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Abstract

We give a uni�ed statement and proof of a classof well known mean value
inequalities for nonnegative functions with a nonlinear bound on the Lapla-
cian. We generalize these to domains with boundary, requiring a (possibly
nonlinear) bound on the normal derivativ e at the boundary. These inequali-
ties give rise to an energy quantization principle for sequencesof solutions of
boundary value problems that have bounded energy and whoseenergy den-
sities satisfy nonlinear bounds on the Laplacian and normal derivativ e: One
obtains local uniform bounds on the complement of �nitely many points,
where someminim um quantum of energy concentrates.

1 In tro duction

One purpose of this note is to explain an 'energy quantization' principle that {
in di�eren t forms { has successfullybeen applied to a variety of partial di�er-
ential equations, such as minimal submanifolds, harmonic maps, pseudoholomor-
phic curves,and Yang-Mills connections. The common feature of these PDE's is
an energy functional. (The solutions often but not necessarilyare critical points
thereof.) The 'energy quantization' phenomenonwhich we describe in theorem 2.1
is a consequenceof a mean value inequality for the energydensity.

The secondpurposeof this note, and the content of section3, is a presentation
and generalization of the underlying mean value inequality for the Laplace oper-
ator. Theorem 1.1 below is well known and proofs in an exhausting collection of
casescan be found in the literature, e.g. [S, U]. Our aim here is to give a uni�ed
statement and proof. In theorem 1.3, we generalizethis inequality to domains
with boundary and inhomogeneousNeumann boundary conditions.

We denoteby B r (x) � Rn the open geodesicball of radius r centred at x 2 Rn

and with respect to the present metric. Integration aswell asthe (positivede�nite)
Laplace operator � = d� d will also be de�ned with respect to the metric given in
the context. The Euclidean metric on Rn is denoted by its matrix 1l. Note that
by our convention the Laplace operator in this metric is � = �

P n
i =1 @i

2.
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Theorem 1.1 For every n 2 N there exist constants C, � > 0, and � > 0 such
that the following holds for all metrics g on Rn such that kg � 1lkW 1; 1 � � .

Let B r (0) � Rn be the geodesic ball of radius 0 < r � 1. Suppose that the
nonnegative function e 2 C2(B r (0); [0; 1 )) satis�es for someA0; A1; a � 0

� e � A0 + A1e+ a e
n +2

n and
Z

B r (0)
e � �a � n

2 :

Then

e(0) � CA0r 2 + C
�
A

n
2
1 + r � n � Z

B r (0)
e:

Remark 1.2 By using local geodesic coordinates the above theorem also implies
a mean value inequality on closed Riemannian manifolds with uniform constants
C; � > 0, and for all geodesic balls of radius lessthan a uniform constant.

In order to generalizethe mean value inequality to manifolds with boundary
we would have to considergeneralmetrics on the half spaceHn . However, for the
sake of an elementary geometricproof, we restrict this exposition to the Euclidean
metric. We denote the intersection of a Euclidean ball with the half spaceby

D r (x) := B r (x) \ Hn ; Hn := f (x0; �x)
�
� x0 2 [0; 1 ); �x 2 Rn � 1g:

The outer unit normal derivative @
@� j@Hn in the Euclidean caseis just � @

@x 0
jx 0 =0 .

Theorem 1.3 For every n � 2 there exists a constant C and for all a; b � 0
there exists � (a; b) > 0 such that the following holds: Consider the (partial) ball
D r (y) � Hn for some r > 0 and y 2 Hn . Suppose that e 2 C2(D r (y); [0; 1 ))
satis�es for someA0; A1; B0; B1 � 0

(
� e � A0 + A1e+ ae

n +2
n ;

@
@�

�
�
@Hn e � B0 + B1e+ be

n +1
n ;

and
Z

D r (y )
e � � (a; b):

Then

e(y) � CA0r 2 + CB0r + C
�
A

n
2
1 + B n

1 + r � n � Z

D r (y )
e:

2 Energy quan tization

In this sectionwegenerallyconsidera PDE for mapsu : D ! T from a Riemannian
manifold D (with possibly nonempty boundary @D) to a target space T, e.g.
another manifold, a Banach space,or a �bre bundle over D . The energy is given
for all su�cien tly regular maps u in the form

E(u) =
Z

D
e(u);

where the integrand e(u) : D ! [0; 1 ) is a nonnegative energy density function.
Its key property is that for a solution u of the PDE, the positive de�nite Laplacian
� e(u) can be bounded above in terms of e(u) itself.
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If this bound is linear in e(u), then theorem 1.1 provides a C0-control on e(u)
in terms of its meanvalueson geodesicballs. So if the energyE(ui ) of a sequence
of solutions ui is bounded, then one obtains a uniform bound on the energy den-
sities e(ui ) on any compact subdomain of D n @D. In many casesthis leads to a
compactnessresult, i.e. to the convergenceof a subsequenceof the solution u i .

For solutions of nonlinear PDE's however, the bound on � e(u) is usually non-
linear in e(u). In that casethe mean value inequality in theorem 1.1 only holds
on geodesicballs with su�cien tly small energy and for nonlinearities up to order
(dim D + 2)=dim D in e(u) (where the estimate becomesscale-invariant). Theo-
rem 1.3 generalizesthis mean value inequality to domains D with boundary @D
and bounds on the outer normal derivative @e

@� j@D . This provides uniform bounds
on e(ui ) up to the boundary for solutions ui of a PDE with appropriate boundary
conditions and with bounded energy.

So if a sequenceof solutions ui has bounded energy E(ui ) but only satis�es
nonlinear boundson the Laplacian or the normal derivative, then oneonly obtains
locally uniform bounds on the complement of �nitely many points: By a converse
of the meanvalue inequality, the energydensitiese(ui ) can only blow up at points
wheresomenonzeroquantum of energyconcentrates. In the following theorem we
give a blueprint for such energyquantization results.

Here D is a Riemannian manifold (possibly noncompact or with boundary),
� = d� d denotes the Laplace operator, and @

@� denotes the outer unit normal
derivative at @D. For the sake of simplicit y we make a technical assumption on
the metric near the boundary.

Assumption: A neighbourhood of @D � D is locally isometric to Euclidean Hn .

For generalmetrics the mean value inequality at the boundary becomesmore
technical, but theorem 1.3 should generalizein the sameway as theorem 1.1, so
this theorem should extend to generalRiemannian manifolds with boundary.

Theorem 2.1 There exists a constant ~ > 0 depending on n = dim D and given
constants a; b � 0 such that the following holds: Let ei 2 C2(D ; [0; 1 )) be a se-
quence of nonnegative functions such that for someconstants A0; A1; B0; B1 � 0

(
� ei � A0 + A1ei + ae

n +2
n

i ;
@

@�

�
�
@D ei � B0 + B1ei + be

n +1
n

i :

Moreover, suppose that there is a uniform bound
Z

D
ei � E < 1 .

Then there exist �nitely many points, x1; : : : ; xN 2 D (with N � E=~) and
a subsequence such that the ei are uniformly bounded on every compact subsetof
D n f x1; : : : xN g, and there is a concentration of energy ~ > 0 at each x j : For
every � > 0 there exists I j;� 2 N such that

Z

B � (x j )
ei � ~ 8i � I j;� : (1)
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Pro of: Suppose that for some x 2 D there is no neighbourhood on which the
ei are uniformly bounded. Then there exists a subsequence(again denoted (ei ))
and D 3 zi ! x such that ei (zi ) = Rn

i with Ri ! 1 . We can then apply the

mean value inequality theorem 1.1 on the balls B � i (zi ) of radius � i = R
� 1

2
i > 0.

For su�cien tly large i 2 N, these lie within appropriate coordinate charts of D .
In casez 2 @D we usethe Euclidean coordinate charts at the boundary to apply
theorem 1.3, but we alsodenotethe balls in half spaceby B � i (zi ). Now thesemean
value theorems provide uniform constants C and ~ := maxf �a � n

2 ; � (a; b)g > 0
such that for every i 2 N either

Z

B � i (z i )
ei > ~ (2)

or
R

B � i (z i ) ei � ~ and hence

Rn
i = e(zi ) � CA0� 2

i + CB0� i + C
�
A

n
2
1 + B n

1 + � � n
i

� Z

B � i (z i )
ei :

In the latter casemultiplication by � n
i = R

� n
2

i implies

R
n
2
i � CA0R

� n +2
2

i + CB0R
� n +1

2
i + C~

�
A

n
2
1 R

� n
2

i + B n
1 R

� n
2

i + 1
�
: (3)

As i ! 1 , the left hand sidedivergesto 1 , whereasthe right hand sideconverges
to C~. Thus the alternativ e (2) must hold for all su�cien tly large i 2 N. In
particular, this implies the energyconcentration (1) at x j = x.

Now we can go through the same argument for any other point x 2 D at
which the present subsequence(ei ) is not locally uniformly bounded. That way
we iterativ ely �nd points x j 2 D such that the energyconcentration (1) holds for
a further subsequence(ei ). Supposethis iteration yields N > E=~ distinct points
x1; : : : ; xN (and might not even terminate after that). Then we would have a
subsequence(ei ) for which at least energy~ > 0 concentrates near each x j . Since
the points are distinct, this contradicts the energy bound

R
D ei � E . Hencethis

iteration must stop after at most bE=~c steps,when the present subsequence(ei )
is locally uniformly bounded in the complement of the �nitely many points, where
we found the energyconcentration before. 2

The allowednonlinearities in theorem2.1aresharp, and they arescale-invariant
in the following sense: Consider one function e : Hn ! [0; 1 ) with

R
e < 1

and � e � Ce� , @
@� e � Ce� for some �; � 2 R. Then the rescaled functions

e� (z) = � � n e(z=� ) for � > 0 have the sameenergy
R

e� =
R

e but e� (0) blows up as
� ! 0. On the other hand, they satisfy the nonlinear bounds � e� � C� �n � n � 2e�

�

and @
@� e� � C� �n � n � 1e�

� . Here the constants are bounded i� � > (n + 2)=n
and � > (n + 1)=n, so the theorem cannot hold with nonlinearities of thesehigher
orders.

The analogy in the useof energy densities in compactnessproofs for a variety
of PDE's, including minimal submanifolds [A, CS] and harmonic maps of surfaces

4



[SU], has already been observed and listed by Wolfson [Wo]. Below, we will dis-
cusspseudoholomorphiccurvesand Yang-Mills connectionsin more detail, and in
the appendix we give somesample calculations for the energy densities. In local
coordinates these PDE's are all secondorder nonlinear elliptic systems(or �rst
order reductions thereof), whoseleading term is a component-wise Laplacian. In
all cases,the nonlinearities are exactly of the maximal order as in theorem 2.1.
This correspondsto the fact that the energyfunctionals are conformally invariant.

For pseudoholomorphic curv es (with a 2-dimensional domain) the energy
is the L 2-norm of the gradient, and the estimate � e � C(e+ e2) leadsto Gromov's
compactnessresult [G, Wo]. A detailed proof of � e � Ce2 can be found in [MS,
Lemma 4.3.1]. The linear term in the bound on � e only occurs when the almost
complex structure varies over the domain of the pseudoholomorphiccurve.

For pseudoholomorphic curv es with Lagrangian boundary conditions ,
these Gromov compactnessresults are also well known. They can be proven via
a speci�c choice of a metric for which @

@� e = 0 (see[F] and [MS, Lemma 4.3.3]).
Then the energy density can be extended acrossthe boundary by re
ection and
the mean value inequality for Rn applies. For the naturally induced metric, the
Lagrangian boundary condition only implies @

@� e � C(e + e
3
2 ) (see lemma A.1),

which however �ts nicely into our energy quantization principle.
For Yang-Mills connections on 4-manifolds the energyis the L 2-norm of the

curvature. The bound � e � C(e+ e
3
2 ) wasusedby Uhlenbeck [U] to provea remov-

able singularity result, which leadsto Donaldson'scompacti�cation of the moduli
spaceof anti-self-dual instantons [D]. For a proof of the energyquantization as in
theorem 2.1 seealso[We, Thm.2.1]. As an exampleof the calculations involved we
prove the bounds on � e in lemma A.2, basedon a Bochner-Weitzenb•ock formula
by Bourguignon-Lawson [BL].

Consider a principal G-bundle P ! X over a 4-manifold with boundary. The
Yang-Mills equation with boundary conditions for extrema A 2 
 1(X ; gP )
of the Yang-Mills functional is the systemof d�

A FA = 0 and � FA j@X = 0. HeregP is
the associated bundle whose�bre is the Lie algebra of G. We show in lemma A.2
that the energy density of such Yang-Mills connections satis�es a linear bound
@

@� e � B e.
The anti-self-dualit y equation is a �rst order reduction of the Yang-Mills equa-

tion for connectionson 4-manifolds. The Yang-Mills boundary condition (roughly
equivalent to an inhomogeneousNeumann boundary condition) turns it into an
overdeterminedsystem,similar to Neumann boundary conditions for holomorphic
curves. The natural system to consider are thus anti-self-dual connections
with Lagrangian boundary conditions . Locally, theseare anti-self-dual con-
nections on a product U � P of a domain U � H2 and a G-bundle P ! � over
a closed Riemann surface. By a Lagrangian boundary condition for a connec-
tion A 2 
 1(U � � ; gP ) we mean Aj f zg� � 2 L for every z 2 @H \ U, where
L � 
 1(� ; gP ) is a Lagrangian (Banach) submanifold in the symplectic spaceof
connections.

Energy quantization for this system is proven in [We, Thm.1.2] for the SU(2)-
bundle and a special classof Lagrangian submanifolds by an argument along the
lines of theorem 2.1. In that case,the energy density e : U ! [0; 1 ) is given by
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the slice-wiseL 2-norm of the curvature, e(A) =
R

� jFA j2. The special Lagrangian
boundary condition (which has global nature along the Riemann surface�) pro-
vides @

@� e � C(e + e
3
2 ), but one only has a linear bound � e � ge with a function

g that cannot be bounded in terms of e or a constant. However, in the argument
using (3) we can replace the constant A1 by the sequenceCR2

i with a constant
C and for su�cien tly small ~ > 0. The according estimate jgj � CR2

i can be
established(and can roughly be understood as a bound � e � Ce2). This result
doesnot follow from the standard rescalingmethods for Yang-Mills connections.

3 Mean value inequalities

In this section we prove the mean value inequalities that were stated in the intro-
duction and that the energy quantization principle is basedon. We continue the
notation of the intro duction.

The special caseA0 = A1 = a = 0 of theorem 1.1 and the starting point for the
proof is Morrey's [M] mean value inequality for subharmonic functions. A proof
of the version below can be found in e.g. [LS, Thm.2.1]. For the Euclidean metric
g = 1l we give an elementary proof in lemma 3.2 below.

Prop osition 3.1 For every n 2 N there exist constants C0 and � > 0 such that
the following holdsfor all 0 < r � 1 and all metrics g on Rn with kg � 1lkW 1; 1 � � .

If e 2 C2(B r (0); [0; 1 )) satis�es � e � 0, then

e(0) � C0r � n
Z

B r (0)
e:

Pro of of theorem 1.1:
This proof is based on the Heinz tric k, which is to consider the maximum �c of
the function f below. This allows one to replace the bound on the Laplacian
by a constant depending on �c. One then obtains the result from the mean value
inequality for subharmonic functions and a number of rearrangements in di�eren t
cases.

Consider the function f (� ) = (1 � � )n supB �r (0) e for � 2 [0; 1]. It attains its
maximum at some �� < 1. Let �c = supB ��r (0) e = e( �x) and " = 1

2 (1 � �� ) < 1
2 , then

e(0) = f (0) � f ( �� ) = 2n "n �c:

Moreover, we have for all x 2 B "r ( �x) � B r (0)

e(x) � sup
B ( �� + " ) r (0)

e =
�
1 � �� � " ) � n f ( �� + " ) � 2n (1 � �� ) � n f ( �� ) = 2n �c;

and hence� e � A0 + 2n A1 �c + 2n +2 a�c
n +2

n . Now de�ne the function

v(x) := e(x) + 1
n

�
A0 + 2n �c

�
A1 + 4a�c

2
n

��
jx � �xj2

with the Euclidean norm jx � �xj. It is nonnegative and subharmonic on B "r ( �x)
if the metric is su�cien tly C1-closeto 1l. This is since � 1l jx � �xj2 = � 2n for the
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Euclidean metric and jx � �xj � "r � 1 is bounded, so � jx � �xj2 � � n whenever
kg � 1lkW 1; 1 � � is su�cien tly small. The control of the metric also ensuresthat
the integral

R
B �r ( �x ) jx � �xj2 is boundedby the following integral over the Euclidean

ball B 1l
2�r ( �x): With the constant C1 = 2n +3 Vol Sn � 1=(n + 2)

2
Z

B 1l
2 �r ( �x )

jx � �xj2 = 2
Z 2�r

0
tn +1 Vol Sn � 1 dt = C1(�r )n +2 :

Sowe obtain from proposition 3.1 with C2 = maxf C0; 1
n 2n C0C1g for all 0 < � � "

�c = v( �x) � C0(�r ) � n
Z

B �r ( �x )
v

� C2
�
2� n A0 + �c

�
A1 + 4a�c

2
n

��
(�r )2 + C2(�r ) � n

Z

B �r ( �x )
e: (4)

If 2� n C2A0("r )2 > 1
2 �c, then e(0) � �c � 21� n "2C2A0r 2 � 2� 1� n C2A0r 2 provesthe

assertion. Otherwise we can drop A0 from (4) while doubling the constant C2.
Next, if C2(A1 + 4a�c

2
n )( �r )2 � 1

2 , then (4) implies �c � 2C2(�r ) � n
R

B r (0) e. So

if C2(A1 + 4a�c
2
n )( "r )2 � 1

2 then � = " provesthe assertion,

e(0) � 2n "n �c � 2n +1 C2r � n R
B r (0) e:

Otherwise we can choose0 < � < " such that (�r ) � 2 = 2C2(A1 + 4a�c
2
n ). Then we

obtain with C3 = (2C2)1+ n
2

e(0) � �c � C3
�
A1 + 4a�c

2
n

� n
2

R
B �r ( �x ) e:

Again we have to distinguish two cases:Firstly , if 4a�c
2
n � A1 then this yields

e(0) � C3(2A1)
n
2

R
B �r ( �x ) e:

Secondly, if A1 < 4a�c
2
n then �c < �cC3(8a)

n
2

R
B �r ( �x ) eand thuswith � = 8� n

2 C � 1
3 > 0

R
B r (0) e > �a � n

2 :

So we either have the above or with someconstant C (that only dependson n)

e(0) � CA0r 2 + C
�
A

n
2
1 + r � n � R

B r (0) e:

2

Theorem 1.3 will be proven in three steps. The �rst step is the generalization
of proposition 3.1 to domains with boundary and subharmonic functions in the
senseof the weak Neumann equation: A distribution e on a manifold M is called
subharmonic if for all  2 C1 (M ; [0; 1 )) with @ 

@� j@M = 0

0 �
Z

M
e�  

�
=

Z

M
 � e+

Z

@M
 @e

@�

�
:

For e 2 C2(M ) the equality above holds and implies that � e � 0 and @e
@� j@M � 0.
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Lemma 3.2 For every n � 2 there exists a constant C0 such that the following
holds for all R > 0 and y 2 Hn : Supposethat e 2 C2(D r (y); [0; 1 )) satis�es

�
� e � 0;
@

@�

�
�
@Hn e � 0:

Then

e(y) � C0r � n
Z

D r (y )
e:

Pro of: We will write Hn = f (x0; �x)
�
� x0 2 [0; 1 ); �x 2 Rn � 1g and alsousespherical

coordinates (x0; �x) = (y0 + r cos� ; �y + r sin � � z) =: (r; �; z) with r 2 [0; 1 ),
� 2 [0; � ], and z 2 Sn � 2 � Rn . (For n = 2 this notation meansS0 = f� 1; 1g,
and integration

R
S0 : : : dvolS0 will denote summation of the values at these two

points.) Now the boundary of D r (y) has two parts,

Z r := @D r (y) \ @Hn =
�

(0 ; �x)
�
� j �x � �yj2 � r 2 � y0

2	
;

� r := @B r (y) \ Hn =
�

(r; �; z)
�
� � 2 [0; � 0(r )]; z 2 Sn � 2	

:

Here we use � 0(r ) := arccos(� y0=r). For y0 > r we set � 0(r ) := � , so � r is the
entire sphereand the set Z r is empty. With this we calculate for all r > 0

d
dr

�
r � n +1

Z

� r

e
�

=
d
dr

 

r � n +1
Z � 0 ( r )

0

Z

Sn � 2
e(r; �; z) (r sin � )n � 2 dvolSn � 2 r d�

!

=
Z � 0 ( r )

0

Z

Sn � 2
@r e(r; �; z) (sin � )n � 2 dvolSn � 2 d� (5)

+
@� 0

@r

Z

Sn � 2
e(r; � 0(r ); z) (sin � 0(r ))n � 2 dvolSn � 2 :

Note that � 0(r ) is constant for y0 = 0 as well as for r � y0. So �rstly in case
y0 > 0 we have for all 0 < r � y0

d
dr

�
r � n +1

Z

� r

e
�

= r � n +1
Z

@D r (y )

@
@� e = � r � n +1

Z

D r (y )
� e � 0: (6)

In that casewe moreover have

lim
r ! 0

�
r � n +1

Z

� r

e
�

= Vol Sn � 1 e(y); (7)

which is lessor equalto r � n +1
R

� r
e for all 0 < r � y0. Sointegrating

RR
2

0 r n � 1 : : : dr
provesthe lemma for all R � 2y0,

1
n 2� n Rn Vol Sn � 1 e(y) �

Z R
2

0

Z

� r

edr �
Z

D R (y )
e:
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Next, in casey0 = 0 we have for all r > 0

d
dr

�
r � n +1

Z

� r

e
�

= r � n +1
Z

� r

@
@� e

= � r � n +1
Z

D r (y )
� e � r � n +1

Z

Z r

@
@� e � 0:

Since lim r ! 0

�
r � n +1

R
� r

e
�

= 1
2 Vol Sn � 1 e(y), integration over 0 < r � R then

provesthe lemma for y0 = 0 and all R > 0,

1
2n Rn Vol Sn � 1 e(y) �

Z R

0

Z

� r

edr =
Z

D R (y )
e:

Finally, in caseR > 2y0 > 0 we obtain from (5) for all r > y0

d
dr

�
r � n +1

Z

� r

e
�

�
� y0

r
p

r 2 � y2
0

Z

Sn � 2
e(r; � 0(r ); z) (sin � 0(r ))n � 2 dvolSn � 2 :

Now we can use(7), (6), and integrate the above to obtain for all y0 < r � 1
2 R

Vol Sn � 1 e(y) � r � n +1
Z

� r

e

+
Z r

y0

y0 � 1� n (� 2 � y2
0)

n � 3
2

Z

Sn � 2
e(�; � 0(� ); z) dvolSn � 2 d�:

Since(�; � 0(� ); z) 2 @Hn , we already know that

e(�; � 0(� ); z) �
2n

Vol Sn � 1( R
2 )n

Z

D R
2

( �;� 0 ( � ) ;z )
e �

2n +1 n
Vol Sn � 1Rn

Z

D R (y )
e:

With this (and substituting t = �=y 0) we �nd that for all 0 < y0 < r � 1
2 R

Vol Sn � 1 e(y) � r � n +1
Z

� r

e

+
2n +1 n Vol Sn � 2

Rn Vol Sn � 1

Z r y � 1
0

1
t � 2�

1 � t � 2� n � 3
2 dt

Z

D R (y )
e

� r � n +1
Z

� r

e + CR� n
Z

D R (y )
e: (8)

Here we have intro duced a constant C that only dependson n � 2, in particular
on the value of the integral in t: For n = 2 we calculate it explicitly ,

Z r y � 1
0

1
t � 2�

1 � t � 2� � 1
2 dt =

h
arccos(t � 1)

i r y � 1
0

1
= arccos

�
r
y0

�
< �

2 :

9



For n � 3 we have

Z r y � 1
0

1
t � 2�

1 � t � 2� n � 3
2 dt �

Z r y � 1
0

1
t � 2dt = 1 � r

y0
< 1:

Now from (6) we know that (8) also holds for 0 < r � y0 (with C = 0), so

integrating
RR

2
0 r n � 1 : : : dr provesthe lemma in this last case,

1
n

�
R
2

� n
Vol Sn � 1 e(y) �

Z R
2

0

Z

� r

edr + 1
n

�
R
2

� n
CR� n

Z

D R (y )
e � C0

Z

D R (y )
e:

2

Pro of of theorem 1.3:
With lemma3.2 in hand, the secondstepof the proof is to assumeconstant positive
bounds, � e � A and @e

@�

�
�
@Hn � B and �nd a constant C1 (only depending on n)

such that for all r > 0 and y 2 Hn

e(y) � C1r � n
Z

D r (y )
e + C1Ar 2 + C1B r: (9)

That is, we �rst prove the theorem with A1 = B1 = a = b = 0. To do this consider
the function

v(x) := e(x) + 1
2n Ajx � yj2 + (B + 1

n A y0)x0:

It is positive and satis�es � v � 0 and @v
@�

�
�
@Hn � 0, so lemma 3.2 implies that

e(y) = v(y) � (B + 1
n A y0)y0 � v(y) � C0r � n

Z

D r (y )
v: (10)

In caser � y0 we just use v(x) = e(x) + 1
2n Ajx � yj2, then the sameholds, and

moreover
Z

D r (y )
v =

Z

D r (y )
e + 1

2n A
Z r

0
tn +1 Vol Sn � 1dt =

Z

D r (y )
e + Vol Sn � 1

2n (n +2) Ar n +2 :

In caser > y0 we have (using x0 � 2r on B r (y))
Z

D r (y )
v �

Z

D r (y )
e + 1

2n A
Z r

0
tn +1 Vol Sn � 1dt + (B + 1

n A y0)
Z

D r (y )
x0

�
Z

D r (y )
e + Vol Sn � 1

2n (n +2) Ar n +2 + (B + 1
n A r ) 2

n Vol Sn � 1r n +1 :

In any case,putting this into (10) proves(9).
Finally, to prove the theorem we consider { analogousto the proof of theo-

rem 1.1 { the function f (� ) = (1 � � )n supD �r (y ) e de�ned for � 2 [0; 1]. It attains
its maximum at some �� < 1. We denote �c = supD �� r (y ) e = e( �x) and " = 1

2 (1 � �� ),
then e(y) � 2n "n �c and e(x) � 2n �c for all x 2 D "r ( �x). Thus on D "r ( �x) � D r (y) we

10



have the estimates� e � A0 + 2n �c(A1 + 4a�c
2
n ) and @e

@�

�
�
@Hn � B1 + 2n �c(B1 + 2b�c

1
n ).

Putting this into (9) yields for all 0 < � � "

�c = e( �x) � C1(�r ) � n R
D �r ( �x ) e + C1

�
A0 + 2n �c(A1 + 4a�c

2
n )

�
(�r )2 (11)

+ C1
�
B0 + 2n �c(B1 + 2b�c

1
n )

�
�r :

To deducethe claimed mean value inequality from this, we have to go through a
number of di�eren t cases.Firstly , if C1A0("r )2 + C1B0"r � 1

2 �c, then since" � 1
2

e(y) � �c � C1A0r 2 + C1B0r;

which proves the theorem. Otherwise (11) continues to hold with A0 and B0

dropped (and the constant C1 doubled). Next, let 0 < " 0 < " be the solution of
the equation A1("0r )2 + B1"0r = 2� n � 1C � 1

1 or in caseA1("r )2 + B1"r � 2� n � 1C � 1
1

let " = " 0. Then we can rearrange(11) to obtain for all 0 < � � " 0

Z

D r (y )
e �

R
D �r ( �x ) e � �c(�r )n

�
1
2 C � 1

1 � 2n +2 a�c
2
n (�r )2 � 2n +1 b�c

1
n �r

�
: (12)

Now if a > 0 or b > 0 let � (a; b) > 0 be the solution of

2n +2 a� 2 + 2n +1 b� = 1
4 C � 1

1 :

If �c
1
n �r = � (a; b) for some0 < � � " 0, then the theorem holds with

R
D r (y ) e � 1

4 C � 1
1 � (a; b)n =: � (a; b) > 0:

Otherwise we must have �c
1
n "0r < � (a; b), so (12) with � = " 0 gives

�c � 4C1("0r ) � n R
D r (y ) e: (13)

In the special casea = b = 0 we get the samedirectly from (12). In case" 0 = "
this proves the theorem since e(y) � 2n "n �c. Otherwise " 0 < " satis�es with
C2 = 2n +1 C1

2C � 1
2 = A1("0r )2 + B1"0r + C � 1

2

=
� p

A1"0r + C
� 1

2
2

� 2
+

�
B1 � 2C

� 1
2

2

p
A1

�
"0r

=
�

1
2 C

1
2

2 B1"0r + C
� 1

2
2

� 2
+

�
A1 � 1

4 C2B 2
1

�
("0r )2:

From this one seesthat either B1 � 2C
� 1

2
2

p
A1 and "0r � (

p
2 � 1)C

� 1
2

2 A
� 1

2
1 from

the secondline, or A1 � 1
4 C2B 2

1 and "0r � 2(
p

2 � 1)C � 1
2 B � 1

1 from the third line.
Putting this into (13) we �nally obtain in this last casewith a constant C that
only dependson n

e(y) � �c � C
�
A

n
2
1 + B n

1

� R
D r (y ) e: 2
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A Some iden tities for energy densities

Let (M ; ! ) be a compact symplectic manifold, let J be an ! -compatible almost
complex structure, and �x the induced metric ! ( � ; J � ) on TM . Moreover, let
L � M be a Lagrangian submanifold, that is a submanifold of dimension 1

2 dim M
with ! jL � 0.

For the following we usethe coordinates (s; t) 2 H2 with t � 0. Then the outer
unit normal derivative on @H2 is @t jt =0 .

Lemma A.1 Let 
 � H2 be an open domain and consider a pseudoholomorphic
curve u : 
 ! M with Lagrangian boundary conditions,

@su + J @t u = 0; u(z) 2 L 8z 2 @H2 \ 
 :

Its energy density e(u) = j@suj2 : 
 ! [0; 1 ) satis�es

� e � a e2; @
@�

�
�
@H2 e � be

3
2

with constants a; b that only depend on (M ; ! ; J ) and L .

Pro of: For � e � a e2 seethe proof of [MS, Lemma 4.3.1]. We calculate the normal
derivativew.l.o.g. at (0; 0) in Darboux-Weinsteincoordinatesnearu(0; 0) 2 L � M .
So u is replacedby u = (u1; u2) : U ! Rn � Rn on a small neighbourhood U � 

of (0; 0). In thesecoordinates, the symplectic structure ! = ! 0 is independent of
(s; t) 2 U, and the Lagrangian submanifold is Rn � f 0g, see[MS, Theorem 3.32].
However, the almost complex structure J : R2n ! R2n � 2n varies with the base
point. Sowe have @su + J @t u = 0 with J = J � u : U ! R2n � 2n , and the boundary
condition becomesu2(s; 0) = 0. We can now use@t u = J @su to calculate

@t e(u) = @t
�
! 0(@su; J @su)

�

= ! 0(@s(J @su); J @su) + ! 0(@su; (@t J )@su)) + ! 0(@su; J @s(J @su))

= 2! 0(@2
s u; @su) + 2! 0((@sJ )@su; J @su) + ! 0(@su; (@t J )@su):

The �rst term vanishesat (0; 0) since @su2jt =0 = 0 and @2
s u2jt =0 = 0. For the

secondand third term note that @sJ = (r J )@su and @t J = (r J )J @su. Hence

@t
�
�
t =0 e(u) � 2jr J j � j@suj3 + jJ (r J )J j � j@suj3 � B e(u)

3
2 ;

where the constant B only dependson J and the coordinates, so it can be chosen
uniform for the compact manifold M . 2

Let G be a compact Lie group and denote its Lie algebra by g. The local
trivialization of a G-bundle over a 4-manifold with boundary is G � U ! U for
someopen domain U � H4. Locally, a connection is given by a g-valued 1-form
A 2 
 1(U; g). It inducesthe exterior derivative dA : 
 k (U; g) ! 
 k+1 (U; g) given
by dA � = d� + 1

2 [A ^ � ], where the pairing is by the Lie bracket [�; �] on g. The
curvature of a connection is the 2-form FA = dA + [A ^ A].

Moreover, we equip g with a G-invariant metric h�; � i and let U be equipped
with any Riemannian metric. The covariant derivative r A is given for sections
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� : U ! g by r A � = dA � , but it extends to di�eren tial forms by the Leibnitz rule
using the Levi-Civita connection on U. The formal dual operators of r A and dA

are denoted by r �
A and by d�

A : 
 k+1 (U; g) ! 
 k (U; g).

Lemma A.2 Consider a Yang-Mil ls connection A 2 
 1(U; g),

d�
A FA = 0; � FA j@H4 = 0:

Its energy density e(A) = jFA j2 : U ! [0; 1 ) satis�es

� e � Ce + ce
3
2 ; @

@�

�
�
@H4 e � B e

with constants B ; c;C that only depend on the metric on U.

Pro of: The Bochner-Weitzenb•ock formula [BL, Thm 3.10] is
�
dA d�

A + d�
A dA

�
FA = r �

A r A FA + FA � (Ric ^ g + 2R) + R A (FA ):

The left hand side vanishesfor a Yang-Mills connection due to d�
A FA = 0 and

the Bianchi identit y dA FA = 0. The quadratic term R A (FA ) 2 
 2(U; g) can be
expressedwith the help of a local orthonormal frame (e1; : : : ; e4) of TU as

R A (FA )(X ; Y ) = 2
4X

j =1

[FA (ej ; X ); FA (ej ; Y )]:

The estimate for the Laplacian now follows from

�r � r
�
�FA

�
�2

= � 2
�
�r A FA

�
�2

� 2hFA ; r �
A r A FA i

� 2hFA ; FA � (Ric ^ g + 2R) i + 2hFA ; R A (FA ) i

� C
�
�FA

�
�2

+ c
�
�FA

�
�3

:

Here the constant C dependson the Ricci transform Ric and the scalar curvature
R of the metric on U. The constant c only dependson the metric on g.

For the normal derivative at w.l.o.g. 0 we uselocal geodesiccoordinates on @H4

combined with the 
o w of a unit normal vector �eld into H4 to obtain coordinates
(x0; x1; x2; x3), x0 � 0 on a neighbourhood U � H4 of 0. Then the components
of the metric satisfy gij jx 0 =0 = � ij and we have @

@� j@H4 = @0jx 0 =0 . The boundary
condition becomesF0i = 0 for all i , and it implies r j F0i = 0 for all i; j 6= 0. (Here
Fij and r j denote the components of FA and r A .) With this we can calculate

@0
�
�
x 0 =0 jFA

�
�2

= @0
�
�
x 0 =0

X

i;j;k ;`

gij gk` hFik ; Fj ` i

= 2
X

i;j;k

@0gij hFik ; Fj k i + 2
X

i;k

hr 0Fik ; Fik i � B jFA j2:

Here the constant B only dependson the �rst normal derivative of the metric. The
secondterm vanishessince Fik = 0 unless i; k 6= 0, but by the Bianchi identit y
and the boundary condition

r 0Fik = r i F0k + r k Fi 0 = 0 8 i; k 6= 0:

2
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