, we shall shorten notation and write
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T instead of THH. The restriction of the cyclotomic trace of [4] is the map of
components induced from the composition

GL1(A)→ Ω
(
BGL(A)+

) trc−−→ holim
−→
n

Ωn+1 TH(A)Cr
n .

This map in turn may be identified with the composite

GL1(A) ι̃1−→ Ω|NGL1(A)| I−→ Ω|N cyGL1(A)| ∆r−−→ Ω|(sdr N
cyGL1(A))Cr |

j−→ Ω|(sdr N
cy
∧ (A))Cr | λ̃l,0−−→ Ωl+1|(sdr T

l(Ã;Sl))Cr |.
Here the first map is the adjoint of the inclusion of the 1-skeleton, the second map
is induced from the simplicial map

I : NGL1(A)→ N cyGL1(A)

given in simplicial degree k by

I(x1, · · · , xk) = (x−1
k . . . x−1

1 , x1, . . . , xk),

the third map is the diagonal isomorphism, the fourth map is induced from the
inclusion of the units in the underlying multiplicative (pointed) monoid A and the
last map is the adjoint of the symmetric spectrum structure map.

We next recall the definition of the map B log from [18, §1]. The Teichmüller
section

: A→ π0 TH(Ã)Cr

is the map of components induced from the composite

A
ι0−→ |N cy

∧ (A)| ∆r−−→ |(sdr N
cy
∧ (A))Cr | λ̃n,0−−−→ Ωn|(sdr T

n(Ã;Sn))Cr |,
where the first map is the inclusion of the 0-skeleton and the remaining maps are
as above. Here Tn is the THHn from the section preceeding proposition 2.2.1. To
define the B-operator

B : π∗ TH(A)Cr → π∗+1 TH(A)Cr ,

we let [σ] ∈ πS
1 (S1

+) be the class which reduces to (id, 0) under the isomorphism

πS
1 (S1

+) ∼= πS
1 (S1)⊕ πS

1 (S0) ∼= Z〈id〉 ⊕ Z/2〈η〉
induced from the maps

S1 p1←− S1
+

p0−→ S0,

which identify the extra base point with 1 ∈ S1 and collapses S1 to the non-base
point in S0, respectively. Let σ : Sm+1 → Sm ∧S1

+ be a representative of [σ]. Then
B is the map of homotopy groups induced from the composite

Ωn|(sdr T
n(Ã;Sn))Cr | σ∧−−−−→ Ωl+1(Sm ∧ S1

+ ∧ |(sdr T
n(Ã;Sn))Cr |)

ω−→ Ωl+1(Sm ∧ |(sdr T
n(Ã;Sn))Cr |) λm,n−−−→ Ωl+1|(sdr T

l(Ã;Sl))Cr |,
where we have written l = m+ n, and where ω is the action map.

Finally, the product

π∗ TH(Ã)Cr ⊗ π∗ TH(Ã)Cr → π∗ TH(Ã)Cr

is the external product followed by the map of homotopy groups induced from

Ωl|(sdr T
m(Ã;Sm))Cr ∧ (sdr T

n(Ã;Sn))Cr | sdr µm,n−−−−−→ Ωl|(sdr T
l(Ã;Sl))Cr |,
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where again l = m+n, and where µm,n are defined in [20, 2.7.1]. It will be sufficient
to know the formula for µ0,0. This is the simplicial, or in fact cyclic, map

µ0,0 : N cy
∧ (A) ∧N cy

∧ (A)→ N cy
∧ (A)

given by in simplicial degree k by

µ0,0(x0, . . . , xk; y0, . . . , yk) = (x0y0, . . . , xkyk).

Note that we need that the ring A be commutative for this formula to define a
simplicial map.

Let us now go back to the trace map. The map GL1(A)→ π1 TH(Ã)Cr is equal
to the map of components induced from the composite of the adjunction

(21) GL1(A)→ Ωl+1(Sl+1 ∧GL1(A))

and the map of (l + 1)st loop spaces induced from

(22)
Sl+1 ∧GL1(A) ι1−→ Sl ∧ |NGL1(A)| I−→ Sl ∧ |N cyGL1(A)|

j−→ Sl ∧ |N cy
∧ (A)| ∆r−−→ Sl ∧ | sdr N

cy
∧ (A)Cr | λl,0−−→ |(sdr T

l(Ã;Sl))Cr |.

Indeed, this just amounts to saying that the diagram of simplicial sets

N cyGL1(A) ∆r−−−−→ sdr N
cyGL1(A)Cryj

yj

N cy
∧ (A) ∆r−−−−→ sdr N

cy
∧ (A)Cr

commutes. The map B log : GL1(A) → π1 TH(Ã)Cr is the map of components
induced from the composite of (21) and the map of (l + 1)st loop spaces induced
from

Sl+1∧GL1(A) ∇−→ Sl+1 ∧A ∧A σ−→ S1
+ ∧ Sl ∧A ∧A

ι0∧ι0−−−→ S1
+ ∧ Sl ∧ |N cy

∧ (A)| ∧ |N cy
∧ (A)|

∆r∧∆r−−−−−→ S1
+ ∧ Sl ∧ | sdr N

cy
∧ (A)Cr | ∧ | sdr N

cy
∧ (A)Cr |

λm,0∧λn,0−−−−−−−→ S1
+ ∧ |(sdr T

m(Ã;Sm))Cr | ∧ |(sdr T
n(Ã;Sn))Cr |

ω∧id−−−→ |(sdr T
m(Ã;Sm))Cr | ∧ |(sdr T

n(Ã;Sn))Cr |
sdr µm,n−−−−−→ |(sdr T

l(Ã;Sl))Cr |,

where l = m+ n and where ∇(x) = x ∧ x−1. We claim that this last map is equal
to the composition

(23)

Sl+1∧GL1(A) ∇−→ Sl+1 ∧A ∧A σ−→ S1
+ ∧ Sl ∧A ∧A

ι0∧ι0−−−→ S1
+ ∧ Sl ∧ |N cy

∧ (A)| ∧ |N cy
∧ (A)|

ω∧id−−−→ Sl ∧ |N cy
∧ (A)| ∧ |N cy

∧ (A)|
µ0,0−−→ Sl ∧ |N cy

∧ (A)|
∆r−−→ Sl ∧ | sdr N

cy
∧ (A)Cr | λl,0−−→ |(sdr T

l(Ã;Sl))Cr |.
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Indeed, the fact that TH(Ã)Cr is a symmetric spectrum with an S1-action makes
the appropriate diagrams commute. Comparing (23) and (22), we see that the last
two maps in the composites are identical. So we can instead check the equality as
maps to Sl ∧ |N cy

∧ (A)|. Now, by the definition of σ, the composite

Ωl+1(Sl+1 ∧GL1(A)) σ−→ Ωl+1(Sl ∧ S1
+ ∧GL1(A))

p1−→ Ωl+1(Sl+1 ∧GL1(A))

induces the identity map on components. So we can stick this map in between (21)
and (22) without changing the map of components. Comparing maps, we then see
that it is enough to show that the diagram

S1
+ ∧GL1(A)

p1−−−−→ S1 ∧GL1(A) ι1−−−−→ |NGL1(A)|y∇ yI

S1
+ ∧A ∧A |N cyGL1(A)|yι0∧ι0

yj

S1
+ ∧ |N

cy
∧ (A)| ∧ |N cy

∧ (A)| ω∧id−−−−→ |N cy
∧ (A)| ∧ |N cy

∧ (A)| µ0,0−−−−→ |N cy
∧ (A)|

commutes. We prove this by constructing a commutative diagram of simplicial sets,
which upon realization yields the diagram above. Recall that the forgetful functor
from pointed cyclic sets to pointed simplicial sets has a left adjoint. In the notation
of [19] it associates to a pointed simplicial set Y the pointed cyclic set FY with
n-simplices

FY [n] = {1, τn, τ2
n, . . . , τ

n
n }+ ∧ Y [n],

and cyclic structure

di(τ s
n, y) = (τ s

n−1, di+sy), if i+ s ≤ n
= (τ s−1

n−1, di+sy), if i+ s > n

si(τ s
n, y) = (τ s

n+1, si+sy), if i+ s ≤ n
= (τ s+1

n+1, si+sy), if i+ s > n

tn(τ s
n, y) = (τ s−1

n , y),

where the indices are to be interpreted as their principal representatives modulo
n + 1. The simplices of FY and (S1

· )+ ∧ Y are in one-to-one correspondence, but
the simplicial structure is different. However, their realizations are canonically
homeomorphic

|FY | ∼= |S1
+ ∧ Y |.

Moreover, if X is a cyclic set, then the action by S1 on the realization is given by
the composite

(24) S1
+ ∧ |X|

inv∧|X|−−−−−→ S1
+ ∧ |X| ∼= |FX|

ε−→ |X|
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where ε : FX → X is the counit. The diagram of simplicial sets we have in mind is
the following:

FGL1(A)
p1−−−−→ sk1NGL1(A) ι1−−−−→ NGL1(A)y(Fj,inv ◦p0)

yI

(FA) ∧A N cyGL1(A)yFι0∧ι0

yj

(FN cy
∧ (A)) ∧N cy

∧ (A) ε∧id−−−−→ N cy
∧ (A) ∧N cy

∧ (A)
µ0,0−−−−→ N cy

∧ (A).
Here the maps p0 and p1 are simplicial maps given by the formulas

p0(τ s
n, x) = x, p1(τ s

n, x) = (1, . . . , 1, x, 1, . . . , 1),

where the x is in the (n − s)th spot. Note that these maps are simplicial because
GL1(A) is a constant simplicial set. The commutativity of this square is readily
checked from the definition of the various maps. The sign in the statement comes
from the inversion of the circle in (24). �

5. Global results

5.1. Throughout this paragraph, k will be a perfect field of characteristic
p > 0. First, let X a smooth irreducible curve over k. Remark 4.1.2 shows that
TCi(X; p) vanishes for i ≥ 2, and theorem 4.1.1 and the sequence (18) shows that
the group

TC1(X; p) ∼= K1(X,Zp) ∼= H0
cont(Xét, ν·(1))

sits in an exact sequence

0→ (O×X)∧p → TC1(X; p)→ Tp PicX → 0.

By theorems 4.1.1 and 4.2.2, the map of descent spectral sequences induced from
the cyclotomic trace gives a map of exact sequences

0 −−−−→ H1
cont(XZar, ν·(1)) −−−−→ K0(X,Zp) −−−−→ Zp −−−−→ 0y y ∥∥∥

0 −−−−→ H1
cont(Xét, ν·(1)) −−−−→ TC0(X, p) −−−−→ Zp −−−−→ 0,

and (16) and proposition 4.1.4 then give a short exact sequence

0→ K0(X,Zp)→ TC0(X; p)→ Tp Br(X)→ 0.

There is an exact sequence

0→ H1
cont(XZar, R

1ε∗ν·(1))→ TC−1(X; p)→ H0
cont(XZar, R

1ε∗Z/p·)→ 0.

and finally, TC−2(X; p) ∼= H1
cont(XZar, R

1ε∗Z/p·). In particular, the cyclotomic
trace is injective.

We next use the spectral sequence of theorem 4.1.1 to translate two results
of Gros-Suwa and Milne into statements about topological cyclic homology. The
first result is the following analogue of Parshin’s conjecture that higher K-groups
of smooth projective varieties over finite fields are torsion.

Proposition 5.1.1. Let X be a smooth projective variety over a finite field.
Then TCi(X; p) is finite except for i = 0 and i = −1.
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Proof. By Gros-Suwa [16, theoreme I 4.2.2], the groups Hr
cont(Xét, ν·(j)) are

finite for r 6= j, j + 1. The proposition now follows from theorem 4.1.1. �

Proposition 5.1.2. Let X/k be a smooth projective variety. Then
a) if k is algebraically closed, TCi(X; p)⊗Q ∼= TC−i(X; p)⊗Q.
b) if k is finite, TCi(X; p)⊗Q = TC−i−1(X; p)⊗Q.

Proof. By a duality result of Milne, [34, 1.13, 1.14], there are surjections with
torsion kernels

Hr
cont(Xét, ν·(j))→ Hom(Hd−r

cont(Xét, ν·(d− j)),Zp)

and
Hr

cont(Xét, ν·(j))→ Hom(Hd+1−r
cont (Xét, ν·(d− j)),Zp),

respectively. Here d = dimX. The descent sequence 4.1.1 finishes the proof. �

If X is a scheme and Y a smooth closed subscheme of codimension r with
open complement U , then the purity theorem of Quillen identifies K(Y ) with the
homotopy fiber of K(X)→ K(U) yielding the localization sequence

· · · → Ki(Y )→ Ki(X)→ Ki(U)→ · · ·

Let TCY (X; p) be the homotopy fiber of TC(X; p) → TC(U ; p) such that one has
the long-exact homotopy sequence

. . .→ TCY
i (X; p)→ TCi(X; p)→ TCi(U ; p)→ . . .

We note that TCY (X; p) extends to a presheaf of spectra on Xτ which has descent:

TCY (V ; p) ∼−→ holim
←−
n

H·(V,TCY,n(−; p)).

Indeed, forming hypercohomology is compatible with cofibration sequences. In
general purity fails for topological cyclic homology. However, we have

Proposition 5.1.3. Let X/k be a smooth scheme let and Y be a smooth closed
subscheme of dimension e with complement U . Then

TCY
i (X; p) ∼= TCi(Y ; p),

for i ≥ e.

Proof. Let d be the dimension of X, ι : Y → X be the closed embedding and
let c = d− e the codimension of Y in X. Let ι! be the functor which associates to a
sheaf the subsheaf of sections with support on Y , and let R∗ι!νn(i) be the derived
functors of ι!. By Milne, [34, prop. 2.1], the derived functors Rtι!νn(i) of ι! are
trivial unless t = c or t = c + 1, and Rcι!νn(i) = νn(i − c). Hence the spectral
sequence

Es,t
2 = Hs

cont(Yét, R
tι!ν·(i))⇒ Hs+t

Y,cont(Xét, ν·(i))

shows that

Hs
Y,cont(Xét, ν·(i)) =

{
H0

cont(Yét, ν·(i− c)) if s = c

0 if s < c.

Now consider the descent spectral sequence

Es,t
2 = Hs

Y,cont(Xét, ν·(−t))⇒ TCY
−s−t(X; p).
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Since Hs
Y,cont(Xét, ν·(−t)) = 0 if −t > d or s < c, it follows that TCY

i (X; p) = 0 for
i ≥ e+ 1, and finally,

TCY
e (X; p) ∼= Hc

Y,cont(Xét, ν·(d)) ∼= H0
cont(Yét, ν·(e)) ∼= TCe(Y ; p).

This proves the claim. �

.
The proposition shows in particular that the restriction

TCi(X; p) ∼−→ TCi(U ; p)

is an isomorphism for i ≥ e+ 2, and that the sequence

0→ TCe+1(X; p)→ TCe+1(U ; p)→ TCe(Y ; p)→ TCe(X; p)→ TCe(U ; p)

is exact.

5.2. We next consider fields.

Theorem 5.2.1. Let Es be a separable closure of E and let GE be the full
Galois group. Then

TCi(E; p) ∼= Ki(E)
∧

p ⊕H1
cont(GE ,Ki+1(Es)

∧

p ),

where the second term is the cohomology of the pro-finite group GE acting on the
module Ki(Es)

∧

p in the p-adic topology.

Proof. We evaluate the Zariski descent spectral sequence

Es,t
2 = Hs

cont((SpecE)Zar, T C·
−t)⇒ TC−s−t(E; p),

which by (13) is concentrated on the lines s = 0, 1. Let (K/p·)i and (K̃/p·)i

denote the sheafifications of the pro-presheaf Ki(−,Z/pn) on Sch/Fp for the Zariski
and étale topology, respectively. Then theorem 4.2.2 and corollary 4.2.4 gives an
isomorphism of pro-sheaves on Sm/Fp,

T C·
i
∼= (K/p·)i ⊕R1ε∗(K̃/p·)i+1.

We claim that this isomorphism is also valid on (SpecE)Zar. Indeed, if E is finitely
generated, we can find a smooth Fp-algebra with function field E, and the isomor-
phism then follows from the one above by taking stalks at the generic point. In
general, we write E as the filtered colimit of its finitely generated subfields and use
that the functors in question all commute with filtered colimits. For the left hand
side, this uses lemma 2.3.2 and for the second term on the right, [33, III lemma
1.16]. We get an isomorphism on continuous cohomology,

Hs
cont((SpecE)Zar, T C·

i) ∼= Hs
cont((SpecE)Zar, (K/p·)i ⊕R1ε∗(K̃/p·)i+1).

Now by definition,

H0((SpecE)Zar, (K/pn)i) = Ki(E,Z/pn),

and since Ki(E) has no p-torsion, this is isomorphic to Ki(E)/pn. Hence the short
exact sequence for continuous cohomology (13) shows that

Hs
cont((SpecE)Zar, (K/p·)i) ∼=

{
Ki(E)

∧

p if s = 0
0 if s = 1.
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The vanishing of the group in dimension 1 and the change of topology spectral
sequence then yields an isomorphism

H0
cont((SpecE)Zar, R

1ε∗(K̃/p·)i+1) ∼= H1
cont((SpecE)ét, (K̃/p·)i+1),

and since K-theory commutes with filtered colimits, the right hand group is iso-
morphic to H1

cont(GE ,Ki+1(Es)
∧

p ) by [25, theorem 2.2]. Finally, we again use the
change of topology spectral sequence, and the fact that the 2-dimensional continu-
ous Zariski cohomology of a field vanishes, to conclude that

H1
cont((SpecE)Zar, R

1ε∗(K̃/p·)i+1) ∼= H2
cont((SpecE)ét, (K̃/p·)i+1).

But this group is trivial as one sees by writing E as a filtered colimit of smooth
Fp-algebra and using theorem 4.2.2 and lemma 4.1.3. �

In the lowest two dimensions we get

TC0(E; p) ∼= Zp ⊕ Tp Br(E)

TC−1(E; p) ∼= Hom(Gal(E),Zp)

The proof of theorem 5.2.1 works more generally for filtered colimits of essen-
tially smooth local algebras over a perfect field. For an essentially smooth local
k-algebra of dimension d, we get

TCi(A; p) =

{
0 if i > d

Kd(A)∧p if i = d.

If k is algebraically closed, then in addition

TCd−1(A; p) ∼= Kd−1(A)∧p .

For R1ε∗ν·(d) vanishes if A is an algebra over an algebraically closed field, [16,
lemme III 3.16].

We recall that a field E has property Cj if every polynomial f ∈ E[x1, . . . , xn]
of degree d with n > dj has a nontrivial zero in En. For example, a field is C0 if
and only if it is separably closed, and a field with property Cj has property Cl for
all l ≥ j. The generalized Tsen theorem [15, Theorem 3.6] states that for L/E an
extension of transcendence degree l and E a Cj-field, the field L is Cj+l.

Corollary 5.2.2. Let E be a field of characteristic p with property Cj. Then
the cyclotomic trace

trc : Ki(E,Zp)→ TCi(E; p)
is an isomorphism for i ≥ j.

Proof. We follow [37, Satz 3.1.3]. The exact sequence

Kj(Es)/p→ Kj(Es)/pn → Kj(Es)/pn−1 → 0,

and the fact that Kj(Es)/p ∼= ν1(j)(Es) for any field E, shows that it suffices to
prove H1(GE , ν1(j)(Es)) = 0. There is a short exact sequence

0→ ν1(j)(Es)→ Ωj
Es

C−1−1−−−−→ Ωj
Es/dΩj−1

Es → 0,

where C−1 is the inverse of the Cartier operator, and since the higher cohomology
of a quasi-coherent module vanishes, we see that this group is isomophic to the
cokernel of the map C−1 − 1 : Ωi

E → Ωi
E/dΩ

i−1
E . But [28, Prop. 2 (2)] shows that

this map is onto. �
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5.3. Let A be complete discrete valuation ring with fraction field E and per-
fect residue field k of equal characteristic p. If t is a uniformizer, then A ∼= k[[t]]
and E ∼= k((t)). Generalizing a theorem of C. Moore, B. Kahn, [26], has shown
that

K2(E) ∼= K2(k)⊕ k× ⊕D,
where D is divisible group which according to [41] is p-torsion free. In follows that
KM

i (E)∧p = 0, for i ≥ 2, and the theorem of the first author and Levine, 4.2.1, then
shows that so is Ki(E,Zp). Since the p-adic K-theory of a perfect field is equal to
Zp concentrated in degree zero, the localization sequence gives:

Ki(A,Zp) ∼=


Zp if i = 0
(1 + tA)× if i = 1
0 otherwise.

We compare this to the continuous K-theory of A defined by Wagoner,

Kc(A) = holim
←−
n

K(A/mn).

Using McCarthy’s theorem, [32], the relative term Kc
∗(A,m) was evaluated in [18,

theorem C] and shown to be equal to (1 + tA)× concentrated in dimension one.
Combining these results, we get

Proposition 5.3.1. Let A be an equi-characteristic complete discrete valuation
ring with perfect residue field of characteristic p > 0. Then the canonical map

Ki(A,Zp)
∼−→ Kc

i (A,Zp)

is an isomorphism. �

The corresponding statement in the unequal characteristic case was proved
earlier by Suslin and Panin, [38]. Let us also note in that in either case, a theorem
of Gabber, [9], shows that for l-adic K-theory, l different from p, both of the maps

Ki(A,Zl)
∼−→ Kc

i (A,Zl)
∼−→ Ki(k,Zl)

are isomorphism.
We also use theorem 5.2.1 to evaluate the topological cyclic homology of E.

The group H1
cont(GE ,K1(Es)∧p ) is isomorphic to the Tate module of the Brauer

group of E, and we recall from [40, p. 186] that

Tp Br(E) ∼= Tp Br(k)⊕Hom(Gk,Zp).

Moreoever, Br(k) is p-torsion free, op.cit. p. 157, so the first term on the right
vanishes. Thus

TCi(E; p) ∼=


Hom(GE ,Zp) if i = −1
Zp ⊕Hom(Gk,Zp) if i = 0
(1 + tA)× ⊕ Zp if i = 1
0 if i ≥ 2.

We evaluate the descent sequence

Es,t
2 = Hs

cont(Xét, (K/p·)−t)⇒ π−s−t(H·(Xét,K(−))
∧

p ),
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where X = SpecA. Indeed, an étale extension of a power series ring is again a
power series ring, and hence the vanishing of Ki(A,Zp) for i > 1 implies that the
sheaves (K/p·)i on Xét vanish for i > 1. Thus we have

πi(H·(Xét,K(−))
∧

p ) ∼=


H1

cont(Xét,Z/p·) ∼= Hom(Gk,Zp) if i = −1
H0

cont(Xét,Z/p·) ∼= Zp if i = 0
H0

cont(Xét, (K/p·)1) ∼= (1 + tA)× if i = 1
0 otherwise,

For i = −1, this follows from [33, Prop.I 4.4, III 4]. For i = 0, the group
H1((SpecA)ét, (K/p·)1), vanishes because the Brauer group of a Henselian local
ring injects into the Brauer group of its residue field [33, Prop. IV 1.6]. Finally,
for i = 1 we use the long exact sequence associated to the short exact sequence

0→ Gm
pn

−→ Gm → K1/p
n → 0

and the fact that the Picard group of a local ring vanishes. This calculations shows
that

TCc(A, p) ' H·((SpecA)ét,K/p·)∧p ,
since both spectra are products of Eilenberg-MacLane spectra. We would like to
use corollary 4.2.6 to conclude that TC(A; p) ' TCc(A; p) thereby answering [20,
Remark 6.2]. But A is only a regular local ring and not an essentially smooth
k-algebra as required. It seems reasonable to expect, however, that corollaries 4.2.5
and 4.2.6 are valid more generally for regular k-algebras. Alternatively, continuity
in this situation is also implied by and implies short exact localization sequences

0→ TC1(A; p)→ TC1(E; p)→ TC0(k; p)→ 0

and
0→ TC0(A; p)→ TC0(E; p)→ TC−1(k; p)→ 0,

analogous to the Gersten resolution for K-theory. Indeed, the groups TCc
∗(A; p) fit

into such sequences.

5.4. This section concerns the Zariski descent spectral sequence for topolog-
ical cyclic homology. First, we briefly recall the construction of this sequence and
refer the reader to [7] for details.

The descent spectral sequence is a particular case of the spectral sequence
associated to the homotopy limit of a diagram X of quasi-fibrant symmetric spectra,

Es,t
2 = lim←−

I

sπ−tX ⇒ π−s−t holim
←−
I

X .

By definition, the homotopy limit is the total spectrum of the cosimplicial replace-
ment Π·

IX of the diagram. The coskeleton filtration of the total spectrum gives a
natural tower of fibrations {F sX}s≥0 with inverse limit holim

←−
X , and the spectral

sequence is then given by the exact couple

Ds,t = π−s−tF
sX

Es,t = π−s−t fiber(F sX → F s−1X ).

The homotopy groups π−tX form a diagram of abelian groups and it follows im-
mediately from the definitions that

Es,t ∼= NΠs
Iπ−tX = ker s0 ∩ · · · ∩ ker ss−1 ⊂ Πs

Iπ−tX
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with differential d =
∑

(−1)idi. This is the normalized complex associated with
the cosimplicial replacement of the diagram π−tX of abelian groups. Now recall
from [7, XI 6.2] that for any diagram A of abelian groups, the cochain complex Π∗IA
associated with the cosimplicial abelian group Π·

IA and the normalized subcomplex
NΠ∗IA both calculate the higher derived limits of A,

(25) lim←−
I

sA ∼= Hs(Π∗IA) ∼= Hs(NΠ∗IA).

Hence the stated E2-term.
We also recall the Leray spectral sequence (16),

Ei,j
2 = Hi

cont(XZar, R
jε∗F·)⇒ Hi+j

cont(Xét, F·),

which by deinition is the Grothendieck spectral sequence given by the composition
of functors lim←−Γ(X,−) ◦ ε∗. To construct it, one first chooses an injective resolution
C∗· of the étale pro-sheaf F· and then a fully injective resolution I∗,∗· of the complex
ε∗C

∗
· . Recall that in addition to I∗,∗· being a double complex such that I∗,j· is an

injective resolution of ε∗C
j
· , for all j ≥ 0, this means that the complexes
2Z∗,j· = ker(I∗,j· → I∗,j+1

· )
2B∗,j· = im(I∗,j−1

· → I∗,j· )
2H∗,j· = coker(2B∗,j· � 2Z∗,j· )

are injective resolutions of Zj(C∗· ), B
j(C∗· ) and Hj(C∗· ), respectively. The spectral

sequence is then given by the double complex

lim←−
N

Γ(X, I∗,∗· )

The assumptions on the resolution C∗· may be relaxed a bit. In effect, an ε∗-acyclic
resolution such that for all j ≥ 0, ε∗C

j
· is lim←−Γ(X,−)-acyclic will do.

Lemma 5.4.1. Let F· be an étale pro-sheaf and let C∗· be an ε∗-acyclic resolution
of F· such that for all j ≥ 0, ε∗C

j
· is lim←−Γ(X,−)-acyclic. Then the double complex

NΠ∗∆×NΓ(X,G·ε∗C
∗
· )

gives rise to the Leray spectral sequence (16).

Proof. Let I∗,∗ be a fully injective resolution of ε∗C∗· . We can assume that
each of I∗,j· is the cochain complex associated with a cosimplicial pro-sheaf I ·,j

· and
that I∗,j· → I∗,j+1

· is induced from a cosimplicial map. Indeed, the categories of
cochain complexes and cosimplicial objects in an abelian category are canonically
equivalent. We now construct maps of double complexes

(26) lim←−
N

Γ(X, I∗,∗· )→ Π∗∆×NΓ(X, I·,∗
· )← NΠ∗∆×NΓ(X, I·,∗

· )

such that the induced maps of E2-terms are isomorphisms. To this end, first note
that for any injective pro-sheaf J·, we have a quasi-isomorphism

lim←−
N

Γ(X, J·)
∼−→ Π∗NΓ(X, J·).

Indeed, this follows form (25) and the fact that the structure maps in J· are split
epimorphisms. Next, recall from [7, XI 7.3] that for any cosimplicial abelian group
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A·, there is a canonical quasi-isomorphism

A∗
∼−→ Π∗∆A

·.

Combining these quasi-isomorphisms, we obtain that for any cosimplicial injective
pro-sheaf J ·

·, there is a canonical quasi-isomorphism

lim←−
N

Γ(X, J∗· ) ∼−→ Π∗∆(Π·
NΓ(X, J ·

·)) ∼= Π∗∆×NΓ(X, J ·
·),

and finally, the inclusion of the normalized cochain complex

Π∗∆×NΓ(X, J ·
·)
∼←− NΠ∗∆×NΓ(X, J ·

·)

is a quasi-isomorphism. This establishes the maps in (26) and shows that we have
quasi-isomorphisms

lim←−
N

Γ(X, 2H∗,j) ∼−→ Π∗∆×NΓ(X, 2H ·,j
· ) ∼←− NΠ∗∆×NΓ(X, 2H ·,j

· ),

and hence the induced maps on E2 are isomorphisms.
To prove the lemma, we now use that I ·,∗

· is injective to get a map of cosimplicial
cochain-complexes of pro-sheaves

G·ε∗C
∗
· → I ·,∗

·

lifting the identity on ε∗C∗· . We can do this because the categories of cochain com-
plexes and cosimplicial objects in an abelian category are canonically equivalent.
The induced map of double complexes

NΠ∗∆×NΓ(X,G·ε∗C
∗
· )→ NΠ∗∆×NΓ(X, I·,∗

· )

induces an isomorphism of E2-terms. For the fact that G· is an exact functor
together with (25) and lemma 3.1.3 shows that the induced map of E1-terms is a
horizontal quasi-isomorphism. �

Proposition 5.4.2. Let X/k be a smooth affine scheme and let Es,t
r be the

Zariski descent sequence for topological cyclic homology. Then the composite map

Hs
cont(XZar, R

1ε∗ν·(−t+ 1)) � Es,t
2

d2−→ Es+2,t−1
2 � Hs+2

cont(XZar, ν·(−t+ 1))

has the same kernel and image as the boundary map in the change of topology
long-exact sequence (16).

Proof. Let X and ′X denote the diagrams

X = Γ(X, |G· SinTC·(−; p)|)
′X = Γ(X, |G· Sin TR·(−; p)|),

where the Thomason-Godement construction is formed with respect to the Zariski
topology on X. The homotopy limits are equal to TC(XZar; p) and TR(XZar; p),
respectively, and we write (Es,t, Ds,t) and (′Es,t, ′Ds,t) for the corresponding exact
couples. The maps of diagrams

X → ′X 1−F−−−→ ′X → ΣX
induce maps of exact couples - and hence of spectral sequences - and the sequences

(27)
. . .

δ−→ Es,t ι−→ ′Es,t 1−F−−−→ ′Es,t δ−→ Es,t−1 ι−→ . . .

. . .
δ−→ Ds,t ι−→ ′Ds,t 1−F−−−→ ′Ds,t δ−→ Ds,t−1 ι−→ . . .
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are exact. Indeed, these are the long exact sequences in homotopy induced from a
cofibration sequence of spectra.

We let C∗· be the complex of étale pro-sheaves

T R·
−t

1−F−−−→ T R·
−t

This is a resolution of ν·(−t) by (15) which is ε∗-acyclic by corollary 4.1.1. And since
X is affine, lemma 4.1.3 shows that the pro-sheaves ε∗C

j
· are lim←−Γ(X,−)-acyclic.

By the previous lemma, we therefore conclude that the double complex

NΠ∗∆×NΓ(X,G·ε∗C
∗
· )

defines the Leray sequence (16). But written out, this double complex is

(28)

′E0,t d−−−−→ ′E1,t d−−−−→ ′E2,t d−−−−→ . . .x1−F

x1−F

x1−F

′E0,t d−−−−→ ′E1,t d−−−−→ ′E2,t d−−−−→ . . .

and hence the boundary map ∂ in the change of topology long-exact sequence is
given by the additive relation

′Es,t−1 d−→ ′Es+1,t−1 1−F←−−− ′Es+1,t−1 d−→ ′Es+2,t−1.

The reader is referred to [29, II.6] for the notion of additive relations. We want to
compare this to the d2-differential in the Zariski descent sequence which is given
by the additive relation

Es,t j−→ Ds,t i←− Ds+1,t−1 k−→ Es+2,t−1.

It follows from (28) and (27) that an element of x ∈ Es,t represents a class in

Hs
cont(XZar, R

1ε∗ν·(−t+ 1)) ⊂ Es,t
2

if and only if jx ∈ Ds,t lies in the image of δ ◦ j : ′Es,t−1 → Ds,t. It also follows
that the image of a class d2x in the quotient

Es+2,t−1
2 � Hs+2

cont(XZar, ν·(−t+ 1))

is equal to the image of a representative under the map ι : Es+1,t−1 → ′Es+1,t−1

modulo the image of the map ι ◦ d : Es+1,t−1 → ′Es+1,t−1. In other words, the
composite map of the statement is given by the composite additive relation

′Es,t−1 j−→ ′Ds,t−1 δ−→ Ds,t i←− Ds+1,t−1 ι−→ ′Ds+1,t−1 k−→ ′Es+2,t−1.

On the other hand, the boundary map ∂, we recall, is given by the additive relation

′Es,t−1 j−→ ′Ds,t−1 k−→ ′Es+1,t−1 1−F←−−− ′Es+1,t−1 j−→ ′Ds+1,t−1 k−→ ′Es+2,t−1.

The two additive relations have the their first and last map in common so we may
compare the additive relations

θ1 : ′Ds,t−1 δ−→ Ds,t i←− Ds+1,t−1 ι−→ ′Ds+1,t−1,

θ2 : ′Ds,t−1 k−→ ′Es+1,t−1 1−F←−−− ′Es+1,t−1 j−→ ′Ds+1,t−1
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Chasing through the diagram
′Ds,t−1

1−F

��
′Ds+1,t−2 i //

δ

��

′Ds,t−1 k //

δ

��

′Es+1,t−1

δ

��

Es+1,t−1
j

//

ι

��

Ds+1,t−1 i //

ι

��

Ds,t k //

ι

��

Es+1,t

′Ds,t−1 k //

1−F

��

′Es+1,t−1
j

//

1−F

��

′Ds+1,t−1 i //

1−F

��

′Ds,t

′Ds+1,t−2 i // ′Ds,t−1 k //

δ

��

′Es+1,t−1
j

//

δ

��

′Ds+1,t−1

Ds,t k // Es+1,t

in which all rows and columns are exact, we see that in both cases
def θn = ker(δ ◦ k)
im θn = ker i ∩ ker(1− F )

ker θn = im i+ im(1− F )

ind θn = im(ι ◦ j).
Hence the domain and target of the induced isomorphisms

θn : def θn/ ker θn
∼−→ im θn/ ind θn

are independent of n albeit the isomorphisms may differ. At any rate, it follows
that the kernels and the images of the maps ∂ and ∂′ are equal. This concludes the
proof. �

Corollary 5.4.3. The Zariski descent sequence for topological cyclic homology
of a smooth affine scheme X/k degenerates at E3, with the E3-term concentrated
on the lines s = 0, 1. Moreover, the map ι induces an isomorphism

E1,t
3
∼= H1

cont(XZar, ν·(−t))
and there is a natural exact sequence

H1
cont(XZar, ν·(−t+ 1)) � H1

cont(Xét, ν·(−t+ 1))→ E0,t
3 � H0

cont(XZar, ν·(−t)),
where the left hand map is the canonical map.

Proof. As X is smooth and affine, lemma 4.1.3 shows that the boundary map
in the change of topology exact sequence

∂ : Hs
cont(XZar, R

1ε∗ν·(−t+ 1))→ Hs+2
cont(XZar, ν·(−t+ 1))

is an isomorphism, for s ≥ 1, and that one has an exact sequence

0→ H1
cont(XZar, ν·(−t+ 1))→ H1

cont(Xét, ν·(−t+ 1))

→ H0
cont(XZar, R

1ε∗ν·(−t+ 1)) ∂−→ H2
cont(XZar, ν·(−t+ 1))→ 0.
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Now let s ≥ 2 and consider the exact sequence

0→ Hs
cont(XZar, R

1ε∗ν·(−t+ 1)) δ−→ Es,t
2

ι−→ Hs
cont(XZar, ν·(−t))→ 0.

Proposition 5.4.2 and the preceding remarks shows that ds,t
2 : Es,t

2 → Es+2,t−1
2 is

non-trivial on the image of the map δ, and hence ι maps the d2-cycles in Es,t
2

injectively to the right hand group in the sequence above. By the same reasoning, ι
also maps the d2-boundaries in Es,t

2 onto the right hand group. Hence the subgroups
of cycles and boundaries in Es,t

2 are equal and isomorphic to the right hand group,
the isomorphism given by ι.

When s = 1, a similar argument shows that the image of δ is mapped isomor-
phically onto the subgroup of boundaries in E3,t

2 . Therefore, ι maps the subgroup
of cycles in E1,t

2 is isomorphically onto the right hand group in the sequence above,
and hence E1,t

3 is as claimed. Finally, this argument applied to the sequence

0→ H0
cont(XZar, R

1ε∗ν·(−t+ 1))/ ker ∂
δ−→ E0,t

2 /δ(ker ∂) ι−→ H0
cont(XZar, ν·(−t))→ 0

shows that the quotient of the cycles in E0,t
2 by the image of ker ∂ is mapped

isomorphically onto the right hand group by ι. This gives the stated short exact
sequence for E0,t

3 . �

In comparison, the étale descent sequence for topological cyclic homology of a
smooth affine scheme collapses at E2. Indeed, lemma 4.1.3 shows that the E2-term
is concentrated on the lines s = 0, 1. Hence this spectral sequence amounts to short
exact sequences

0→ H1
cont(Xét, ν·(−t+ 1))→ TCi(X; p)→ H0

cont(Xét, ν·(−t))→ 0.

We can compare this filtration to the filtration induced from the Zariski descent
sequence. For the change of topology map

TC(XZar; p)
∼−→ TC(Xét; p),

which we remember is a weak equivalence, induces a map from the Zariski descent
sequence to the étale descent sequence and hence a map of filtered groups

H1
cont(XZar, ν·(i+ 1)) // //

��

��

TCi(X; p) // // gr0 TCi(X; p)

����

H1
cont(Xét, ν·(i+ 1)) // // TCi(X; p) // // H0

cont(Xét, ν·(i)).

We note that the exact sequence provided by the snake lemma coincides with the
exact sequence of corollary 5.4.3.

5.5. The cyclotomic trace

trc : K∗(X; Zp)→ TC∗(X; p)

induces a map of Zariski descent spectral sequences, and according to corollary
4.2.4 the induced map of E2-terms,

s : H2
cont(XZar, (K/p·)(−t))→ Hs(XZar, T C·

−t),

is a section of the map ι. We note, however, that the image of s need not be equal
to the subgroup of d2-cycles even though the two groups are abstractly isomorphic.
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Hence one might well have non-trivial d2-differentials in the descent sequence for
K-theory. At any rate, we get a map of filtered groups

gr1Ki(X,Zp) // //
��

ι◦s
��

Ki(X,Zp)/F 2 // //
��

trc

��

gr0Ki(X,Zp)
��

ι◦s
��

H1
cont(XZar, ν·(i+ 1)) // // TCi(X; p) // // gr0 TCi(X; p).

The vertical maps are all injective, so in particular, we may conclude that the
kernel of the cyclotomic trace is equal to the subgroup F 2Ki(X,Zp) of elements of
filtration greater than or equal to two. Hence topological cyclic homology detects
only elements of weights less than or equal to i+ 1 in Ki(X; Zp). However, we do
not know of an example where such elements exist.

Proposition 5.5.1. Let X/k be a smooth affine scheme. Then the kernel of
the cyclotomic trace

trc : Ki(X,Zp)→ TCi(X; p)
is equal to the subgroup F 2Ki(X,Zp) of elements of filtration greater than or equal
to two in the Zariski descent sequence. If p > dimX − i+ 1, then the cokernel of
the cyclotomic trace and of the change of topology map

H1
cont(XZar, ν·(i)) � H1

cont(Xét, ν·(i))

are canonically isomorphic, and F 2Ki(X,Zp) = F i+2
γ Ki(X,Zp).

Proof. The first statement follows from the previous discussion. For the sec-
ond statement, we consider Adams operations on the Zariski spectral sequence for
K-theory. Since the E2-terms Hs

cont(XZar, ν·(−t) vanish for −t > d and s < 0,
the only differentials dr involved in Ki(X,Zp) satisfy r ≤ d − i. But on Es,t

2 =
Hs

cont(XZar, ν·(−t)) the Adams operator ψk acts like kt. The usual yoga of weights
then shows that for p > d− i, i.e. (d− i)! invertible, all differentials vanish, and all
cycles are infinite cycles.

For the comparison with the γ-filtration, the argument in [10, lemma 1.1] shows
that a filtration of length d− i+1 with given Adams operations is split and unique
up to primes less than or equal to d− i+ 1. Note that we cannot hope for a better
result, since the γ-filtration is only well defined up to small primes. �

Example 5.5.2. Let X be a smooth affine surface. Then the proposition shows
that

K2(X,Zp) ∼= TC2(X; p)
and yields the exact sequences

K1(X,Zp) � TC1(X; p)→ H0
cont(XZar, R

1ε∗ν·(2)) � H2
cont(XZar, ν·(2))

H2
cont(XZar, ν·(2)) � K0(X,Zp)→ TC0(X; p) � Tp Br(X).

Moreover Bloch’s formula Hj(XZar,Kj) ∼= CHj(X) and theorem 4.2.2 give a short
exact sequence

lim←−
n

1
pn CH2(X) � H2

cont(XZar, ν·(2)) � CH2(X)
∧

p .

Finally,
TC−1(X; p) ∼= H1

cont(Xét,Z/p·) ∼= H0
cont(XZar, R

1ε∗Z/p·),
where the last isomorphism holds since H1

cont(XZar,Z/p·) vanishes for affine X.
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6. Appendix: Multiplicativity of the trace

6.1. TheK-theory spectrum of a category C with cofibrations and weak equiv-
alences as defined by Waldhausen, [44, p. 330], naturally has the structure of a
symmetric spectrum. We recall the definition in a way which makes this clear.

We begin by recalling some generalities on cubical diagrams from [14]. Let Q
be a finite set and let P(Q) be the power set viewed as a category under inclusion.
A Q-cube in C is a functor

X : P(Q)→ C.
We call X a cofibration cube, if for all S ⊂ T ⊂ Q, the canonical map

lim−→
S⊂U T

X (U) � X(T )

is a cofibration in C. The colimit on the left may be formed by iterated pushouts
along cofibrations in C and therefore exists.

We view the ordered set [n] as a category 0 → 1 → · · · → n. More generally,
if n = {ns}s∈Q is a tuple of non-negative integers, we write [n] for the product of
the categories [ns], s ∈ Q. Given an arrow i → j in [n] and a subset U ⊂ Q, we
define (i → j)U to be the arrow in [n] whose sth component is is → js, for s ∈ U ,
and is → is, for s /∈ U . Then the assignment

U 7→ (i→ j)U

defines a Q-cube in the arrow category Ar[n].
Let SQ

n C to be the full subcategory of the category of functors

A : Ar[n]→ C, (i→ j) 7→ Ai→j,

consisting of the functors with the property that Ai→j = ∗, if some component of
i→ j is an identity map, and that for every pair of composable arrows i→ j→ k,
the cube

U 7→ A(j→k)U◦(i→j)

is a cofibration cube and the square

lim−→
U$Q

A(j→k)U◦(i→j) −−−−→ Ai→ky y
∗ −−−−→ Aj→k

is a pushout diagram in C. Clearly, the category SQ
n C depends contravariantly on

[n] such that we get a Q-simplicial category SQ
· C. Let f : A→ A′ be a map in SQ

n C.
We call f : A→ A′ a cofibration if for every pair of composable arrows i→ j→ k,
the induced map of Q-cubes

(U 7→ A(j→k)U◦(i→j))→ (U 7→ A′(j→k)U◦(i→j)),

viewed as a |Q|+1-cube in C, is a cofibration cube. And we call f : A→ A′ a weak
equivalence if for every arrow i → j, fi→j is a weak equivalence in C. With these
definitions SQ

· C is a Q-simplicial category with cofibrations and weak equivalences
and a choice of ordering of Q specifies an isomorphism

SQ
· C ∼= S· · · ·S·C,
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where the right hand side is the |Q|-fold iterated S·-construction of [44]. Let wSQ
· C

be the subcategory of weak equivalences. Then the nth space of Waldhausen’s
K-theory spectrum is given by

K(C)n = |N·wS
Q
· C|,

where Q = {1, . . . , n}. It is now apparent that the automorphism group of Q acts
on K(C)n. Moreover, if Q′ = {1, . . . ,m} then the inclusion of the 1-skeleton in the
simplicial directions indexed by Q′ in SQ′tQ

· C defines a Σm × Σn-equivariant map

λm,n : Sm ∧K(C)n → K(C)m+n.

With these definitions K(C) is a symmetric spectrum. It is quasi-fibrant by [44,
proposition 1.5.3].

Suppose that C is a strict symmetric monoidal category and that the tensor
product is bi-exact, that is, for every object A, the functors A ⊗ − and − ⊗ A
preserve the null object, cofibrations and weak equivalences, and that for every
pair A � A′ and B � B′ of cofibrations, the map A′⊗B⊕A⊗B A⊗B′ → A′⊗B′
is again a cofibration. If Q′ and Q are finite sets of cardinalitym and n, respectively,
then the tensor product gives rise to a functor of (m+n)-simplicial categories with
cofibrations and weak equivalences

(29) SQ′

· C × SQ
· C

⊗−→ SQ′tQ
· C; (A′ ⊗A)(i′ti→j′tj) = A′i′→j′ ⊗Ai→j.

Taking nerves and realization commutes with products, so we get a Σm × Σn-
equivariant map K(C)m ×K(C)n → K(C)m+n which factors through

µm,n : K(C)m ∧K(C)n → K(C)m+n.

Finally, note that K(C)0 = |N·w C| and let 10 : S0 → K(C)0 be the map which
sends the basepoint to the null object and the non-basepoint to the unit object for
the tensor product. We get a Σn-equivariant map

1n : Sn → K(C)n

defined as 1n = λn,0 ◦ (Sn ∧ 10), and with these definitions one has

Proposition 6.1.1. ([44]) Let C be a category with cofibrations and weak equiv-
alences. Then K(C) is a quasi-fibrant symmetric spectrum. If in addition, C is a
strict symmetric monoidal category and the tensor product is a bi-exact functor,
then K(C) is a symmetric ring spectrum.

Let C be an exact category in the sense of [39]. We view C as a category with
cofibrations and weak equivalences by choosing a null object and letting cofibrations
be admissible monomorphisms and weak equivalences be the isomorphisms. We
recall from [44, corollary 1.4.1], that in this case, the inclusion of the 0-skeleton in
the nerve directions

| obSQ
· C|

∼−→ |N·iS
Q
· C| = K(C)n

is a weak equivalence, provided that Q is non-empty. The left hand sides again form
a symmetric (ring) spectrum compatible with the inclusion maps. In the following
we shall use this as our model for K(C) for an exact category.
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6.2. We now turn to topological Hochschild homology. For the purpose of
studying multiplicative properties of the trace map, it is very convenient to use the
model of [8], which we now recall.

Let C be an exact category. The set of morphisms HomC(c, c′) or C(c, c′) is an
abelian group and we define

C(c, c′)i = |C(c, c′)⊗ Z(Si)|,
where we remember, Si is the i-fold smash product of the simplicial circle ∆1/∂∆1.
This is an Eilenberg-MacLane space for C(c, c′) concentrated in dimension i. The
permutation of smash factors in Si induces a Σi-action on C(c, c′)i, and composition
in C defines a Σi × Σj-equivariant map

µc,c′,c′′

i,j : C(c′, c)i ∧ C(c′′, c′)j → C(c′′, c)i+j .

Moreover, there is a Σi-equivariant map

1c
i : Si → C(c, c)i,

given by the simplicial map x 7→ idc⊗ (1 · x). These maps satify axioms similar to
those of symmetric ring spectra, see [8] for details.

Then THH(C;X) is defined as the realization of the cyclic space with r-simplices

THH(C;X)[r] = holim
−→
Ir+1

Gr(C;X),

where the value of the functor Gr(C) : Ir+1 → S∗ on the object (i0, . . . , ir) is the
pointed mapping space

F (Si0 ∧ · · · ∧ Sir ,
∨
X ∧ C(c0, cr)i0 ∧ C(c1, c0)i1 ∧ · · · ∧ C(cr, cr−1)ir

),

where the wedge is over all (r+1)-tuples (c0, . . . , cr) ∈ ob Cr+1 of objects in C. The
value of the functor on morphisms is defined analogous to (2). The face maps

dj : THH(C;X)[r]→ THH(C;X)[r − 1] , 0 ≤ j ≤ r,
are defined in a manner similar to (4) using the natural transformations

δj : Gr(C;X)→ Gr−1(C;X) ◦ dj , 0 ≤ j ≤ r,
which for 0 ≤ j < r are given by

F (Si0 ∧ . . . ∧ Sir ,
∨
X ∧ C(c0, cr)i0 ∧ . . . ∧ µ

cj−1,cj ,cj+1
ij ,ij+1

∧ . . . ∧ C(cr, cr−1)ir
),

and for j = r, by

F (Sir ∧Si0 ∧ . . .∧Sir−1 ,
∨
X∧µcr−1,cr,c0

ir,i0
∧C(c1, c0)i1 ∧ . . .∧C(cr−1, cr−2)ir−1)◦τ#,

and where as before, τ# = F (τ−1, τ) and τ permutes the smash factors as indicated.
Denote by GP

r (C;X) the functor obtained by composing Gr(C;X) with the
concatenation functor tP : IP → I in each factor. We let THHP (C;X) be the
realization of the cyclic space with r-simplices

THHP (C;X)[r] = holim
−→

(IP )r+1

GP
r (C)

and with cyclic structure maps defined as above, but with the functor tP in place of
t. The construction THHP (C;X) is functorial in X with respect to all continuous
pointed maps and in P with respect to injective maps.
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Since C is exact, we can form the Q-simplicial category SQ
· C. We let P and Q

be finite ordered sets and consider the S1-space

THHP (SQ
· C;X) = |[n] 7→ THHP (SQ

n C;X)|,
with the ΣP × ΣQ-action induced from the functoriality in the two factors. There
is a ΣQ′ × ΣQ × S1-equivariant map

SQ′
∧ THHP (SQ

· C;X) l−→ THHP (SQ′tQ
· C;X),

given by the inclusion of the 1-skeleton in the simplicial directions indexed byQ′ and
various canonical maps, and this map is functorial in X and P . We let P = Q = n
and X = S0 and define

TH(C)n = THHP (SQ
· C;S0),

which we view as a Σn×S1-space with Σn acting via the diagonal embedding. Let

λm,n : Sm ∧ TH(C)n → TH(C)m+n

be the defined as the composition of the map above and the map

THHP (SQ′tQ
· C;S0) ι−→ THHQ′tP (SQ′tP

· C;S0).

One verifies that TH(C) is a symmetric spectrum with an S1-action. Dundas-
McCarthy prove that TH(C) is quasi-fibrant, [8, 2.0.6].

We next consider products. We first define an external product

(30) THHP (C;X) ∧ THHP ′
(D;Y )→ THHPtP ′

(C ⊗ D;X ∧ Y ),

which is S1-equivariant, when S1 acts diagonally on the left, and functorial with
respect to inclusions in P and P ′. Here the category C ⊗D has as objects all pairs
(c, d) with c ∈ ob C and d ∈ obD and

(C ⊗ D)((c, d), (c′, d′)) = C(c, c′)⊗D(d, d′).

The canonical map

C(c, c′)⊗ Z(Si
· ) ∧ D(d, d′)⊗ Z(Sj

· )→ C(c, c′)⊗ Z(Si
· )⊗D(d, d′)⊗ Z(Sj

· )

followed by the permutation of the middle factors and the isomorphism Z(Si
· ) ⊗

Z(Sj
· ) ∼= Z(Si+j

· ), defines a map

C(c, c′)i ∧ D(d, d′)j → (C ⊗ D)((c, d), (c′, d′))i+j ,

and these maps, in turn, give rise to a natural transformation

GP
r (C;X) ∧GP ′

r (D;Y ) ν−→ GPtP ′

r (C ⊗ D;X ∧ Y ) ◦ tw,

where tw is the obvious shuffle functor

(IP )r+1 × (IP ′
)r+1 tw−→ (IPtP ′

)r+1.

One readily verifies that the induced map of homotopy colimits

holim
−→

GP
r (C;X)∧GP ′

r (D;Y ) ν−→ holim
−→

GPtP ′

r (C ⊗ D;X ∧ Y ) ◦ tw

can−−→ holim
−→

GPtP ′

r (C ⊗ D;X ∧ Y )

commutes with the cyclic structure maps. Here the left and middle homotopy
colimits are indexed by the category (IP )r+1 × (IP ′

)r+1 and the right is indexed
by (IPtP ′

)r+1. This gives us the desired external product map.
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Suppose that C is strict symmetric monoidal and the tensor product bi-exact.
The product (29) extends to a product

SQ′

· C ⊗ SQ
· C

⊗−→ SQ′tQ
· C

and composing this with the external product (30) we get an internal product

(31) THHP ′
(SQ′

· C;X) ∧ THHP (SQ
· C;Y )→ THHP ′tP (SQ′tQ

· C;X ∧ Y ),

which is ΣQ′ × ΣQ × S1-equivariant and functorial in P ′ and P and in X and Y .
This gives us a map

µm,n : TH(C)m ∧ TH(C)n → TH(C)m+n,

which is Σm × Σn × S1-equivariant. Finally, we note that

TH(C)0 = |N cy
∧ (C)|

is the realization of the cyclic bar-construction of the pointed category C. This is a
cyclic set with r-simplices

N cy
∧ (C)[r] =

∨
c0,...,cr∈ob C

C(c0, cr) ∧ C(c1, c0) ∧ . . . ∧ C(cr, cr−1)

and structure maps similar to those of TH(C). Let e ∈ ob C be the identity object
for the tensor product. We let 10 : S0 → TH(C)0 be the map which sends the
non-basepoint to ide ∈ C(e, e) ⊂ N cy

∧ (C)[0] and define

1n : Sn → TH(C)n

to be the Σn-equivariant map given by 1n = λn,0 ◦ (Sn∧10). One verifies that with
these definitions TH(C) is a symmetric ring spectrum. Summarizing, we have

Proposition 6.2.1. If C is an exact category then TH(C) is a quasi-fibrant
symmetric spectrum with an S1-action. If in addition, C has a strict symmetric
monoidal structure such that the tensor product is bi-exact, then TH(C) is a sym-
metric ring spectrum.

6.3. Finally, we are in a situation, where we can show that the trace map
is multiplicative. We recall from [8] that in the model for topological Hochschild
homology recalled above, the Bökstedt-Dennis trace has the following attractive
description: it is the map of simplicial symmetric spectra

tr : K(C)→ TH(C)
which on nth spaces in the symmetric spectra is given by the composite

| obSQ
· C| → |N

cy
∧ (SQ

· C)[0]| → |N cy
∧ (SQ

· C)| = THH0(SQ
· C)

ι−→ THHQ(SQ
· C).

Here the first map sends an object c ∈ ob C to the identity morphism idc ∈ C(c, c),
and the second map is the inclusion of the 0-skeleton. The image of the trace map
coincides with the S1-fixed set of THHQ(SQ

· C). It is the subset of THHQ(SQ
· C)[0]

of those 0-simplices for which t1s0x = s0x. It is clear from the definitions that:

Proposition 6.3.1. Let C be an exact category. Then the Bökstedt-Dennis
trace

tr : K(C)→ TH(C)
is a map of symmetric spectra. If in addition, C has a strict symmetric monoidal
structure such that the tensor product is bi-exact, then this is a map of symmetric
ring spectra.
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The construction of TR(E; p) and TC(E; p) from TH(E) given in paragraph 2
carries over verbatim to the present situation. It gives us quasi-fibrant symmetric
spectra TR(C; p) and TC(C; p), which are symmetric ring spectra if C has a strict
symmetric monoidal structure, and moreover, one has a cofibration sequence

(32) TH(C)hCpn

N−→ TH(C)Cpn R−→ TH(C)Cpn−1 .

The restriction map

Rr : sdr(THH0(C)[−])Cr → THH0(C)[−]

is an isomorphism with inverse the diagonal map

N cy
∧ (C) ∆r−−→ sdr N

cy
∧ (C)Cr .

Hence the realization of the maps

obSQ
· C → N cy

∧ (SQ
· C)[0]→ N cy

∧ (SQ
· C)[−]

∆
pk

−−−→ sdpk(N cy
∧ (SQ

· C)[−])C
pk

= sdpk(THH0(SQ
· C;S0)[−])C

pk ι−→ sdpk(THHQ(SQ
· C;S0)[−])C

pk

composed with the isomorphism (6), defines a lifting of the Bökstedt-Dennis trace
to a map of symmetric spectra

trk+1 : K(C)→ TRk+1(C; p),

and one easily checks that these maps are compatible with the restriction maps.
Moreover, [4, proposition 2.5] gives a preferred homotopy between F ◦ trk+1 and
trk, and hence one obtains a map of symmetric spectra

trc : K(C)→ TC(C; p),

the cyclotomic trace. We have

Addendum 6.3.2. If C is an exact category, then the cyclotomic trace is a map
of symmetric spectra

trc : K(C)→ TC(C; p).
It is a map of symmetric ring spectra, if C has a strict symmetric monoidal structure
such that the tensor product is bi-exact.

6.4. Let A be a ring and let P(A) be (a skeleton of) the exact category of
finitely generated projective left A-modules. We outline a proof that TH(Ã) and
TH(P(A)) are weakly equivalent quasi-fibrant symmetric spectra.

Consider the symmetric spectrum whose nth space is

TH(C)′n = THHP (C;SR),

with P = R = {1, 2, . . . , n} and with Σn acting diagonally. The structure maps

λ′m,n : Sm ∧ TH(C)′n → TH(C)′m+n

are defined in manner analogous to the maps preceeding proposition 2.2.1. When C
has a strict monoidal structure and the tensor product is bi-exact, then the internal
product (31) gives a product

µ′m,n : TH(C)′m ∧ TH(C)′n → TH(C)′m+n

and this makes TH(C)′ a symmetric ring spectrum. It is quasi-fibrant by an argu-
ment similar to the one which shows that TH(Ã) is quasi-fibrant. One can show that
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the quasi-fibrant symmetric (ring) spectra TH(C) and TH(C)′ are weakly equiva-
lent by simultaneously embedding them in the symmetric bi-spectrum TH(C)′′ with
(m,n)th space

TH(C)′′m,n = THHQtR(SQ
· C;SR).

We leave the details to the reader.
In the case of interest to us here, there is a natural weak equivalent of quasi-

fibrant symmetric (ring) spectra

TH(Ã) ∼−→ TH(P(A))′

which we now explicate. Let us write C for P(A) and let c be the free A-module
of rank one. The map A → C(c, c) which sends x ∈ A to the endomorphism
of c given by multiplication by x, defines a map, or in fact a homeomorphism,
ρi : Ãi → C(V, V )i. Let

Ai0 ∧ · · · ∧Ain
→

∨
C(c0, cr)i0 ∧ · · · ∧ C(cr, cr−1)ir

,

be the map ρi0 ∧ · · · ∧ ρir
followed by the inclusion of the wedge summand indexed

by (c, . . . , c). This gives rise to a natural transformation

βr : Gr(Ã;X)→ Gr(C;X)

of functors from Ir+1 to the category of pointed spaces. These maps are compatible
with the various structure maps, such that we get the desired map of symmetric
(ring) spectra. It is a weak equivalence of quasi-fibrant symmetric spectra by [8,
2.1.5]. Moreover, an induction argument based on the cofibration sequences 2.3.1
and (32) shows that also

TC(Ã; p) ∼−→ TC(P(A); p)

is a weak equivalence of quasi-fibrant spectra. Finally, it is proved in [8, 2.1.6] that
the original definition of the cyclotomic trace given in [4] and the construction of
Dundas-McCarthy recalled here are compatible with this equivalence. At least the
induced maps of infinite loop spaces are homotopic. In particular, we have

Corollary 6.4.1. If A is a commutative ring, then the cyclotomic trace

trc : K∗(A)→ TC∗(A; p)

is a ring homomorphism.
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