Counting Independent Sets Using the Bethe Approximation

V. Chandrasekaran * M. Chertkov D. Gamarnik ¥ D. Shah * J. Shin &

Abstract

We consider the #P complete problem of counting the number of independent sets in a given
graph. Our interest is in understanding the effectiveness of the popular Belief Propagation (BP)
heuristic. BP is a simple and iterative algorithm that is known to have at least one fixed point.
Each fixed point corresponds to a stationary point of the Bethe free energy (introduced by
Yedidia, Freeman and Weiss (2004) in recognition of Hans Bethe’s earlier work (1935)). The
evaluation of the Bethe Free Energy at such a stationary point (or BP fixed point) leads to the
Bethe approximation to the number of independent sets of the given graph. In general BP is not
known to converge nor is an efficient, convergent procedure for finding stationary points of the
Bethe free energy known. Further, effectiveness of Bethe approximation is not well understood.

As the first result of this paper, we propose a BP-like algorithm that always converges to a BP
fixed point for any graph. Further, it finds an e approximate fixed point in O(n?d*2%~*log®(ne 1))
iterations for a graph of n nodes with max-degree d. As the next step, we study the quality
of this approximation. Using the recently developed ‘loop series’ approach by Chertkov and
Chernyak, we establish that for any graph of n nodes with max-degree d and girth larger than
8dlog, n, the multiplicative error decays as 1 + O(n~7) for some v > 0. This provides a deter-
ministic counting algorithm that leads to strictly different results compared to a recent result
of Weitz (2006).

Finally as a consequence of our results, we prove that the Bethe approximation is exceedingly
good for a random 3-regular graph conditioned on the Shotest Cycle Cover Conjecture of Alon
and Tarsi (1985) being true.
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1 Introduction

We consider the problem of counting the number of independent sets in a given graph. This problem
has been of great interest as it is a prototypical #P-complete problem. It is worth noting that such
questions do arise in practice as well, e.g. for performance evaluation of a finite buffered radio
network (cf. see Kelly [11]). Recently, the Belief Propagation (BP) algorithm has become the
heuristic of choice in many similar applications where the interest is in computing, what physicists
call, the partition function of a given statistical model, or equivalently when restricted to our
setup, the number of independent sets for a given graph. In this paper, we wish to understand the
effectiveness of the BP based approximation (also known as the Bethe approximation) for counting
independent set in a given graph.

BP is a simple, iterative or message-passing algorithm. It is well understood that this iterative
algorithm does have fixed points. Further they correspond to stationary points of what is known
as the Bethe free energy — for more details on the Bethe approximation and its relation to BP fixed
points, see Yedidia et al. [21]; also see book by Georgii [9]. However, there are two key problems.
First, the BP algorithm is not known to converge for general graphs for counting the number of
independent sets; there are known counter-examples for other problems (cf. see [18]). Second, given
the BP fixed points, i.e. the Bethe approximation, it is not clear what the approximation error is.
In this paper, we will address both of these challenges as our main result. Before explaining our
results, we provide a brief description of relevant prior work.

1.1 Prior Work

Previous work on counting the number of independent sets in a given graph falls into two broad
categories. The first, and major, body of work is using sampling through Markov chain. In this
approach, initiated by the works of Dyer, Frieze and Kannan [7] and Jerrum and Sinclair [15],
one wishes to design a Markov chain that samples indepenent sets uniformly and has fast mixing
property. Some of the notable results for independent set problems are by [13, 6, 17, 5]. In
summary, these results show the following: (a) for any graphs with max-degree upto 4, there is
exists an FPRAS using a fast mixing Markov chain, (b) there is no fast mixing Markov chain (based
on local updates) for all graphs with degree larger or equal to 6, and (c) counting independent sets
for all graphs with degree larger than 25 is hard.

The second approach introduced by Weitz [19] provides a deterministic FPTAS for any graph
with max-degree upto 5. It is based on establishing correlation decay property for any tree with
max-degree upto 5 and an intriguing equivalence relation between (an appropriate) distribution on
graph with (an appropriate) distribution on its self-avoiding walk tree. We take note of work by
Bandyopadhyay and Gamarnik [2]: it establishes that the BP based approximation is asymptotically
correct for graphs with large girth and degree upto 5 (e.g. random 4-regular graph). Like [19], it
also uses correlation decay property. On the flip side, it provides approximation upto logarithm
and error in logarithm is o(n) for graph of size n.

In summary, all of the above results use some form of correlation decay property — either
dynamic or spatial. And, the generic conditions just based on max-degree are unlikely to extend
beyond what is already known.

1.2 Our Results

Motivated to obtain good approximation results for graphs with larger (> 5) max-degree, but pos-
sibly with additional constraints such as large girth, we consider utilizing Belief Propagation/Bethe



approximation for counting the number of independent sets. As the main result, we provide a de-
terministic algorithm based using Bethe approximation for approximately computing the number
of independent sets in a graph of n nodes with max-degree d and girth larger than 8dlogy n, for
any d.

To establish this result, as the first step we propose a new, simple message-passing algorithm
that can be thought of as a minor modification of the BP. We show that our algorithm always
converges to a fixed-point of BP or equivalently a stationary point of Bethe free energy for any
graph. The algorithm takes O(n?d*2%~*log®(ne—')) iterations to obtain an e approximate fixed
point for a graph of n nodes and max-degree d (see Theorem 2).

Thus computed BP fixed points readily leads to the Bethe approximation for the number of
independent sets. We analyze the error in this approximation, using the recently developed frame-
work of ‘loop series’ by Chertkov and Chernyak [4], which character this error as a summation of
terms with each term associated to a ‘generalized loop’ of the graph. Though this approach pro-
vides an ‘explicit’ characterization of the error, it involves possibly super-exponentially many terms
and hence is far from trivial to evaluate in general. To tackle this challenge and bound the error,
we develop a new combinatorial method to explicitly obtain a handle over this summation. We do
so by bounding this summation through a product of terms that involves what we call apples — an
apple is a simple cycle or a cycle plus a connected line. This, along with the result of Bermond,
Jackson and Jaeger [3], leads to the eventual result that the error in Bethe Approximation decays as
O(n~7) for some 7 > 0 for any graph of n nodes with max-degree d and girth larger than 8dlog, n.

As an implication of this result for random 3-regular graphs with the result of Bermond et
al. replaced by its stronger version, also known as the Shortest Cycle Cover Conjecture (SCCC)
by Alon and Tarsi [1] suggests the following result: the difference between the logarithms of the
number of independent sets and the Bethe Free Energy is O(1) with high probability. This is in
sharp contrast with the result of Bandyopadhyay and Gamarnik [2] that suggest error to be o(n),
based on correlation decay and expected by Physicists. Thus, we have an intriguing situation —
either SCCC is false or the Bethe approximation is terrific! A byproduct of the technique used to
establish the result for random 3-regular graph is the following algorithmic implication: it suggests
a systematic way to correct the error in Bethe Approximation and this could be of interest in its
own right.

1.3 Organization

Section 2 introduces the BP algorithm, the relation of its fixed points with the Bethe Free Energy,
the Bethe Approximation for the problem of computing the number of independent sets in a given
graph and the loop series based error characterization in this approximation. In Section 3, we
describe a new message-passing algorithm for computing a fixed point of BP for this problem.
We obtain its rate of convergence in Theorem 2. In Section 4, we analyze the error in the Bethe
approximation based on thus computed BP fixed point for graphs with large girth. Finally, in
Section 5 we obtain an unexpectedly sharp correctness of Bethe Approximation for random 3-
regular graph assuming the Shortest Cycle Cover Conjecture.

2 Background

Let G = (V, E) be a graph with the vertices V = {1,...,n}, edges E C (‘2/) and a (vertex labeled)
collection of binary random variables X = {X,|v € V}. Let X4 = {X,|v € A} for any A C V.



The joint distribution of X is defined as follows: for o = (0,) € {0,1}",

Pr(X = o) = % I (-0, (1)

(u,v)EE

where Z is the normalization constant. By definition, the distribution of X is uniform over all
independent sets of G and hence Z is the number of independent sets. We will use the following
notations: N(v) be the set of neighbors of v € V, d(v) = dg(v) £ [N(v)| for v € V, and d =
max, d(v).

2.1 Belief Propagation (BP)

The BP algorithm (cf. [14]) is a heuristic to evaluate Z for any graphical model based distribution,
such as (1). Next, we describe this algorithm for the problem of our interest. BP is iterative with

parameters as messages — m!,_, (o),m!_ (o) for all (u,v) € E,o € {0,1} for iteration time t.

Initiall, t = 0 and m{_ (o) = md_ ,(c) = 1 for all (u,v) € E,o € {0,1}. For t > 0, the messages

uU—7v v—UuU
are updated as follows:

L) ! )
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The initial conditions and (2) suggest that the updating function corresponding to the ratios of

t

. m 1 . . .

messages (i.e. ;‘Hugog) is continuous. Further, it maps elements from the closed, convex set
My —u

[0, 1]2‘E | to itself. Therefore, by Brouwer’s fixed point theorem [10] at least one fixed point does
exist. Any such fixed point, say (mu—y(*))wv)er, by definition must satisfy

My—o(l) 1

- Mw—u 1 ’
M) T ey, 2=l

3)

Given a fixed point, the BP estimate of marginal distributions for X,,v € V', denoted by 7,(0),0 €
{0,1}, are defined as

) _ 11 % and  7,(1) =1 —7,(0). (4)
ueN(v)

It also follows from (1), that for any w,v € V with (u,v) € E,
Tuw(0,1) = 7(1), 7Tuo0(1,0) =7, (1), Tuo(1,1) =0, 7,,(0,0) = 1—7,(1) —7,(1), (5)
(1) < 7(0), max{7,,(1,0),7,,(0,1)} < 7,,(0,0). (6)

In above, 7, ,(0,0") is a BP based estimate for pair-wise joint distribution of (X,, X,). For details
on relation between BP estimates and node/pair-wise marginals, please refer to the monograph by
Wainwright and Jordan [18].

2.2 Bethe Approximation

Now we present the Bethe approximation for Z based on the BP fixed point or equivalently the
induced node/pair-wise marginals as per (4) and (5). To this end, the Bethe free energy (cf. see
[21]) for problem of interest is a function F' : [0, 1]Vl — R, defined as follows: for x = (z,) € [0, 1]V,

F(x) = Z (xpInzy — (d(v) = 1)(1 — z) In(1 — z)) + Z (1 =y — ) In(1 — 2y — 2)(7)

veV (u,v)eE



Definition 1. (Bethe Approzimation) Let T = (1,(1))veyv € [0,1]V] be BP fized point based node
marginals (cf. (4)). Then, the Bethe approximation for InZ, the logarithm of number of indepen-
dent sets, denoted by In Zp is defined as

2

InZp=IZp(r) = F(1).

2.3 BP Fixed Pt. = Stationary Pt. of F

Now we state the relation between BP fixed point and the stationary point of F'. Given this, it
follows that an alternative way to obtain Bethe approximation for In Z (or Z) is to first find the
stationary point of F' and then evaluate F' at that stationary point (instead of using BP to find
the fixed point and evaluate F' at that fixed point). To this end, note that the gradient of F,

VF(x) = [g—i] is such that
OF
Sor = (@) =l —zo(t) +Inay(t) - D (1 =z (t) — (1)) (®)

ueN(v)

Let x* be a zero gradient point (or stationary point) of F', i.e. VF(x*) = 0. From (8), it follows
that

*

HuEN(U)(l -z — )
(1 — a5) i) 1z

-1 9)

We state the following result that relates a zero gradient point with the fixed point of BP messages
as well as corresponding marginal estimates. For completeness, we include its proof in the Appendix
A (also see Yedidia et al. [21]).

Lemma 1. Given a zero gradient point X* = (z})yey of F as defined above, for any (u,v) € E
define

My (1) _ 1—xf—ak
My (0) 1 —a3

Then such messages are BP fized point, i.e. they satisfy (3). Further, the corresponding node

marginals
%

Tv(l) H mu—w(l) Xy,

ueN(w) mu_w(O) 1= 33‘2;

2.4 Error in Bethe Approximation: Loop Series Correction

Recently, Chertkov and Chernyak [4] showed that the Z can be obtained by “correcting” the Bethe
approximation Zg as follows:

Z=Zp |1+ > w@)]. (10)
0AFCE
Here F' C E are (edge) subgraphs of G with weight w(F'), defined next (cf. see [4, 16]). For F' with
any node having degree 1, w(F') = 0. For all other F, called generalized loops,

w(F) = (—D)F T m(1) {1+ (-1)%® <m>dm)_1] . (11)

veEVER Tv (0)




3 Fast, Convergent Algorithm for Bethe Approximaton

In order to compute the Bethe approximation to the number of independent sets, one could obtain
a stationary point of the Bethe free energy using BP. However, since BP does not always converge
in general (e.g. see [18]), we propose a convergent BP-like alternative in this section to compute
the Bethe approximation.

3.1 Algorithm Description

The algorithm described next computes x(t) = (2,(t))ycv as an approximation of a zero gradient
point of F' (cf. (9)) (and hence BP fixed point as per Lemma 1). It is based on the standard gra-
dient algorithm. The non-triviality lies in the choice of the appropriate ‘step-size,” and subsequent
analysis of correctness and rate of convergence.

o Algorithm parameters: iteration ¢ > 0, x(t) = (24(t))pey. Initially, ¢ = 0 and x,(0) =
1/4, veV.

o x(t) = (zy(t))yey is updated till ¢ < T

Tp(t+1) = zy(t) —aft)

0%y ’

x(t)

where a(t) = 1/ (2447(d? + 6d + 2)v/t + 1) and recall that

oF
oz,

= [ (d(v) — 1) In(1 — 2,(t)) + Inz,(t) — Z In(1 — @y (t) — 2, (¢))

(t) uEN(v)

o Choose a s < T with probability %, output x(s) = (24(8))yey as an approximate zero
t<
. . . My—ov(1)
gradient of F' and approximate BP fixed point messages, for any (u,v) € E as p— ()}
1—zy(s)—zu(s)
1—x4(s) :

3.2 Properties of Algorithm: Correctness, Convergence

Consider the following definition of e-approximation of BP fixed point.

Definition 2. Given ¢ € (0,1), messages {my—u(1), My—v(0)}(yv)er is called the BP e-fized (or
e-BP fized) point messages if for all (u,v) € E,

mea) () [
mu—m( ) weN(u)\v m

Next we state the result about correctness, convergence of the algorithm. Its proof is in Appendix
B.



Theorem 2. Let X = (Ty)vey, Mu—v(1l)/My—vp(0), (u,v) € E be output of the algorithm. Then,
2

My—p(1) May—u(1) nd* 2% log T
E s S = — =) 12
(w)eE | Tu—u(0) *w@%\v Fru—a(0) N7 (12)

Choice of T. Theorem 2 implies that for T = © (n?d*2%~* log®(n/ £)), the algorithm will produces
an ¢-BP fixed point for any € > 0.

4 Correctness of Zp for Graphs With Large Girth

The algorithm in previous section provides BP fixed point or stationary point of Bethe Free Energy.
This leads to the Bethe Approximation, In Zp (or Zg), of InZ (or Z) for any graph G. Here, we
establish that the error in Zp in estimating Z asymptotically decays to 0 for graphs with large
girth. Formally, girth of the graph is the length of the shortest cycle (i.e. for tree, it is 0c0). The
formal result is stated below.

Theorem 3. Let g(G) be the girth of graph G. If g(G) > 8dlogy n, then

-1 = 0w,

G
where v = 4 <8dgls)gin - 1) > 0.

4.1 Proof Sketch: Theorem 3

We start by introducing a useful notion of apples — a special class of connected subgraphs of G.

Definition 3. (Apple) A connected edge subgraph C' C E of G is an apple if (a) it is a cycle, or
(b) it is union of a cycle and a line, i.e. two vertices vi,vy € C have do(v1) = 1,dc(v2) = 3 and
do(v) =2 for v € Vo\{vi,v2}.

Given an apple C' C E and BP fixed point based node marginals 7,(1)/7,(0),v € V, define its
weight as

R ) n) )"
OENN]| : (13)
{u,w}eC Tu(O) Tv(O)

As the first result, we will establish the following bound on summation of weights over all apples.
The proof is presented in Section 4.2.

Lemma 4. Let g = g(G) be girth of G so that g(G) > 8dlogsn. Then

Y @(C)=0(n"),

CCcE

G
where v = 4 <8dgls)gin - 1) > 0.

To establish Theorem 3, it is sufficient to show that
Y wE)| = 0n7). (14)
0AFCE

For this, we first bound the term » 3y, g [w(F)| by summation > . p @(C) as follows. The proof
is presented in Section 4.3.



Lemma 5. For any graph G,
1+ Z lw(F)| < eoce®©),

Now from Lemma 5 and 4 as well as e* =1+ O(z) for x = O (n™7) with v > 0, the desired bound
(14) follows immediately. This completes the proof of Theorem 3.

4.2 Proof of Lemma 4

The key to the proof of Lemma 4 is to (a) bound the number of apples of a given size (i.e. the
number of edges), and (b) bound the weight of an apple of a given size. As we shall show, under
the large girth condition of Theorem 3 the product (a) and (b) will exponentially in the size of the
apple. This will prove the claim of Lemma, 4.

To this end, first we bound (a), i.e. the number of apples of a given size, say k. We state the
following proposition (see Appendix C for its proof).

Proposition 6. For any apple C of size k, w(C) < 92,

Next, we bound (b), i.e. the number of apples of a given size k.

Proposition 7. Given girth g = g(G) > 8dlogy n for graph G, the number of apples of size k is at
most n? (62/Cl)k, where ¢; = g/ Inn.

Proof. Given an apple C, if C' has a degree 1 vertex, say v, then define it as its starting vertex or
else (i.e. C a cycle) let it be arbitrary. Now consider T,(G), the self avoiding walk tree (cf. [12])
of G rooted at v € V. It is easy to see that, there is an injective map from the apples of size k
with starting vertex v to the paths of length k£ (i.e. having leaf at level k) starting at v in T,(G).
Given this injection, it follows that the number of apples of size k with starting vertex v is at most
the number of leaves at level k of T;,(G). Now the number of nodes upto level g/2 (where g is the
girth, ¢ = ¢(G)) in T,(G) must be at most n — or else, there will be two nodes in T,,(G) at level
upto g/2 that are copies of the same vertex and hence leading to existence of a cycle of lenght < g
in G. For the very same reason, it also follows that any sub-tree of T, (G) must have at most n
nodes upto (its) level g/2. Using these properites, it can be shown that the number of vertices (and
hence leaves) upto level k of T,,(G) is at most

. k
n[fljz] < n%-i'l —n <e2lnn/g> )
Now since there are n possible starting vertices, the number of apples of size k is at most
k k
n2 <e21nn/g> — 2 <e2/cl> )

This completes the proof of Proposition 7. O

To complete the proof of Lemma 4, consider the following. From Propositions 6 and 7,

Sae) < Yowr () ad = [ Y5

CCcE k>g k>g
09 et 1n _
< n2<1_5> :O(n2n115) :O(n V).

. _1 _4
In above, we have used ¢; = g/Inn > % and definition § £ 27 2a¢2/¢1 = ¢~ zaM2H2/e1 <




4.3 Proof of Lemma 5

In this section, we are going to use the following result by Bermond, Jackson and Jaeger [3].

Theorem 8. Given a connected graph G = (V, E) without a bridge (i.e. there is no edge e € E such
that G' = (V, E\{e}) is not connected), there exists a list of cycles so that every edge is contained
in exactly four cycles of the list.

Inspired by such a result, we define a list of apples {C;} as a good decomposition of a given
generalized loop F' if it satisfies the following conditions:

F = UG and |wF)| < J]&(C).

Observe that the existence of a good decomposition for any generalized loop F' is sufficient to
complete the proof of Lemma 5. This is because

1k Y )] < JTavae) < J] @ = eXeer®@), 15)
0#£FCE CCE CCE

where the first inequality is due to existence of a good decomposition for any generalized loop F.
Now we are left with proving existence of a good decomposition for any generalized loop in order
to complete the proof of Lemma 5. This is what we do next.

Now some notations. Given a list of apples {C;} and F' = UC;, for (u,v) € F let Ny, be the
number of C; that include the (u,v); let Nyax = max(y e Nu,w)- Then, we state the following
that uses Theorem 8.

Proposition 9. For any generalized loop F', there exists a list {C;} of apples with Nyax < 4.

Proof. Assume F' is connected, or else apply the argument to each connected component separately.
Now if F' has no bridge, by the Theorem 8, there exists a list {C;} of cycle (and hence apples)
which cover every edge exactly 4 times, hence Ny.x = 4. Now suppose I’ has a bridge. Then,
break F' into two components of size > 1 which are connected by a bridge. Recursively, break
thus generated components via a bridge till each component is left without a bridge. Since each of
these eventually resulting bridgeless components are of size > 1, they are essentially vertices of a
meta-tree, say T = (V, €), whose edges are essentially line sugraphs of F'. Now choose a component
of this meta tree arbitrarily as its root. By another application of Theorem 8, it follows that for
each component v € V (i.e. a meta-vertex of T), there is a list L, of cycles that covers all of v’s
edges exactly four times. Now for each line subgraph or meta-edge e € € of T, let v(e) be the ‘child’
node as per the rooting of J. Then, attach this line subgraph or meta-edge e to an appropriate
cycle in the list Ly). With abuse of notation, call thus modified list of cycles, now some of them
apples, as Ly(c). Note that this will lead to a valid list of apples, UyeyLy that will cover every edge
of G at least once and at most 4 times. This completes the proof of Proposition 9. O

Finally, to complete the proof of Lemma 5, consider the list of apples produced by Proposition 9
and observe
2d m

o (D ) 1) 7l1)
oo = (1L 1l yZone) = (U1 yZone

) (u,v)EC’i i (u,U)ECi

L

Neuo)\ Nmaxd 3
Tu(1) 7 (1) Tu(1) 7 (1)
11 ( Tu(O)TU(0)> = | 1l 20

(u,w)EF



where we use (L <1 and Npax < 4 for the inequalities. Hence, we obtain the desired bound:
7 (0)
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_ i 7@(1) i e @) 7@(1) dr(v)—1
IR ) R (Zw)
= Jw(F)],

where the inequalities follow from :: Eé; <1

5 Correctness of Zp: Random 3-Regular Graphs

In this section, we consider the error in Bethe Approximation for a random 3-regular graph. To
obtain sharp results, we will utilize the Shortest Cycle Cover Conjecture (SCCC) of Alon and Tarsi

).

Conjecture 10 (Shortest Cycle Cover Conjecture). Given a bridgeless graph G with m edges, all
of its edges can be covered by a collection of cycles with the sum of their lengths being at most
m/5 = 1.4m.

Now we state our result that implies the difference between the Bethe approximation In Zp and
In Z is uniformly bounded, independent of n, with probability 1.

Theorem 11. Let G be chosen uniformly at random among all 3-reqular graphs with n vertices.
Assuming SCCC is true, there exists a function f: (0,1) — R, so that

InZ —InZp| < f(e), with probability 1 — ¢,

where %ln Zp =~ 1nl1.545.

5.1 Proof Sketch: Theorem 11

From (10), it is equivalent to show that

In {1+ Z w(F) || < f(e), with probability 1 — €.
0£AFCE

Similar to the case of large-girth graphs, we consider } y_ p- (w(F)|. First, we show that it is less
than g(e) with probability 1 — € for some function g : (0,1) — R™. This gives us an upper bound,
ie.

{1+ Y w@) | < |1+ > [w@)]| < In(l+g(). (16)
PAFCE 0£AFCE

The details are explained in Section 5.2.
Now, if we have g(g) uniformly bounded below 1, say always at most 1/2 for example, then
the (16) would be sufficient to establish the claim of Theorem 11. However, that may not be true.

10



For this reason, we need additional proof-techniques to obtain an appropriate lower bound on the
quantity of interest. This lower bounding technique needs longer explanation and hence presented
in Appendix E. A careful reader may notice that our lower bounding technique is essentially an
algorithm that tries to ‘correct’ the error in Bethe approximation by means of the loop series
characterization in a systematic manner.

5.2 Upper Bound

As we explain in Section 5.1, we show that } y, p-j; |w(F)| is less than g(e) with probability 1 —e.
To this end, it is enough to prove that

Elln|1+ > [w@)]|=0() (17)
0£FCE

If (17) holds, we can choose g(¢) = e©(1/¢) — 1 by Markov inequality. If G is a 3-regular graph, we
can find the explicit homogeneous (and unique due to correlation decay cf. Weitz [19]) fixed point
of BP. From (3) and setting mu—vll) z, V (u,v) € E, we obtain

My—ov(1)
B 1
T + 22’

where such a z can be found numerically to be z ~ 0.682. Thus, :ZE(I); = 2% ~ 0.317 from (3),

hence 7,(0) ~ 0.759 and 7,(1) ~ 0.241. Furthermore, the corresponding Zp can be calculated as
InZp = %nln (Wl—z)> ~n In1.545.

Lemma 12. If G is a 3-reqular graph and SCCC is true,
m(1+ Y Jw@E)|| <> @),
0#AFCE CCE

where w(C) = !¢l and o & (23(1 — 23))3x% ~ 0.48.

From Lemma 12 (see Appendix D for its proof), to establish (17), we need

> @(C)

CCcE

E = 0(1). (18)

Let Cf, Ai be the number of cycles and apples of size k in a 3-regular graph respectively. Then
Ap <) Cixix 2M (19)
i<k

since apples can be made only by attaching a line to a cycle. It is well-known [20, 8] that the
expected value of Cy for random 3-regular graphs is at most 28! /k. Using this fact and (19), it
follows that the expected value of Aj for random 3-regular graphs is at most k2F~!. Therefore,
the desired bound (18) can be obtained as:

Za(c*)] < E|Y A
k

CCE
where the last inequality follows from « = 0.48 in Lemma 12.

E

< Y k2Pab = 0(1),
k
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A  Proof of Lemma 1

From (9), the zero gradient point x* = (z}),ecy of F satisfies

(1— 2=ty — H (1 -2 —x;), forall veVW (20)
ueN(v)
Therefore,
11—z —x), _ 1
1= :E;k’ L+ l—mgi’ju—mj;
1

Now as per definition in Lemma 1,

My (1) _ 1—xf— a2k
My (0) 1 —a3

Then the (21) is equivalent to the fixed point equation (3). The consequence 7,(1)/7,(0) = =} /1—x}
follows immediately. This completes the proof of Lemma 1.

B Proof of Theorem 2

Recall that F': [0, %]n — R is such that

F(x) = Z (xpInzy — (d(v) = 1)(1 — 2y) In(1 — ) + Z (1 =y — ) In(1 — 2, — ).
veV (u,w)EE

Now the updating rule of the algorithmis equal to

OF

Tp(t+1) = z,(t) —aft) o

x(t)
If |VF (x(s))|| < e < 1, it can be checked (similar to Lemma 1) that the corresponding output set

by ZZ:ZE g = xl_( 8= e )“(8) is a BP O(¢e)-fixed point. Therefore, it suffices to show that
d*2% log T

E[|VF(x(s 2:0(”7) 22
HIVE(s))]l2] T (22)

We start by establishing that under the running of the above algorithm with chosen initial condition
and algorithm parameters, x,(-) € [0,1/2] for all v € V at all iterations. For this, we need the
following three steps: with e; = 1/2%+2 gy = 1/29+6

In F 1 !

881:;, < 0 if £,<2; and x€e D2 |:€1, 5 62] ) (23)
InF 1

881;1) > 0 if x, > 5~ 2¢9 and x € D, (24)
OF 1. : 1

a&nv < §m1n{€1,52} if xe D and a§2d+7(d2—|—6d—|—2)' (25)

14



From (23), (24) and (25) it follows that x(t) € D i.e. 2,(t) does not hit 0 or 3 and hence the
claim that z,(-) € [0,1/2] under the algorithm’s iterations.
Proof of (23). Observe that

InF
a@zv = (d(v) —1)In(l —2,) +Inz, — Z In(1 -z, — x)
ueN(v)
1 LTy
< lnxv—dln<§—xv> = lnﬁ
(3 =)
d d
= In 272y lnﬂ < 0,

v <
(1—-2z,)¢ = 1-2du,

where one can easily verify each step using the conditions z, < 2¢; = 211% and z, < % for u € N(v).
Proof of (24). Consider the following:

O () - D~ ) +Inzy — 3 (1 - — 2,)

Oy ueN(v)
> (dv) —1)In(l —zy) +Inz, — Z In(l —e1 —xy)
ueN(v)
Ty 1—¢e1—m
=1 — 1
nl—:nv Z 1—ux,
ueN(v)
> In Lo —lnl_el_xv In Lo
11—z, 11—z, 1l—e1 -2
5 — 2¢
> 22 0,
5 + 289 — &1

where each step can be verified using x, > % — 269 = % — 211% and x, > e = 211% for u € N(v).

Proof of (25). This follows from our choice of «, since for x € D

OlnF
‘ o, | = (d(v) = 1)In(1 — x,) + Ina, — Z In(1 — z,, — x,)
ueN(v)
SO I S W k. it
- 1—xz, 1—x,
ueN(v)
Ty 1_$u Ly
- —lnl_%— Z n 1—2a,
ueN(v)
€1 262
< —In —dlny
— &1 5—1'62
< —ln€1—dln2€2
= In2(d+2+dd+5) < d*>+6d+2, (26)

where each step follows from x € [51, % — 52]".
Now that we have established x(t) € D as a consequence of the above three steps, we consider the
dynamics

x(t+1) =x(t) — a(t) VF(x(t)).
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From the Taylor’s expansion

Fx(t+1) = F(x(t)—a(t) VF(x(t)))
= F(x(t)) = VF(x(t)) - a(t) VF(x(t)) + %a(t) VE(x(t)) - R-a(t) VE(x(t)){27)

where R is a n X n matrix such that

0’F
02,0Zy |

|Ryw| < sup
xEB

and B is a Loo-ball in R™ centered at x(t) € D with its radius r = max,ecy ‘a(t) %IEHF (x(t))|. From

(25), we know 7 < min{ey,eo}. Hence, if x € B, x € [e1/2, 3 —2/2]". Using this, we can get a

bound for sup,¢cp 892,2—8};“, as follows:
o If u=w,
0*F dv)—1 1 1
2z, | 1-—a, +a:_v+ Z R —
uEN(U)
2 2
< —42 < =S+ = = 0(d2%).
+ Z 1—:13u—:13v _€1+€2 (42)
ueN(v
o If w e N(v),
L 1 <X 0(2%)
01,0z |  l—zy—xy — 2 .

X 2
o Otherwise, 83};; =0.

Therefore, using these bounds with (26), the equality (27) becomes

Fx(t+1) < Fx®) - alt) [VFx(E)I3 +a*(t) O (|Bld 2)
= F(x(t)) - a(t) [VEx(®)3 +a*(t) O (nd®2?). (28)

If we sum (28) over t from 0 to T'— 1, we have

T-1 T-1
F((T)) < F(x(0) =Y a(t) [VEx(®)3 +0 (nd®27) 3~ a2(). (29)
t=0 t=0

Since |F(x)| = O(nd) for x € D, we obtain

T—

>_A

T-1
alt) [VEx®)|2 < O(nd)+0<nd62d> a2(1). (30)
t=0 t=0
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Thus, we finally obtain the desired conclusion for (22):
1 T
EIVFx()IF] = —g——= D ad) |VFxMH)I3

T
T-1

L (O(nd) +0 <n d 2d) 3 a2(t)>

ico () =0

) <2d7d;> <O(nd) 4O (”2—i2> log T

_ 0 <nd4 24 logT)
— )

IN

—
S

L \/Z>' This completes the proof of Theorem 2.

where (a) follows from our choice of a(t) = © <W

C Proof of Proposition 6

From definition of w in (13), it is enough to show that T“(lg T”(lg < 1 for (u,v) € C. Note that
To(1) + 7(1) = Tuw(0,1) + 7(1,0) < 27,,(0,0) = 2(1 — 7,(1) + 74(1)),
where each inequality (or equality) follows from properties noted in (4)-(6). Thus, we have
2
n(1) + 7)< 2 (31)

for (u,v) € C. Also 7,(1) < 1/2 and 7,(1) + 7,(0) = 1. Using these, we obtain the desired bound:

INE

NS
e e N e
=
| W=
W=
~
(Y]

In above, (a) follows from Jensen’s inequality and the convexity of log == when 0 < 7,(1), 7,(1) <
1/2. For (b), we use (31) and the monotonicity of f(z) = %=

T

D Proof of Lemma 12

The proof of this Lemma uses arguments similar to those used to establish Lemma 5. Specifically,
it suffices to find a good decomposition (list of apples) {C;} for any generalized loop F' such that

F =UG; and lw(F)| < H{D(Ci).
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Using arguments similar to those used to establish Proposition 9, but with SCCC replacing Theorem
8, it can be guaranteed that there exists a list of apples, {C;}, such that

F = UG and ) |G < 14x|F|. (32)

Then
[[o@) = Lo
= oxildl, (33)

On the other hand, |w(F")| can be bounded in terms of « as follows:

- dp(v)—1
oo o (G2

veVER

[T Ga—=)"s"

veVER

3x1.4 , dp(v)
|| o 2 X3

veVER

Z 1.4xdp(v)
— o veVR 2

041'4X|F‘, (34)

[w(E)|

IN&

where the inequality (a) can be establishes in each of the possible cases dr(v) = 0, 1,2, 3 using the
explicit value of z = 0.682. .., 7,(0) =~ 0.759 and 7,(1) ~ 0.241. Further, the inequality (a) is tight
only when dp(v) = 3. Therefore, from (32), (33) and (34) (and o < 1) we have

jw(F)| < H@(Cz)-

E Proof of Theorem 11: Lower Bound

Using (19) it follows that
S w(C) = > At
k
< ZZCZ x i x 2k ok

k i<k

= ZZCixiXQk_iak

i k>i

— Z C; 21 > 2a)

k>i

i (2a)
ZCZ 201 — 2

(2

IN
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T 1-2a Z:O”(O‘)
< cax Y Ci(049)

= p(G), (35)

where ¢, is a constant which depends on « and the last inequality is due to a ~ 0.48. We state
the following lemma which is a key for the proof of the lower bound.

Lemma 13. Given a random 3-regular graph G of n vertices, there exists another 3-regular graph
G' = (V',E") with V. .C V' such that with probability (over the random choice of G) 1 — e, we have

1. InZp(G") —InZp(GQ)| =T(e),
2. InZ(G") —InZ(GQ)| =T(e), and
3. p(G") < 0.5,
Here, T'(g) is some € dependent constant, independent of n.

The proof of this Lemma is deferred to Section E.1. Now we show how it implies the desired lower
bound. Since p(G’) < 0.5,

Z(G)

= 1+ w(F
Zp(G") @;A;E, )
> 1= Y |w(F)
0£FCE’

—

g 1— (eZCCE’ w(C) _ 1>

©)
> 2—¢% > 0.3,

where (a) is from Lemma 12! under assuming SCCC and (b) follows from (35) and p(G’) < 0.5.
Using properties 1 and 2 of Lemma 13, it follows that In Z(G) —In Zp(G) > —2I'(¢) — O(1), which
completes the proof of the lower bound.

E.1 Proof of Lemma 13
We start by defining the operator (-) on 3-regular graphs. The Figure 1 illustrates the definition

of .

Definition 4. Given connected 3-reqular graphs G1 = (V1, E1), Go = (Va, Es) and the edge e € Ey,
create a new 3-reqular (G1,e) ) Gz as follows:

1. Produce union of G1 and Go, G = G1 UGy — a disconnected graph with connected components
as G and Gs.

2. Add two vertices vy, vy inside the edge e and remove an edge, say (vs,v4), from Go arbitrarily.
3. Remove edge (v1,vs) from G1 and add edges e; = (v1,v3), ea = (va,v4).

4. Finally, contract eq and es.
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V4

- V1 = U3

Figure 1: 3-regular (G1,e) () Ga is created from 3-regular graphs G; and G2 as per Definition 4.

Now we study the effect of operator () on function p defined in (35). Let G3 = (G1,¢) (O G2 and
our interest is in bounding p(G3) in terms of p(G1) and p(G2). Now by definition (35), the p(G3) is
summation of terms over simple cycles of G3. Now simple cycles in G3 can be classified into three
types: (a) Cycles in G; \ {e}, (b) Cycles in Gy, and (c) Cycles which intersect both G; and Gj.
For cycles of the type (a) and (b), their contribution to p(G3) is at most p (G1 \ {e}) and p(G3)
respectively. On the other hand, consider simple cycles of type (c). Specifically, let R3 be one such
simple cycle. Then it can be thought of as union of R; \ {e} and Ry \ {e2} for some ey € Rs, where
Ry and Ry are cycles in G and Gy respectively. For this reason |R3| = |R1| + |R2| and it follows
that the contribution of R3 to p(G3) is at most

(0.49) 17l = (0.49)1F11 % (0.49) /72!

Using this, the contribution of the cycles of type (c) to p(G3) can be bounded as
o G) —p(Gi\{e}))  p(Ga) _ (p(G1) = p(Gi\ {e})) x p(G2)

Co Ca (&%

«

where p(G1) — p(G1 \ {e}) describes the contribution of cycles containing {e} to p(G1). Thus

p(Gs) < PG\ {e}) + plGa) + (p(Gr) — p(Gr \ {e}) X p(Ga) x (36)

(67

Therefore, if p(G2) < min {w, %’} with B > 2, p(G3) can be bounded as follows:

p(Gg) < P(Gl \ {6}) + p(Gl) - ngl \ {6}) + p(Gl) - ngl \ {6})
= oG\ () + = (6(G1) — plC1 \ {e})
= 261~ (1= 5 ) 661 - (G \ (). (37)

Equipped with our understanding of effect of () on p and (37), we describe the following procedure
to construct graph G’ desired in Lemma 13. To this end, given a random 3-regular graph G,
generate G’ iteratively as follows:

o Initially, iteration ¢ = 0 and G’(0) = G.

o Let g be the smallest number such that ¢, >
cycles of length ¢ in G.

i>q Ci (0.49)" < 0.25, where C; is the number of

'Recall that Lemma 12 only uses the fact that the graph under consideration is 3-regular, but does not require it
being ‘random’.
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o Repeat the following till G'(¢) is left with no cycle of length less than g:

1. Let R be the smallest cycle in G’(¢). Choose an edge e¢; € R arbitrarily.

2. Set G'(t +1) = (G'(t),er) © G2, where Gy has a 3-regular graph that will be chosen
later.

3. Increment ¢ by 1.
o Output G' = G'(t).

To establish thta G’ thus produced has properties 1, 2 and 3 of Lemma 13, it is sufficient to show
that, with probability 1 — ¢, the repeat-loop in the above described procedure terminates in I'y ()
steps, p(G') < 0.5 and Go of size I's(g). Here and in what follows I'1(¢),T'2(g),... are constants
dependent on € and indepent of n. To this end, recall the definition of p in (35):

p(G) = cq Z C; (0.49)".

For random 3-regular graph, we have
E[C;] < 277/,

Therefore, using Markov’s inequality it follows that with probability 1 — e for an appropriate choice
of g =T3(e),

Z C; = T'i(e), and ¢4 ZC’Z- (0.49)" < 0.25.

i<g 129
Clearly, under this event the repeat-loop of the procedure to generate G’ will terminate in I'y(e)
steps as long as the graph G5 is such that it has girth larger than g. Therefore, the only remaining
step towards completing the proof of Lemma 13 is to establish existence of graph G5 such that
it has (a) size I's(g), (b) girth larger than g = I's(¢), and (c) the resulting G’ has p(G’) < 0.5.
Towards this, suppose G2 can be chosen so that for all rounds ¢ < T'y(¢) with B > 2,

p(Ga) < min{f}(G/(t)) - péG’(t) \ferd). %} )

Under this assumption, we obtain the following bound on p(G’) using (37) recursively:

p6) = @)= X (1-5) 6E0) - oG\ (e})

t

< p(@) - (1 - %) (Z DG (1)) — (G (1) \ {et}>>
< o)~ <1—%) co [ S C1 (0,49
1<g
2 6 - (1 - %) (0(G) — 0.25)
< Ep(G) + 0.25.

In above, (a) is because the each cycle of length upto g is ‘broken’ in one of the steps ¢ < I';(g). And,
each of the term p(G'(t)) — p(G'(t) \ {e:+}) accounts for all broken cycles in round ¢. Therefore, the
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bound used in (a) follows. For (b), by definition of g, we have ¢, >, C; (0.49)" < 0.25. Therefore,
if we choose B = 8p(@), the desired bound p(G’) < 0.5 follows.

In summary, now we are left with showing existence of Gy that has properties (a) size I's(e), (b)
girth larger than g = T's(¢), and (c) the condition (38) with B = 8p(G). Now the choice of B
suggests that B = T'4(¢) (due to selection of event that has probability at least 1 —¢). Now

consider

129

p(G'(1) = p(G'(t)\{e}) = ca(0.49)7 = Ts(e), (39)

where we have used the fact that for ¢ < T'j(¢), a cycle of length at most g is broken and its
correspoding contribution to p(-) is accounted for in the above difference. Therefore, we have

p(G'(1) — p(G'(1) \ {e})
B

> Ts(e)/Ta(e). (40)

Hence to satisfy (c), it is sufficient to show that there exists G with arbitrarily small girth and
p(G2) value with size dependent on the ‘smallness’ of p(G3). But if we establish existence of such a
G, then the condition (a) about its size follows immediately and the girth condition (b) will follow
from definition of p. Precisely this is established in the following Proposition.

Proposition 14. For any § > 0, there exists a 3-reqular graph Go such that p(G2) < 6. Further,
its girth is at least 1og; /.49 (%).

Proof. Recall that C; is the number of cycles in the graph Gs. For a random 3-regular graph, it is
well-known that [20] for 3 < r < %log n, C, become asymptotically independent Poisson random
variables with mean p, = 27! /r. Thus, for g < %log n,

—e®9)

Pr[C3:C4:---Cg:0]me (41)

Now, we divide the summation ¢, ", C; (0.49)" = 3", a; with a; £ ¢,C; (0.49) into the following 3
terms: A; = Zr<g ap, Ay = Eg§r<%logn a, and Az = ZgZ%lognar' Define the events Ey, Ey and
Es5 such that Ej be the event of Ay = 0, Ey be the event of Ay < 2E[As] and E3 be the event of
Az < (3logn)E[A3]. From Markov inequality, Pr[Es] > § and Pr[Es] > 1 — ﬁ. For Ej, one can
choose g = ©(logloglogn) from (41) such that Pr[E}] L Therefore, we have

= logn*

PI‘[El N EsN Eg] > PI‘[El N Eg] + PI‘[Eg] -1 > —1>0,

- 2logn+ 3logn

where we use the union bound and the independence between E7 and Es. In other words, all events
F, E> and E3 happen with stricly positive probability. Under the events E7, Es and Fjs,

p(Gs) < 2E[As] + (3logn)E[A3] < O(1) x (0.98)9 + O(3logn) x (0.98)3 18" — 0,

as n goes to co. In above, we have used the fact that E[C,] < 2"71/r. In conclusion, there exists
a 3-regular graph Gy such that p(G2) is arbitrarily small. Finally, the bound on the girth follows
immediately from the definition of p. O

22



