THE PALEY-WIENER SPACE FOR THE
MULTITEMPORAL WAVE EQUATION

S. HELGASON AND H. SCHLICHTKRULL

Let X be a Riemannian symmetric space, and let £7:D(X) x --- x D(X) —
L?(a* x B) be the spectral representation related to the multitemporal wave equa-
tion on X, as defined in [H, eq. (6.7)]. In this note we characterize the image of
E7. We use the notation from [H]. Moreover, our numbering and literature labels
refer to this paper, unless it is otherwise noted.

Theorem. The range of D(X) x --- x D(X) under E7 is the set of functions
©(A, kM) on af, x B satisfying:

(i) ¢ € H(ay x B)w

(ii) For each § € Ky

A QS(aA)—l/ (N, kM)S(™Y) dk
K

. . .
18 holomorphic on ag..

In particular, we note that the condition (ii) for the trivial K-type § is a conse-

quence of (i), since the polynomial QS(/\) in that case is constant.

Proof. We first prove the theorem with ¢ = e. Let £ = £!. In the proof we
invoke the §-spherical Fourier transform defined in §3. We introduce the following
notation.

For a function ¢ on af. x B we define a Hom(Vs, V;¥)-valued function ¢° on af,
by

(1) 3 (\) :d(5)/ o\, EM)S(k™Y) dE.
K
Likewise, for f € D(X) we define a Hom(Vj, Vs)-valued function f¢ on X by
Fa) = d@) [ Fka)(h) di

K

Then Tr(f%) = d(8)xs * f € Ds(X) is the d-typical component of f. With the
d-spherical Fourier transform on Dj(X) defined as in (3.10), it is then easily seen
that

—_— N

(2) Te(f2)(A) = F° (),
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where the expression on the right-hand side is defined by (3.3) and (1).
Let F = (f1,..., fw) € D(X)x---xD(X) and put ¢ = E(F). Then (i) is obvious

from Theorem 6.3. Moreover, (ii) is satisfied, since as mentioned below (3.11) the
function QS(/\)_ITr(f‘s)(/\) is holomorphic, and by (2) the latter function equals
QNN

Conversely, assume that a given function (X, kM) satisfies (i) and (ii). Define

Sy \ d\ db
() = (N o\, belAtpAlzb) 777
(3) f]( ) /achp]( )9‘9( ) ) 77(/\)2|C(/\)|2

forz € X, j =1,...,w. We claim that f; € D(X) and ¢ = E(F) where F =
Froes ).

It is well known that A — w(A)e(N) is nonzero on a* and that its reciprocal
satisfies a polynomial estimate). It then follows from the uniform rapid decrease of
@(+,b) that (3) defines a smooth function on X.

An easy computation shows that

d\

S/ N (L -1 _ -~
£y = o) [ gty an = [ EOVIRNE

K a

* pi(iN)®xs(x)e’ (A)

where @ 5(z) is the generalized spherical function fK e(i)"i'p)“‘(z’kM)(S(k) dk. The
function ¢*(\) is divisible by Q%()\) because of our assumption (ii), and we can

then write

N O T S
Fi() = / i@ Q)T ) e

Averaging over W, and observing that A — CI>>\75($)Q5(/\) is W-invariant (cf. [H7,
p. 289, Thm. 5.15]) we obtain

, V U )
(4)  f(e)= E/G* @y 5(2)Q° (V) [Z pi(isA)Q°(s)) 995(<>A)] OV VE

seW

In order to prove that Tr(f]‘s) is compactly supported it now suffices, by [H7, p.
289, Cor. 5.14 and p. 290, Thm. 5.15], to prove that the function

(5) A [Z m(z‘sA)@S(sA)‘lv‘s(SA)] W&)z

seEW

belongs to the space J°(a*) of W-invariant functions in H(a¥, Hom(Vs, VM)).
Clearly (5) is W-invariant, and the expression in square brackets is holomorphic of
exponential type, uniformly in §. It remains to be seen that it is divisible by m(\)?2.

We rewrite (5) as follows

e(s)p;(1s 5 (s _1996(8)\) L

seW
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Here the expression in square brackets is holomorphic by (i)-(ii), since 7(\) and the
determinant of QS(/\) have no common zeroes, cf. [H7, p. 267, Thm. 4.2 and p. 348,
Cor. 11.3]. Moreover, being skew, it is divisible by #()\). Hence Tr(f]‘s) € D(X)
with support uniform in ¢, and so f; =) Tr(f]‘s) € D(X).

It remains to be seen that E(F) = ¢. It follows from the above that the 4-
spherical Fourier transform Tr(f]‘s) of Tr(f]‘s) is given by QS(/\) times (5). By (2)

— §

Tr(f]‘s) = ]’Cv] and hence

Zq (iNF ( Zq (iMQ Zp] (isM)Q° (s\) 1% (sA)

=3 [ ms) | @i 0.

Now Zj ¢’ (i\)pj(is\) = 1 for s = ¢, and otherwise it vanishes (use the remark
below Lemma 4.3), hence we obtain

N
NP @ENS (V) =@ (V).
J
Since this expression holds for all § we conclude that
Y NF0.8) = ¢\, D)
J

for all b € B, as claimed.

We now prove the theorem with arbitrary ¢. We use the notation g7, ¢? for
A= g(a™N), (A, b) = w(c71\,b). The proof will be based on the ohservation that
the conditions (i) and (ii) are independent of the basis p = (p1,...,pw) of H(a)
used.

Let &) denote the mapping £7 with the basis p. Thus

E(Dx -+ xD)=E,Dx--+ xD)
if p' = (p},...,pl,) is any homogeneous basis of H(a) with p|{ = 1. In particular
(6) E(Dx - xD)=E.(Dx-xD).
On the other hand,

(E7F)AB) =Y (") (ioN) fr(oA,b) = (& )(0A.D)

k

S0

(7) EF = (& )7

Using (6) and (7) the proof of (ii) is easily completed. O
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