Length-constrained Path-matchings in Graphs

M. Ghodsi^∗, M.T. Hajiaghayi^†, M. Mahdian^†, and V.S. Mirrokni^†

Abstract

The path-matching problem is to find a set of vertex or edge disjoint paths with length constraints in a given graph with a given set of endpoints. This problem has several applications in broadcasting and multicasting in computer networks. In this paper, we study the algorithmic complexity of different cases of this problem. In each case, we either provide a polynomial-time algorithm or prove that the problem is NP-complete.

Keywords: NP-completeness; algorithms; matching; path-matching; pseudo-matching

1 Introduction

Let G = (V, E) be a graph, and S be a subset of its vertices. A path-matching in G covering S is a collection C of paths in G, such that every vertex of S is an endpoint of exactly one path in C, and every path in C has both its endpoints in S. A path-matching is called vertex-disjoint, or edge-disjoint, if the collection of paths has this property. The path-matching problem is to find (if possible) a vertex-disjoint or edge-disjoint path-matching in the given (directed or undirected) graph that covers a given set S. Other restrictions may also be imposed on the path-matching. In this paper we only consider restrictions on the length of the paths. Other restrictions such as an upper bound on the total length of the paths, the number of vertices used, the maximum degree of a vertex in the subgraph induced by the paths, and the weight of the paths in weighted graphs can also be considered (see Cohen et al. [1] and Wu and Manber [11]).

The path-matching problem, under the name of pseudo-matching, is considered by Cohen et al. [1] in the study of broadcasting and multicasting protocols in cut-through routed networks. Cohen et al. [1] provide an algorithm for broadcasting in ⌈log n⌉ rounds in a cut-through routed network of n nodes, assuming a model called the line model [6]. This algorithm is based on finding an edge-disjoint path-matching at each round. The maximum length of the paths in this path-matching is a good measure of the time taken in this round. Therefore, in order to reduce the total broadcast time, one approach is to find path-matchings with length constraints in each round. Other variants of the line model such as the vertex-disjoint line model are studied by Cohen and Fraigniaud [2].

A graph-theoretic version of the path-matching problem is dealt with in Faudree and Gyárfás [7] and Wu and Manber [11] in which the authors present some results on finding perfect path-matchings (i.e., path-matchings covering all the vertices) in graphs with constraints on the total or maximum length of the paths. Datta and Sen [5] present an approximation algorithm for the weighted case of the problem. The relationship between the path-matching problem (with a slightly different definition) and the matroid intersection problem is studied by Cunningham and Geelen [4]. Also,

∗Address: Department of Computer Engineering, Sharif University of Technology, Tehran, Iran. ghodsi@sharif.ac.ir. †Address: Laboratory for Computer Science, MIT, Cambridge, MA, USA. {hajiagha,mahdian,mirrokni}@mit.edu. This paper was written while the authors were at Sharif University of Technology.

Figure 1: An example of (a) (U, E, ℓ ≤ 3)-PM (b) (D, V, ℓ ≤ ∞)-PM. Vertices covered by the path-matchings are marked with squares.

several related problems are studied by Csaba et al. [3] and Yinnone [14]. A generalization of this problem called S-paths is introduced by Mader [10] (see also Schrijver [12]).

We denote each case of the path-matching problem by a triple. The first component of the triple indicates whether the input graph is directed (D) or undirected (U); the second component indicates whether we want the paths to be vertex-disjoint (V ) or edge-disjoint (E); the third component indicates the restriction on the length of the paths: ℓ ≤ k means that the length of each path (i.e., the number of edges in the path) is required to be at most k, and ℓ ≤ ∞ means that the path-lengths are unrestricted. Note that, in general, k is a part of the input, unless otherwise stated. For example, (U, E, ℓ ≤ 3)-PM is the problem of finding a path-matching in the given undirected graph such that the paths are edge-disjoint and the length of each path is at most 3 (see Figure 1).

When we say (D/U, V, ℓ ≤ 3)-PM has a property P (e.g., being NP-complete), it means both problems (D, V, ℓ ≤ 3)-PM and (U, V, ℓ ≤ 3)-PM possess the property P . Cohen et al. [1] proved that

• (U, E, ℓ ≤ ∞)-PM can be solved in polynomial time.

• (U, E, ℓ ≤ k)-PM is NP-complete for general k.

Faudree and Gyárfás [7] proposed a polynomial-time algorithm for (U, E, ℓ ≤ 2)-PM when S = V (G).

In this paper we prove that (D/U, V/E, ℓ ≤ 2)-PM, (U, V/E, ℓ ≤ 3)-PM, and (D/U, V/E, ℓ ≤ ∞)- PM are polynomially solvable. Also, we prove that (U, V/E, ℓ ≤ k)-PM is NP-complete for any fixed k ≥ 4, and (D, V/E, ℓ ≤ k)-PM is NP-complete for any fixed k ≥ 3. Algorithms are presented in Section 2 and NP-completeness results are proved in Section 3.

2 Polynomially solvable subproblems

In this section, we provide efficient algorithms for some of the subproblems of the path-matching problem. In most cases, the algorithm is based on a polynomial-time reduction to the following problem.

Twin-Matching Problem Instance: An undirected graph G, a subset X of vertices of G, and a set of disjoint pairs (y_1, y^′_1), (y_2, y^′_2), . . . , (y_k, y^′_k) of vertices of G. The vertices y_i and y^′_i are called twins.

Vertices other than y_1, y^′_1, . . . , y_k, y^′_k do not have any twin. Question: Is there a matching M in G such that

• M covers all vertices in X (i.e., every vertex in X is an endpoint of an edge in M), and • for each pair of twin vertices, M covers either both or neither of them?

First, we prove that Twin-Matching Problem can be solved in polynomial time.

Lemma 1 Twin-Matching Problem can be solved in polynomial time.

Proof: From the given graph G, we construct another undirected graph G^′ as follows: For each pair of twin vertices (y_i, y^′_i), we add two new vertices v_i and v^′_i, and edges y_iv_i, y^′_iv^′_i, and v_iv^′_i to G. Let G^′ be the resulting graph. We prove that G has a twin-matching if and only if G^′ has a matching that covers all the vertices of X^′ := X ∪ {y_i, y^′_i, v_i, v^′_i : i = 1, . . . , k}.

Suppose G has a twin-matching M. Then, if both of the twin vertices y_i, y^′_i are covered by M, we add the edge v_iv^′_i; otherwise we add v_iy_i and v^′_iy^′_i to M. The resulting set of edges is clearly a matching for G^′ that covers all the vertices of X^′. On the other hand, if G^′ has a matching M^′ that covers X^′, it is not difficult to see that M^′ ∩ E(G) is a twin-matching for G.

Now, we construct G^{′′} by adding a clique of size |V (G^′) \ X^′| + b to G^′, and connecting all vertices of this clique to all vertices in V (G^′) \ X^′, where b is set to either 0 or 1, so that the number of vertices of G^{′′} is even. It is easy to verify that G^′ has a matching that covers X^′ if and only if G^{′′} has a perfect matching. Therefore, we can use the O(|E||V |^{1/2}) algorithm for finding perfect matchings in general graphs [13] to obtain an O(|E||V |^{1/2}) algorithm for the Twin-Matching Problem. □

Now, we are ready to prove the following theorems.

Theorem 2 (D, V, ℓ ≤ 2)-PM can be solved in polynomial time.

Proof: Assume that a directed graph G = (V, E) and S ⊆ V are given. We construct an undirected graph G^′ from G as follows: Corresponding to each vertex u in S, we put a vertex x_u in G^′. Let X be the set of these vertices. Also, for each vertex v in V \ S, we put two twin vertices y_v , y^′_v in G^′. Now, for every u ∈ S and v ∈ V \ S, if there is an edge from u to v in G, we connect x_u to y_v in G^′, and if there is an edge from v to u in G, we connect x_u to y^′_v in G^′. If for some u, v ∈ S, there is an edge from u to v in G, we put an edge between x_u and x_v in G^′.

It is not difficult to see that G has a path-matching with path-lengths at most 2 if and only if G^′ has a twin-matching. Therefore, Lemma 1 completes the proof. □

Theorem 3 (D, V, ℓ ≤ ∞)-PM can be solved in polynomial time.

Proof: We construct an undirected graph G^′ from the given digraph G = (V, E) and the subset S of V . The construction is similar to the construction in the proof of Theorem 2, with the only difference that here if for two vertices u, v ∈ V \ S there is an edge from u to v in G, we add the edge y^′_uy_v to G^′. Notice that there is a one-one correspondence between the edges of G and the edges of G^′.

It is easy to see that if there is a path-matching in G covering S, the set of corresponding edges in G^′ will constitute a twin-matching in G^′. Conversely, if there is a twin-matching in G^′, the set of corresponding edges in G constitute a path-matching for G plus a set of disjoint cycles in V \ S. Therefore, G has a path-matching if and only if G^′ has a twin-matching. Thus, Lemma 1 completes the proof. □

Theorem 4 (U, V, ℓ ≤ 3)-PM can be solved in polynomial time.

Proof: Assume that the undirected graph G = (V, E), and S ⊆ V are given. The graph G^′ is constructed as follows: Similar to the above proofs, for every u ∈ S we put a vertex x_u in G^′, and for every v ∈ V \ S, we put two twin vertices y_v and y^′_v in G^′. Let X = {x_v : v ∈ S}. The edges of G^′ are determined as follows:

• If there is an edge between u, v ∈ S in G, we put an edge between x_u and x_v in G^′;

• if there is an edge between u ∈ S and v ∈ V \ S in G, we connect x_u to both y_v and y^′_v in G^′; and • if u, v ∈ V \ S are adjacent in G, we put an edge between y_u and y_v in G^′.

It is not difficult to observe that G has a path-matching with path-lengths at most 3, if and only if G^′ has a twin-matching. Hence, Lemma 1 completes the proof. □

The following lemma provides a reduction from the undirected to the directed case.

Lemma 5 For every fixed k, there is a polynomial-time reduction from (U, V, ℓ ≤ k)-PM to (D, V, ℓ ≤ k)-PM. Also, there is a polynomial-time reduction from (U, V, ℓ ≤ ∞)-PM to (D, V, ℓ ≤ ∞)-PM.

Proof: It is sufficient to replace each undirected edge uv with two directed edges, one from u to v and the other from v to u. Clearly, a collection of vertex-disjoint paths in the original graph corresponds to a collection of vertex-disjoint paths in the resulting digraph, with all paths of the same length. □

Notice that the above reduction does not work in the edge-disjoint case. Using the above lemma and Theorems 2 and 3, we can prove the following corollaries.

Corollary 6 (U, V, ℓ ≤ 2)-PM can be solved in polynomial time.

Corollary 7 (U, V, ℓ ≤ ∞)-PM can be solved in polynomial time.

The following lemma provides another reduction among subproblems.

Lemma 8 For any fixed k, (U, E, ℓ ≤ k)-PM can be reduced in polynomial time to (U, V, ℓ ≤ k + 1)- PM. Also, (U, E, ℓ ≤ ∞)-PM can be reduced in polynomial time to (U, V, ℓ ≤ ∞)-PM.

Proof: For a given graph G = (V, E) and S ⊆ V , we construct a graph G^′ as follows: Corresponding to each edge e ∈ E, we put a vertex y_e in G^′. Also, for every vertex u ∈ S, we put a vertex x_u in

G^′. For every two edges in G that share an endpoint, we connect the corresponding vertices in G^′ by an edge. If u ∈ S is an endpoint of e ∈ E, we put an edge between x_u and y_e in G^′.

It is easy to see that G has an edge-disjoint path-matching with all paths of length at most k if and only if G^′ has a vertex-disjoint path-matching with all paths of length at most k + 1. □

It is worth noting that the above lemma can also be generalized for the directed case using essentially the same proof technique. We can use this generalization and Theorems 3 and 7 to prove the following.

Corollary 9 (D/U, E, ℓ ≤ ∞)-PM can be solved in polynomial time.

We need the following lemma in the proof of Theorem 11.

Lemma 10 Let k ≤ 3, G = (V, E) be an undirected graph, and S ⊆ V . If there is a (not necessarily edge-disjoint) path-matching with path-lengths at most k in G covering S, then G also has an edgedisjoint path-matching with path-lengths at most k covering S.

Proof: Let M be a path-matching with paths of length at most k in G covering S, such that the total length of the paths in M is minimum. We prove that M is edge-disjoint. Assume, for contradiction, that there are two paths P_1 and P_2 in M that are not edge-disjoint. It is easy to see that if we replace P_1 and P_2 with their symmetric difference, we obtain another path-matching M^′ with a smaller total length of paths. Furthermore, since k ≤ 3, the length of each path in M^′ is at most k. This contradiction shows that M is edge-disjoint. □

Now, we can prove the following theorem. Notice that the k = 2 case of the following theorem is also a corollary of Theorem 4 and Lemma 8.

Theorem 11 (U, E, ℓ ≤ k)-PM can be solved in polynomial time for k ≤ 3.

Proof: We construct another graph G^′ as follows: The vertex set of G^′ is S, and two vertices are adjacent if and only if there is a path of length at most k between them in G. It is clear that G^′ has a perfect matching if and only if there is a path-matching in G with all path-lengths at most k that covers S. By Lemma 10 this is equivalent to the existence of an edge-disjoint path-matching in G with path-lengths at most k. □

Theorem 12 (D, E, ℓ ≤ 2)-PM can be solved in polynomial time.

Proof: It is easy to see that any path-matching with path-lengths at most 2 is edge-disjoint. Therefore, we can use a technique similar to the proof of Theorem 11. □

We will prove in the next section that (D, E, ℓ ≤ 3)-PM is NP-complete. However, the next theorem shows that this problem can be solved in polynomial time if S is an independent set.

Theorem 13 (D, E, ℓ ≤ 3)-PM can be solved in polynomial time for instances (G, S) such that S is an independent set of G.

Proof: We construct an undirected graph G^′ from G as follows: Corresponding to each vertex u in S, we put 3 vertices a_u, b_u, and c_u in G^′, and for each edge e in G, we put two twin vertices y_e and z_e in G^′. For every u ∈ S, we connect c_u to both a_u and b_u. Also, if for some vertex u in S and edge e = vw, there is an edge from u to v in G, we put an edge between a_u and y_e, and if w = u or there is an edge from w to u in G, then we put an edge between z_e and b_u. There is no other edge or vertex in G^′. Let X := {a_u, b_u, c_u : u ∈ S}. We claim that G has a path-matching covering S with path-lengths at most 3, if and only if G^′ has a twin-matching covering X.

Assume there is a path-matching M in G covering S. For every path u_1u_2u_3u_4 of length 3 in M (u_1, u_4 ∈ S), consider the edges a_{u1} y_{u2u3} and z_{u2 u3} b_{u4} , and for every path u_1u_2u_3 of length 2 in M (u_1, u_3 ∈ S), consider the edges a_{u1} y_{u2u3} and z_{u2u3} b_{u3} in G^′. Let A be the set of all these edges. It is easy to see that A is a twin-matching, i.e., for every pair of twin vertices, it covers either both or none of them. Furthermore, for every u ∈ S, A covers exactly one of the vertices a_u and b_u. Thus, we can match c_u with the unmatched one. By adding all these edges to A, we obtain a twin-matching of G^′ that covers X.

Conversely, assume that G^′ has a twin-matching M^′. Consider an edge e = u_2u_3 in G, for which both y_e and z_e are matched in M^′. y_e must be matched with x_{u1} , for some u_1 ∈ S that has an edge to u_2. Also, z_e must be matched with either x_{u3} , or x_{u4} for some u_4 ∈ S that has an edge from u_3. In the first case, consider the path u_1u_2u_3, and in the second case, consider the path u_1u_2u_3u_4. Let M denote the set of all these paths. For every u ∈ S, c_u must be matched with exactly one of a_u and b_u. Therefore, u is either the head or the tail of one of the paths in M. Furthermore, for every two paths in M, their second edge is different, and therefore they are edge-disjoint. Thus, M constitutes an edge-disjoint path-matching for M that covers S. □

3 NP-completeness results

In this section, we prove NP-completeness of several subproblems of the path-matching problem. We use a reduction from the 3-SAT problem (see Garey and Johnson [8]), similar to the reduction that is used by Itai et al [9]. In fact, we use a reduction from the following restricted version of the 3-SAT problem, in which for every variable x_i, the number of occurrences of x_i in the formula is equal to that of x_i. We call this problem Equal Occurrence 3-SAT, or EO-3-SAT. It is easy to see that 3-SAT is reducible to this problem (see also Itai et al. [9]).

Theorem 14 (D, V, l ≤ k)-PM is NP-complete for any fixed k ≥ 3.

Proof: It is clear that the problem is in NP. We prove its NP-completeness by showing a reduction from EO-3-SAT. First, we show this reduction for k = 3. Let φ be an EO-3-SAT formula in which the literal x_i (and therefore x_i) has occurred m_i times. We construct a directed graph G and a subset S of its vertices such that φ is satisfiable if and only if G has a vertex-disjoint path-matching covering S with path-lengths at most 3.

Corresponding to each variable x_i, G has one component which has {z_{i,j} , y_{i,j} , x_{i,j} , x_{i,j} , w_{i,j} , v_{i,j} , u_{i,j} : j = 1, . . . , m_i} as its vertex set, and {z_{i,j} y_{i,j} , y_{i,j} x_{i,j} , y_{i,j} x_{i,j} , x_{i,j} w_{i,j} , x_{i,j} w_{i,(j mod mi)+1}, x_{i,j} v_{i,j} , x_{i,j} v_{i,j} , v_{i,j} u_{i,j} : j = 1, . . . , m_i} as its edge set. This component is shown in Figure 2.

Also, corresponding to each clause C_i in φ, G contains a vertex c_i and if the rth occurrence of the literal x_i (x̄_i) is in C_j , we put a directed edge from c_j to x_{ir} (x̄_{ir} , respectively). Now, let U be the set of all u_{i,j} ’s, W be the set of all w_{i,j} ’s, Z be the set of all z_{i,j} ’s, and C be the set of all c_i’s. If the size of U ∪ W ∪ Z ∪ C is odd, we add a new vertex to U. For every two vertices u, u^′ ∈ U, we

Figure 2: The component corresponding to x_i in the reduction from EO-3-SAT to (D, V, ℓ ≤ 3)-PM

put an edge from u to u^′ in G. There is no other vertex or edge in G. Let S := U ∪ W ∪ Z ∪ C. We claim that φ is satisfiable if and only if (G, S) is a yes-instance of (D, V, ℓ ≤ 3)-PM.

Assume that φ is satisfiable, and consider a satisfying truth assignment t. For every variable x_i, if t(x_i) = true (false), consider the set of paths z_{i,j} y_{i,j}x̄_{i,j} w_{i,(j mod mi )+1} (z_{i,j} y_{i,j} x_{i,j} w_{i,j} , respectively) for j = 1, . . . , m_i. Let A denote the set of all these paths. Also, for every clause C_j , consider a literal x_i (x̄_i) in C_j that is satisfied by t, and consider the path c_j x_{i,r}v_{i,r}u_{i,r} (c_jx̄_{i,r}v_{i,r}u_{i,r}, respectively), where r is a number such that C_j is the rth occurrence of x_i (x̄_i, respectively). Let B denote the set of all these paths. It is clear that A ∪ B is a set of vertex-disjoint paths of length 3 that covers Z, W , C, and a subset U^′ of U. Thus, by adding a perfect matching in U \ U^′ to A ∪ B we obtain a path-matching for (G, S). Therefore, (G, S) is a yes-instance of (D, V, ℓ ≤ 3)-PM.

Now, assume that G has a vertex-disjoint path-matching M covering S. Since there is no path of length at most 3 from Z to S \ W , therefore M must match every vertex of Z with a vertex of W . It is easy to see that for every i, there are only two possibilities: either z_{i,j} is matched with w_{i,j} by the path z_{i,j} y_{i,j} x_{i,j} w_{i,j} , or it is matched with w_{i,(j mod mi)+1} by the path z_{i,j} y_{i,j}x̄_{i,j} w_{i,(j mod mi)+1}. In the former case, let t(x_i) = false, and in the latter case, let t(x_i) = true. Since |W | = |Z|, every vertex of W must be matched with a vertex of Z in M. Furthermore, there is no path between two vertices in C. Therefore, every vertex of C must be matched with a vertex of U. It is easy to see that this implies that t is a satisfying assignment for φ.

For k ≥ 4, it is sufficient to replace the edges z_{i,j} y_{i,j} , c_j x_{i,r}, and c_jx̄_{i,r} by paths of length k − 2. The above argument implies that the resulting graph is a yes-instance of (D, V, ℓ ≤ k)-PM if and only if φ is satisfiable. □

Theorem 15 (U, V, l ≤ k)-PM is NP-complete for any fixed k ≥ 4.

Proof: The proof is very similar to that of Theorem 14. We use the same reduction, with all edges replaced by undirected edges. The only difficulty is in proving that there is no path of length at most k between Z and S \ W or between two vertices of C. This can be done by observing that the length of the shortest path between two vertices of Z is 2(k − 2) + 4 ≥ k + 1, the length of the shortest path between a vertex of Z and a vertex of U is k + 1, the length of the shortest path between a vertex of Z and a vertex of C is 2(k − 2) + 1 ≥ k + 1 (since k ≥ 4), and the length of the shortest path between two vertices of C is 2(k − 2) + 2 ≥ k + 1. The rest of the proof is similar. □

Theorem 16 (D, E, l ≤ k)-PM is NP-complete for any fixed k ≥ 3 and (U, E, l ≤ k)-PM is NPcomplete for any fixed k ≥ 4.

Figure 3: The component corresponding to x_i in the reduction from EO-3-SAT to (D, E, ℓ ≤ 3)-PM

k 1 2 3 ≥ 4 ∞ (D, E, ℓ ≤ k)-PM P P NPC NPC P (D, V, ℓ ≤ k)-PM P P NPC NPC P (U, E, ℓ ≤ k)-PM P P P NPC P (U, V, ℓ ≤ k)-PM P P P NPC P

Table 1: Summary of the results

Proof: The proof is very similar to that of Theorems 14 and 15. The only difference is in the component that represents the variable x_i. For the directed case and k = 3, this component is shown in Figure 3. For k > 3, we replace the edges z_{i,j} y_{i,j} , c_j x_{i,r} , and c_jx̄_{i,r} by paths of length k − 2. For the undirected case, we omit the direction of the edges. In each case, an argument similar to the proof of Theorems 14 and 15 implies that the reduction is correct. □

4 Conclusions

In this paper, we studied several subproblems of the path-matching problem with constraints on the length of the paths. Table 1 shows a summary of our results. There are several open problems related to the path-matching problem. For example, complexity of the path-matching problem for restricted classes of graphs, such as planar graphs is an open question. Also, similar to Itai et al. [9], one can consider the subproblem in which the length of the paths are restricted to be equal to a given number k. Faudree and Gyárfás [7] define a bipartite version of the path-matching problem in which the set S is partitioned into two subsets S_1 and S_2, and the paths in the path-matching are required to match the vertices of S_1 with the vertices of S_2. All of the above problems can also be considered in the bipartite case.

Acknowledgments. Parts of this research was done while the third author was visiting Sharif University of Technology in summer 1999. We thank Showraye Jazbe Nokhbegan for their financial support and Dr. S. Sohrabpour for the facilitation of this visit. Also, we would like to thank J. Geelen and N. Immorlica for their helpful comments.

References

[1] J. Cohen, P. Fraigniaud, J.C. Koing, and A. Raspaud, Optimized Broadcasting and Multicasting Protocols in Cut-Through Routed Networks, IEEE Transactions on Parallel and Distributed Systems 9 (1998), 788–802.

[2] J. Cohen and P. Fraigniaud, Broadcasting and Multicasting in Trees, Technical Report LRI- 1265, Labratorie de Recherche en Informatique, Univ. Paris-Sud, 91405 Orsay cedex, France.

[3] L. Csaba, R.J. Faudree, A. Gyárfás, J. Lehel, and R.H. Schelp, Networks communicating for each pairing or terminals, Networks 22 (1992), 615–626.

[4] W.H. Cunningham, and J.F. Geelen, The optimal path-matching problems, Combinatorica 17 (1997), no. 3, 315–337.

[5] A.K. Datta, and R.K. Sen, 1-Approximation algorithm for bottleneck disjoint path matching, Information Processing Letters 55 (1995), 41–44.

[6] A.M. Farley, Minimum-time line broadcast networks, Networks 10 (1980), no. 1, 59–70. [7] R.J. Faudree, and A. Gyárfás, Path-matchings in graphs, Congressus Numerantium 120 (1996), 83–96.

[8] M.R. Garey, and D.S. Johnson, Computers and Intractability, A Guide to the Theory of NP-completeness, W.H. Freeman and Company, San Francisco, 1979.

[9] A. Itai, Y. Perl, and Y. Shiloach, The complexity of finding maximum disjoint paths with length constraints, Networks 12 (1982), no. 3, 277–286.

[10] W. Mader, Uber die Maximalzahl kreuzungsfreier H-Wedge, Archiv der Mathematik (Basel) 31 (1978), 387–402.

[11] S. Wu, and U. Manber, Path-matching problems, Algorithmica 8 (1992), 89–101. [12] A. Schrijver, A short proof of Mader’s S-paths theorem, Journal of Combinatorial Theory Ser. B, to appear.

[13] V.V. Vazirani, A theory of alternating paths and blossoms for proving correctness of the O(|V |^{1/2}|E|) general graph matching algorithm, Combinatorica 14 (1994), 71–91.

[14] H. Yinnone, Maximum number of disjoint paths connecting specified terminals in a graph, Discrete Applied Mathematics 55 (1994), 183–195.