Collision time for Markov chains

Lemma 0.1. For a given reversible n-state Markov chain P and its stationary distribution
7 (mi = O(1/n), Vi), denote X; (t < \/n)be the t'" state of the random walk according to P.
Consider a fized starting state Xo = s, then

Pr[ (] Xi#s] <1-0(tm,).

o<i<t

Proof. At first, claim

Pr[Xo = s] > 7
. It is because

PriXo =s] =Y Pr[X,=i]Pr[Xy = s|X; =1
= ZPr[Xt = {|Pr[X, = s|Xo = i
= Zpstzpzts

s
ZP;PSZ .

Pr{ocict Xi # 8] =1 = Pr{Uy<;er Xi = Xo], and we divide two cases.

Case 1. 1/2 <> iy PrXo = Xi]
It means 37, Pr[Xo = X;] > % Hence,

1 t
1-P Xo=X; 1—PriXg=X; 1——<1——<1- .
T[oy@ 0 W] < r[Xo ] < 5 < o < O (tmy)

The third inequality is because t < \/n.
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Case 2. 1/2> ) ;i PriXo=X;] =T

1-Pr[ | ) Xo= X/

o<i<t

<1- Y PriXo=X]+ Y Pr[Xo=X&Xo= X
o<i<t 0<i<y<t

<1- Y PriXo=X]+ Y Pr[Xo=X&X; =X
0<i<t o<i<g<t

<1- > PriXo=X]+ Y  Pr[Xo=X;]Pr[Xo= X,
0<i<t o<i<g<t

<1-T+T?

<1-T/2

The last inequality is because T' < 1/2. By the above claim, we know 7' > O(tm,),
which implies 1 —7/2 < 1 — ©(tws) and complete the proof.

O

Theorem 0.2. The collision time of the random walk induced by n-state reversible Markov
chain P that has the uniform stationary distribution is O(y/n).

Proof. Let X; be the state after t steps. Define the following event A;, B;, C;:
A= [] Xi#X;
0<i<j<yn
B; = (] X; # Xy
0<j<k<i
C; = ﬂ Xj 7& Xk
0<j<i<k</n

Our goal is to show the following probability @ is bounded by a constant < 1:

g

Q: r ﬂ XZ%XJ

0<i<j</n

S

Pr ﬂ X; # Xi1|B;

J<i

E Z Px, i,

k£X (1) Vt<i

S 1

B;

ﬁ
Il
o

Now suppose Vi, F [Z,#X(t) vi<i PXik BZ} > 1/2, otherwise there is nothing to prove.

Q=P [ 4
1<i<y/n

= H PT[AZ"Al,...,Ai—l]
1<i<y/n
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Also, Pr[A;|Ay,. .., A;_1] is same as Pr[4;] in the Markov chain P =p_ {Xo,..., Xi—1},
which is also reversible. Let 7() be the stationary distribution of P(). By Lemma 0.1,
P’I”[Ai|A1, e 7A’i—1] S E |:1 -0 ((\/ﬁ - Z)?TEQ) }Al, ey Ai—l

Note that
@) 2akAx () vi<i PXik

~
X;

n

Because ﬂj<i Aj = BZ m CZ‘, E[TFEQ’AL e aAz'—l] = E[TF;Z ’Bl, Cz}

E[x|Bi] = Pr(Ci| B, E[x{)| B;, Ci] + Pr(Ci| B;) Elx{ | B, Ci]
< Pr(Ci|B)E[x Q)| Bi, Ci] + Pr(Ci|By)
1

§ E[7T§2|Bz, Cz] + m

1
n

The last inequality is because Pr(C;|B;) > 99/100, otherwise there is nothing to prove because

N (Vo - DERY|BLCl > Y (Vi - i) <E[7T§2|Bi} - 101071)
i<yn i=vn
) 1 1
> 5 =) (50 - 1500
i<V
> 0.1

Therefore,

Q: H PT[Ai|A1,...,Ai,1]

1<i<y/n
< I[ E [1 e ((\/ﬁ— z)wg()) Ay, ... ,Ai_l}
1<i<y/n

~ Eaxp |~ 3 (v —)E[r|B:, C}
i<vn

< e 01



