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Abstract

Many real-life problems can be modeled by graph-theoretic problems. Thesegraph problems are

usually NP-hard and hencethere is no e±cient algorithm for solving them, unlessP= NP. One

way to overcomethis hardnessis to solve the problems when restricted to special graphs. Trees

are one kind of graph for which several NP-complete problems can be solved in polynomial time.

Graphs of boundedtreewidth, which generalizetrees,show good algorithmic properties similar to

those of trees. Using ideasdeveloped for tree algorithms, Arnborg and Proskurowski intro duced

a generaldynamic programming approach which solves many problems such as dominating set,

vertex cover and independent set. Others used this approach to solve other NP-hard problems.

Matou·sek and Thomas applied this approach to solve the subgraph isomorphism problem when

the sourcegraph has bounded degreeand the host graph has bounded treewidth. In this thesis,

we intro ducea new property for graphscalled log-bounded fragmentation, by which we meanafter

removing any set of at most k verticesthe number of connectedcomponents is at most O(k logn),

wheren is the number of verticesof the graph. Wethen extend the result of Matou·sekand Thomas

to the casein which the sourcegraph is a log-bounded fragmentation graph and the host graph

has bounded treewidth. Besidesthis result, we demonstrate how bounded fragmentation might

be usedto measurethe reliabilit y of a network.

As the class of graphs of bounded treewidth is of limited size, we need to solve NP-hard

problems for wider classesof graphs than this class. Eppstein intro duced a new concept which

can be consideredas a generalization of bounded treewidth. A graph G has locally bounded

treewidth if for each vertex v of G, the treewidth of the subgraph of G induced on all vertices of

distance at most r from v is only a function of r , called local treewidth. So far the only graphs

determined to have small local treewidth are planar graphs. In this thesis,we prove that the local

treewidth of K 3;3-minor-free or K 5-minor-free graphs is alsoboundedabove by 3r + 4. Using this

result, we extend several polynomial-time approximation algorithms on planar graphs to these

graphs. Algorithms on graphs of bounded treewidth also can be extended to graphs of locally

bounded treewidth. As an example,we demonstrate how the subgraph isomorphism problem on

graphs of locally bounded treewidth can be solved in polynomial time, when the sourcegraph is

a log-bounded fragmentation graph and has constant diameter.

Key W ords. Treewidth, Local treewidth, Minor, Approximation algorithms, Subgraph iso-

morphism.
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Chapter 1

In tro duction

Graph-theoretic modeling is one way to solve many real-life problems. For example,we

considerthis problem from the book of Downey and Fellows on a new type of complex-

it y called ¯xed parameter complexity [DF99] (Section 2.6). Supposewe gather a set of

observations from experiments on a data set such that somepairs of observations are in

con°ict. We needto ¯nd a minimum set of observations such that their removal eliminates

all inconsistencies.This problem can be modeled by the famousvertex cover problem in

graph theory. There are many other problemswhich can be modeledsimilarly.

Unfortunately, it is not known and is not believed that most graph-theoreticproblems

modeledfrom real life have e±cient algorithms. In other words, theseproblemsareusually

NP-hard on generalgraphs. On the other hand, solving theseproblemsis often essential.

Finding algorithms for theseproblemson special graphssuch as treesor planar graphs is

oneway to attack to theseproblems. Finding e±cient approximation algorithms is another

way to cope with the hardnessof theseproblems. We discussthis approach later in this

chapter.

Many graph-theoretic problemson trees can be solved in polynomial time, especially

usinga dynamicprogrammingapproach. Many NP-hard problemssuch asminimum vertex

cover, maximum independent set and minimum dominating set have e±cient algorithms

when restricted to trees [Har69, CGH75]. Nevertheless,for many applications, the under-

lying graphsare not necessarilytrees. Therefore,we considergraphsof treewidth at most

k which generalizetrees. A graph G has treewidth at most k if onecan construct a tree T

1



2 Algorithms for Graphs of (Locally) BoundedTreewidth

in which each node hasan associated subsetof at most k + 1 verticesof the graph, called

a bag, such that each vertex of the graph appearsin at least onebag, end-verticesof each

edgeappear in at least one common bag, and for each vertex v of G, the vertices of T

whosebagscontain v form a connectedsubtreeof T. Intuitiv ely, the treewidth of a graph

is the measureof its resemblanceto a tree, e.g. the treewidth of treesis one. Arnborg and

Proskurowski werethe ¯rst peoplewho applied tree algorithms to solve NP-hard problems

on graphsof treewidth at most k. Others extendedthis approach to many other NP-hard

problemssuch as colorability and Hamiltonicit y (Chapter 2). It also appears that many

graph problemshave practical instancesin which the input graphs have small treewidth

[Bod98]. Using thesefacts, progresshasbeenmadein development of e±cient algorithms.

One NP-hard problem that hasbeenconsideredfor graphsof boundedtreewidth is the

subgraph isomorphismproblem, in which we search for a subgraphof the host graph H

isomorphic to the source(or pattern) graph G. Here, a graph is isomorphic to another

graph if there is a one-to-onecorrespondencebetween vertices of the two graphs that

preservesadjacency. Sofar this problemhasbeensolvedwhenthe sourcegraph is bounded

degreeand the host graph has bounded treewidth or when both the sourcegraph and

the host graph are k-connectedand have treewidth at most k [MT92, GN94]. In this

thesis we introduce a new concept called log-bounded fragmentation. A graph is a log-

boundedfragmentation graph if removing any set of at most k verticesgeneratesat most

O(k logn) connectedcomponents, where n is the number of vertices of the graph. We

extend the boundeddegreeresult to the casein which the sourcegraph is a log-bounded

fragmentation graph and the host graph has bounded treewidth. We also show the class

of log-boundedfragmentation graphsnot only contain the classof boundeddegreegraphs

but also contain others such as the classof Hamiltonian graphs. Introducing the concept

of bounded fragmentation as a measureof network reliabilit y is another contribution of

the thesis.

The design of practical algorithms on graphs similar to trees is extended to other

graphs. An outerplanar graph is a planar graph all of whoseverticeslie on the outer face.

Baker [Bak94], using a decomposition of a planar graph into outerplanar graphs, found

e±cient approximation algorithms for planar graphs (Section 2.7). A graph has locally

bounded treewidth if the treewidth of the subgraph induced on all vertices at distance r
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from v, for any vertex v of the graph and any r 2 N, is bounded by a function ltwG(r ).

Here the function ltwG(r ), the local treewidth, is dependent only on r . Eppstein [Epp99]

characterizedgraphs of locally bounded treewidth. He also proved that Baker's results

can be extendedto graphs of locally bounded treewidth. In fact, a planar graph G has

locally boundedtreewidth with ltwG(r ) = 3r ¡ 1 [Bod98]. Eppstein [Epp99]alsoextended

Baker's approach to other problems on graphs of locally bounded treewidth such as the

subgraph isomorphism problem for a ¯xed pattern G. Since, except for planar graphs,

the known local treewidth for graphsof locally boundedtreewidth is immense,Eppstein's

polynomial-time approximation algorithms can not be usedfor any practical purpose.

We introduce a new classof graphs which have linear local treewidth. A graph G is

H -minor-fr ee if H can not be obtained from any subgraphof G by contracting edges.A

graph is called a single-crossinggraph if it can be drawn on the plane with at most one

crossing. We prove for a single-crossinggraph H , the local treewidth of any H -minor-

free graph G is bounded by 3r + cH where cH is a constant dependent on H . We note

that planar graphs are both K 3;3-minor-free and K 5-minor-free, where K 3;3 and K 5 are

both single-crossinggraphs. Thus our result is a generalizationof the result of Alber et

al. [ABFN00] on linear local treewidth of planar graphs. As a consequence,we extend

the practical approximation algorithms on planar graphsto this kind of graph. Using our

result on the subgraphisomorphismproblem, we alsoextend Eppstein's result to the case

in which the pattern graph G is not necessarilȳ xed.

This thesisis organizedasfollows. We start with relevant background in Chapter 2. In

this chapter, we introducethe terminology usedthroughout the thesis,and formally de¯ne

tree decompositions, treewidth, and locally boundedtreewidth. Furthermore, we present

an overview of the generaldynamic programming approach introduced by Arnborg and

Proskurowski for solving problemson graphsof boundedtreewidth. We alsointroducethe

conceptsof ¯xed parameter complexity and monadic second-orderlogic and demonstrate

how theseconceptsarerelatedto the thesis. Finally, wesurveypreviousresultson subgraph

isomorphismand approximation algorithms for graphsof locally boundedtreewidth.

Chapter 3 is concernedwith approximation algorithms on H -minor-free graphs for

single-crossinggraphsH . First, we prove thesegraphshave linear local treewidth. Then

we show how Baker's approach on planar graphscan be applied to obtain approximation
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algorithms for thesegraphsespecially for K 3;3-minor-freeor K 5-minor-freegraphs. We also

present algorithms for problemson thesegraphssuch as minimum dominating set.

Chapter 4 is devoted to boundedfragmentation. In this chapter, we explain how this

property might have applications in network reliabilit y and introduce several classesof

boundedfragmentation graphs. Furthermore, we discussthe number of edgesof a bounded

fragmentation graph as an important issue.

In Chapter 5, we preciselystate the boundeddegreeresult of Matou·sekand Thomasfor

the subgraphisomorphismproblem and demonstratehow this result can be generalizedto

graphswith the log-boundedfragmentation property. We present an examplethat shows

how the classof bounded fragmentation graphs contains graphs with maximum degree

n ¡ 1 wheren is the number of vertices. We alsogeneralizetesting subgraphisomorphism

to graphsof locally boundedtreewidth.

Finally in Chapter 6, we concludewith a list of open problemsand potential extensions

for future work.



Chapter 2

Background

Sincemost areasrelevant to the thesisarevery broad, we cover a small part of applications

of each in this chapter. The reader is referred to the referencesin each section to obtain

more knowledge. In each section, we also introduce results which are improved in this

thesis.

After mentioning notation and somebasicpreliminariesin Section2.1, in Section2.2we

introducethe conceptsof the representation of a graph asa tree (tree decomposition) and

of treewidth, which form the basisof our algorithms. We mainly focuson locally bounded

treewidth, which is an extensionof boundedtreewidth. Background related to this concept

is presented in Section2.3. We present the generaldynamic programmingapproach, which

is used to solve several NP-hard problems on graphs of bounded treewidth, in Section

2.4. One of our contributions in this thesis is the improvement of the running times

of the algorithms for solving several problems which can be described in logic. Related

background is given in Section2.5. Section2.6 is devoted to ¯xed parameter tractabilit y,

which is a new way to handle computational intractabilit y. A survey of previous work

on approximation algorithms for solving NP-hard problemson graphsof locally bounded

treewidth and algorithms for solving subgraph isomorphism is presented in Sections2.7

and 2.8.

5



6 Algorithms for Graphs of (Locally) BoundedTreewidth

2.1 Preliminaries

We assumethe reader is familiar with generalconceptsof graph theory such as directed

graphs, trees and planar graphs. The reader is referred to standard referencesfor appro-

priate background [BM76].

Our graph terminology is asfollows. All graphsare¯nite, simpleand undirected,unless

indicated otherwise. A graph G is represented by G = (V; E), where V (or V(G)) is the

set of vertices and E (or E(G)) is the set of edges. We denote an edgee in a graph G

between u and v by f u; vg and a directed edgee in a directed graph G from u to v by

(u; v). Here,verticesu and v arecalledthe end-verticesof e. We de¯ne n to be the number

of verticesof a graph when it is clear from context. The maximum degreeof G is denoted

by ¢ (G) and the minimum degreeof G is denotedby ±(G). We de¯ne the r -neighborhood

of a set S µ V(G), denoted by N r
G(S), to be the set of vertices at distance at most r

from at least onevertex of S µ V(G); if S = f vg we simply usethe notation N r
G(v). The

diameter of G, denotedby diam(G), is the maximum over all distancesbetweenpairs of

verticesof G. Two disjoint setsS and S0 of verticesof undirected (directed) graph G are

adjacent if and only if there are u 2 S and v 2 S0 such that f u; vg 2 E(G) ((u; v) 2 E(G)

or (v; u) 2 E(G)). The union of two disjoint graphs G1 and G2, G1 [ G2, is a graph G

such that V(G) = V(G1) [ V(G2) and E(G) = E(G1) [ E(G2). An n-clique (K n ) is a

graph G with n vertices in which every pair of vertices is connectedby an edge. A graph

G is represented by K n;m if its vertices can be partitioned into setsV1 and V2 such that

jV1j = n, jV2j = m and edgef u; vg 2 E(G) if and only if u 2 V1 and v 2 V2 or vice versa.

For generalizationsof algorithms on undirected graphsto directed graphs,we consider

underlying graphsof directed graphs. An underlying graphof a directed graph H = (V; E)

is an undirected graph G = (V; E) in which V(G) = V(H ) and f u; vg 2 E(G) if and only

if (u; v) 2 E(H ) or (v; u) 2 E(H ).

A graph G0 = (V 0; E 0) is a subgraph of G if V 0 µ V and E 0 µ E. A graph G0 = (V 0; E 0)

is an induced subgraph of G, denoted by G[V 0], if V 0 µ V and E 0 contains all edgesof

E which have both end vertices in V 0. G is a supergraph of G0 if G0 is a subgraph (not

necessarilyinduced subgraph)of G.

Chapter 5 of this thesis is devoted to solving the subgraphisomorphismproblem. An

isomorphismÁ from (directed) graph G into (directed) graph H is a one-to-onemapping
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betweenverticesof G and H such that for each pair u; v 2 V(G), f u; vg 2 E(G) ((u; v) 2

E(G)) if and only if f Á(u); Á(v)g 2 E(H ) ((Á(u); Á(v)) 2 E(H )). For a set S µ V(G), we

de¯ne Á(S) =
S

v2 S Á(v). A (directed) graph G is isomorphic to a (directed) graph H if

and only if there is an isomorphismÁ from G into H such that Á(G) = V(H ). A graph G

is subgraph isomorphic to H if there is a subgraphH 0 of H which is isomorphic to G. A

graph G is induced subgraph isomorphic to H if there exists an inducedsubgraphG0 of H

isomorphic to G.

One way of describingclassesof graphsis by using minors, introducedbelow.

De¯nition 2.1 Contracting an edgee = f u; vg is the operation of replacingboth u and v

by a singlevertexw whoseneighbors are all verticesthat were neighbors of u or v, except u

and v themselves.A graphG is a minor of a graphH if H can be obtained from a subgraph

of G by contracting edges. A graph class C is a minor-closedclass if any minor of any

graph in C is also a member of C. A minor-closed graph classC is H -minor-free if H 62C.

The minor containment problemdetermineswhethera graph is a minor of another graph.

For example,a planar graph is a graph excluding both K 3;3 and K 5 as minors.

The set of components of a graph G is represented by C(G), where each element of

C(G) is a connectedgraph. For a set D µ C(G), we denotethe set of verticeswhich appear

in a component of D by V(D) and the set of edgesby E(D). The graph resulting from

removal of a set S of vertices and all adjacent edgesfrom G is denotedby G[V ¡ S]. A

set S is called a separator if jC(G[V ¡ S])j > 1. For k > 0, graph G is called k-connected

if every separatorhassizeat least k.

Baker [Bak94] introduceda property of planar graphsuseful for designingapproxima-

tion algorithms, namely a decomposition into outerplanar graphs(seeDe¯nition 2.2). We

considerBaker's approach in more detail in Section2.7.

De¯nition 2.2 [Bak94] Supposegraph G is embedded on the plane without any crossing.

A vertexin the embedding is called a level 1 vertexif it is on the outer face. If an embedding

obtained by removingall vertices in levels1 to i is denoted by Gi , then the vertices on the

outer face of Gi are the level i + 1 vertices. A crossing-free embedding of a graph G is r -

outerplanar if it hasno verticesof levelgreater than r . A graphG is called r -outerplanar if

it admits an r -outerplanar embedding. The smallest number suchthat G is r -outerplanar is

called the outerplanarity number. The terms outerplanar and 1-outerplanarare equivalent.
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In Chapter 3, wedesignapproximation algorithmsfor several NP-optimization problems.

De¯nition 2.3 presents exact descriptionsof theseterms.

De¯nition 2.3 [GJ79] An NP-optimization problem is a tuple (I ; S; f ; opt) suchthat:

1. I is the set of input instances. We assumethat I can be recognized in polynomial

time;

2. S(x) is a setof feasiblesolutionsassociated to each input instance x 2 I . We assume

that each elementin S(x) hassizepolynomially bounded in the sizeof x;

3. f is an objective function which maps to real numbers each pair (x; y) with x 2 I

and y 2 S(x). We assumethat this function is computablein polynomial time; and

4. opt is a goal which belongsto set f min; maxg.

Given an x 2 I , we want to ¯nd a y 2 S(x) such that f (x; y) = optf f (x; z)jz 2 S(x)g.

Let x 2 I and ² > 0. A solution y 2 S(x) for x is ²-closeif

(1 ¡ ²)opt(x) · f (x; y) · (1 + ²)opt(x):

A polynomial time approximation scheme(PTAS) for (I ; S; f ; opt) is a uniform family

(A ² )²¸ 0 of approximation algorithms, whereA ² is a polynomial time algorithm that, given

an x 2 I , computesan ²-closesolution for x in polynomial time. In the above de¯nition,

uniformit y meansthat there is an algorithm that, given ², computesA ² . We further state

that an optimization problem has a fully polynomial time approximation schemeif there

exists a PTAS A whoserunning time is boundedby a polynomial in jxj and 1=².

Among NP-optimization problems,we mainly focus on thoseproblemswhich are also

hereditary (seeDe¯nition 2.4). In fact, Yannakakis [Yan78] has shown that many natural

hereditary problemsareNP-completeevenwhenthe graphsunder considerationareplanar

graphs.

De¯nition 2.4 [Yan78] Property ¼ on graphs is called hereditary if, whenever¼ holds

for G, ¼ holds for all induced subgraphs of G. For hereditary property ¼, the maximum

induced subgraphproblem associated with ¼(MISP( ¼)) is the problemof ¯nding a maxi-

mum subsetU of verticesof a graphG suchthat G[U] hasproperty ¼. In the weighted case
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Figure 2.1: A graph and oneof its tree decompositions.

(WMISP( ¼)), each vertex in the given graph G = (V; E) hasa nonnegativeweightand the

problemis to ¯nd a maximum weightsubsetU of V suchthat G[U] hasproperty ¼, where

the weight of U is the total weight of the vertices in it. We call a problemP associated

with the hereditary property ¼a hereditary maximization problem.

Examples of hereditary maximization problems are those in which we search for an

induced subgraph of maximum size that is chordal, acyclic, without cycles of speci¯ed

length, without edges, bounded degree with maximum degree r ¸ 1, bipartite or forms a

clique [Yan78].

For exact de¯nitions of various NP-hard problemsin this thesis, the reader is referred

to Garey and Johnson'sbook on computersand intractabilit y [GJ79].

2.2 Treewidth

Graphsof boundedtreewidth, described in this section,are known for their good algorith-

mic properties. Many problemswhich are intractable in the generalcasecan be solved in

polynomial time or even linear time on graphsof boundedtreewidth [ALS88].

The notion of treewidth was introducedby Robertson and Seymour[RS86] and plays

an important role in their fundamental work on graph minors. To de¯ne this notion, ¯rst

we considerthe representation of a graph as a tree, which is the basisof our algorithms.
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De¯nition 2.5 [RS86] A tree decomposition of a graph G = (V; E), denoted by TD(G),

is a pair (Â;T) in which T = (I ; F ) is a tree and Â = f Âi ji 2 I g is a family of subsetsof

V(G) suchthat:

1.
S

i 2 I Âi = V;

2. for each edgee = f u; vg 2 E there exists an i 2 I such that both u and v belong to

Âi ; and

3. for all v 2 V, the set of nodesf i 2 I jv 2 Âi g forms a connected subtree of T.

To distinguish betweenverticesof the original graph G and verticesof T in TD(G), we

call verticesof T nodesand their corresponding Âi 's bags. The maximum sizeof a bag in

TD(G) minus one is called the width of the tree decomposition. The treewidth of a graph

G (tw(G)) is the minimum width over all possibletree decompositions of G. The reader

is referredto Figure 2.1 to seea graph G and a tree decomposition of width 3 for G.

A graph G is called a k-tree [Ros74] if either G is a k-clique or G has a vertex u of

degreek such that u is adjacent to a k-clique, and the graph obtained by deleting u and

all its incident edgesis again a k-tree. A graph G is a partial k-tree if it is a subgraphof

a k-tree.

Lemma 2.1 (van Leeuwen[Lee90]) G is a partial k-tree if and only if G has treewidth at

most k.

Many graph properties were studied independently for sometime, after which it was

shown that they were equivalent to treewidth. Bodlaender introducesseveral equivalent

properties of this kind in his paper [Bod98]. There are other related properties such as

pathwidth, bandwidth, cutwidth and branchwidth. More discussionof theseconceptsis

presented in Bodlaender'spaper [Bod98].

It is interesting to know what kinds of graphshave boundedtreewidth. Robertsonand

Seymourcharacterizedgraphsof boundedtreewidth.

Theorem 2.1 [RS86] For every ¯xed k, the set f GjG is a graph with treewidth at most

kg can be characterized by ¯nite setsof forbidden minors. ut
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Figure 2.2: The forbidden minors for graphsof treewidth at most three.

A number of characterizationsof Theorem2.1 for small treewidth are as follows:

Theorem 2.2 [APC90]

1. A graph G has treewidth at most 1 if and only if G doesnot contain K 3 as a minor.

2. A graph G has treewidth at most 2 if and only if G doesnot contain K 4 as a minor.

3. A graph G has treewidth at most 3 if and only if it does not contain any of the four

graphsshownin Figure 2.2 as a minor.

ut

By Theorem2.2, forestsare the only graphsof treewidth at most 1.

Theorem 2.3 [Bod98] A graph G hastreewidth at most 2 if and only if everybiconnected

component of G is a series-parallel graph. ut

We often use the following property of tree decompositions, especially for designing

polynomial-time algorithms on graphsof boundedtreewidth.

Lemma 2.2 [Bod98] Let T1; T2; ¢¢¢; Tp be subtreesof a tree decomposition of G formed by

removinga node z from the tree decomposition and let Vi , 1 · i · p, be the setsof vertices

of G appear in bagsof nodesof Ti except thoseappear in Âz. The set Âz is a separator for

G. More precisely, after removalof Âz from G, there is no edgebetween Vi and Vj , i 6= j .

The readeris referredto Bodlaender'spaper for further propertiesand classesof graphs

of boundedtreewidth.
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An important related problem is determining, when given a graph G and an inte-

ger k, whether the treewidth of G is at most k. This problem is NP-complete [ACP87]

even for graphs of maximum degreeat most nine, bipartite graphs and cocomparability

graphs[BT97]. This problem hasbeensolved for several classesof graphssuch aschordal

graphs, permutation graphs [BKK95], circular arc graphs [SSR94], circle graphs [Klo93]

and distance hereditary graphs [BDK00]. Bodlaender et al. [BGHK95] gave an approx-

imation algorithm with performanceratio O(log n) for this problem on general graphs.

Solving the problem for the casein which the parameterk is ¯xed is also interesting. The

¯rst polynomial-time algorithm for this problem was presented by Arnborg, Corneil and

Proskurowski [ACP87]. The running time of this algorithm is O(nk+2 ). Using fundamen-

tal results on graph minors, Robertson and Seymourgave a non-constructive proof of the

existenceof a decisionalgorithm with running time O(n2). An algorithm with a faster

running time was developed by Lagergren[Lag96] and Bodlaenderand Kloks [BK96]. Fi-

nally, Bodlaender[Bod96] found a constructive linear-time algorithm for the problem. All

thesealgorithms have a hidden constant factor that is at least exponential in k, and hence

they are impractical in general. In the casesk = 2; 3; 4, practical linear-time algorithms

exist [AP86, MT92, San96]. Alber et al. [ABFN00] presented a constructive e±cient al-

gorithm for ¯nding a tree decomposition of an r -outerplanar graph G in time O(r jV(G)j)

(the treewidth of an r -outerplanar graph is boundedby 3r ¡ 1 [ABFN00]). Using this algo-

rithm, wewill designan e±cient linear-time algorithm for constructing tree decompositions

of K 3;3-minor-freeor K 5-minor-freeboundeddiameter graphs(seeChapter 3).

2.3 Lo cally bounded treewidth

As mentioned in Section 2.2, many NP-complete problems can be solved in polynomial

time when restricted to graphs of bounded treewidth. The classof graphs of bounded

treewidth is of limited size;we would like to solve NP-completeproblemsfor wider classes

of graphs.

Baker [Bak94] developed several approximation algorithms to solve NP-completeprob-

lems for planar graphs. One of the basesof her work was the fact that the treewidth of a

planar graphG is boundedby O(diam(G)). Wediscussthis approach in moredetail in Sec-
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tion 2.7. To extend thesealgorithms to other graph families, Eppstein [Epp00] introduced

the notion of bounded local treewidth, de¯ned formally below, which is a generalization

of the notion of treewidth. Intuitiv ely, a graph has bounded local treewidth (or locally

bounded treewidth) if the treewidth of an r -neighborhood of each vertex v 2 V(G) is a

function of r , r 2 N, and not jV(G)j.

De¯nition 2.6 The local treewidth of a graph G is the function ltwG : N ! N that

associates with every r 2 N the maximum treewidth of an r -neighborhood in G. We set

ltwG(r ) = maxv2 V (G) f tw(G[N r
G(v)])g, and we say that a graph classC has bounded local

treewidth (or locally bounded treewidth) when there is a function f : N ! N such that

for all G 2 C and r 2 N, ltwG(r ) · f (r ). A classC has linear local treewidth if there is a

constant c 2 R suchthat ltwG(r ) · cr for all G 2 C, r 2 N.

As mentioned in Section 2.2, Robertson and Seymour characterized the graphs of

bounded treewidth by minor-closedfamilies of graphs. Eppstein [Epp00] extended this

characterization to graphsof locally boundedtreewidth.

A graph is called an apex graph if the deletion of a vertex producesa planar graph.

Intuitiv ely, apex graphs are nearly planar graphs. The most important aspect of apex

graphs is that they are examplesof graphswithout locally boundedtreewidth. An n £ n

planar grid is a graph consistingof vertices (i; j ), 1 · i; j · n, such that vertex (i; j ) is

adjacent to vertices(i; j ¡ 1), (i; j + 1), (i ¡ 1; j ) and (i + 1; j ) (if they exist). A graph G

constructed from an n £ n planar grid by connectinga new vertex v to all of the vertices

in the grid is an example of an apex graph. Here, the treewidth of G[N 1
G(v)] = G is

n + 1 [Epp00] which is dependent on the number of vertices, i.e. n2 + 1. This example

demonstratesa family of apex graphsthat do not have locally boundedtreewidth. Using

a complicated proof, Eppstein generalizedthis result to all graphs of locally bounded

treewidth.

Theorem 2.4 [Epp00] Let F be a minor-closed family of graphs. Then F has locally

bounded treewidth if and only if F does not contain all apex graphs. ut

Example 2.1 If G is a graph of treewidth at most k, then ltwG(r ) · k for all r 2 N .
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Example 2.2 If ¢ (G) = d, where d is a constant, then ltwG(r ) · d(d ¡ 1)r ¡ 1 for all

r 2 N .

Examples2.1 and 2.2 provide simple instancesof graphsof locally boundedtreewidth.

A further example,obtained from Theorem 2.4, yields the classof graphs which do not

contain the graph K 3;n as a minor. We note that K 3;n is an apex graph for all n ¸ 1.

It is worth mentioning that the local treewidth in the proof of Theorem 2.4 is very

large. Eppstein [Epp00] proved that for any surfaceS of (orientable or non-orientable)

genus equal to ° , there existsa constant c such that for all graphsG embeddablein S and

for all r ¸ 0, ltwG(r ) · c¢° ¢r . Grohe [Gro] proved the classof graphsalmost embeddable

in a surfaceS has linear local treewidth. Unfortunately, the constants involved in both

resultsare immense.As we will seein Section2.7, sincelocal treewidth plays an important

role in the running times of approximation algorithms on thesegraphs,we needa smaller

function. So far, the only graphsdeterminedto have local treewidth small enoughto give

practical approximation algorithms are planar graphs;Bodlaender[Bod98] proved that for

planar G, ltwG(r ) · 3r ¡ 1. In Chapter 3, we will show that other classesof graphs,

including K 3;3-minor-free or K 5-minor-free graphs, also have small local treewidth. We

will prove for any K 3;3-minor-freeor K 5-minor-freegraph G, ltwG(r ) · 3r + 4.

As all graphs of locally bounded treewidth studied so far have linear local treewidth,

Grohe[Gro] raisedan interestingopenproblemof whether there is a minor-closedfamily of

graphsof locally boundedtreewidth that doesnot havelinear or polynomial local treewidth.

We note that the known local treewidth for generalgraphsof locally boundedtreewidth is

very large.

2.4 General dynamic programming approac h for graphs

of bounded treewidth

Many NP-complete problems have linear-time or polynomial-time algorithms when they

are restricted to graphs of bounded treewidth. There are a few techniquesfor obtaining

such algorithms. The main technique is called computing tables of characterizations of

partial solutions. This technique is a dynamic programming approach, ¯rst introducedby



Background 15

E

C F

B

CDE DF

G

Graph G

BCDE

BCD

CDEF

DFG

ABE
A nice tree decomposition of G

L

J L

S

J

S: Separator node

L: LeafBE

[z]G

J: Join node

z

S

A

L

S

D

Figure 2.3: Graph G, a nice tree decomposition for G and terminal subgraphG[z].

Arnborg and Proskurowski [AP89]. This technique also appeared in a paper written by

Bern et al. [BLW87]. Bodlaender[Bod97] describeda better presentation of this technique.

Other approachesapplicablefor solvingproblemson graphsof boundedtreewidth aregraph

reduction [ACPS93, BdF96] and describingthe problemsin logic (seeSection2.5).

In this section,wesketch Bodlaender'sgeneraldescriptionof ArnborgandProskurowski's

method and give an examplewhich can be solved by this approach. The readeris referred

to the original paper [Bod97] for more detail or to other papers [ABFN00, AP89] for

more examples.Using this approach, we alsosolve the subgraphisomorphismproblem in

Chapter 5.

Without loss of generality, we can assumethat the given tree decomposition of G

(TD(G)) is a nice tree decomposition [Bod98], which is a rooted binary tree and has three

typesof nodes:

1. a leaf node which doesnot have any children;

2. a separator node which has onechild, and whosebag is a subsetof its child's bag;

and

3. a join nodewhich hastwo children, and whosebag is the union of its children's bags.

A graph G and a nice tree decomposition for G are presented in Figure 2.3.
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Bodlaenderprovedthat for every graphG of treewidth at mostk, if a treedecomposition

of G of width k is given,wecantransform it into a nicetreedecomposition of the samewidth

with O(k¢jV(G)j) nodesin linear time [Bod98]. Becauseof this linear-time transformation,

we assumethat the given tree decomposition of G is a nice tree decomposition throughout

this thesis.

Usinga nice tree decomposition, the rest of the algorithm is asfollows. We computefor

each node z of TD(G) a certain table. To compute this table for node z, we only usethe

tables already constructedfor its children (if they exist) and the structure of G restricted

to the bag of z (Âz). We perform this computation in a bottom-up fashion. To solve the

original problem, we inspect the table of the root r of TD(G).

To explain what kind of table must be computed, we need further de¯nitions. We

de¯ne the terminal subgraph G[z] for a node z of TD(G) to be the induced subgraph of

G over verticesof Âz and bagsof descendants of z in TD(G). For example,the terminal

subgraphG[z] for a node z is depictedin Figure 2.3. The important property of a terminal

subgraphG[z] is that sinceÂz is a separatorfor G (Lemma 2.2) there is no edgebetween

V(G) ¡ V(G[z]) and V(G[z]) ¡ Âz.

We are now ready to present more precisely the rest of the algorithm described in

Bodlaender'spaper [Bod97]. We assumea graph-theoretic problem P is given. We also

demonstratethe meaningof each step when P is the 3-colorability problem, in which we

determine whether it is possibleto color the verticesof a graph G with three colorssuch

that end-verticesof each edgeof G have di®erent colors.

Step 1: De¯ne a general form of the solution to the problem P. For example, in 3-

colorability, the solution is a mapping f : V(G) ! f 1; 2; 3g, such that 8f u; vg 2

E(G) : f (u) 6= f (v).

Step 2: De¯ne a partial solution. A partial solution is a restriction of a solution to a ter-

minal subgraphG[z]. Intuitiv ely, the partial solution describesthe possiblestructure

of a solution on G, when we consideronly what happenson G[z]. In 3-colorability,

the partial solution is a 3-coloring of the verticesof the terminal subgraphG[z], i.e.

a mapping f 0 : V(G[z]) ! f 1; 2; 3g, such that 8f u; vg 2 E(G[z]) : f 0(u) 6= f 0(v).

For other problemssuch as minor containment or subgraphisomorphism,de¯ning a

partial solution may require more work (seeChapter 5 for further detail).
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Step 3: De¯ne an extensionof a partial solution. We demonstrate the relationship be-

tweena partial solution and a solution. This step is often very simple. For instance,

in 3-colorability, a mapping f of G is an extensionof a partial solution f 0 for terminal

subgraphG[z] if and only if f 0 is the restriction of f to V(G[z]).

Step 4: De¯ne a characteristic of a partial solution. A characteristic is a crucial part

of a partial solution neededto determine whether or not a partial solution can be

extendedto a solution. If two partial solutionshave the samecharacteristic then one

can be extendedto a solution if and only if the other can be extendedto a solution.

In 3-colorability, the characteristic of a partial solution f 0 : V (G[z]) ! f 1; 2; 3g of

terminal subgraph G[z] is the restriction of f 0 to Âz. The assignment of colors to

vertices of Âz is all we need to determine how a partial solution of the terminal

subgraphG[z] can be extendedto a solution. The correctnessof this characteristic

follows from the fact that sinceÂz is a separator in G, there are no edgesof E(G)

betweena vertex in V(G[z]) ¡ Âz and a vertex in V(G) ¡ V(G[z]).

Step 5: Show that for each of the three typesof nodesof TD(G), we can e±ciently build

in polynomial time the full set of characteristics for terminal subgraphG[z] from the

full setsof characteristicsfor its children (if they exist). The full setof characteristics

for a terminal subgraphG[z] is the set of all characteristicsof partial solutionson G.

Intuitiv ely, the full set of characteristicsfor terminal subgraphG[z] is all we needto

know about G[z] when we solve the problem P. An important task in this step is to

show that the cardinality of the full set of characteristicsfor each terminal subgraph

is polynomial. In 3-colorability of a partial k-tree G, for each nodez, jÂzj · k+ 1 and

hencethe full setsof characteristicshave at most 3k+1 elements, which is a constant

when k is constant. To construct the full set of characteristics for a separatornode

z we have this lemma:

Lemma 2.3 [Bod97] Let z be a separator node and z0 be its child. A characteristic

mapping f : Âz ! f 1; 2; 3g belongsto the full set of characteristics for z if and only

if there existsa characteristic mappingf 0 : Âz0 ! f 1; 2; 3g belongingto the full set of

characteristics for z0 suchthat f is the restriction of f 0 to Âz.
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The proof follows from the fact that becausez is a separatornode, Âz µ Âz0 and thus

G[z] = G[z0]. Using this lemma, one can construct the full set of characteristics for

a separatornode from the full set of characteristicsfor its children. Similar lemmas

exist for other kinds of nodes[Bod97]. Thuswecanbuild the full setof characteristics

for any node in TD(G).

Step 6: Show that using the full set of characteristics for root r of TD(G), we can solve

the problem e±ciently. For instance, in 3-colorability particularly, G is 3-colorable

if and only if the full set of characteristics for the root is not empty (the partial

solution corresponding to this characteristic is in fact a solution). This condition can

be checked e±ciently.

Approachessimilar to that for 3-colorability canbeusedfor many graph-theoreticprob-

lems,e.g. maximum independent set, minimum dominating set and minimum vertex cover

[Arn85, Bod96, Bod97]. The most important stepsof thesealgorithms are¯nding the right

choicesof characteristicsand showing that the cardinality of each full set of characteristics

is polynomial. Although it is usually possibleto state lemmasfor constructing the full set

of characteristics for a node from the full setsof characteristics for its children, detailed

work is usually required to prove the lemmas.

We usethis dynamic programmingtechnique to solve the subgraphisomorphismprob-

lem in Chapter 5. In this problem, we needto ¯nd a mapping from verticesof a host graph

G to verticesof another graph H instead of to the set f 1; 2; 3g.

2.5 Logical description of graph-theoretic problems

As mentioned in Section 2.4, describing problems in logic is an applicable approach for

solving graph-theoretic problemson graphs of bounded treewidth. A generalframework

for describing several graph-theoretic properties in logic is monadic secondorder logic,

de¯ned formally below.

Monadic second order logic (MSOL) is a languagefor expressingproperties, especially

graph-theoreticones,in logic. It hasvariablesfor vertices,edges,setsof edgesand setsof

vertices. Its logical connectivesareand , or and not . Quanti¯ers 8 and 9 canbe applied to
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the variables. In addition, it hasfour binary relations: set membership (s 2 S), adjacency

test for vertices (adj (u; v)), incidency test for vertices and edges(inc(v; e)) and equality

for variables(a = b).

Arnborg et al. [ALS88] extend MSOL to extendedmonadic secondorder logic (EM-

SOL) to have counting or summingevaluations over sets. This feature allows us to de¯ne

minimization or maximization problems in monadic secondorder logic. They show that

problemsde¯nable in EMSOL have linear-time or polynomial-time algorithms for graphs

of bounded treewidth. The reader is referred to this paper for a list of some famous

NP-optimization problemsde¯nable in EMSOL.

For example, we show how the maximum independent set problem for a graph G =

(V; E) can be described in EMSOL.

maxV 0µ V V 0 : 8u8v9e(u 2 V 0^ v 2 V 0^ inc(u; e) ^ inc(v; e)) ) : (e 2 E)

In the above formula, in a graph G = (V; E) we search for a set V 0 µ V of maximum size

such that there existsno edgein E both of whoseend-verticesare in V 0. This is the exact

de¯nition of the maximum independent set problem.

Courcelle[Cou90] related MSOL to the notion of treewidth.

Theorem 2.5 [Cou90] Let w be a ¯xed constant and Á be a property of graphs that is

de¯nable in monadic second order logic. Then Á can be decided in linear time on graphs

of treewidth at most w. ut

Becauseof the large hidden constant in the complexity of linear-time algorithm of

Theorem2.5, this theoremdoesnot provide practical algorithms. It still providesa simple

way to determine if a property is linear-time decidableon partial k-trees. Abrahamson

and Fellows [AF93] gave a more straightforward automata-theoretic proof of Courcelle's

theorem.

Unfortunately, the analogueof Courcelle's theorem does not hold for NP-complete

problems which have a monadic secondorder de¯nition on graphs of locally bounded

treewidth. Instead, there is a similar theoremfor a somewhatlimited classof NP-complete

problemswhich can be de¯ned using ¯rst-or der logic, a restricted form of monadicsecond

order logic, in which we do not have variablesfor setsand operations for set membership.
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Theorem 2.6 [FG99] Let C be a classof graphsof locally bounded treewidth and let Á be

a property de¯nable in ¯rst-or der logic. Then for everyk ¸ 1, there is an algorithm which

in time O(n1+(1 =k)) decides whethera given graph G 2 C has property Á, where n is the

number of vertices of the graph G. ut

Hamiltonicit y and 3-colorability are examplesof propertieswhich have monadicsecond

order logicdescriptionsbut not ¯rst-order logicdescriptions[DF99]. Examplesof ¯rst-order

de¯nable problemsare the k-dominating set problem and the k-independent set problem

for ¯xed k [DF99]. In the former problem, one searchesfor a set of k verticesof a graph

such that each of the rest of the vertices has at least one neighbor in the set, and in the

latter problem, onesearchesfor a set of k verticesof a graph such that there existsno edge

of the graph both of whoseend-verticesare in the set.

Frick and Grohealsoimprovedthe running time of the algorithm mentioned in Theorem

2.6 for minor-closedfamilies of graphsof locally boundedtreewidth.

Theorem 2.7 [FG99] Let C be a minor-closed classof graphs that have locally bounded

treewidth and Á be a property de¯nable in ¯rst-or der logic. Then there is a linear-time

algorithm deciding whethera given graph G 2 C hasproperty Á. ut

The hidden constant in the complexity of the linear-time algorithm of Theorem2.7,similar

to that of Courcelle'stheorem, is very large. In Chapter 3, we show how this large hidden

constant can be improved for specialgraphssuch asK 3;3-minor-freegraphsand K 5-minor-

free graphs.

Using Theorem 2.7 and the fact that for ¯xed k, k-dominating set and k-independent

setare¯rst-order expressiblepropertieson graphs,we have linear-time algorithms deciding

whether a given graph G has theseproperties. Frick and Grohe [FG99] also generalized

Theorem 2.7 to structures other than graphs. For example, consider the (k; d)-circuit

satis¯abilit y problem, for d ¸ 1, in which one decideswhether a given boolean circuit of

depth at most d hasa satisfyingassignment such that at most k input gatesareset to true .

They proved this problem canbe solved in linear time for circuits whoseunderlying graphs

are in a minor-closedfamily of graphs of locally bounded treewidth. Another example

is evaluating a (boolean) databasequery against a relational databaseexpressedin the

relational calculus. As relational calculus is contained in ¯rst-order logic, they showed
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that Boolean relational calculus queriescan be evaluated in linear time for a database

whoseunderlying graph is in a minor-closedfamily of graphsof locally boundedtreewidth.

Seese[See96] presented a theoremsimilar to Theorem2.7 for boundeddegreegraphs.

Theorem 2.8 [See96] For every ¯rst-or der de¯nable property of graphsthere is a linear-

time algorithm that decideswhethera givengraph of constant degree hasthis property. ut

2.6 Fixed parameter tractabilit y

Developingpractical algorithms for NP-hard problemsis an important issue.Two common

methods for dealingwith NP-hard problemsare heuristic and approximation methods. In

heuristic methods, we are often unable to analyzethe methods theoretically and thus we

focus on approximation methods in theoretical computer science.Nevertheless,there are

many NP-completeproblemssuch as dominating set which are not believed to have con-

stant factor approximations (seeGarey and Johnson'sstandard book [GJ79]). Therefore,

restrictions of theseproblemsto certain graphs,e.g. planar graphs,have beenconsidered.

Recently, Downey and Fellows [DF99] introducedanother conceptto handleNP-hardness,

namely ¯xed parameter tractability. For many NP-completeproblems, the inherent com-

binatorial explosionis often due to a small part of a problem, namely a parameter. The

parameteris often an integerand small in practice. The running times of simplealgorithms

may be exponential in the parameter but polynomial in the problem size. For example,

for the k-vertex cover problem, in which we search for a vertex cover of size k (k is a

parameter), a simple algorithm is to check all subsetsof sizeat most k. The running time

of this algorithm is O(nk+1 ), where the exponent is a function of k. In ¯xed parameter

tractabilit y, we search for algorithms with running time O(f (k)nO(1) ). Such algorithms

may be practical for small valuesof k. For instance,it hasbeenshown that k-vertex cover

has an algorithm with running time O(kn + 1:3k) [NR99] and hencethis problem is ¯xed

parameter tractable.

De¯nition 2.7 [DF99] A parameterized problemL ½ § ¤ £ N is ¯xed parametertractable

(FPT) if there is an algorithm that correctly decides, for input (x; k) 2 § ¤ £ N , whether

(x; k) 2 L in time f (k)nc, where n is the sizeof the main part of the input x, jxj = n, k is
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a parameter (usually an integer), c is a constant independent of k, and f is an arbitrary

function.

One of the interesting and important properties of ¯xed parameter tractabilit y is that

the de¯nition is unchanged if we replace time f (k)nc by time f 0(k) + nc0
in the above

de¯nition.

Downey and Fellows [DF99] have also introduced a hierarchy of parameterizedcom-

plexity classesF PT µ W[1] µ W[2] µ ¢¢¢ µ W[P] and the conceptsof reduction and

completenessfor these classes. Here we mean by complexity classFPT the classof all

problemswhich are FPT (we useterm FPT asa classwhenwe mention it explicitly). It is

conjecturedthat the hierarchy is proper. Thus, W[i ]-completeproblems,i ¸ 1, are likely

not to be ¯xed parameter tractable. For instance, independent set is complete for W[1]

and dominating set is completefor W[2] [DF99]. Both problemsare FPT when restricted

to planar graphs,e.g. Alber et al. [ABFN00] have shown that planar k-dominating set can

be solved in time O(c
p

kn), wherec = 36
p

34. In Chapter 3, we show that theseproblems

are FPT when restricted to K 3;3-minor-freeor K 5-minor-freegraphs.

Another property of FPT is its relation to approximation algorithmsfor NP-optimization

problems. First, for someNP-optimization problems, Garey and Johnson[GJ79] proved

that there is no good approximation algorithm, even assumingP 6= N P. Arora et al.

[ALM + 98] extendedthe result to many other problems. FPT providesanother tool for the

extensionof the result to many problemsnot coveredby the results of Arora et al.

Theorem 2.9 [DF99] An NP-optimization problemhas a fully polynomial-time approxi-

mation schemeif and only if it is ¯xed parameter tractable. ut

AssumingW[1] 6= F PT, the NP-optimization problemsthat areW[1]-harddo not have

fully polynomial-time approximation schemes.This result can be extendedto PTASs, as

well.

De¯nition 2.8 An approximation algorithm for an optimization problemis e±cient if it

computesa solution within a factor (1+ 1=k) of the optimal in time O(f (k)nc) for a function

f and a constant c.
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All approximation algorithms introduced in Baker's paper [Bak94] and Chapter 3 are

e±cient.

Theorem 2.10 [DF99] UnlessF PT = W[1], an NP-optimization problemis ¯xed param-

eter intr actableif and only if it hasno e±cient PTAS. ut

Theorem2.10provides a powerful meansfor proving that a problem doesnot have an

e±cient PTAS.

Methods for designingFPT algorithms include a variety of techniques such as well-

quasi-ordering,boundedtreewidth, color coding (hashing) and elementary methods. The

readeris referredto the book of Downey and Fellows [DF99] asa good referencefor these

methods.

2.7 Appro ximation algorithms for graphs of locally

bounded treewidth

Many resultsdesignPTASsrestricted to certain specialgraphs,especiallygraphsof bounded

or locally boundedtreewidth. Lipton and Tarjan [LT80] werethe ¯rst who proved various

NP-optimization problems have PTASs over planar graphs. Unfortunately, Chiba et al.

have shown to reach a performanceratio half of the optimal in Lipton and Tarjan's work,

the graph must have at least22400
verticesand sotheir approach is known to be impractical

[CNS82]. Usinga di®erent approach, Baker [Bak94] gave practical PTASsfor the problems

consideredby Lipton and Tarjan. Alon et al. [AST90] generalizedLipton and Tarjan's

ideasto graphswithout a ¯xed minor. Like Lipton and Tarjan's PTASs, their PTASswere

impractical too.

By partitioning a graph into three forests,ChenandHe[CH95, Che95] obtainede±cient

approximation algorithms of ratio 3 for many NP-hard hereditary maximization problems

on planar, K 3;3-minor-free graphs and K 5-minor-free graphs (these graphs have locally

bounded treewidth by Theorem 2.4). After that, Chen [Che98], using Baker's approach,

found approximation algorithms of ratio 1+ 1=logn for NP-hard hereditary maximization

problemson K 3;3-minor-free graphs and K 5-minor-free graphs. His approach was a non-

trivial generalization of Baker's approach for these types of graphs. Baker's technique



24 Algorithms for Graphs of (Locally) BoundedTreewidth

decomposesa planar embeddingby successively deletingouter faces;verticesaregiven level

numbers corresponding to the iterations in which they are deleted. Removing only those

verticeswith level number congruent to i mod k results in a k-outerplanar graph; there are

k choicesof i , and every vertex is in exactly k ¡ 1 of the resulting k-outerplanar graphs.

Many NP-complete problems (such as maximum independent set, minimum dominating

set, and minimum vertex cover) canbe solved exactly on k-outerplanar graphsby dynamic

programming. Supposesi , 1 · i · k, is the optimal solution for the i th k-outerplanar

graph. Baker [Bak94] shows that by taking the bestamongs1; ¢¢¢; sk asa (nearly optimal)

solution for the original graph, wehavea solution within a factor of (1+ 1=k) of the optimal.

Chen'sapproach di®ersfrom Baker'smainly in constructionof layers. Becauseof his special

construction of layers, his approach only applies to inherent maximization problemssuch

as the maximum independent set problem.

Eppstein [Epp00]showed that Baker's techniquecanbe extendedby replacingbounded

outerplanarity with boundedlocal treewidth. As with k-outerplanar graphs,a wide range

of NP-completeproblemscanbe solved in linear time on graphsof boundedtreewidth (see

Section2.4). The decomposition by deleting every kth face is replacedby deleting every

kth level of a breadth-¯rst tree of G, provided that the treewidth of the resulting graphs

is a function of k. In Chapter 3, we considerthis approach in more detail, when we solve

many NP-optimization problems on K 3;3-minor-free graphs and K 5-minor-free graphs in

linear and quadratic time.

2.8 Subgraph isomorphism

We considerthe subgraphisomorphismproblem, in which we search for a subgraphof host

graph H isomorphic to the source(or pattern) graph G, in Chapter 5. This problem has

many applications in di®erent areassuch as biology and organic chemistry [ABG+ 92].

Becausethe subgraph isomorphism problem is NP-complete [GJ79], much attention

has focusedon solving this problem by adding restrictions to the sourceor host graph.

Speci¯c classesof graphs for which there are polynomial-time algorithms are as follows:

trees[Mat78], two-connectedouterplanar graphs[Lin89], and two-connectedseries-parallel

graphs[LS88]. Theseare all graphsof boundedtreewidth. Nevertheless,the subgraphiso-
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morphism problem remainsNP-completefor generalgraphsof boundedtreewidth [Sys82].

As mentioned in Section2.5, graphsof bounded treewidth allow us to usea dynamic

programming approach for solving problems, especially those which can be described in

the languageof extendedmonadicsecondorder logic (EMSOL). Except the casein which

the sourcegraph is ¯xed, the subgraph isomorphism problem can not be expressedin

EMSOL, and the generalapproach of Arnborg et al. [ALS88] can not be used. We need

to add more restrictions to solve this problem in polynomial time. Matou·sekand Thomas

[MT92] have shown the subgraph isomorphismproblem has an O(nk+4 :5) time algorithm

for k-connectedpartial k-treesand an O(nk+2 ) time algorithm for boundeddegreepartial

k-trees. They have proved that the problem remainsNP-completewhen the sourcegraph

is a tree, and the host graph is a partial 2-treewhich hasat most onenodeof degreegreater

than three. Gupta and Nishimura [GN94], using a di®erent approach, derive polynomial-

time algorithms with the sameasymptotic complexity for the k-connectedpartial k-tree

caseand other embeddings.Dessmarket al. [DLP00a] improve the running time of Gupta

and Nishimura's algorithm from O(nk+4 :5) to O(nk+2 ) for the caseof k-connectedpartial

k-trees. Gupta and Nishimura have proved the subgraphisomorphismproblem on partial

k-trees remains NP-complete when the sourcegraph is not k-connected[GN96b]. This

problem has beenconsideredfor weaker classesof graphs such as partial k-paths, and it

hasbeenshown that for k-connectedpartial k-paths there is an O(n3) time algorithm for

solvingthe subgraphisomorphismproblem;herethe exponent is independent of k [GN96a].

Matou·sekand Thomas'sapproach mainly usesthe generalideasof dynamic program-

ming introducedby Arnborg and Proskurowski (seeSection2.4); however they have pre-

sented their algorithm in a very complicated manner. Their approach has been stated

for the minor containment problem and the solution for subgraphisomorphismcan be ob-

tained asan specialcaseof this approach. The main ideais a tricky de¯nition of the partial

solution and its characteristic. This is a good exampleof how Arnborg and Proskurowski's

method can be usedfor problemswhich are not de¯nable in monadic secondorder logic.

In Chapter 5, we extend the bounded degreeresult of Matou·sek and Thomas to handle

a more generalproperty, namely bounded fragmentation. A graph is a log-bounded frag-

mentation graph if, after removing any set of at most k vertices,the number of connected

components is at most O(k logn), wheren is the number of verticesof the graph. The class
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of bounded fragmentation graphs contains the classof boundeddegreegraphs and other

classesof graphssuch as the classof Hamiltonian graphs(seeChapter 4 for the proof).

Gupta and Nishimura use a di®erent approach. First, they introduce the concept of

normalized tree decomposition of a graph. Roughly speaking, a normalized tree decompo-

sition of a partial k-tree H (N TD(H )) is a tree decomposition of H in which nodes of

N TD(H ) are partitioned into the set of separator nodes, whosebagshave sizek, and the

set of clique nodes, whosebagshave sizek + 1. The root of N TD(H ) is a separatornode,

the leavesof N TD(H ) are clique nodes,children of each separatornode are clique nodes

and children of non-leaf clique nodesare separatornodes. Gupta and Nishimura prove a

normalized tree decomposition for a partial k-tree G can be constructed in O(n2) time.

In addition, they introduce another conceptcalled a tree decomposition graph of a graph

G (TDG(G)). Intuitiv ely, if G is isomorphic to a subgraph of H , TDG(G) is a directed

graph which contains all appearancesof normalized tree decompositions G in N TD(H ).

A node in TDG(G) correspondsto a potential node in N TD(H ) and an edgecorresponds

to a potential edgein N TD(H ). Each node in TDG(G) is also either a separatornode

or a clique node. Using these two concepts,Gupta and Nishimura generalizeMatula's

algorithm [Mat78] for subtree isomorphismto subgraph isomorphism. They processthe

nodesof N TD(H ) bottom-up and at each node z of N TD(H ), they determine whether

each node of TDG(G) can be mapped to z. To this end, they use a bipartite matching

betweenchildren of z and successorsof each node of TDG(G). The polynomial running

time of the algorithm follows from the polynomial sizeof N TD(H ) and TDG(G) and the

polynomial running time of the bipartite matching algorithm.

Gupta and Nishimura's method for solving subgraphisomorphismhas also beenused

to solve other related problems such as embedding problems [GN94], ¯nding the largest

common subgraph [Bra01] and ¯nding a maximum packing in which we search for the

maximum number of disjoint copiesof a sourcegraph in a host graph [DLP00b].

Generalizationsof isomorphisminclude homomorphismand minor containment. In the

former generalization,the edgesof the sourcegraph are mapped to edgedisjoint paths in

the host graph and in the latter generalization,the verticesof the sourcegraph aremapped

to connectedsubgraphsof the host graph. Naturally, both of these generalizationsare

NP-completein the generalcase,but the former generalizationsupports polynomial-time
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algorithms for the casesof k-connected[GN94] and boundeddegree[MT92] partial k-trees

and the latter generalizationsupports a polynomial-time algorithm only for the bounded

degreecase[MT92]. Gupta et al. [GNPR00] present a more e±cient algorithm for partial

k-paths.

Using Baker's approach (seeSection 2.7), Eppstein solves the subgraph isomorphism

from a ¯xed pattern G into a graph H of locally bounded treewidth. The idea is as

follows. First, for graph H , we construct the layers introduced in Baker's approach. If a

¯xed pattern G appearsin H , it must appear in diam(G) consecutive layersof G. We can

prove each subgraphinduced on a constant number of layers has boundedtreewidth, and

thus we can solve subgraphisomorphismby the generaldynamic programming approach.

By consideringall choicesof diam(G) consecutive layers of H , we can solve subgraph

isomorphism in linear time. In Chapter 5, we give more detail of this approach when

we present an algorithm for testing subgraphisomorphismfrom a boundedfragmentation

graph G (not a ¯xed pattern G) into a graph H of locally boundedtreewidth.

In this chapter, we introducedpreliminary de¯nitions, related topics and the survey of

the current resultsabout designingPTASson graphsof locally boundedtreewidth and the

subgraphisomorphismproblem. New results on theseconceptsare presented in Chapters

3 and 5.
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Chapter 3

Algorithms for K 3;3-minor-free or

K 5-minor-free graphs

In this chapter, we extend Baker's approach for designing PTASs for NP-optimization

problemson planar graphs(seeSection2.7). As mentioned in Section2.1, a planar graph

is both K 3;3-minor-freeand K 5-minor-free. We generalizeBaker's ideasto K 3;3-minor-free

graphs and K 5-minor-free graphs. The reader is referred to Section 2.7 for discussionof

previouswork in this area.

We introducedthe conceptof local treewidth in Section2.3. We mentioned that Epp-

stein [Epp00] characterizedgraphsof locally boundedtreewidth and showed how Baker's

ideas [Bak94] for designing PTASs could be generalizedto graphs of locally bounded

treewidth. Unfortunately, the hidden constant involved in Eppstein's work is large, and it

causesthe resulting PTASs to be impractical.

As mentioned in Section 2.3, Bodlaender [Bod98] showed that for a planar graph G,

ltwG(k) · 3k ¡ 1. In this chapter, we generalizeBodlaender'sresult demonstrating linear

local treewidth of planar graphs to K 3;3-minor-free graphs and K 5-minor-free graphs. In

fact, we present a more generaltheorem: we prove that if a graph H is a single-crossing

graph (can be drawn on the plane with at most one crossing)then the local treewidth of

any H -minor-free graph is boundedabove by 3k + cH where cH is a constant depending

only on H .

The results of this chapter, especially Section3.1, are mainly obtained from joint work

29
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Figure 3.1: Graph summation operation: identifying sets W1 and W2 and deleting edge

f a;bg

with Nishimura, Ragdeand Thilik os [HNRT01].

The rest of this chapter is organizedas follows. First, we present our main results on

local treewidth and constructionof tree decompositionsof K 3;3-minor-freeor K 5-minor-free

graphs(Section3.1). Then, we show how our resultscanbe applied to ¯nd algorithms and

practical PTASs for thesegraphs(Sections3.2 and 3.3).

3.1 Lo cal treewidth of clique-sum graphs

In this section,¯rst we show H -minor-freegraphs,whereH is a single-crossinggraph, have

linear local treewidth. Then we introducethe conceptof layersfor thesegraphsand present

a practical algorithm for construction of a tree decomposition of any subgraphinducedon

a constant number of consecutive layers.

The graph summation operation plays an important role in our results. SupposeG1

and G2 are graphs with disjoint vertex-setsand k ¸ 0 is an integer. For i = 1; 2, let

Wi µ V(Gi ) form a clique of sizek and let G0
i (i = 1; 2) be obtained from Gi by deleting

some(possibly no) edgesfrom Gi [Wi ] with both endpoints in Wi . Consider a bijection

h : W1 ! W2. We de¯ne a k-sum G of G1 and G2, denotedby G = G1 ©k G2 or simply

by G = G1 © G2, to be the graph obtained from the union of G0
1 and G0

2 by identifying w

with h(w) for all w 2 W1. The imagesof the verticesof W1 and W2 in G1 ©k G2 form the
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join set. In the rest of this section,when we refer to a vertex v of G in G1 or G2, we mean

the corresponding vertex of v in G1 or G2 (or both). The reader is referred to Figure 3.1

to seean examplein which a 3-sumof a graph G and K 5 is depicted.

We usethe following three simple lemmasto obtain our main result.

Lemma 3.1 For any graph G and subgraph G0 of G, ltwG0
(k) · ltwG(k), for any k ¸ 0.

Pro of: It is enoughto observe that for any v 2 G0 and k ¸ 0, N k
G0(v) µ N k

G(v). Thus the

removal of verticesof N k
G(v) n N k

G0(v) from bagsof a tree decomposition of N k
G(v) results

in a tree decomposition of N k
G0(v) with the samelocal treewidth or less. ut

Lemma 3.2 For any two graphsG and H , tw(G © H ) · maxf tw(G); tw(H )g.

Pro of: Let W be the set of verticesof G and H identi¯ed during the © operation. Since

W is a clique in G, in every tree decomposition of G, there existsa node® such that W is a

subsetof Â® [BM93]. Similarly, it is true for W and a node®0 of each tree decomposition of

H . Hence,we can construct a tree decomposition of G and a tree decomposition of H and

add an edgebetween® and ®0. In fact, every vertex (edge)of G © H is a vertex (an edge)

in G or H and thus appearsin a bag of the tree decomposition of G © H (seeProperties

(1) and (2) of tree decompositions). The set W is the only commonset of vertices of G

and H in G © H . Nodeswhosebagscontain a vertex w 2 W form connectedsubtreesin

tree decompositions of G and H . Hence,by adding an edgebetween® and ®0, the nodes

alsoform a connectedsubtreein the tree decomposition of G © H (seeProperty (3) of tree

decompositions). ut

Lemma 3.3 For any graph G, any clique R of G, any v 2 R, and any k ¸ 0,

tw(G[N k
G(R)]) · tw(G[N k+1

G (v)]).

Pro of: We note that all vertices in R ¡ v are at distance1 from v. ThereforeN k
G1

(R) µ

N k+1
G1

(v), and the result follows from Lemma 3.1. ut

Lemma 3.4 shows how the local treewidth changeswhen we apply a graph summation

operation.

Lemma 3.4 If G1 and G2 are graphswhere ltwGi (r ) · f (r ), f (r ) ¸ 0 for all r 2 N, and

G = G1 ©k G2, then ltwG(r ) · f (r ).
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Pro of: To show ltwG(r ) · f (r ), weprovefor any v 2 V(G) and for all r ¸ 0, tw(G[N r
G(v)])

· f (r ). Sincef (r ) ¸ 0, the claim is clear for r = 0. Thus we assumer > 0 in the rest of

the proof. Let W be the join set of G1 ©k G2. Without lossof generality, we can assumev

is from G1. If N r
G(v) contains only verticesoriginally from G1, the result follows from our

initial assumptionabout G1, i.e. ltwG1 (r ) · f (r ).

We now assumeN r
G(v) contains vertices from G2. If v 2 W, then N r

G(v) µ N r
G1

(v) [

N r
G2

(v). In addition, since r ¸ 1 and vertices of W form a clique in Gi for i = 1; 2,

W µ N r
Gi

(v). Using thesetwo facts, G[N r
G(v)] is a subgraphof G1[N r

G1
(v)] © G2[N r

G2
(v)]

over the join set W. Thus, by Lemmas3.1 and 3.2, we know

tw(G[N r
G(v)]) · maxf tw(G1[N r

G1
(v)]); tw(G2[N r

G2
(v)])g · f (r ):

We now considerthe casein which v 62W and there exists a vertex u 2 N r
G(v) ¡ W

which is from G2. SinceW is the only commonset of verticesof G1 and G2 in G, at least

one vertex of W is on the shortest path from v to u in G and henceis at distanceof at

most r ¡ 1 from v. Therefore,W \ N r ¡ 1
G1

(v) 6= ; . Let w 2 W \ N r ¡ 1
G1

(v) be the vertex with

minimum distance p from v where 1 · p · r ¡ 1. We observe that each vertex u with

the aforementioned property is at distanceat most r ¡ p from at least one vertex of W.

Thus N r
G(v) µ N r

G1
(v) [ N r ¡ p

G2
(W). As onevertex of W is at distancep · r ¡ 1 from v and

verticesof W form a clique in G1, each vertex of W is at distanceat most r from v in G1,

i.e. W µ N r
G1

(v). Also, W µ N r ¡ p
G2

(W). Thus we can obtain G1[N r
G1

(v)] © G2[N r ¡ p
G2

(W)]

over the join set W. As mentioned above N r
G(v) µ N r

G1
(v) [ N r ¡ p

G2
(W), and thus G[N r

G(v)]

is a subgraphof G1[N r
G1

(v)] © G2[N r ¡ p
G2

(W)]. Hence,by Lemma 3.2,

tw(G[N r
G(v)]) · maxf tw(G1[N r

G1
(v)]); tw(G2[N r ¡ p

G2
(W)])g: (3.1)

By Lemma 3.1, sinceG2[N r ¡ p
G2

(W)], p ¸ 1, is a subgraphof G2[N r ¡ 1
G2

(W)],

tw(G2[N r ¡ p
G2

(W)]) · tw(G2[N r ¡ 1
G2

(W)]): (3.2)

Thus by 3.1 and 3.2 and the fact that tw(G1[N r
G1

(v)]) · f (r ) (our assumptionabout

G1),

tw(G[N r
G(v)]) · maxf f (r ); tw(G2[N r ¡ 1

G2
(W)])g: (3.3)



Algorithms for K 3;3-minor-freeor K 5-minor-freegraphs 33

SinceW is a clique in G2, by Lemma 3.3,

tw(G2[N r ¡ 1
G2

(W)]) · tw(G2[N r
G2

(w)]) · f (r ): (3.4)

Finally using 3.3 and 3.4, we concludethat tw(G[N r
G(v)]) · f (r ). ut

It is known that any H -minor-freegraph G, for single-crossinggraph H (seeintroduc-

tion of this chapter), can be obtained from planar graphsand graphsof treewidth at most

cH by meansof a seriesof k-sums,0 · k · 3, wherecH is a constant dependent only on

the single-crossinggraph H [RS93]. Becauseof this property, we call H -minor-freegraphs

clique-sumgraphswhen H is a single crossinggraph. A seriesof k-sums(not necessarily

unique) which generatea clique-sumgraph G are called a set of clique-sumoperations of

G. Lemma 3.5 follows from this de¯nition of clique-sumgraphs:

Lemma 3.5 For any clique-sumgraph G which excludesa single crossinggraph H as a

minor, any minor G0 of G is also a clique-sumgraph which excludesthe samegraph H as

a minor.

Pro of: The proof follows from the fact that if G0 is a minor of G and G is H -minor-free,

then G0 is H -minor-free too. ut

Theorem3.1 demonstratesour main result on the local treewidth of clique-sumgraphs.

Theorem 3.1 For any clique-sumgraphG excludinga single-crossinggraphH asa minor

and for all r ¸ 0, ltwG(r ) · 3r + cH .

Pro of: By the de¯nition of clique-sumgraphs,we can assumeG = G1 © G2 © ¢¢¢© Gm

where each Gi , 1 · i · m, is either a planar graph or a graph of treewidth at most cH .

We useinduction on m, the number of Gi 's. For m = 1, we wish to show that G1 is either

a planar graph whoselocal treewidth is 3r ¡ 1 or a graph of treewidth at most cH . In

the former caseltwG(r ) = ltwG1 (r ) = 3r ¡ 1 · 3r + cH , cH ¸ 0, and in the latter case

ltwG(r ) = ltwG1 (r ) = cH · 3r + cH , r ¸ 0. Thus the basisof induction is true for both

cases.We assumethe induction hypothesisis true for m = h, and we prove the hypothesis

for m = h + 1. Let G0 = G1 © G2 © ¢¢¢© Gh and G00= Gh+1 . Thus G = G0© G00. By the

induction hypothesis,l twG0
(r ) · 3r + cH and ltwG00

(r ) · 3r + cH . The proof, for m = h+ 1,

follows from this fact and Lemma 3.4. ut
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K5V8
K3, 3

Figure 3.2: Graph V8 and single-crossingembeddingsof K 3;3 and K 5

Using the fact that K 5 and K 3;3 aresingle-crossinggraphs(Figure 3.2), we observe that

K 5-minor-free graphsand K 3;3-minor-free graphsare clique-sumgraphs. Wagner [Wag37]

gave a better characterization for these graphs. He proved that a graph has no minor

isomorphic to K 3;3 if and only if it can be obtained from planar graphsand K 5 by 0-,1-,

and 2-sums.He alsoshowed that a graph has no minor isomorphic to K 5 if and only if it

can be obtained from planar graphsand V8, shown in Figure 3.2, by 0-,1-,2-,and 3-sums.

Sinceboth K 5 and V8 have treewidth four, the valueof constant cH in the proof of Theorem

3.1 is four, and we have:

Corollary 3.1 If G is a K 5-minor-fr ee or K 3;3-minor-fr ee graph then ltwG(k) · 3k + 4.

ut

As mentioned in Section2.7, the conceptof the kth outer facein planar graphscan be

replacedby the conceptof the kth layer (or level) in graphsof locally boundedtreewidth.

The kth layer (L k) of a graph G consistsof all vertices at distance k from an arbitrary

¯xed vertex v of V(G). We denoteconsecutive layers from i to j by L[i; j ] =
S

i · k· j L k .

Theorem 3.2 For any clique-sumgraph G, the treewidth of G[L[i; j ]] is bounded aboveby

3(j ¡ i + 1) + cH .

Pro of: By contracting the connectedsubgraphG[L[0; i ¡ 1]] to a vertex v0 and applying

Lemma3.5,weobtain anotherclique-sumgraphG0. As all verticesat distanced, i · d · j ,

from v in G are at distanced0, 1 · d0 · j ¡ i + 1, from v0 in G0 and all verticesat distance

more than j from v in G are at distance more than j ¡ i + 1 from v0 in G0, we have

G[L[i; j ]] = G0[L [1; j ¡ i + 1]]. Thus tw(G[L[i; j ]]) = tw(G0[L [1; j ¡ i + 1]]). Since all
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vertices of L[1; j ¡ i + 1] in G0 are in the j ¡ i + 1-neighborhood of v0, tw(G0[L [1; j ¡

i + 1]]) · tw(G0[N j ¡ i +1
G0 (v0)]). By the de¯nition of local treewidth, tw(G0[N j ¡ i +1

G0 (v0)]) ·

l twG0
(j ¡ i + 1). Finally by Theorem 3.1, we have ltwG0

(j ¡ i + 1) · 3(j ¡ i + 1) + cH .

Using thesefacts, tw(G[L[i; j ]]) · 3(j ¡ i + 1) + cH , as desired. ut

Theorem3.2givesan upper boundon the treewidth of consecutive layersfrom i to j , but

it doesnot provide a constructive algorithm to obtain a tree decomposition of this width.

As mentioned in Section 2.2, using Bodlaender'salgorithm [Bod96], we can construct a

tree decomposition of this width in linear time, but the hidden constant factor is huge,

and the algorithm is impractical. Below we give a practical algorithm which constructs a

tree decomposition of width 3(j ¡ i + 1) + cH for consecutive layers from i to j in K 3;3-

minor-free or K 5-minor-free graphs. First we determine a set of clique-sumoperations of

K 3;3-minor-freeor K 5-minor-freegraphs.

Theorem 3.3 [KM92] A set of clique-sumoperations of a K 5-minor-fr ee graph G = G1 ©

G2 © ¢¢¢© Gm can be found in O(n2) time suchthat
P m

i=1 jV (Gi )j = O(jV(G)j). ut

Asano[Asa85] presented an O(n) time algorithm for ¯nding a set of clique-sumopera-

tions of a graph with no subgraphhomomorphicto K 3;3. As for a cubic graph H (degree

of each vertex is at most three), H is a minor of G if and only if G contains a subgraph

homeomorphicto H , we have:

Theorem 3.4 A set of clique-sumoperations of a K 3;3-minor-fr ee graph G = G1 © G2 ©

¢¢¢© Gm can be found in O(n) time suchthat
P m

i=1 jV (Gi )j = O(jV(G)j). ut

Beforestating the main theoremon construction of a tree decomposition of consecutive

layers,we present a simple lemma.

Lemma 3.6 Let G = G1 © G2 © ¢¢¢© Gm be a clique-sumgraph. If there existsa vertex

v 2 V(G) such that each vertex of G is at distance at most r from v, then in each Gi ,

1 · i · m, there exists a vertex vi such that each vertex of Gi is at distance at most r

from vi .

Pro of: We use induction on m, the number of Gi 's. If m = 1, the basisof induction is

clearly true. We assumethe induction hypothesis is true for m · h, and we prove the
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Figure 3.3: The replacement of the part of path P betweena and b by edgef a;bg

hypothesisfor m = h + 1. We supposeG = G0© G00whereG0 = G1 © G2 © ¢¢¢© Gh and

G00= Gh+1 . We let W be the join set of G0© G00.

First we considerthe casein which vertex v de¯ned in the statement of Lemma is in

W. We show that v hasa path of length at most r in G0 (G00) to each vertex u in G0 (G00).

Without lossof generality, we take a vertex u 2 V(G0). If a part of a shortest path P in

G from v to u goesthrough vertices in V(G00) ¡ V(G0), this part goesthrough verticesof

W. Let a be the ¯rst vertex in W and b be the last vertex in W on path P from v to u

(seeFigure 3.3). We note that a and b can be the samevertex. Sinceverticesof W form

a clique in G0, edgef a;bg is present in G0. We can replacethe part of path P which goes

through vertices in V(G00) (and has length at least one) by edgef a;bg and obtain a path

from v to u in G0 with length lessthan the length of P. Thus, there is a path of length at

most r in G0 from v to each vertex u in G0. Using the induction hypothesisfor G0 and G00,

we obtain the result for G.

We now consider the casein which v 2 V(G) ¡ W. Without loss of generality, we

assumev 2 V(G0) ¡ W. A shortest path in G from v to a vertex u of G00goesthrough a

vertex in W whosedistanceis at least one from v. Henceeach vertex of G00is at distance

at most r ¡ 1 from a vertex in W. Sinceverticesof W form a clique in G00, each vertex of

G00is at distanceat most r from each vertex w of W. We now show that v has a path of

length at most r in G0 to each vertex u in G0. If a part of a shortest path P in G from v

to u goesthrough verticesin V(G00) ¡ V(G0), this part (which haslength at least one) can

be replacedin G0 by an edgebetweenvertices of W without increasingthe length of the

path (seethe proof of the previous case). Applying the induction hypothesisfor G0 and

G00obtains the desiredresult for G. ut
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We are ready to present our algorithm for construction of a tree decomposition for a

constant number of consecutive layers.

Theorem 3.5 For K 3;3-minor-fr ee (K 5-minor-fr ee) graph G, we can construct a tree de-

composition for G[L[i; j ]] of treewidth 3(j ¡ i + 1) + cH in O(( j ¡ i + 1)3 ¢n) (O(( j ¡ i +

1)3 ¢n + n2)) time.

Pro of: As in the proof of Theorem3.2,wecontract the connectedsubgraphG[L[0; i ¡ 1]] to

a vertex v0 and obtain another clique-sumgraph G0 such that G[L[i; j ]] = G0[L [1; j ¡ i + 1]].

By Lemma 3.5, graph G00= G0[L [0; j ¡ i + 1]] is a K 3;3-minor-free (K 5-minor-free) graph

and by the de¯nition of layerseach vertex in G00is at distanceat most j ¡ i + 1 from v0. By

Theorem 3.3 (3.4), we can determine a set of clique-sumoperations of graph G00in O(n)

(O(n2)) time.

After determining a set of clique-sum operations of G00 = G1 © G2 © ¢¢¢© Gm , we

construct a tree decomposition for each Gi , 1 · i · m. If Gi is a K 5 (V8), we can easily

construct a tree decomposition of width four in constant time. We now considerthe case

in which Gi is a planar graph. By Lemma 3.6, in each Gi , there exists a vertex vi such

that each vertex in Gi is at distanceat most j ¡ i + 1 from vi . It is known that if a planar

graph G hasa rooted spanningtree T in which the longestpath has length d, then a tree

decomposition of G with width at most 3d can be found in time O(dn) [Bak94, Epp99].

Sinceeach vertex in Gi is at distanceat most j ¡ i + 1 from vi , by breadth ¯rst search,

we can construct a spanning tree rooted at vi with the longest path of length at most

j ¡ i + 1. Hencewe can construct a tree decomposition for Gi of treewidth 3(j ¡ i + 1) in

time O((j ¡ i + 1) ¢jV(Gi )j).

Having tree decompositions of Gi 's, 1 · i · m, in the rest of the algorithm, we glue

togetherthe tree decompositionsof Gi 's usingthe constructiongivenin the proof of Lemma

3.2. To this end, we introduce an array N odesindexed by all subsetsof V(G) of sizeat

most three. In this array, for each subsetwhoseelements form a clique, we specify a node

of the tree decomposition which contains this subset. We note that for each clique C in

Gi , there exists a node z of TD(G) such that all vertices of C appear in the bag of z

[BM93]. This array is initialized as part of a preprocessingstageof the algorithm. Now,

for the © operation between G1 © ¢¢¢© Gh and Gh+1 over the join set W, using array
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N odes, we ¯nd a node ® in the tree decomposition of G1 © ¢¢¢© Gh whosebag contains

W. Sincewe have the tree decomposition of Gh+1 , we can ¯nd the node ®0 of the tree

decomposition whosebag contains W by brute force over all subsetsof sizeat most three

of bags. Simultaneously, we update array N odesby subsetsof V(G) which form a clique

and appear in bagsof the tree decomposition of Gh+1 . Then we add an edgebetween®

and ®0. As the number of nodes in a tree decomposition of Gh+1 is in O(jV(Gh+1 )j) and

each bag has sizeat most 3(j ¡ i + 1) (and thus there are at most 27(j ¡ i + 1)3 choices

for a subsetof sizeat most three), this operation takesO((j ¡ i + 1)3 ¢jV(Gh+1 )j) time for

Gh+1 .

The claimed running time follows from the time required to determinea set of clique-

sum operations, the time required to construct tree decompositions, the time neededfor

gluing tree decompositions together and the fact that
P m

i=1 jV (Gi )j = O(jV(G)j). Herewe

note that the only di®erencebetweenthe running time of the algorithm for K 3;3-minor-free

graphs and that for K 5-minor-free is the time required to determine a set of clique-sum

operations (O(n) time for the former graphs and O(n2) time for the latter graphs). The

rest of the algorithm requireslinear time for both graphs.

Finally, we prove that the width of the constructedtree decomposition of G is 3(j ¡ i +

1) + 4. We useinduction on m, the number of Gi 's, whereG = G1 © G2 © ¢¢¢© Gm . For

m = 1, G1 is either a planar graph with treewidth 3(j ¡ i + 1) or a graph of treewidth at

most 4. In both casesthe basisof induction is true. We assumethe induction hypothesis

is true for m = h, and we prove the hypothesisfor m = h + 1. Let G0 = G1 © G2 © ¢¢¢© Gh

and G00= Gh+1 . Thus G = G0© G00. By the induction hypothesis,treewidth of both G0

and G00is at most 3(j ¡ i + 1) + 4. The proof, for m = h + 1, follows from this fact and

Lemma 3.2. ut

In the rest of this chapter, we show how the results of this section can be applied to

¯nd algorithms for clique-sumgraphs,especially K 3;3-minor-freegraphsand K 5-minor-free

graphs.
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3.2 Fixed parameter algorithms

As discussedin Section 2.5, Frick and Grohe proved that if C is a minor-closedclassof

graphsthat haslocally boundedtreewidth and Á is a property de¯nable in ¯rst-order logic,

then there is a linear-time algorithm decidingwhether a given graph G 2 C hasproperty Á

(Theorem 2.7). Sinceby Lemma 3.5, clique-sumgraphsare closedunder taking of minors

and by Theorem3.1 they have locally boundedtreewidth, we conclude:

Corollary 3.2 Any ¯rst-or der logic property Á can be decided in linear time over clique-

sum graphs. ut

Frick and Grohe'slinear-time algorithm hasan immensehiddenconstant resulting from

several factors including the cost of computing tree decompositions. Bodlaender'slinear-

time algorithm for constructing a tree decomposition, usedin Frick and Grohe'salgorithm,

is only of theoretical interest due to very largeconstants involved in the algorithm. In con-

trast, our practical algorithm for construction of tree decompositionshelpsto improve the

constants for K 3;3-minor-free graphsand K 5-minor-free graphs. Therefore,algorithms for

k-dominating set, k-independent set, (k; d)-circuit satis¯abilit y and evaluating a (boolean)

databasequeryagainsta relational databaseexpressedin the relational calculushavebetter

running times when the graphsor underlying graphsunder considerationare K 3;3-minor-

free graphsand K 5-minor-freegraphs.

The hidden constant in the linear-time algorithm of Theorem 2.7 is still large. Alber

et al. [ABFN00] designeda ¯xed parameter algorithm for ¯nding a k-dominating set

(dominating set of sizek) in planar graphs. Here,we extend their result to K 3;3-minor-free

or K 5-minor-free graphs. The constant involved in this algorithm (Theorem 3.8) is very

much smaller than that in the linear-time algorithm, mentioned above, and it is practical

for small valuesof k. First, we present two preliminary theorems.

Theorem 3.6 [ABFN00] If a tree decomposition of width w of a graph is known, then a

minimum dominating set can be determined in time O(3w ¢n), where n is the number of

vertices. ut

The proof of Theorem 3.6 mainly follows the generaldynamic programming approach

introducedin Section2.4. Supposewe formed layers of verticesof a graph G (seeSection
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3.1). The next theorem relates the number of verticesof a dominating set to the number

of layers.

Theorem 3.7 If a graph G = (V; E) has a k-dominating set, then the number of layers

in layering of vertices of G from any vertex v 2 V(G) is at most 3k.

Pro of: The ideaof the proof follows from an ideaof Alber et al. [ABFN00]. We note that

each vertex in the dominating set can dominate verticesfrom the previous,the next, or its

own layer only. Hence,each vertex in the dominating set can contribute to at most three

layersand hencethe number of layers is at most 3k. ut

Theorem 3.8 For K 3;3-minor-fr ee (K 5-minor-fr ee) graphs, the problemof k-dominating

set for ¯xed k can be solved in O(39kn) (O(39kn + n2)) time. Thus this problemis FPT on

thesegraphs.

Pro of: If a graphG hasa k-dominating set, the number of layersis at most 3k by Theorem

3.7. Wecanconstruct a treedecomposition of G[L[0; 3k]] = G of width 3(3k+ 1)+ 4 = 9k+ 7

in O(n) (O(n2)) time by Theorem3.5. Finally, using this tree decomposition, we can solve

the problem in O(39k ¢n) time by Theorem3.6. Thus the overall running time is O(39kn)

(O(39kn + n2)). ut

Alber et al. [ABFN00] proved that if a tree decomposition of width w of a graph is

known, then a solution to each of variants of dominating set such asindependent dominat-

ing set, total dominating set, perfect dominating set, perfect independent dominating set

and total perfect dominating set can be determinedin at most O(4w ¢n) time. In addition,

sincea solution to each of theseproblemsstill is a dominating set for the graph, a theorem

similar to Theorem 3.7 holds for each of them, i.e. if a graph has a solution of size k

to each of theseproblems, then the number of layers of the graph is at most 3k. Using

thesetwo facts we can solve theseproblemson K 3;3-minor-free (K 5-minor-free) graphs in

O(49kn) (O(49kn + n2)) time (the proof is the sameas the proof of Theorem3.8).

3.3 Appro ximation algorithms

In this section, using Baker's approach on planar graphs, we will derive several PTASs

for graph-theoretic optimization problems on K 3;3-minor-free graphs and K 5-minor-free
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graphs. Most problemsconsideredin this sectionare hereditary maximization problems.

Yannakakis has shown that for many natural hereditary properties ¼(seeSection2.1 for

the de¯nition), MIPS(¼) is NP-complete even when the graphs under considerationare

planar graphs [Yan78]. This result provides motivation to ¯nd approximation algorithms

for such problems. Here we show how our results in Section3.1 can be applied to obtain

approximation algorithms for both maximization and minimization problemssuch as the

maximum independent set problem, the minimum vertex cover problem and the minimum

dominating set problem on K 3;3-minor-free graphsand K 5-minor-free graphs. In the rest

of this section,parenthesizedparts pertain to K 5-minor-free graphswhen it is clear from

context. Also by superscriptson equalitiesand inequalities,we meanthe facts from which

the equalitiesand inequalitiesare obtained.

Theorem 3.9 Let G be a non-negative vertex-weighted K 3;3-minor-fr ee (K 5-minor-fr ee)

graph and let k ¸ 1 be an integer. The maximization problemWMISP(¼) for a hereditary

property ¼ over G has a PTAS of ratio 1 + 1=k of the optimal with worst-case running

time in O(kjV j + kTime¼(3(k ¡ 1)+ 4; jV j)) (O(kjV j2 + kTime¼(3(k ¡ 1)+ 4; jV j))), where

Time¼(w; n) is the worst-caserunning time of WMISP(¼) over an n-vertex partial w-tree

whosetree decomposition is given. Time¼(w; n) is nondecreasing as n increases.

Pro of: First we decomposegraph G into several inducedsubgraphs,each of which having

boundedtreewidth, andmention somepropertiesof theseinducedsubgraphs.For 1 · i · k

and j ¸ 0, we de¯ne L ij = L[(j ¡ 1)k + i; j k + i ¡ 2]. Herewe assumea layer is empty when

its level number is not betweenzero and the total number of layers, e.g. considerj = 0.

We note that there is no edgebetweenL ij and L i ( j +1) . Let L i =
S

j ¸ 0 L ij and Gi = G[L i ].

Hereevery vertex appearsin exactly k ¡ 1 of the L i 's or Gi 's (verticesin layer L h only do

not appear in L i wherei is congruent to h + 1 mod k). We label this fact by [Fact a].

Then, we construct a tree decomposition of width 3(k ¡ 1) + 4 for each Gi as follows.

By Theorem3.5, we can construct a tree decomposition of width 3(k ¡ 1) + 4 for G[L ij ] in

linear (quadratic) time. SinceGi =
S

j ¸ 0 G[L ij ], a tree decomposition of width 3(k ¡ 1)+ 4

for Gi can be constructedby gluing tree decompositionsof G[L ij ]'s together (adding edges

to becomeone tree) in O(jV j) (O(jV j2)) time (note that G[L ij ]'s are disjoint).

Next, we solve the WMISP(¼) on each Gi , 1 · i · k. SincejV(Gi )j · jV (G)j, Opti ,

the maximum weighted solution of WMISP(¼) over Gi , canbe constructedin Time¼(3(k ¡
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1) + 4; jV(G)j).

Finally, we take Optm the solution with maximum weight amongOpt1; Opt2; ¢¢¢; Optk
as our solution for graph G, and show that it hasa ratio 1 + 1=k of the optimal. Suppose

Opt is the maximum weighted solution on graph G. We prove weight (Opt)
weight (Optm ) · k

k¡ 1. Because

of the hereditary property of WMISP(¼), we have:

weight(Opt \ L i ) · weight(Opti ) (3.5)

Using 3.5, we have:

k¢weight(Optm ) ¸
kX

i =1

weight(Opti ) ¸ (3:5)
kX

i =1

weight(Opt\L i ) = [F act a] (k¡ 1)¢weight(Opt):

The claimed running time follows immediately from the running time of constructing

the tree decomposition and solving WMISP(¼) for each Gi , and the number of Gi 's. ut

Corollary 3.3 For K 3;3-minor-fr ee (K 5-minor-fr ee) graphs, there exist a PTAS of ratio

1+ 1=k of the optimal with running time O(k ¢43k ¢n) (O(k ¢43k ¢n + k ¢n2)), for maximum

independentset.

Pro of: Using dynamic programmingon a tree decomposition, this problem can be solved

in O(4w ¢n) time, over each n-vertex partial w-tree whosetree decomposition is given

[AP89]. Thus Time¼(w; n)= O(4w ¢n) and the result follows from Theorem3.9. ut

Below we give examplesthat show how our result can be applied to NP-minimization

problems,e.g. the minimum vertex cover problem and the minimum dominating set prob-

lem. The ideasof the proofs of Theorems3.10 and 3.11 follow ideasof Grohe [Gro] for

generalgraphs of locally bounded treewidth, which are in fact Baker's ideas for planar

graphs. We note that the constants involved in Grohe's work are immensein contrast to

those in our work.

Theorem 3.10 For any integer k ¸ 1, the minimum weighted vertex cover problem on

K 3;3-minor-fr ee (K 5-minor-fr ee) graphshas a PTAS of ratio 1 + 1=k of the optimal with

worst-caserunning time O(k ¢83kn) (O(k ¢83kn + k ¢n2)).
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Pro of: As in the proof of Theorem 3.9, we ¯rst decomposegraph G into several induced

subgraphseach has bounded treewidth. For 1 · i · k and j ¸ 0, we de¯ne L ij =

L[(j ¡ 1)k + i; j k + i ] and Gij = G[L ij ]. HereL ij is slightly di®erent from that in the proof

of Theorem3.9. The following facts are easyto observe:

[Fact b] Verticesof the layer L j k+ i appear in both G[L ij ] and G[L i ( j +1) ] and for ¯xed i ,

each vertex appearsin at most two L ij 's.

[Fact c] For ¯xed i , each edgeof G appearsin at least oneGij .

[Fact d] Every vertex appearsin k + 1 (successive) setsL ij .

Now, by Theorem3.5,we construct a tree decomposition of width 3(k+ 1)+ 4 for G[L ij ]

in O(jV(G[L ij ])j) (O(jV(G[L ij ])j2)) time. For ¯xed i , sinceeach vertex of G appears in

at most two G[L ij ]'s (see[Fact b]), constructing tree decompositions of all G[L ij ]'s takes

O(jV(G)j) (O(jV(G)j2)) time. Since1 · i · k and k is a constant, the running time for

constructing tree decompositions of all G[L ij ]'s is linear (quadratic).

Now, for ¯xed i , we wish to construct solution Opti for graph G over L ij 's. To this end,

we solve the minimum vertex cover problem for each Gij to obtain a solution Optij . Then

we let

Opti = [ j ¸ 0Optij (3.6)

First we note that for ¯xed i , by [Fact c] each edgeof G appearsin at least one Gij , and

thus has at least one end-vertex in Opti by 3.6. HenceOpti is a solution for the whole

graph G.

Now we compute the running time to obtain each Opti . The minimum vertex cover

problem can be solved in O(8w ¢n) time over each n-vertex partial w-tree whose tree

decomposition is given [ALS88]. Thus computing Optij takes O(83k jV (G[L ij ])j) time on

graph Gij . Thus for ¯xed i , by [Fact b], computing Opti takesO(83k jV (G)j) time.

Finally, we take Optm the solution with minimum weight amongOpt1; Opt2; ¢¢¢; Optk
as our solution on graph G and show that it has a ratio 1 + 1=k of the optimal. Suppose

Opt is the minimum weighted solution on graph G. We prove that weight (Optm )
weight (Opt) · k+1

k .

SinceOpt \ L ij is a vertex cover for Gij and Optij is a minimum vertex cover for Gij

weight(Opt \ L ij ) ¸ weight(Optij ) (3.7)
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Figure 3.4: Set V 00and graphsG and G0 de¯ned in the proof of Lemma 3.7.

Using 3.6 and 3.7, we have:

k ¢weight(Optm ) ·
kX

i =1

weight(Opti ) · (3:6)
kX

i =1

X

j ¸ 0

weight(Optij )

· (3:7)
kX

i =1

X

j ¸ 0

weight(Opt \ L ij ) = [F act d] (k + 1) ¢weight(Opt):

The last equality follows from the fact that each vertex of Opt appearsin k + 1 L ij 's (see

[Fact d]).

The claimedrunning time follows immediately from the running time of construction of

tree decompositions, the time neededto computeeach Opti , and the number of Opti 's. ut

To ¯nd an approximation algorithm for the dominating set problem, we ¯rst introduce

a generalizedversionof the dominating set problem (De¯nition 3.1) and show how we can

solve this problem in linear time (Lemma 3.7). Then we usethe algorithm for solving this

problem to obtain a PTAS for the dominating set problem (Theorem 3.11).

De¯nition 3.1 The generalizeddominating set(GDS) problemis de¯ned asfollows. Given

a vertex-weighted graph G and a set I µ V(G), determine a subsetW of V(G) of min-

imum weight with the property that for every u 2 I ¡ W there is a w 2 W such that

(u; w) 2 E(G).

It is worth mentioning that if we set I = V(G) in the GDS problem, then this problem

is the sameas the dominating set problem.
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Lemma 3.7 The GDS problemfor given graph G and set I can be solved in time

O(3w ¢jV(G)j) whena tree decomposition of width w for G is given.

Pro of: Alber et al. proved that if a tree decomposition of width w of a non-negative

vertex-weighted graph G is known, then the dominating set (DS) problem can be solved in

time O(3w ¢jV(G)j) [ABFN00]. We reducethe GDS problem to the DS problem. To solve

the GDS problem on graph G, we construct graph G0 on which we solve the DS problem.

First we let G0 = G and then for each vertex v 2 V(G) ¡ I , we add another vertex v0 with

weight zeroconnectedto v. We call this setof verticesV 00 (seeFigure 3.4). SupposeW is a

solution to the GDS problem. We can construct a solution W 0 to the DS problem in graph

G0 by adding all verticesof V 00to W. Hereeach vertex of I is dominatedby a vertex in W

and each vertex of V(G0) ¡ I is dominatedby a vertex in V 00. Thus W 0 is a dominating set

for G0 with the sameweight of W. On the other hand, by deleting all verticesin V 00from a

solution W 0 to the DS problem on graph G0, we obtain a solution W to the GDS problem

on graph G with the sameweight. In fact, verticesof W 0 in V 00can only dominate vertices

in V(G) ¡ I and thus each vertex of I is dominated by a vertex of W 0 which is in G, i.e.

it is dominated by a vertex of W. The treewidth of G0 is the sameas that of G, sincefor

w 2 V 00connectedto a vertex v 2 V(G) we can simply add a node whosebag contains w

and v to a node of TD(G) whosebag contains v. As jV(G0)j · 2jV(G)j and treewidth of

G0 is w, the GDS problem can be solved in O(3w ¢jV(G)j) time using the algorithm for the

DS problem. ut

Theorem 3.11 For any integer k ¸ 1, the minimum weighted dominating set problemon

K 3;3-minor-fr ee (K 5-minor-fr ee) graphshas a PTAS of ratio 1 + 2=k of the optimal with

worst-caserunning time O(k ¢33kn) (O(k ¢33kn + k ¢n2)).

Pro of: We ¯rst decomposethe vertex set of G into somesets such that the subgraph

induced on each set has bounded treewidth. For 1 · i · k and j ¸ 0, we de¯ne L ij =

LG[(j ¡ 1)k + i ¡ 1; j k + i ]. The following facts are easyto observe:

[Fact g] For ¯xed i , L ij and L i ( j +1) intersect only in two consecutive layers and each

vertex appearsin at most two L ij 's.

[Fact h] Each vertex appearsin exactly k + 2 (successive) setsL ij .
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Next, by Theorem3.5,weconstruct a tree decomposition of width 3(k+ 2)+ 4 for G[L ij ]

in O(jV(G[L ij ])j) (O(jV(G[L ij ])j2)) time. For ¯xed i , sinceeach vertex of G appears in

at most two G[L ij ]'s (see[Fact g]), constructing tree decompositions of all G[L ij ]'s takes

linear (quadratic) time.

Now, for ¯xed i , we wish to construct solution Opti over all verticesin L ij 's, aswe did

in the proofs of Theorems3.9 and 3.10. To this end, we use the solutions to instances

of the GDS problem as follows. The interior of each L ij is de¯ned as the set I ij =

LG[(j ¡ 1)k + i; j k + i ¡ 1]. For 1 · i · k and j ¸ 0, let Optij µ L ij be a vertex set of

minimum weight with the property that

[PD] for every u 2 I ij ¡ Optij there is a v 2 Optij such that (u; v) 2 E(G).

We let

Opti = [ j ¸ 0Optij (3.8)

By Lemma3.7, we can obtain Optij for graph G[L ij ] and set I ij in O(33k jV (G[L ij ])j) time.

Using the fact that for ¯xed i , each vertex of G appearsin at most two L ij 's (see[Fact g]),

computing each Opti takesO(33kn) time. In addition, by Property [PD] of Optij 's, Opti is

a dominating set for G (for ¯xed i , each vertex appearsonetime in an interior set I ij and

thus dominated by at least onevertex).

Finally, we take Optm the solution of minimum weight amongOpt1; Opt2; ¢¢¢; Optk as

our solution on graph G, and show that it has at most a ratio 1 + 2=k of the optimal.

SupposeOpt is the minimum weight dominating set over the whole graph G. We show

that weight (Optm )
weight (Opt) · k+2

k = 1 + 2=k. We ¯rst show Opt \ L ij has Property [PD] for L ij . In

fact, for each vertex u 2 I ij ½ L ij , either u 2 Opt or (u; v) 2 E(G) wherev 2 Opt. In the

latter case,v belongsto L ij . Thus, in dominating set Opt, each vertex in I ij is dominated

by a vertex in L ij . Now, sinceOptij is a set of minimum weight with Property [PD], we

have:

weight(Opt \ L ij ) ¸ weight(Optij ) (3.9)
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Using equations3.8 and 3.9 and the fact that every vertex appears in exactly k + 2 sets

L ij ([Fact h]), we have:

k ¢weight(Optm ) ·
kX

i =1

weight(Opti ) · (3:8)
kX

i =1

X

j ¸ 0

weight(Optij )

· (3:9)
kX

i =1

X

j ¸ 0

weight(Opt \ L ij ) = [F act h] (k + 2) ¢weight(Opt):

The running time follows immediately from the time neededto construct the tree

decompositions, the number of Opti 's and the time to computeeach of them. ut

Theorem 3.12 For K 3;3-minor-fr ee (K 5-minor-fr ee) graphs, there are polynomial-time

approximation algorithmswhosesolutionsconvergetoward optimal as n increasesfor max-

imum independentset, minimum vertex cover and minimum dominating set.

Pro of: The running time of algorithms introducedin Corollary 3.3and Theorems3.10and

3.11is in O(ckn) (O(ckn + n2)) wherek is a parameterand c is a constant. Now, by taking

k = dc0logne, where c0 is a constant, we obtain e±cient polynomial-time approximation

algorithms of ratio 1+ 1=(log n) of the optimal (or 1+ 2=(log n) for dominating set). Here

1=(log n) (2=(log n)) decreasesasn increases.Thus the solutionsconvergetoward optimal

as n increases. ut

It is worth mentioning that for several hereditary maximization problems(seeSection

2.1), the function Time¼(w; n) introduced in Theorem 3.9 is in O(cp(k) ¢q(n)), wherec is

a constant and p and q are polynomials of low degree[Bod88, TP93]. Thus, by Theorem

3.9, there arePTASsof ratio 1+ 1=k of the optimal for them. In addition, approachesvery

similar to thoseusedin Theorems3.9, 3.10and 3.11canbe applied to other problemssuch

as minimum edgedominating set, maximum triangle matching, maximum H -matching

and maximum tile salvage. The full presentation of thesePTASs is beyond the scope of

this thesisand henceomitted. The reader is referred to papers due to Baker [Bak94] and

Eppstein [Epp00] to obtain further details.

In this chapter, we introduced the classof clique-sum graphs, which contains K 3;3-

minor-free graphs and K 5-minor-free graphs, and showed the graphs in the class have
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linear local treewidth. In addition, we presented a practical algorithm for constructing

the tree decomposition of every subgraph induced on a constant number of consecutive

layers in K 3;3-minor-free or K 5-minor-free graphs. Finally, we mentioned applications of

our result to algorithms and PTASs for NP-hard problemson thesegraphs.



Chapter 4

Bounded fragmen tation

In this chapter, we introducethe conceptof boundedfragmentation and show how its exis-

tencemight causea network represented by a graph to be reliable. In addition, we present

several examplesof boundedfragmentation graphs. In the next chapter, we demonstrate

the application of this property in solving subgraphisomorphism.

De¯nition 4.1 A graphG is a (k; g(k; n))-boundedfragmentation graphif jC(G[V¡ S])j ·

jg(k; n)j for every S µ V(G) of size at most k, where g is a function of k and n. If

g is independent of n, we simply write g(k) instead of g(k; n). A graph G is a totally

g(k; n)-bounded fragmentation graph if it is a (k; g(k; n))-bounded fragmentation graph

for all 0 · k · n. A graph G is a k-log-bounded fragmentation graph (or just log-

boundedfragmentation graph if it is clear from context) if G is a (k; O(k logn))-bounded

fragmentationgraph. Final ly a graph G is a totally log-boundedfragmentation graph if it

is a k-log-bounded fragmentationgraph for all 0 · k · n.

In this chapter, we considerthe casein which the function g dependsonly on k and

thus the number of components of G[V ¡ S] is constant when S hasat most k verticesfor

k a constant. We mainly focuson this property in the rest of this chapter.

Connectivity canbeconsideredasa measureof the reliabilit y of a network. Wesuppose

a network N is represented by an undirected graph G, in which two computers,namely

nodesof the network, can communicate if and only if there is a path in G from oneto the

other. If G is k-connected,after removing at most k ¡ 1 verticesof G, the rest of G (which

49
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has n ¡ k + 1 vertices) is still connected. This meansthat if at most k ¡ 1 nodesof the

network N fail, the rest of the nodesof the network can communicate with each other.

Bounded fragmentation also can play a role in the reliabilit y of a network. If G is a

(k; g(k))-boundedfragmentation graph, after removing at most k verticeswe have at least

one component which has ­ (n) vertices. The reasonis that after removing at most k

verticesthe rest of the nodesfall into at most a constant number of connectedcomponents

(g(k)) and thus one component has at least ­ (n) vertices. Thus, after the failure of at

most k ¡ 1 nodesof N , ­ (n) nodesin the rest of N (and not necessarilyn ¡ k) still can

communicatewith each other. Using thesefacts, boundedfragmentation canbeconsidered

as a generalizationof connectivity.

Boundedfragmentation alsocanhaveanotherapplication in the reliabilit y of a network.

Supposethat we needto repair the network N temporarily by adding several links between

the current nodesof the network (not by adding any new node becauseof its high cost)

when the number of failing nodesin the network is at most constant k . If G is a (k; g(k))-

boundedfragmentation graph, then we can simply repair the network by adding at most

g(k) ¡ 1 numbers of links, which is constant. Here, after removing the failing nodes,we

¯nd the connectedcomponents of G in O(jV(G)j) time. Then we can connect these at

most g(k) connectedcomponents in the form of a tree, by adding at most g(k) ¡ 1 edges

amongthem. Thesetwo simultaneousproperties of boundedfragmentation graphscause

their corresponding networks to be more reliable and robust.

In this chapter, ¯rst we introduce someclassesand properties which causea graph G

to be a boundedfragmentation graph (Section 4.1), and then we considerthe number of

edgesof a boundedfragmentation graph (Section4.2).

4.1 Bounded fragmen tation graphs

In this section,we focuson examplesof boundedfragmentation graphs.

Lemma 4.1 Connected graphs with constant maximum degree c are totally ck-bounded

fragmentationgraphs.

Pro of: The proof follows from the fact that if ¢ (G) = c, after removing any k vertices,

0 · k · n, the number of connectedcomponents is at most g(k) = ck. ut
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Theorem 4.1 If graph G has a maximum independentset of constant sizec, then it is a

totally c-bounded fragmentationgraph.

Pro of: For any setS µ V(G) of sizek, 0 · k · n, at leastonevertex from each connected

component of G[V ¡ S] is contained in any maximum independent set. Sincethe sizeof the

maximum independent set is boundedabove by c, the number of connectedcomponents is

boundedabove by c, as well. Thus G is a totally c-boundedfragmentation graph. ut

In fact, we can generalizethe approach used in Theorem 4.1 to other maximization

problems.

The proof of the following lemma is trivial and henceomitted.

Lemma 4.2 Let G be a graph with minimum degree ±(G) ¸ k + h ¡ 1 for two positive

integers k and h. Removingany set S of size at most k can not produce any component

with size lessthan h. ut

Theorem 4.2 Let P be a hereditary maximization problemwhich hasa non-zero solution

on every connected graph of size at least h, where h is a non-negative constant. We also

assumeP is additive on components. For any non-negative integer k, if P on a graph G

hasa maximum solution of constant sizec and ±(G) ¸ k + h ¡ 1 then G is a (k; c)-bounded

fragmentationgraph.

Pro of: By Lemma 4.2, we know that removing any set of sizeat most k can not generate

any connectedcomponent with sizelessthan h. Using our assumption,P has a non-zero

solution in each component. The number of connectedcomponents is at most c, since

otherwise using the maximum solution of each component, we can construct a maximal

solution of the whole graph which is of sizegreater than c. ut

For example, the maximum matching problem is a hereditary problem which has a

non-zerosolution on every connectedgraph of at least two vertices.

Corollary 4.1 For any non-negative integer k, if connected graph G has a maximum

matching of constant sizec and minimum degree at least k + 1, i.e. ±(G) ¸ k + 1, then it

is a (k; c)-bounded fragmentationgraph. ut
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Example 4.1 A completebipartite graph K n¡ k¡ 1;k+1 , where n ¸ 2k + 2, has minimum

degree k + 1 and a maximum matching of size k + 1. Hence it is a (k; k + 1)-bounded

fragmentationgraph.

The result of Theorem4.2canbegeneralizedto other problemswhich arenot necessarily

hereditary.

De¯nition 4.2 Covering a graph by at most m vertex-disjoint paths means the vertices

of a graph can be partitioned into m subsetssuchthat for each set S, there existsa path in

a graph that contains exactly the vertices in S.

Lemma 4.3 Graphswhosevertices can be covered by at most c vertex-disjoint paths are

totally (k + c)-bounded fragmentationgraphs.

Pro of: The removal of a vertex from a path splits the path into at most two sub-pathsand

thus at most two connectedcomponents. Thus, removing any k vertices,0 · k · n, can

add at most k connectedcomponents. Thus, we have at most k + c connectedcomponents.

ut

Example 4.2 Considera Hamiltonian graphFn which is constructed from a path of length

n by connecting one of its vertices to all its non-neighbors. Since vertices of every Hamil-

tonian graph can be covered by one path, Fn is a totally (k + 1)-bounded fragmentation

graph.

Eppsteinwithout introducingboundedfragmentation implicitly relatesit to other prop-

erties of graphs. He proved that a planar 3-connectedgraph is a totally O(k)-bounded

fragmentation graph (Lemma 7 [Epp99]).

Clearly, a completegraph K n is a totally (1)-boundedfragmentation graph. Intuitiv ely,

graphs with large minimum degreeare bounded fragmentation graphs. In Theorem 4.3,

we derive an exact bound on the minimum degreeof a graph that guaranteesthe graph to

be a boundedfragmentation graph.

Lemma 4.4 [Wes96] Let G be a simple n-vertex graph such that for two non-negative

integersh and d, n ¸ h + d and ±(G) ¸ n+ d(h¡ 2)
d+1 . If G ¡ S has more than d components,

then jSj ¸ h. The bound is tight: there existsa graph with ±(G) = bn+ d(h¡ 2)¡ 1
d+1 c such that

G ¡ S with jSj < h hasmore than d components. ut
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Theorem 4.3 For each constant d, graphswith ±(G) ¸ n+ d(k¡ 1)
d+1 are (k; d)-bounded frag-

mentation graphswhere 0 · k · n ¡ d ¡ 1.

Pro of: By Lemma 4.4, for h = k + 1, after removing any set S with jSj · h ¡ 1 = k the

graph G hasat most d components wheren ¸ h+ d = k+ 1+ d. Thus it is a (k; d)-bounded

fragmentation graph. ut

Someof the above results can be generalizedto the casein which the function g is a

function of both n and k. We present here two lemmaswhich are usedin Chapter 4. The

proofs of these lemmasare very similar to the proofs of Lemmas4.1 and 4.3 and hence

omitted.

Lemma 4.5 Connected graphswith maximumdegree O(log n) are totally log-bounded frag-

mentation graphs. ut

Lemma 4.6 Graphswhoseverticescan be covered byat mostO(log n) vertex-disjoint paths

are totally log-bounded fragmentationgraphs. ut

4.2 Num bers of edges of bounded fragmen tation graphs

As discussedbefore, bounded fragmentation is a measurein reliabilit y of a network (at

least in theory). However, in network design, it is bene¯cial to have a linear number of

communication lines. Thus,an interestingquestionis whether it is possibleto havea linear

number of edgesand still a graph of boundedfragmentation. The answer to this questionis

a±rmativ e. Clearly, graphswith constant maximum degreeand planar graphshave linear

numbersof edges.As shown in Examples4.1 and 4.2, graphswith maximum matchingsof

constant sizeor graphs coverable by a constant number of vertex-disjoint paths can also

have a linear number of edges.

However, the condition stated in Theorem 4.3 is valid only for graphswith quadratic

numbersof edges.Graphs with constant maximum independent setshave quadratic num-

bersof edges.The proof follows from the fact that if a graph G hasa constant maximum

independent set c, its complement ¹G hasa constant maximum clique c. By Tur¶an's theo-

rem [Tur41], ¹G hasat most (1 ¡ 1=(c ¡ 1))n2=2 edges.Thus G hasa quadratic number of

edges.
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In this chapter, we introduced applications of bounded fragmentation graphs for net-

working and mentioned several instancesof boundedfragmentation graphs. In Chapter 5,

we state a relation betweenboundedfragmentation and the subgraphisomorphismprob-

lem.



Chapter 5

Subgraph isomorphism for graphs of

log-b ounded fragmen tation

As mentioned in Section 2.8, the subgraph isomorphismproblem can be solved in poly-

nomial time when the sourcegraph has boundeddegreeand the host graph has bounded

treewidth. In this chapter, we extend this result to cover bounded fragmentation (see

Chapter 4). In addition, in this chapter, we solve the subgraph isomorphism problem

when the set of inputs is extendedto graphsof locally boundedtreewidth.

Matou·sekand Thomas[MT92] proved the following theoremfor subgraphisomorphism

of boundeddegreegraphs:

Theorem 5.1 (Theorem 5.14 [MT92]) Supposegraph G is connected, ¢ (G) · c for con-

stant c, and H is a partial k-tree. There are O(jV(G)jk+1 ¢jV(H )j)-time algorithms which

solveisomorphismand subgraph and induced subgraph versionsof this problem. ut

We will prove the following extended version of Theorem 5.1, which includes wider

classesof graphsthan boundeddegreegraphs.

Theorem 5.2 SupposeG is a (k + 1; g(k + 1; n))-bounded fragmentationgraph and H is

a partial k-tree for k ¸ 2. There are O(g(k + 1; n) ¢22g(k+1 ;n) jV (G)jk+1 ¢jV(H )j)-time

algorithms which solve isomorphism and subgraph and induced subgraph versions of this

problem.
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Corollary 5.1 Testing graph isomorphismand its subgraph or induced subgraph versions

havepolynomial-time solutionswhengraph H hasbounded treewidth and graph G is a log-

bounded fragmentationgraph. ut

Using Corollary 5.1, we obtain two new results. First, by Lemma 4.5, if the maximum

degreeof the sourcegraph is boundedby O(log n) (and not necessarilya constant), then

it is a totally log-boundedfragmentation graph and hencethe problemscan be solved in

polynomial time. Second,the subgraphisomorphismproblem can be solved in polynomial

time for graphsother than boundeddegreepartial k-treesor k-connectedpartial k-trees.

To justify this result, we considerthe graph Fn (Example 4.2) from the classof bounded

fragmentation graphs. The maximum degreeof this graph is n ¡ 1, and its treewidth

is two. If the sourcegraph is Fn and the host graph is an arbitrary graph of bounded

treewidth, then the current results can not be applied to test subgraph isomorphismfor

these graphs. However, by Corollary 5.1, we can solve the problem for these graphs in

polynomial time. In addition, log-boundedfragmentation graphsintroducedin Lemma4.6

are not necessarilyconnected,but still we can solve the problemsfor them.

We note that there are properties other than those introducedin Lemmas4.5 and 4.6

which guarantee a graph to be a boundedfragmentation graph, but they do not apply to

partial k-trees. For example,as we showed in Chapter 4, graphswith a certain minimum

degreeareboundedfragmentation graphs,but this minimum degreeis valid only for graphs

with quadratic numbers of edges. Sinceall partial k-trees have linear numbers of edges

[Ros74], the classof graphsto which the result appliesis empty.

We now prove Theorem 5.2. First, we present our proof for the induced subgraph

isomorphismproblem. Then, we explain how our proof can be applied to the subgraph

isomorphism problem. We note that if jV (G)j = jV(H )j, then the induced subgraph

isomorphismproblem is identical to the graph isomorphismproblem. The proof of this

theorem follows ideas of Matou·sek and Thomas [MT92]. In fact, the main idea here

is the standard dynamic programming on a tree decomposition introduced by Arnborg

and Proskurowski and presented in Section2.4. We usenotions such as solution, partial

solution, characteristic and full set of characteristics introducedin that section.

As mentioned in Section2.4, Bodlaenderproved that for every graph H of treewidth

at most k, a nice tree decomposition of width k can be constructedin linear time [Bod98].
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Using this result, we construct a nice tree decomposition of H in O(jV(H )j) time and in

the rest of this chapter, we assumethat the given tree decomposition of H (TD(H )) is a

nice tree decomposition.

The solution introducedin Section2.4 for the inducedsubgraphisomorphismproblem

is an isomorphismÁ from G into H . To de¯ne a partial solution, we considerthe possible

structure of an isomorphismÁ restricted to H [z] for a node z of TD(H ). Intuitiv ely, this

restriction maps a subgraphG0 of G into H [z]; the vertices of G0 are those vertices of G

whoseimagesare in V(H [z]), and the edgesof G0 are edgesof G imagesof whoseend-

vertices are adjacent in H [z]. This mapping is an isomorphism' from G0 into H [z] such

that ' (v) = Á(v) for v 2 G0, and we call it a partial isomorphism.

Herewe show that the subgraphG0 hasa special structure and can not be an arbitrary

subgraphof G. To this end, we introduce the vertex set and the edgeset of G0. Again,

we considerthe isomorphismÁ from G into H from which the partial isomorphism' is

obtained. We supposeS = f v 2 V(G)jÁ(v) 2 Âzg and C(G[V ¡ S]) = f C1; ¢¢¢; Chg.

Since each graph isomorphic to a connectedgraph is connected,Á(V(Ci )), 1 · i · h,

is a connectedsubgraph of H . As Âz is a separator for H (Lemma 2.2), and Á(V(Ci ))

is a connectedsubgraph of H which does not intersect Âz, each Á(V(Ci )) is completely

inside of H [z] or completely outside of H [z]. Let D = f D1; ¢¢¢; D lg be those components

of C(G[V ¡ S]) whoseimagesare completely inside H [z]. The set S and components D i ,

1 · i · l are shown in Figure 5.1. In fact, S [ V(D) is the vertex set of the subgraph

G0 introduced above. Thus V(G0) is always the union of the set S µ V(G) and vertex

sets of a number of components of C(G[V ¡ S]). We now consider the edgeset of G0.

SinceÁ(S [ V(D)) is a subsetof V(H [z]) and Á is an isomorphismform G into H , for all

u; v 2 S[ V(D) such that f u; vg 2 E(G), ' (u) = Á(u) and ' (v) = Á(v) areadjacent in H [z]

(seeFigure 5.1). ThereforeG0 is always an inducedsubgraphof G over verticesof S[ V(D)

for S µ V(G) and D µ C(G[V ¡ S]) and our partial solutions are partial isomorphisms

from this kind of subgraphof G into H [z]. By this de¯nition of a partial solution, it is the

restriction of a solution to H [z] and naturally can be extendedto a solution (seeStep 3 in

Bodlaender'salgorithm).

We are now ready to de¯ne the most important notion, namely a characteristic of a

partial solution with respect to a node z of TD(H ). We de¯ne the crucial part of a partial
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solution which is necessaryto know how a partial solution can be extendedto a solution.

Here, we label arguments by properties in upcoming De¯nition 5.2. First we represent

verticesand edgesof G0. We specify V(G0) by S and D. Two setsS and D alsouniquely

determine edgesof G0 (Property [Pc]). For each vertex v 2 V(D), ' (v) = Á(v) is inside

of V(H [z]) ¡ Âz and all neighbors of v in G are in S [ V(D). Since imagesof v and all

its neighbors are present in H [z], intuitiv ely, this vertex v is not a crucial vertex of G0

and there is no needto know how its image is exactly mapped in H [z]. Instead, we need

to know more information about imagesof vertices of S. Thus we maintain a mapping

Ã(v) = ' (v) for v 2 S (Property [Pb]). We also note that sinceÁ(v) is an isomorphism

and ' (v) is obtained from Á(v), ' (u) 6= ' (v) for all u; v 2 S [ V(D) (Property [Pa]). As

we will formally show later, triples (S; D; Ã), called iso-triples, are our characteristics of

partial solutions holding all the information that we maintain about our partial solutions

(seeFigure 5.1). We note that not each triple (S; D; Ã) is necessarilya characteristic. For

example,in a triple (S; D; Ã) relative to a leaf z, if D is not empty, then this triple is not a

characteristic, sincefor z, H [z] = H [Âz] and D = ; . We call a partial isomorphism' from

which a characteristic (S; D; Ã) is obtained an extensionof this characteristic. We note

that the characteristic (S; D; Ã) might be obtained from several partial isomorphismsand

thus have several extensions.Let us de¯ne all theseterms formally.

De¯nition 5.1 An iso-triple » of G into H relative to a node z of TD(H ) is a triple

(S; D; Ã) where:

1. S µ V(G);

2. D µ C(G[V ¡ S]); and

3. Ã is a one-to-onemappingfrom S into Âz.

De¯nition 5.2 An extension' of an iso-triple » = (S; D; Ã) relative to a nodez of TD(H )

is a mapping ' from S [ V(D) into H [z] with theseproperties:

[Pa] ' (u) 6= ' (v) for all u; v 2 S [ V(D);

[Pb] ' (v) = Ã(v) for v 2 S and ' (v) 62Âz for v 2 V(D); and
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Figure 5.1: Elements of the characteristic of a partial isomorphism

[Pc] for each u; v 2 S [ V(D), f u; vg 2 E(G) if and only if f ' (u); ' (v)g 2 E(H ).

We note that all conditions in De¯nition 5.2 are formal descriptionsof properties of an

extension(or a partial isomorphism)corresponding to an iso-triple (if it exists).

De¯nition 5.3 A characteristic of a partial isomorphism(CPI) » of G into H relative to

a node z of TD(H ) is an iso-triple (S; D; Ã) which has an extension ' (not necessarily

unique).

According to the generaldynamic programming approach, we needto identify the full

set of characteristicswhich contains all CPIs relative to a node z of TD(H ). This set can

be represented by an array indexedby all iso-triples (S; D; Ã), namely a full set array. If

an iso-triple (S; D; Ã) is a CPI its corresponding element in the array is true , otherwiseit

is false. Later, we will show how the full set of a node can be built from the full set of its

children (if they exist). Now, we show that the sizeof a full set is polynomial.

Lemma 5.1 The number of all iso-triples and the number of CPIs relative to a node z of

TD(H ) is in O(2g(k+1 ;n) ¢jV(G)jk+1 ).
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Pro of: Sincethe number of CPIs is boundedabove by the number of iso-triples, it su±ces

to bound the number of iso-triples. By the de¯nition of iso-triples (Point 3, De¯nition 5.1),

for v 2 S, Ã(v) is an element of set Âz. SincejÂzj · k + 1 and the imagesof Ã are di®erent

for u 6= v (Point 3, De¯nition 5.1), jSj · k + 1 and hencethere are jV(G)jk+1 di®erent

ways to chooseS. We have at most 2g(k+1 ;n) choicesfor D, becauseafter choosingS, each

connectedcomponent of G[V ¡ S] either belongsto D or doesnot (Point 2, De¯nition 5.1).

SinceÃ(v) is a one-to-onemapping from S into Âz, we have at most jÂzj! · (k + 1)! ways

of constructing Ã (jÂzj choicesfor the imageof the ¯rst vertex of S, (jÂzj ¡ 1) choicesfor

the secondoneand soon). By multiplying all factors described above, we have in total at

most

jV(G)jk+1 ¢2g(k+1 ;n) ¢(k + 1)!

choicesof iso-triples. Sincek is a constant, the above number is in O(2g(k+1 ;n) jV (G)jk+1 ).

ut

Finally, we state how the problem can be solved e±ciently, if we know the full set of

CPIs relative to the root r of TD(H ).

De¯nition 5.4 A completeCPI » of G into H relative to a node z of TD(H ) is a CPI

(S; D; Ã) suchthat D = C(G[V ¡ S]) (S can be empty).

Lemma 5.2 There existsan induced subgraph isomorphismÁ from G into H if and only

if there existsa completeCPI » of G into H relative to the root r of TD(H ).

Pro of: If an isomorphism Á from G into H exists, we can construct a complete CPI

by restriction of Á to Âr . Formally, we let S = f vjÁ(v) 2 Âr g; D = C(G[V ¡ S]); and

Ã(v) = Á(v) for v 2 S. We can observe that ' = Á is an extensionfor » = (S; D; Ã). More

precisely, Property [Pa] of ' follows from the fact that Á is a one-to-onemapping. Property

[Pb] follows from de¯nitions of S and Ã and ¯nally Property [Pc] follows from the fact that

' = Á is an isomorphism. On the other hand, if a completeCPI » of G into H relative to

the root r of TD(H ) exists, then the extension' of this CPI is an isomorphismÁ from G

into H . In fact, Property [Pa] of an extensionguaranteesÁ to be a one-to-onemapping

and Property [Pc] of an extensiontogether the fact that D = C(G[V ¡ S]) guaranteesÁ to

be an isomorphismfrom H [r ] = G into H . ut
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It only remains to show how full set arrays of nodes of TD(H ) can be ¯lled in. As

H [z] = H [Âz] for a leaf z and henceD is empty, Ã is equalto its extension' . Thus for each

iso-triple » relative to a leaf, by brute force,we can easilycheck whether Ã is an extension

of » or not and construct the full set array (seeAlgorithm A for further detail). For other

nodes,we useLemmas5.3 and 5.4 which are similar to Lemmas5.10and 5.11of Matou·sek

and Thomas'spaper [MT92].

First, we considerhow the full set array of a separatornode z (seeSection2.4 for the

de¯nition) can be constructedfrom the full set array of its child z0.

De¯nition 5.5 Suppose an iso-triple » = (S; D; Ã) relative to a separator node z of

TD(H ) and an iso-triple »0 = (S0; D0; Ã0) relative to the child z0 of z satisfy following

conditions:

1. S = f v 2 S0jÃ0(v) 2 Âzg;

2. D0 = f D 0 2 C(G[V ¡ S0])jD 0 is a subgraph of someD 2 Dg; and

3. Ã(v) = Ã0(v) for v 2 S;

Then, we say » is separator-consistent with »0.

The conditions stated in De¯nition 5.5 indicate how elements of a CPI of a separator

node, i.e. S; D and Ã, are related to elements of a CPI of the child of this node. We show

later (in Algorithm A on page65) how we can usetheseconditions for obtaining a CPI of

a separatornode z from a CPI of its child z0.

Lemma 5.3 There existsa CPI » = (S; D; Ã) relative to a separator node z of TD(H ) if

and only if there existsa CPI »0 = (S0; D0; Ã0) relative to the child z0 of z suchthat » and

»0 are separator-consistent.

Pro of: The idea of the proof follows an idea of Matou·sek and Thomas (Lemma 5.10

[MT92]). Sincez is a separatornode, we have Âz µ Âz0 and H [z] = H [z0].

First, we prove if there exists a CPI » relative to z then there exists a CPI »0 relative

to z0 such that » and »0 are separator-consistent. To this end, we extend » to its extension

' over H [z]. Then we obtain »0 by restriction of ' to Âz0 and show that »0 satis¯es all
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conditions of separator-consistency. Formally, we de¯ne S0 = f vj' (v) 2 Âz0g; D0 = f D 0 2

C(G[V ¡ S0])jD 0 is a subgraphof someD 2 Dg; and Ã0(v) = ' (v) for v 2 S0. Using this

de¯nition of »0, we observe that ' 0 = ' is an extensionof »0. First we note that by our

de¯nitions of S0 and D0, S [ V(D) = S0[ V(D 0). Properties [Pa] and [Pc] of the extension

' 0 for »0 follow from this fact and Properties [Pa] and [Pc] of ' for ». Property [Pb] of ' 0

follows from the de¯nition of Ã0.

We show that all conditionsof separator-consistencyhave beensatis¯ed. By the de¯ni-

tion of Ã0, wehaveÃ0(w) = ' (w) for w 2 S0 ¶ S. Sinceby Property[Pb] of ' , ' (w) = Ã(w)

for w 2 S and Âz µ Âz0 we have Ã0(w) = ' (w) = Ã(w) for w 2 S. Condition (3) is satis¯ed

by this fact. By the de¯nition of S0 and the fact that Ã0(w) = ' (w) for w 2 S0, Condition

(1) is alsosatis¯ed. Finally, Condition (2) is satis¯ed by the de¯nition of D 0.

We now prove if there existsa CPI »0 relative to z0 such that an iso-triple » is separator-

consistent with »0, then » is a CPI relative to z. We supposethere is a »0 which satis¯es

the above conditions. We extend »0 to its extension ' 0 over H [z] and show that ' 0 is an

extensionof » too, that is, the mapping ' = ' 0 satis¯es all properties of an extensionfor

». SinceS µ S0 (seeCondition (1)), by Condition (2) we have S [ V(D) = S0 [ V(D 0).

Thus Properties [Pa] and [Pc] of ' 0 follow from Property [Pa] and [Pc] of ' . By Property

[Pb] of ' 0, we have ' (v) = ' 0(v) 62Âz0 for v 2 V(G) ¡ S0, and sinceÂz µ Âz0, we have

' (v) 62Âz for v 2 V(G) ¡ S0. For v 2 S0 ¡ S, ' (v) = ' 0(v) = Ã0(v) 62Âz by Condition

(1). By Condition (3), ' (v) = ' 0(v) = Ã0(v) = Ã(v) for v 2 S. Thus Property [Pb] of '

holds. ut

Finally, we considerhow the full set array for a join node z (seeSection 2.4 for the

de¯nition) can be built from the full set arrays of its children z1 and z2.

De¯nition 5.6 Let z be a join node of TD(H ) and its children be z1 and z2. Suppose

an iso-triple » relative to z and iso-triples »1 and »2 relative to z1 and z2 satisfy following

conditions:

1. Si = f v 2 SjÃ(v) 2 Âzi g for i = 1; 2;

2. the componentsof D are partitioned into D1 and D2;

3. Ãi (v) = Ã(v) for v 2 Si for i = 1; 2; and
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4. for u; v 2 S, f u; vg 2 E(G) if and only if f Ã(u); Ã(v)g 2 E(H )

Then, we say » is join-consistent with »1 and »2.

The conditions stated in De¯nition 5.6 specify how elements of a CPI of a join node

are related to elements of CPIs of its children. We demonstratein Algorithm A how these

conditions can be usedfor obtaining a CPI of a join node z from CPIs of its children z1

and z2.

Lemma 5.4 Let z be a join node of TD(H ) and its children be z1 and z2. There existsa

CPI » = (S; D; Ã) relative to z if and only if there exist CPIs »i = (Si ; D i ; Ãi ) relative to

node zi (i = 1; 2) suchthat » is join-consistent with »1 and »2.

Pro of: Throughout this proof, we assumei = 1; 2. Since z is a join node, we know

Âzi µ Âz and H [zi ] is an induced subgraphof H [z].

We prove that if there exists a CPI » relative to z, then there exist CPIs »i relative to

zi such that » is join-consistent with »1 and »2. We suppose' is an extensionof » over Âz.

We obtain »1 and »2 from ' and show that they satisfy conditions of join-consistency.

We ¯rst state the following claim about elements of D.

Claim 1 Let Si = f v 2 Sj' (v) 2 Âzi g. For each D 2 D, either ' (V(D)) µ V(H [z1 ]) ¡ Âz1

and D 2 C(G[V ¡ S1]) or ' (V(D)) µ V(H [z2 ]) ¡ Âz2 and D 2 C(G[V ¡ S2]).

Pro of: Since by Property [Pb] of ' , ' (V(D)) is contained in H [z] but is disjoint from

Âz, Âzi µ Âz and Âz is a separatorof H [z] (Lemma 2.2), either ' (V(D)) µ V(H [z1 ]) ¡ Âz1

or ' (V(D)) µ V(H [z2 ]) ¡ Âz2 . Without lossof generality, we can assumethe former case

holds. We show D 2 C(G[V ¡ S1]). First we note that since D 2 D µ C(G[V ¡ S]),

all outgoing edgesfrom V(D) go into S. We now prove there is no edgebetweenV(D)

and S ¡ S1, thus all outgoing edgesfrom V(D) go into S1, and henceD is a component

of G[V ¡ S1]. If there are v 2 V(D) and w 2 S ¡ S1 such that f v; wg 2 E(G), then

there existsan edgef ' (v); ' (w)g 2 E(H ) where' (v) 2 V(H [z1 ]) ¡ Âz1 (by our assumption

about D). By the de¯nition of S1, ' (w) 62Âz1 . Since ' (w) appears in Âz and not Âz1

and each vertex appears in bagsof nodesof a connectedsubtreeof a tree decomposition

(Property (3) of tree decompositions), ' (w) 62V(H [z1 ]). Thus ' (v) 2 V(H [z1 ]) ¡ Âz1 and
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' (w) 2 V(H ) ¡ V(H [z1 ]). But sinceÂz1 is a separator(Lemma 2.2), there is no such edge

f ' (v); ' (w)g 2 E(H ). Using this contradiction, we ¯nish the proof of our claim. ut

We now construct CPIs »1 and »2. First we de¯ne D i = f D 2 Dj' (V(D)) 2 V(H [zi ]) ¡

Âzi g. Using our claim, D i µ C(G[V ¡ Si ]) and D1 and D2 partition D. We now de¯ne

mapping ' i (v) = ' (v) for v 2 Si [ V(D i ) and mapping Ãi (v) = ' i (v) for v 2 Si . We show

that ' i is an extensionof iso-triple »i = (Si ; D i ; Ãi ) and thus »i is a CPI. . By the de¯nition

of Si , Si µ S, and by the de¯nition of D i , V (D i ) µ V(D), and thus Si [ V(D i ) µ S[ V(D).

Using this fact, Properties [Pa] and [Pc] of ' i follow from Properties [Pa] and [Pc] of ' .

Property [Pb] of ' i holds by de¯nitions of Si and Ãi and the fact that ' (v) 62Âz for

v 2 V(D) (by Property [Pb] for ' ).

We prove that all conditions of join-consistencyare satis¯ed. Let v 2 Si . By the

de¯nition of Ãi , Ãi (v) = ' i (v) for v 2 Si . By the de¯nition of ' i , we have ' i (v) = ' (v)

and by Property [Pb] of ' , ' (v) = Ã(v). Thus Ãi (v) = Ã(v) for v 2 Si and Condition

(3) is satis¯ed. By the de¯nition of Si and the fact that ' i (v) = ' (v) = Ã(v) for v 2 S,

Condition (1) is satis¯ed. Condition (4) follows from Property [Pc] of ' and the fact that

' (v) = Ã(v) for v 2 S. Condition (2) follows from the de¯nition of D i and our claim.

We now prove if there exist CPIs »i relative to zi such that an iso-triple » is join-

consistent with »1 and »2, then » is a CPI relative to z. We de¯ne a mapping ' for

iso-triple » from Ã and extensions' i 's of Ãi 's as follows: for v 2 V(D i ), ' (v) = ' i (v)

and for v 2 S, ' (v) = Ã(v). We note that each vertex v 2 V(D) is either in V(D1) or

in V(D2) (Condition (2)). We now show that ' is an extensionof ». By Property [Pa]

of ' i , ' (u) 6= ' (v) for u; v 2 V(D i ). SinceÃ is a one-to-onemapping, ' (u) 6= ' (v) for

u; v 2 S. For u 2 S and v 2 V(D i ), sinceÃ(v) 2 Âz and ' (u) 62Âz, ' (u) 6= ' (v). Thus

Property [Pa] of ' holds. Sinceby the de¯nition of ' , ' (v) = Ã(v) 2 Âz for v 2 S, and

' (v) = ' i (v) 62Âz for v 2 V(D) = V(D1) [ V(D2), Property [Pb] of ' holds. We now show

Property [Pc] of ' holds. By Condition (4) of join-consistency, for u; v 2 S, f u; vg 2 E(G)

if and only if f ' (u); ' (v)g 2 E(H ) . By Property [Pc] of ' 1 and ' 2, f u; vg 2 E(G) if and

only if f ' (u); ' (v)g 2 E(H ) for u; v 2 V(D) = V(D1) [ V(D2). In the last casein which

u 2 S and v 2 V(D), whereD 2 D, by Condition (2) of join-consistency, either D 2 D1

or D 2 D2. Without lossof generality, we assumeD 2 D1. SinceD1 µ C(G[V ¡ S1]) (by

the de¯nition of D1), D is a component of G[V ¡ S1], and thus all outgoing edgesfrom
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V(D) go into S1. Thus u 2 S1 and by Property [Pc] of ' 1, f u; vg 2 E(G) if and only if

f ' (u); ' (v)g 2 E(H ). HenceProperty [Pc] of ' holds. ut

We are now ready to present our ¯nal algorithm. Lines 1-14 of the algorithm are

preprocessingsteps. In this algorithm, ¯rst we construct C(G[V ¡ S]) and tables Subs

and Sup (lines 3-10) which are usedfor dealing with components of G[V ¡ S] instead of

verticesof G[V ¡ S]. Throughout this algorithm, we considereach component asan entit y

and we label it by its lowest numbered vertex in an arbitrary ordering of vertices of G

¯xed at beginning. We also compute all iso-triples and maintain them in the set Al l I S

(lines 11-14). Although an iso-triple is de¯ned relative to onenode, sinceelements S and

D of iso-triples are the samerelative to di®erent nodeswe de¯ne one set of iso-triples to

all nodes. In fact, we assumeÃ is a one-to-onemapping from S into set f 1; 2; ¢¢¢; k + 1g

(line 13) and for each node z of TD(H ), we order vertices of Âz arbitrarily and use this

Ã as a mapping from S into Âz. Using the fact that for a CPI » relative to a leaf, Ã is

equal to the extensionof », we ¯ll in full set arrays of leaves (lines 19-22). We ¯nd all

CPIs of a node from CPIs of its children within two proceduresBuildFSAofSeparatorNode

and BuildFSAofJoinNode. Finally, we check whether or not there exists a completeCPI

relative to the root r of TD(H ) (lines 27-28).

Algorithm A: testing induced subgraph isomorphism

Input: G : a (k + 1; g(k + 1; n))-boundedfragmentation graph

TD(H ) : a nice tree decomposition of a partial k-tree H

Output: true if G is an induced subgraphisomorphic to H , false otherwise

Variables:

Subs[S; S0; C0] : speci¯es components of G[V ¡ S] which

are contained in C0 2 C(G[V ¡ S0]), whereS0 ½ S

Sup[S; S0; C] : speci¯es a component of G[V ¡ S0] which

contains C 2 C(G[V ¡ S]), whereS0 ½ S

F SA[z; »] : true if » is in the full set of node z, false otherwise

Al l I S : A set containing all iso-triples

begin

1 if jV (G)j > jV(H )j return false;

2 let ®1; ®2; ¢¢¢; ®jT D (H )j be the reverseof breadth ¯rst search order of nodesof TD(H );
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3 for each set S of at most k + 1 verticesof G

4 ¯nd C(G[V ¡ S])

5 for each set S0 ½ S

6 ¯nd C(G[V ¡ S0])

7 for each component C0
i 2 C(G[V ¡ S0])

8 let Subs[S; S0; C0
i ] Ã f Cj 1 ; ¢¢¢Cj h g such that V(Cj l ) µ V(C0

i ), 1 · l · h

9 for each component Ci 2 C(G[V ¡ S])

10 let Sup[S; S0; Ci ] Ã C0
j such that V(Ci ) µ V(C0

j )

11 for each S µ V(G) of sizeat most k + 1

12 for each D µ C(G[V ¡ S])

13 for each one-to-onemapping Ã from S into set f 1; 2; ¢¢¢; k + 1g

14 let Al l I S Ã Al l I S [ f » = (S; D; Ã)g

15 for each node ®i of TD(H ), i from 1 to jTD(H )j

16 for each iso-triple » = (S; D; Ã) in Al l I S

17 F SA[®i ; »] Ã false;

18 if ®i is a leaf node

19 for each iso-triple » in Al l I S

20 let ' Ã Ã;

21 if D = ; and

for each u; v 2 S, f u; vg 2 E(G) if and only if f ' (u); ' (v)g 2 E(H )

22 let F SA[®i ; »] Ã true ;

23 else if ®i is a separator node

24 BuildFSAofSeparatorNode(®i );

25 else if ®i is a join node

26 BuildFSAofJoinNode(®i );

27 for each iso-triple » = (S; D; Ã) in Al l I S

28 if F SA[root;»] = true and D = C(G[V ¡ S]) return true ;

29 return false;

end

In procedureBuildFSAofSeparatorNode, we ¯nd all CPIs of a separator node z from
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CPIs of its child z0. For each CPI »0 relative to z0 (line 51), we construct an iso-triple »

relative to z which is separator-consistent with »0 and thus is a CPI relative to z (lines

52-60). Condition (1) of separator-consistencybetween » and »0 is checked in line 52,

Condition (3) is tested in line 53 and Condition (2) is checked in lines 54-60. To test

Condition (2), we use additional set D00. First we ¯nd all supergraphs of components

C0 2 D0 (line 56). Sincea component D 2 D is a supergraphof components in D0 and not

a supergraphof components in C(G[V ¡ S0]) ¡ D0 (Condition (2) of separator-consistency),

we again ¯nd all components of C(G[V ¡ S0]) which are contained in components D 2 D

(line 59) to make sureD0 and D00are equal (line 59).

BuildFSAofSeparatorNo de(z)

Input: z : a separatornode of TD(H )

begin

50 let z0 Ã the child of z;

51 for each iso-triple »0 = (S0; D0; Ã0) in Al l I S such that F SA[z0; »0] is true

52 let S Ã f v 2 S0jÃ0(v) 2 Âzg;

53 let Ã(v) Ã Ã0(v) for v 2 S;

54 D Ã ; ;

55 for each C0 2 D0

56 let D Ã D [ f Sup[S0; S; C0]g;

57 D00 Ã ; ;

58 for each C 2 D

59 let D00 Ã D00[ Subs[S0; S; C];

60 if D00= D0

61 let » Ã (S; D; Ã);

62 let F SA[z; »] Ã true ;

end

In procedureBuildFSAofJoinNode, we ¯nd all CPIs of a join node z from CPIs of its

children z1 and z2. For each iso-triple » relative to z, we construct all iso-triples »1 and »2

relative to its children which are join-consistent with » (lines 77-85). If »1 and »2 are CPI
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then » is also a CPI (lines 86-87). Condition (1) of join-consistencyis checked in line 77,

Condition (3) is tested in line 78, Condition (4) is checked in line 79 and ¯nally Condition

(2) is checked in lines 80-83. We partition elements of D into D1 and D2 (line 80), but we

still haveto makesurethat each element D 2 D, which is in D i , is a component of G[V ¡ Si ].

Sinceall outgoing edgesfrom V(D) go into S, we only check whether there is any edge

betweenV(D) and S ¡ Si . If there is such edge,then the component D 0 2 C(G[V ¡ Si ])

which is a supergraphof D hasat least onevertex in S ¡ Si . This condition is checked in

line 83.

BuildFSAofJoinNo de(z)

Input: z : a join node of TD(H )

begin

75 let zi Ã i th child of z, i = 1; 2;

76 for each iso-triple » in Al l I S

77 let Si Ã f v 2 SjÃ(v) 2 Âzi g, i = 1; 2;

78 let Ãi (v) Ã Ã(v) for v 2 Si , i = 1; 2;

79 if for all u; v 2 S, f u; vg 2 E(G) if and only if f Ã(u); Ã(v)g 2 E(H )

80 for each partition of elements of D into D1 and D2

81 let boolÃ true ;

82 for each D 2 D, which is in D i

83 if V(Sup[S; Si ; D ]) \ S ¡ Si 6= ; let boolÃ false;

84 if bool= true

85 let »i Ã (Si ; D i ; Ãi ), i = 1; 2;

86 if F SA[z1; »1] = F SA[z2; »2] = true

87 let F SA[z; »] Ã true ;

end

To prove the correctnessof the algorithm and obtaining the running time, ¯rst we

de¯ne an invariant and present two lemmasfor separatorand join nodes.

De¯nition 5.7 We say that the FSA array relative to a node z of TD(H ) is in correct

form, if for each » relative to z, F SA[z; »] = true if and only if » is a CPI relative to z.
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Lemma 5.5 Given the FSA array of the child z0 of a separator node z in correct form,

Procedure BuildFSAofSeparatorNode ¯l ls in the FSA array relative to z in correct form in

O(g(k + 1; n) ¢22g(k+1 ;n) jV (G)jk+1 ) time.

Pro of: By Lemma 5.3, for each CPI » relative to z, there exists a CPI »0 relative to the

child z0 of z. Using this fact, we try to ¯nd a CPI » relative to z which can be constructed

from a CPI »0 relative to z0. We construct an iso-triple » separator-consistent with CPI »0.

Lines 52 and 53 correspond to Conditions (1) and (3) of separator-consistency. Element D

of » is constructedin lines 54-60in which we ¯nd all components D 2 G[V ¡ S] which are

supergraphsof components in D0 and not supergraphsof components in C(G[V ¡ S0]) ¡ D0

(seeCondition (2) of separator-consistency).Thus iso-triple » is separator-consistent with

the CPI »0 and by Lemma 5.3, it is a CPI.

We now compute the running time. For each element of the full set array of z0, we

specify S and Ã for an iso-triple » = (S; D; Ã) relative to z in constant time, becausethe

number of vertices in S and S0 is at most constant k + 1 (lines 52-53). Constructing D

takesO(g(k + 1; n)) time (lines 54-59), sincewe considereach C0 2 C(G[V ¡ S0]) in line

55 and each C 2 C(G[V ¡ S]) in line 58 whosenumber is O(g(k + 1; n)). Thus executing

lines 52-62 takes at most O(g(k + 1; n)) time. Since the number of iso-triples checked

in line 51 is at most O(2g(k+1 ;n) jV (G)jk+1 ), the procedureBuildFSAofSeparatorNode takes

O(g(k + 1; n) ¢2g(k+1 ;n) jV (G)jk+1 ) time. ut

Lemma 5.6 Given the FSA arrays of children z1 and z2 of a join node z in correct form,

Procedure BuildFSAofJoinNode ¯l ls in the FSA array relative to z in correct form in

O(g(k + 1; n) ¢22g(k+1 ;n) jV (G)jk+1 ) time.

Pro of: By Lemma 5.4, for each CPI » relative to z, there exist CPIs »1 and »2 relative to

its children z1 and z2 such that » is join-consistent with them. Intuitiv ely, we try to ¯nd

them and use them as a certi¯cate for ». Lines 77, 78 and 79 correspond to Conditions

(1), (3) and (4) of join-consistency. By Condition (2) of join-consistency, we know that D1

and D2 partitions D. Thus we examineall partitions by brute force (line 80) and for each

of them we check whether D i is a subsetof C(G[V ¡ Si ]), i = 1; 2 (lines 81-84). We note

that, in line 83, we check whether a component D 0 µ C(G[V ¡ Si ]). Thus if we ¯nd two

iso-triples »1 and »2 which are alsoCPIs (line 86) then » is alsoa CPI (line 87).
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To compute the running time, we ¯rst observe that we can execute lines 77-79 in

constant time since jSj is bounded above by k + 1. SinceD has at most O(g(k + 1; n))

elements, we have O(2g(k+1 ;n)) choicesfor partitioning elements of D betweenD1 and D2

(line 80). Executing lines82-83takesO(g(k+ 1; n)) time, sinceD hasat most O(g(k+ 1; n))

elements. Therefore,at most O(g(k + 1; n) ¢2g(k+1 ;n)) time is required for executing lines

77-83. Sincethe number of iso-triples checked in line 76 is at most O(2g(k+1 ;n) jV (G)jk+1 ),

the running time of this procedureis in O(g(k + 1; n) ¢22g(k+1 ;n) jV (G)jk+1 ). ut

We are now ready to prove the correctnessand computethe running time of the whole

algorithm.

Theorem 5.3 The above algorithm solvesthe induced subgraph isomorphismproblemin

O(g(k + 1; n) ¢22g(k+1 ;n) jV (G)jk+1 ¢jV(H )j) time.

Pro of: We ¯rst prove the correctnessof the algorithm. We show that FSA array relative

to each node z of TD(H ) is in correct form, that is, for each » relative to a node z,

F SA[z; »] = true if and only if » is a CPI relative to z. Using this fact, we check whether

there existsa completeCPI relative to the root r of TD(H ) (line 28), and the correctness

of the algorithm immediately follows from Lemma 5.2.

To prove our claim, we useinduction on the height of a node z in TD(H ). If the height

is zero, then z is a leaf. We consideran iso-triple » relative to z. SinceH [z] = H [Âz] for

a leaf, if » is a CPI then D = ; . In addition by Property [Pb] of extensionsand the fact

that Ã is a one-to-onemapping, we have ' = Ã. Using thesefacts, we only needto check

Property [Pc] of extensions.We check all theseconditions in line 21 and thus the claim is

true for a leaf node. For a separatornode z, by the induction hypothesis,the claim is true

for the child z0 of z and by Lemma 5.5, the claim is true for z. For a join node z, again by

the induction hypothesis,the claim is true for children z1 and z2 of z and by Lemma 5.6

the claim is true for z.

Now, we compute the running time of the algorithm. We chooseevery set S with at

most k + 1 vertices in line 3, and using depth ¯rst search, we ¯nd connectedcomponents

of G[V ¡ S] in O(jV(G)j) time (line 4). Similarly, we can ¯nd connectedcomponents

of G[V ¡ S0] in line 6 in (O(jV(G)j) time for each set S0 ½ S. We can executeline 8 in

O(jV(G)j) time for each component C0
i 2 C(G[V ¡ S0]), S0 ½ S. To do that we only needto
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havetwo arrays A and A0. Array A (A0) is of sizejV(G)j and A[v] = C (A0[v] = C0) if vertex

v is in V(C) (V(C0)), whereC 2 C(G[V ¡ S]) (C0 2 C(G[V ¡ S0])). Then we can execute

line 8 by only one passof array A0 to ¯nd the corresponding component of each vertex

v 2 C0
i in array A. Using this fact and sincethe number of Ci 's for each set S is at most

O(g(k+ 1; n)) (line 7), we canexecutelines7-8 in O(g(k+ 1; n)¢jV(G)j) time. Similarly, we

canexecutelines9-10in O(g(k+ 1; n)¢jV(G)j) time. As the number of such setsS0 for each

setS is a constant (sincek is a constant), this steptakesO(g(k+ 1; n)¢jV(G)j) time for each

set S (lines 4-10). Sincethe number of choicesof S is in O(jV(G)jk+1 ) (line 3), the overall

running time of lines 3-10 is in O(2g(k+1 ;n) jV (G)jk+1 ) time. In lines 11-14,we construct

all iso-triples. As the number of iso-triples is boundedabove by O(2g(k+1 ;n) jV (G)jk+1 ) by

Lemma5.1 and processingeach of them takesconstant time (line 14), we canexecutelines

11-14in O(2g(k+1 ;n) jV (G)jk+1 ) time. Therefore preprocessingsteps(lines 1-14) takes the

sumof the two aforementioned timeswhich is in O(g(k+ 1; n)¢jV(G)j¢2g(k+1 ;n) ¢jV(G)jk+1 ) =

O(g(k + 1; n) ¢jV(G)jk+1 ¢jV(H )j) time.

For a leaf, the check in line 21 takes constant time becausethe number of vertices

in S is at most k + 1. Since the number of iso-triples checked in line 19 is at most

O(2g(k+1 ;n) jV (G)jk+1 ), the running time of lines 19-22 is at most O(2g(k+1 ;n) jV (G)jk+1 ).

For a separatornode z, by Lemma5.5, executingthe procedureBuildFSAofSeparatorNode

takes O(g(k + 1; n) ¢2g(k+1 ;n) jV (G)jk+1 ) time. Finally, for a join node, the procedure

BuildFSAofJoinNodetakesO(g(k+ 1; n)¢22g(k+1 ;n) jV (G)jk+1 ) time (Lemma5.6). Therefore,

the running time for a node of TD(H ) is at most O(g(k + 1; n) ¢22g(k+1 ;n) jV (G)jk+1 ) due

to join nodes.

Sincethe number of nodesof TD(H ) is in O(jV(H )j) and executing lines 16-17takes

O(2g(k+1 ;n) jV (G)jk+1 ) time whosetime dominated by the others, the running time of the

main loop of this algorithm (lines 15-26)is in O(g(k + 1; n) ¢22g(k+1 ;n) jV (G)jk+1 ¢jV(H )j).

The condition in line 28 also can be computed in constant time and thus executing line

27-28takesO(2g(k+1 ;n) jV (G)jk+1 ) time. Thereforethe running time of the wholealgorithm

is in O(g(k + 1; n) ¢22g(k+1 ;n) jV (G)jk+1 ¢jV(H )j). ut

We canalsosolve the subgraphisomorphismproblem using the above algorithm. First,

we present somede¯nitions and lemmas.

De¯nition 5.8 The subdivision of an edge f u; wg is the operation of deleting this edge
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and addinga new vertex v and two new edgesf u; vg and f v; wg. The graph obtained from

graph G by subdivisions of all its edgesis denoted by G¤.

Lemma 5.7 If G is a partial k-tree and k ¸ 2, then G¤ is a partial k-tree.

Pro of: First we considerTD(G) of width k. By Property (2) of tree decompositions, for

each edgef u; vg 2 E(G), there exists a node z such that both u and v belong to Âz. To

construct a tree decomposition of width k for G¤, we ¯rst construct TD(G) and then for

each edgef u; vg 2 E(G), we append a node z0 with Âz0 = f u; v; wg to the node z, where

w is the addedvertex in subdivision of f u; vg. ut

Lemma 5.8 If G is a (k; g(k; n))-bounded fragmentationgraph and k is a constant, G¤ is

a (k; O(g(k; n))) -bounded fragmentationgraph.

Pro of: Supposea set S removed from G¤ has l1 verticesoriginally from G and l2 vertices

addedby subdivisions. Without lossof generality, we can assumethat ¯rst verticesorigi-

nally from G are removed and then the remaining verticesof S are removed oneat a time.

Supposewe remove verticesoriginally from G in both G and G¤. We call a component in

G¤ a newcomponent, if it hasno corresponding component in G. We bound the number of

new components. For each pair u and v of verticesoriginally from G, there can exist edge

f u; vg 2 E(G). Subdivision of f u; vg in G¤ addsa new component which only contains w.

After removing verticesoriginally from G, we can only have this kind of new component.

Henceremoving thesevertices can produce at most
¡ l1

2

¢
· k2 ¡ k new components. We

now remove the rest of verticesof S oneat a time. Each of theseverticesis addedon one

edgeof G, and henceits removal in G¤ can increasethe number of components by one.

Thus removal of theseverticescan increasethe number of components by at most l2 · k.

Therefore jC(G¤[V ¡ S])j is at most g(k; n) + k2. Sincek is a constant, this number is in

O(g(k; n)). ut

Lemma 5.9 (Lemma1.4 [MT92]) Let G and H be two graphs. G is subgraph isomorphic

to H if and only if G¤ is induced subgraph isomorphic to H ¤. ut

By Lemmas5.7,5.8and 5.9,we cansolve the subgraphisomorphismproblemby means

of induced subgraphversions.Here we ¯nish the proof of Theorem5.2.
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By consideringdirections of edgesin consistencychecking, we can generalizethe algo-

rithm mentioned in the proof of Theorem5.2 to directed graphs(we replaceedgef u; vg by

(u; v) in lines21 and 79). Henceif G is a directed graph with a (k + 1; g(k + 1; n))-bounded

fragmentation underlying graph and H is a directed graph, whoseunderlying graph is a

partial k-tree, then there are O(g(k + 1; n) ¢22g(k+1 ;n) jV (G)jk+1 ¢jV(H )j)-time algorithms

which solve isomorphism,subgraphisomorphismand induced subgraphisomorphism.

We can also extend our polynomial-time algorithm for testing subgraph isomorphism

to graphsof locally boundedtreewidth.

Theorem 5.4 Subgraph and induced subgraph isomorphismcan be solved in

O((l tw(diam(G)) logjV(G)j) ¢2O(l tw (diam (G)) log jV (G)j) jV (G)j l tw (diam (G))+1 ¢jV(H )j) time when

graph H has locally bounded treewidth and graph G is a totally log-bounded fragmentation

graph and hasconstant diameter.

Pro of: The idea of the proof follows Baker's idea [Bak94]. For graph H and integers

0 · i · j , we let LH [i; j ] =
S

i · k· j L k , whereL k (the kth layer) consistsof all verticesat

distancek from a ¯xed vertex v. We note that this de¯nition of layers is the sameas the

de¯nition of layers for clique-sumgraphsintroducedin Section3.1.

We supposed is the number of layers in graph H . For 0 · i · d ¡ diam(G) + 1,

let L i;diam (G) = LH [i; i + diam(G) ¡ 1] and let H [L i;diam (G) ] be the induced graph on

vertices in L i;diam (G) . Eppstein proved that if H has locally bounded treewidth, then

tw(H [L i;diam (G) ]) · l tw(diam(G)) and thus H [L i;diam (G) ] has boundedtreewidth [Epp00].

As mentioned in Section 2.2, we can construct a tree decomposition of each graph of

boundedtreewidth in linear time [Bod96].

If G is (induced) subgraphisomorphic to H , then it is contained in one of the graphs

H [L i;diam (G) ]. Using Corollary 5.1, we can solve graph isomorphism separately for each

H [L i;diam (G) ]. The desiredrunning time follows from Theorem 5.2 and the fact that each

vertex of H hasparticipated in at most diam(G) iterations of the algorithm. ut

The point that the sourcegraphG hasboundeddiameter is very important and without

it, the problem remainsNP-complete.

Theorem 5.5 Let graph H have locally bounded treewidth with ¢ (H ) = 3 and graph G

havebounded treewidth with ¢ (G) = 2. The subgraph isomorphismproblemfor the source
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graph G and the host graph H is NP-complete.

Pro of: Let H be a planar cubic graph (every vertex has either degreethree or degree

zero) in which there is no facewith fewer than ¯v e edges.Finding a Hamiltonian circuit

in H is NP-complete [GJT76]. As mentioned in Section 2.3, planar graphs have locally

boundedtreewidth. By choosingG to be a cycleof length n, wheren is the sizeof H , the

subgraphisomorphismproblem is equivalent to ¯nding a Hamiltonian cycle in H and thus

it is NP-complete. ut

One application of Theorem 5.4 is that it gives a linear-time algorithm for testing

subgraphisomorphismfor ¯xed patterns. More precisely:

Corollary 5.2 For a ¯xed pattern G and a graphH of locally bounded treewidth, subgraph

isomorphismand induced subgraph isomorphismcan be tested in O(jV(H )j) time.

Pro of: If G is ¯xed, then diam(G) = O(jV(G)j) is a constant. The result follows from

this fact and Theorem5.4. ut

Corollary 5.2 is the same as Eppstein's result for testing subgraph isomorphism of

¯xed patterns on graphsof locally boundedtreewidth [Epp99, Epp00]. Using this result,

Eppstein alsoshowed that other problemssuch as ¯nding diameter (if we know the graph

hasboundeddiameter), h-clustering for constant h and ¯nding girth (if we know the graph

hasboundedgirth) can be tested in O(n) time for thesegraphs. The reader is referredto

the original papers for details.

In this chapter, usingthe dynamicprogrammingapproach of Arnborg andProskurowski

(Section 2.4), we proved that the subgraph isomorphismproblem has a polynomial-time

solution, when the sourcegraph G is a boundedfragmentation graph and the host graph

H hasboundedtreewidth or whenthe sourcegraph G hasboundeddiameterand bounded

fragmentation and the host graph H has locally boundedtreewidth.



Chapter 6

Conclusions and future work

SolvingNP-completeproblemson graphsof boundedtreewidth and ¯nding approximation

algorithms for NP-optimization problemson graphsof locally boundedtreewidth are the

main focusof this thesis. More precisely, the results in this thesiscan be divided into two

main categories.

First, we introducedH -minor-freegraphsasgraphsof locally boundedtreewidth where

H is a single-crossinggraph. Weprovedthat thesegraphshavelinear local treewidth. Using

this result, we proved that the local treewidth of K 3;3-minor-freegraphsand K 5-minor-free

graphsis boundedby 3r + 4. Alber et al. [ABFN00] proved planar graphs,which are both

K 3;3-minor-free and K 5-minor-free graphs, have linear local treewidth. Thus our result

extends the classof graphs with linear local treewidth. Small local treewidth of planar

graphs was one of the basesof Baker's approach for designingpractical approximation

algorithms on planar graphs. Using a similar approach, we found polynomial time approx-

imation schemesfor several NP-optimization problemssuch asmaximum independent set,

minimum dominating set and minimum vertex cover on graphsexcluding K 3;3 or K 5 as a

minor. In addition to this main result, we proved problemssuch as minimum dominating

set are ¯xed parameter tractable on thesegraphs.

Second,we discussedthe subgraphisomorphismproblem. We presented a polynomial-

time algorithm for this problem when the sourcegraph is a log-bounded-fragmentation

graph and the host graph is boundedtreewidth. As we showed, the classof log-bounded

fragmentation graphscontains graphsother than boundeddegreegraphs,e.g. Hamiltonian

75
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graphs,andhenceour result extendsthe result of Matou·sekandThomason boundeddegree

sourcegraphsand host graphsof boundedtreewidth. In addition, we demonstratedhow

this algorithm can be generalizedto graphsof locally boundedtreewidth.

Besidethe two main contributions mentioned above,weintroducedboundedfragmenta-

tion asa measureof the reliabilit y of a network, and wepresented several classesof bounded

fragmentation graphs. Here, we present several open problemsthat can be consideredas

possibleextensionsof this thesis.

Parallelizing exact algorithms and PTASs for problems given in Chapter 3 is a topic

of interest. As the generaldynamic programming approach can be parallelizedeasily (see

Bodlaender'spaper [Bod97]), in this extension,oneneedsto parallelizecomputing the tree

decompositions of each constant number of consecutive layers introduced for clique-sum

graphsin Chapter 3.

We suspect that Baker's approach can be applied to obtain practical PTASs for other

problems. Some examplesare as follows: graph s-partitioning, in which one searches

for a partition of the vertex set of a graph into sets of size s and n ¡ s such that it

minimizes the cutsize,maximum matching and variants of dominating setsintroducedby

Alber et al. [ABFN00], such as independent dominating set, total dominating set, perfect

dominating set, perfect independent dominating set and total perfect dominating set. All

theseproblemsweresolvedfor k-outerplanargraphs[BP92, DST96, ABFN00]. Usingthese

results, oneonly needsto remove the layers in Baker's approach appropriately and obtain

an approximation from the solution for each resulting k-outerplanar graph, asin our PTAS

for minimum dominating set.

Alber et al. [ABFN00] showed that a planar graph with a dominating set of sizek has

treewidth O(6
p

34
p

k). Using this result, they concludedthat ¯nding a dominating set

of sizek in a planar graph can be solved in time O(c
p

kn), wherec = 36
p

34 (the proof of

the secondresult follows immediately from Theorem 3.6). We believe that in the proof

of the ¯rst result one can replacethe concept of outerplanarity by the concept of layers

introducedfor clique-sumgraphsand obtain the similar result for thesegraphs. The reader

is referredto the original paper [ABFN00] for further detail.

Another problem related to subgraphisomorphismis the problem of ¯nding the largest

commonsubgraphof two graphs. Brandenburg [Bra01] showed that if two graphsG and
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H are k-connectedpartial k-trees,the problem of ¯nding the largestcommonk-connected

subgraphcanbesolved in polynomial time. In addition, usingBrandenburg's ideas[Bra01]

andGupta andNishimura's ideas[GN96b],onecanobservethat ¯nding the largestcommon

(k ¡ 1)-connectedsubgraph is NP-complete. It would be interesting to know whether or

not the result can be generalizedto boundedfragmentation graphs.

A trivial algorithm for testing whether a graph G is a (k; c)-bounded fragmentation

graph, for constants k and c, is to check all subsetsof verticesof sizeat most k and count

the number of connectedcomponents. The running time of this algorithm is in O(nk+1 ). It

might be possibleto give an algorithm whoserunning time is O(nd), whered is a constant

independent of k. A randomizedapproach might be another way to solve this problem.

Also, it seemsthe problem is morestraightforward for planar graphs(seethe paper due to

Seymourand Thomas [ST94] on branchwidth of planar graphsto obtain more ideas).

In Chapter 4, we introducedseveral classesof boundedfragmentation graphs. Finding

other classesof this kind, if they exist, is an interesting question. The relation between

bounded fragmentation and treewidth is also interesting, in particular when in solving

subgraphisomorphism,we search for graphswhich are boundedfragmentation graphsand

have boundedtreewidth (seeChapter 5). A path is a boundedfragmentation graph which

hasboundedtreewidth. Graphscoverablewith a constant number of vertex-disjoint paths

and graphs with maximum constant degreeare the only known classesof bounded frag-

mentation graphswhich have boundedtreewidth. Consideringtreesasgraphsof treewidth

at most one and understandingtheir relationship with boundedfragmentation is an easy

approach to attack the problem. Characterizingboundedfragmentation graphsis another

possibleextensionof this thesis.

Finally, all graphsintroducedin Chapter 4 are(k; O(k))-boundedfragmentation graphs.

It would be instructive to determinewhether there is any (k; g(k))-boundedfragmentation

graph whereg(k) is not O(k).
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