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ABSTRACT

Embedding metrics into constant-dimensional geometric spaces,
such as the Euclidean plane, is relatively poorly understood. Moti-
vated by applications in visualization, ad-hoc networks, and molec-
ular reconstruction, we consider the natural problem of embedding
shortest-path metrics of unweighted planar gragiian@r graph
metric9 into the Euclidean plane. It is known that, in the special
case of shortest-path metrics of trees, embedding into the plane
requires®©(y/n) distortion in the worst caseé [19| 1], and surpris-
ingly, this worst-case upper bound provides the best known ap-
proximation algorithm for minimizing distortion. We answer an
open question posed in this work and highlighted by Ma&bu

[21] by proving that some planar graph metrics req@(m”‘”’)
distortion in any embedding into the plane, proving the first separa-
tion between these two types of graph metrics. We also prove that
some planar graph metrics requi2én) distortion in any crossing-
free straight-line embedding into the plane, suggesting a separatio
between low-distortion plane embedding and the well-studied no-
tion of crossing-free straight-line planar drawings. Finally, on the
upper-bound side, we prove that all outerplanar graph metrics can
be embedded into the plane with(,/n) distortion, generalizing

the previous results on trees (both the worst-case bound and the ap
proximation algorithm) and building techniques for handling cycles
in plane embeddings of graph metrics.

Categories and Subject Descriptors

F.2.2 Nonnumerical Algorithms and Problems: Geometrical
problems and computations
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1. INTRODUCTION

Metric embedding is a mathematical study arising out of the clas-
sic field of multidimensional scaling, originally motivated by such
applications as visualization, compression, clustering, and nearest-
neighbor searching [26, 27,16,]/17], and more recently finding ap-
plications in geometric reconstruction of ad-hoc wireless sensor
networks|[8[ 25, 23] and molecular structure of proteins [6, 9, 13].
Roughly speaking, the goal is to embed a given metric (matrix of
pairwise distances amongpoints) into a target space while min-
imizing the maximum additive or multiplicative error, callelis-
tortion, introduced in the distancfROf particular interest in many
of these applications is embedding into low-dimensional geometric
spaces, typically Euclidean. For example, in visualization, the nat-
ural target spaces are 2D and 3D Euclidean space, for display on
an LCD panel or a holographic display. Similarly, in ad-hoc wire-
less sensor networks and molecule structure of proteins, 2D and 3D
Euclidean spaces are the natural spaces inhabited by these objects,
so embedding into these spaces corresponds to reconstructing the
original object.

Yet despite persistent efforts by many researchers leading to
many recent results about embedding—see, e|g.] [14] for a
survey—we remain in the dark about most aspects of embedding
into low-dimensional geometric spaces. Even when the target space
is the one-dimensional line, little is known. For example, when the
given metric is the shortest-path metric of an (unweighted) tree,
the best known approximation factor for multiplicative distortion
is O(n'/?) (improving on theO(n'/?)-approximation for general
graphs)|[5], and it is unknown whether it is possible to achieve a
factor of n°1; see[3]. (On the other hand, additive distortion is
less interesting in this context: there is@x1)-approximation for
embedding a general metric into the lipe|[12].)

Even less is known about embedding into the two-dimensional
plane. For additive distortion and the Euclidean plane, the only

More precisely, given a metrid/ on a point sefi’ and a tar-
get space ofl-dimensionall; space, the goal is to find a map-
f : V. — R? to either approximately minimizadditive
distortion max,,wev | || f(v) — f(w)]|s — M[v,w]|, or approx-
imately minimize multiplicative distortion max, wev || f(v) —
f(w)l|s/Mlv, w] subject to] f(v) — f(w)l[s > M[v,w] (non-
contractiveness). (ld-dimensional; space, distances and lengths
are measured according to thle norm ||(z1,...,xaq)ls
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o(n)-approximation algorithm runs in pseudo-quasipolynomial into the plane with sublinear distortion. Specifically, we prove an
time [4]. For additive distortion and thé, plane, there is a O(+/n) upper bound on distortion for the shortest-path metrics of
polynomial-timeO(1)-approximation [2]. But for the most natural ~ (unweighted)outerplanar graphsi.e., graphs that can be drawn

case of multiplicative distortion, nothing beyond a trivia(n)- in the plane without crossings and with all vertices on the outer
approximation is known for embedding general metrics into any face. Interestingly, this result does not take the obvious approach
{5 plane. Essentially the only result is by Babilon, Matel, of embedding the dual tree of an outerplanar graph; rather, it uses

Maxova, and Valtr|[1]: anO(/n)-approximation for embedding  a breadth-first-search tree. The main challenge is in handling the
the shortest-path metric of an (unweighted) tree into the Euclidean cycles in the graph.
plane. In fact, this approximation result comes trivially from a
worst-case bound: all such metrics can be embedded into the Eu-Qur results. In more detail, the main results of this paper are as
clidean plane with multiplicative distortiof(1/n) (improving on follows.
an earlier bound by Gupta [L0]), and thus such an embedding is  On the lower-bound side, we prove that some planar graph met-
anO(/n)-approximation on the optimal multiplicative distortion. ics requireQ(n?/3) distortion in any embedding into the plane,
This bound is ti_ght in the worst case for trees (or even stars), but g4 prove that some planar graph metrics req@ife) distortion
can we generalize beyond trees? o in any crossing-free straight-line embedding into the plane. These
‘One of the major open questions about embedding into the Eu- resyits imply that embedding planar graph metrics into the plane
clidean plane, posed in [21] 1] and addressed in this paper, isth sublinear distortion is different from planar drawings of planar
whether there is a worst-case bound on distortion betterdHar) graphs, suggesting that we cannot apply the well-studied tools from
fpr shortest-path metrllcs of all (unwelghtq:damar graphs, in par- that domain. In fact, ouﬂ(n2/3) lower bound builds on the(n)
ticular whether there is a®(/n) bound like trees. It has been . ,sging.free lower bound, extending the structure of the underly-
known for over 15 years thgt the shortest-path metrics of some non-ing planar graph substantially to force a “planar-like” drawing. We
planar graphs, such ds; with each edge subdivided/10 times, use topological graph theory to reason about which vertices must be
requires multiplicative distortiofi2(n) [19, |14]. But for shortest- o naqded “interior” to cycies in the graph, even though these cy-
path metrics of (unweighted) planar graphs, which we paihar cles may embed as curves with many self-crossings and crossings
graph metrics no worst-case lower bound better thiy/n) is of each other. To help cope with this difficulty, we use a combina-
known. One of the results qf this paper is a stronger, more com- .\ approach to eliminate some of the crossings.
plicated lower bound of2(n?/?) for the shortest-path metrics of a On the upper-bound side, we prove that every outerplanar graph
family of p_Ianar graphs called “globe graphs”. Interesti_ngly, this  metric can be embedded into the plane with,/n) distortion. In
graph family has not been considered before (at least in the con-particular, this result improves the best approximation factor for
text of embedding) and the lower-bound argument uses topological pinjmum-distortion embedding of outerplanar graph metrics from
graph theory, in contrast to the standard packing arguments in MOStO (n) to O(+/n), which is the only nontrivial such result for mul-
embedding lower bounds. _ _ tiplicative distortion into the Euclidean plane other than trees. The
Planar graph metrics are a natural family of metrics to embed: regy|t uses the following ideas. First, we decompose the graph into
many structures of interest, such as communication networks andy «tree of cycles’, cutting apart faces so that they do not share
traffic networks, are planar (or nearly planar) graphs, and low- gqges. We cannot use the dual tree itself: the main challenge is
di.stor.tion embed‘ding of such structures is important, eg., for visu- g correctly handle the cycles in the graph. Second, we perform a
alization. There is also a wealth of knowledge abaossing-free  preadth-first search in this graph, partitioning the graph into a BFS
straight-line drawingsof planar graphs into the plane, originating  tree and several nontree edges. Third, we use a modification of the
with Tutte’s embedding theorern [29] and studied more recently in O(y/n)-distortion embedding for trees so as to embed the BFS tree
the context of graph drawing (see, e.9.,|[28]). Itis natural to con- yjthout stretching the nontree edges too much. We modify the in-
sider to what extent such embeddings can preserve approximateyyt to the algorithm, augmenting the BFS tree with extra paths in
distances as well. Another result of this paper is that, in fact,) key locations to force desired gaps in the output, and we modify the

distortion can be required if we restrict attention to crossing-free ytput of the algorithm, shifting vertices to close unwanted gaps in
straight-line embeddings of planar graph metrics, even when the the output.

graph has bounded treewidth.

Or_1e intriguing aspect of the_problem of embedding p_Ianar graph 2. LOWER BOUND FOR PLANAR
metrics into the plane is that, in the context of embeddings, planar
graphs usually behave the same as graphs excluding any fixed mi- GRAPH EMBEDDING

nor. For example, the same upper boundgf/log n) distortion In this section we prove a separation between embedding trees
is known for embedding into Euclidean space|[24], 20], the same and embedding planar graphs into the plane. Namely, we prove
upper bound ofD(1) distortion is known for embedding intb., that embedding some planar graphs witlrertices into the plane
space|[15], and the same upper bound)gl) distortion is con-  requires distortio2(n?/3), whereas trees can be embedded into

jectu.red for embedding inté, space .[11]. (AII of thgse bounds _ the plane with distortiorO(nl/2). Along the way, we prove that
require a superconstant number of dimensions.) While we prove in gyery crossing-free straight-line embedding of some planar graphs
this paper af2(n2/) lower bound on the distortion required to em-  ith n, vertices into the plane has distortie¥n).

bed a planar graph metric into a plane, a sublinear upper bound is  Throughout this section, we use the odd-even notion of “inside”
still quite possible. In contrast, the subdivid&g graph mentioned and “outside” of self-crossing polygons. Namely, for a paint
above excludes a fixed minor (e.&s,s), yet its shortest-path met- ot on the boundary of a (potentially self-crossing) polydarwe

ric requirest2(n) distortion when embedded into the plane. There- count the number of times that an arbitrary half-infinite ray emanat-
fore, any sublinear upper bound on distortion for planar graph met- ing from v properly crosses the polygd?; we do not count when

rics will need substantially different techniques compared to previ- the ray “grazes” the polygon (with the polygon locally on one side
ous approaches, which seem to apply equally well to planar graphsof the ray). If this count is odd, the pointis insidethe polygonP;

and graphs excluding a fixed minor. . ~ otherwise is outsideP. Also, let| P| denote the number of ver-
Toward this goal, we develop new techniques for embedding tices of polygonr.



. . edges
Figure 1. The subtended angles of an edge at a point. e

LEMMA 1. For any pointv inside a (potentially self-crossing)
polygonP in the plane, if the distance fromto every vertex of
is at leastr, then there is an edge & of lengthQ (/| P|).

Proof: Letwy,us,...,u p| be the vertices of in counterclock- Figure 2. The globe graph G.,,.

wise order. For each edge &f, we consider the absolutib-

tended anglef this edge ab, as shown in Figurg]1. In any poly-

gon, these subtended angles sum to at 1868t (larger because Figure[2 with heavy edges. The distance between any two vertices

of taking absolute values, and if the winding numbefa larger in the subdividedK, is within a constant factor of the distance

than1). Thus, at least one edge;, u;11) has subtended angle at  between those vertices in the globe gréph

least360° /| P| (and at mosti80° by definition). Considering the . . .

trianglev, u;, ui+1, becausdiu; — v|| and||ui1 — v| are both at ~LEMMA 3. If two graph edges cross in a straight-line embed-

leastr, ||ui — wiy1]| is Q(r/|P)). O ding of a grgph into th_e plane, and the graph dl_stance between

each endpoint of the first edge and each endpoint of the second

Our result about crossing-free straight-line planar embeddings is edge (four pairs) is at least, then the distortion of the embedding

based on graphs that inspire our main result later on. is Q(s).

THEOREM 2. There are planar graphs where every crossing- Proof: Consider the quadrilateral formed by the endpoints of the
free straight-line embedding into the plane has distortitfm). two edges. In any expansive embedding of the graph into the plane,
the Euclidean length of each side of the quadrilateral is at keast

Proof: Consider the grapli: obtained by starting withk, and (the graph distance between the two edge endpoints). By the trian-

attaching a path of length to each vertex of<,. Any crossing- gle inequality, at least one dia_gonal of the quadrilateral (i.e., one of
free straight-line embedding @ in particular embeds<, with- the two edges) also has Euclidean length at lea3therefore, the
out crossings, which implies that one vertexf K, is inside the distortion of any such embeddingys). |

cycle C connecting the other three verticesfgi. (This fact fol-
lows because all outerplanar graphs excliideas a minor.) Any
crossing-free straight-line embedding®@imust therefore place the
path attached to completely inside”. Letw denote the endpoint
of this path (other tham). The graph distance from to every

LEMMA 4. Any o(n?/3)-distortion straight-line embedding of
the subdivided<, into the plane puts one vertex éf, inside the
cycle (polygon) connecting the other three vertice&of

vertex of C' is at least, so in any expansive embedding@f the Proof: Call a vertex ofK 4 goodif it is inside the cycle connecting
Euclidean distance betweenand every vertex of’ is at leastn. the other three vertices df 4. If the straight-line embedding of the
By Lemmg 1 withP = C, an edge of” (which is an edge of<,) subdividedK, is crossing-free, then there must be a good vertex as
has lengthQ2(n/|C|) = Q(n). Therefore, the distortion of any in the proof of Theorerfi|2. Otherwise, we modify the embedding
crossing-free straight-line embedding®@fis (2(n). O into an embedding of<,, drawing each edge as a curve, in such a

way that eliminates all crossings while preserving the parity of the
number of good vertices df 4. Thus, if there is an odd number of
good vertices in the new embedding, then there was a good vertex
in the original embedding too.

Throughout the modification of the embedding, we maintain a
labeling of some portions of these curves. Namely, in the original
embedding, we label every edge of the subdividedwhose end-
points are within distancén®/? of vertexvq, d € {N, S, E, W},
with labeld. (Every point has at most one label.) As we modify
the embedding of<4, every point of a curve that remains in the
embedding keeps the same label that we originally assigned it.

This labeling has several properties with respect to the original
straight-line embedding, and as we shall see, with respect to the
modified embeddings we create. First, for any pairabeleda
along the curve representing an edae, v, } of K4, the subcurve
from v, to z is entirely labeled:. Second, for any three distinct
2We use the term “country” instead of “face” in order to refer to the ~ Verticesva, vy, ve of K, the edge{va, v} embeds to a curve that

same cycles when considering not-necessarily-planar embeddinggloes not cross any portion of a curve labetedThird, two non-
of the globe graph. incident edges of{4 cannot cross. Fourth, two incident edges of

Our main result is based on théobe graph defined as follows;
see Figur¢ 2. On a sphere (the globe), drad” longitude and
n'/3 latitude lines. These lines define a preliminary graph, whose
vertices are the intersections of the lines (including the two poles)
and whose edges are portions of the lines. We subdivide each of
these edges into a pathot/® edges. We attach a path of length
to each of the two polesy andvs, and to each of two antipodal
pointsvy andvg on the equator. The resulting globe gra@h is
planar and ha®(n) vertices.

In the spherical embedding of the globe graph shown in Fgure 2,
each face is called eountry”l Thus each country is a cycle of
length©(n'/?).

The four verticean, vs, vw, andvg, together with the three
longitudes ab® and+90° and the rear half of the equator, define
a subdividedK, as a subgraph af,,. This subgraph is shown in




with distortiono(n?/%), two endpoints of two crossing edges must
have graph distanag{n?/?). Because we only remove portions of

K4 sharing an endpoint, can intersect only along the portions
labeleda. The last three properties use Lemjja 3, which tells us
that, in the original straight-line embedding of the subdividéd

curves and/or change curves locally around removed crossings, we (a) Before (b) After
maintain all four of these properties as invariants of the modified
embedding. Figure 3. Eliminating self-intersections. Bold lines indicate a

Whenever an edge df, say{vx,vs}, is embedded as a self- hypothetical labeling of part of the curve.
crossing curve, we remove a self-crossing as follows. Consider
starting from one endpointy of the curve and following the curve

until reaching a poing that has already been visited. Thusle-
composes the curve into three pieces: a curve framno ¢, a closed
curve starting and ending at and a curve frony to vs. We re- o o
move the closed curve from the embeddingfof. This removal

affects only the embedding of the edfex,vs} of K4, which

is not involved in the definition of whethery or vs is good, so (a) Before (b) Atter
the _goqdness oby andvs is preserved. On the other hand, the Figure 4. Eliminating edge intersections. Bold lines indicate
nonincident edgé¢vw , ve} of K4 cannot cross the edden, vs } portions of the curve labeled vy

(before or after the removal), say is inside the removed closed

curve if and only ifvg is inside the removed closed curve. Thus,

the goodness ofy andvg either both remain the same or both LEMMA 5. In any o(n?/?)-distortion embedding of the globe
change as a result of the removal. Hence, the removal preserves thgraph, the endpoint: is embedded inside a country of the globe
parity of the number of good vertices &fs. graph.

Whenever the edges df, do not have self-intersections (i.e.,

the previous modification has been applied fully), yet two (inci-  proof: If we draw the globe graph on a sphere as in Filire 2, then
dent) edges, sajun,vs} and{vy,vw }, embed to curves that  the cycleC divides the sphere into two regions: inside and outside.
cross each other at a point then we remove the crossing as fol- e define thénside regiorto be the region containingy, which is
lows; see Figurg]4. The point divides the edggvn,vs} into roughly three quarters of the sphere; theside regioris the other
two curves, one of which connects; to z. Similarly, the edge  regjon, the back lower quarter of the sphere. We definimside
{vn,vw} gives us a curve fromy to z. We swap these two  countryto be a country (face) of the globe graph that is within the
curves fromuy to z, switching the identity of to which edge each  inside region (viewed on the sphere). An edge of an inside country
curve belongs. This change affects the embedding of only thesejs boundaryif it is an edge of the cycl€.

two edges, which are not involved in the definition of whethgr By the definition ofu being insideC, a half-infinite ray emanat-

is good, so the goodnessaf is preserved. Also, because we did  ing from u properly crosse&’ an odd number of times. Lét de-

not remove any portions of curves connecting vs, andvw from note the sum, over all inside countries, of the number of times that
the embedding—we only changed how they were connected—we the ray properly crosses that country in the embedding. This sum
preserve the number of crossings with a ray emanating frem decomposes into two parts: the number of crossed boundary edges
and thus we preserve its parity and whethgris good. Finally, of inside countries and the number of crossed nonboundary edges
we claim that the goodness of andvw either both change or  of inside countries. Every crossed nonboundary edge is shared by
both stay the same. By our invariants, the paing labeledN on exactly two inside countries and therefore is counted exactly twice
both curves fromy to z, and therefore the entire curves fram in the sumS. Hence, the parity of is the same as the parity of the
to x are labeledV. Therefore, the edggvs, vw } mustembedtoa  number of crossed nonboundary edges (i.e., crossed edges of
curve that does not cross either of these curvesgsandvy, must which we know to be odd. Thus, at least one term in the sLis)

both be either inside or outside of the closed curve formed by the odd, i.e., at least one inside country is crossed an odd number of
two curves fromwy to z. In the former case, the goodnessvgf times by the ray. Therefore, is embedded inside this country®

andvw both change, and in the latter case, they both stay the same.

By repeatedly applying each of the two rules above for removing ) )
crossings, giving preference to the removal of self-crossings, we  THEOREM 6. Every 2e3mbedd|ng of the globe graph into the
eventually remove all crossings in the embeddinggef Removing ~ Plane has distortio2(n*/%).

a crossing between two different edgesiof can introduce new

self-crossings, but every operation decreases the total number ofProof: If there were an embedding with distortiair>/%), then
crossings, so the process terminates. As we have argued, the paritpy Lemmd}, the endpoint of one of the attached paths would be
of the number of good vertices @, has remained the same, any embedded inside a country of the globe graph. The distaneéoof
crossing-free straight-line embedding has a good vertex, and thusthe vertices of the country is at leastwhile the country is a cycle

we obtain the desired good vertex in the original embedding of ©(n'/?) vertices. By LemmE]L the distortion of the embedding
2/3 o O
By symmetry, assume that vertex is embedded inside the cy- must betd(n ™), a contradiction.
cle (polygon)C' in the subdivided, connectings, vw, ve. Let The same result as Theorin 6 can be proved with a mathemat-
u denote the endpoint of the path attached to (other thanvy ically more natural graph instead of the cartographically natural

itself). By Lemmg B,u must also be inside the cycle connecting globe graph. Namely, take a tetrahedron and repeatedly refine each
vs,vw, Vg iN any o(n2/3)-distortion embedding, because every triangle into four subtriangles until each edge of the tetrahedron is
edge of the chain attached to; has distancé(n?/?) to every refined into®(n'/%) edges. Then we refine each edge further into
edge of the cycle. a path ofn'/® edges, and attach a path of lengtho each corner

of the tetrahedron.



3. OUTERPLANAR EMBEDDING

In this section, we give an algorithm for embedding outerplanar
graph metrics into the plane with(y/n) distortion. Our algorithm

consists of five main steps: 2 u/
. U
1. Modify the graph so that no two fa@share an edge, and
so that the number of vertices of every face is congrueit to
modulo4, at the expense @ (1) distortion.
(a) Before (b) After

2. Build the BFS tree rooted at an arbitrary vertgxonceptu-

ally removing thenontree edges Figure 5. Eliminating edge neighborings.

3. Add extra “branches” (paths) in between subtrees of the tree
in order to change the shape of the embedding of the BFS tree
(to come in Step 4) to have a desired horizontal gap between t0 j # 1 modulo4, 2 < j < 4, we subdivide one of the edges into
the two subtrees. a path of6 — j edges. Now every face has length congruent to
) ] ] modulo4. Each edge is subdivided(1) times, so the total length
4. Embed the resulting tree using Babilon et al.'s tree embed- of any path, and the size of the whole graph, increases by at most a
ding algorithm. constant factor. O

5. Shift the upper half of the left side of each face to the right to
compensate (if needed) for the nontree edges’ improvements
to shortest paths.

From now on, we work ore’ instead ofG. We fix a combi-
natorial outerplanar embedding @f, so that cycles correspond to
faces.

Step 1.We begin with the transformation of the graph into a “tree  St€P 2.Next we compute a breadth-first search (BFS) tre€’of
of cycles”: (in the primal). For simplicity, we assign the root of the breadth-

first search to be a degr@evertex of G’. We view this root vertex
LEMMA 7. Given an outerplanar graply, we can compute an  as being at the bottom of the embedding. Definelibightof a

outerplanar graphG’ such thatV (G’) 2 V(G), no two faces of vertex to be its level in the BFS tree, i.e., its tree distance to the root.
G’ share an edge, the number of vertices on every fagg’df We view they coordinates of the embedding as being proportional
congruent tol modulo4, and any embedding of the shortest-path to height; together with the combinatorial planar embedding’of
metric of G’ into the plane induces an embedding of the shortest- this view defines a notion of “left” and “right” between vertices at
path metric ofG with an extra multiplicative factor (1) in dis- the same height. See Figiiie 6.
tortion. Also,G’ hasO(n) vertices. The BFS tree decomposes the edgesbinto tree edgesand

nontree edgesEach nontree edge completes a face of the outerpla-
Proof: To satisfy the distortion constraint, it suffices to construct nar grapm’ together with only tree edges, because the faceéd of

a suitable graple’ such that, for any two vertices, v of G, the are the 2-connected componentg#f Indeed, there is exactly one
shortest-path distance betweemndv in G’ is within a factor of nontree edge per faceé Because faces @&’ have odd length by
O(l) of their distance |.rG. The dual ofG is a forest CO_ﬂSIStlng Lemmﬂ’ the endpoints of the nontree edg¢ bave equa| he|ght,
of one tree for every biconnected componentof It suffices to namely, the maximum height among all vertices on the facén

consider each biconnected component separately, and then glue thgigure[@, we draw the nontree edge as an apex at the top of each
modified components together at the vertices with common labels. face. On the other hand, timse vertexof a face is the vertex of

The modification of a biconnected component proceeds recur- minimum height, which is where the breadth-first search first en-
sively. To initialize, we set to any edge of7 incidentto only one  ters the face. The base vertex and the nontree edge divide the tree
face, and we color the edgeand its endpoints red. In general, we  edges of the face intoleft sideand aright side of equal size, each
proceed as follows. Left be the unique face incident & For each starting at the base vertex and ending at an endpoint of the nontree
edgee’ # e of face f, we double the edge and duplicate one of  edge. We consider the base vertex to belong to both the left and
its nonred endpoints as in Fig 5. Becadse: e, at least one right sides unless specified otherwise.
of the endpoints: of ¢’ is different from the red endpoints ef we At the end, the endpoints of each nontree edge will need to be
split u into two vertices, one with the same lahgland the other  prought closer together. Intuitively, no vertex is pulled in two di-
with duplicate labek'. We color each of the duplicated edges and  rections by two different nontree edges: every vertex is incident to
their endpoints red. Afterward, we conceptually remove the face  at most one nontree edge, because a vertex is the base of all but at
and we recurse in each component that has more than one facemgst one incident face, and the endpoints of the nontree edge of a
Note that, inductively, each component has exactly one red edge,face have strictly larger height than the base of the face.
incident to exactly one face.

Because every duplicated vertex is immediately colored red, and tep 3.We now define a further modificatiodt”” of the graph.

no red vertices are duplicated, the number of vertices in the result- 1, o modification is based on attaching new child paths, caltéd

! -C . ,

ing graphG” is O(n). Also, the shortest-path distance between  pranchesof certain lengths to certain nodes of the BFS tree. Extra
any Vﬁrtexu of Ci]"_‘mfj its duplicate.” is exactly2 in G". Thus, branches are always added in pairs, and each pair of extra branches
any shortest path i6" between distinct vertices ¥ is at mosta s offectively treated as a unit. There are three types of pairs of extra
constant factor longer than the shortest patt¥jrso we obtain the branches that we add.

des!red distortion boupd. , Extra branches of the first and second types are created as fol-
Finally, we can modify;" to guarantee that every face haslength |~ For each vertex with k& > 2 children in the BFS tree, we

v
congruent tol modulo4. For each face ii:" of length congruent  yachy — 1 pairs of extra branches, one pair between every two

3Throughout this section we use the term “face” to refer to bounded consecutive children of in the BFS tree. We first try attaching
faces only, excluding the outside face. the pair of branches at, and embedding the branches to enter the




Figure 6. The graph G” with extra branches.

region between the two children. However, if this would cause the
branches to enter a fageof the graphG’, then we instead attach
the two branches at the two endpoints of the nontree edgemfe

The extra branches preserve many aspects of the graph. We never
add a branch inside a face, so the faces are preserved. The extra
branches do not change the distances between verticg's fur-
thermore, the resulting gragh” is not much larger tha6’:

LEMMA 8. The graphG” with extra branches has sizg(n).

Proof: We prove that the number of extra vertices is linear sep-
arately for each type. For extra branches of the first or second
type separately, if we remove one branch from each pair of ex-
tra branches, then by the definition of trimming, each extra vertex
is either the leftmost at its height or it has a unique nonextra ver-
tex immediately to its left. Thus we can charge the two vertices
from a pair of extra branches either to the height or to the unique
nonextra vertex. For extra branches of the third type, if we re-
move one branch from each pair of extra branches, then we claim
that each extra vertex has a unique nonextra vertex immediately
to its left. This claim follows from the definition of the height of
an extra branch of the third type: any potentially conflicting hori-
zontally adjacent branches of the third type must be above one of
the two heights whose minimum we take. Thus we can charge to
the nonextra vertex. Because the maximum height and the num-
ber of nonextra vertices i9(n), the total number of extra vertices
isO(n). O

branch at each endpoint, embedded between any children of the twoSt€p 4.We apply the Babilon et al. tree embedding algorithin [1]

endpoints. Branches attacheddtare of thefirst type branches at-
tached to the nontree edge ffare of thesecond type In either
case, theorigin of each branch is the vertex (even though the
branch may not be attached#.

Next we define théeightof the extra branches of the first and

to the BFS tree of the graph” (i.e., the BFS tree ofi’ augmented
with the extra branches). Intuitively, the algorithm assigns an angu-
lar wedge to each subtree proportionally according to the number
of vertices in the subtree, and assigreoordinates according to the
height of each node plus a complicated perturbation. In particular,

second types, i.e., the height of the top vertex of each such branch the algorithm preserves the specified combinatorial embedding of

Initially, we set all of the heights to be; then we trim some of the
branches in order to guarantee that the number of verticé&’in
is only a constant factor larger than the number of verticeS’in

We also try to preserve the property that there is at least one extra
vertex between any two nonextra vertices at the same height not
belonging to the same face. The trimming algorithm proceeds as

follows: while there are two horizontally adjacent extra vertices of

the BFS tree of”. Precisely, the algorithm assigns to each vertex
v the coordinate$z’ (v), y(v)) as follows:
2v/n h(v) + [€(v) mod v/n],
k(v)
v

The functionsh(v), £(v), andk(v) are defined as follows. First,

y(v)

z'(v)

the same type, but not from the same pair of extra branches, removeh(v) denotes the height aof. Let 7, denote the BFS path from

the extra vertex that originates from a higher vertex, breaking ties
according to horizontal order with left having highest priority. Note

that extra branches of the second type are given priority according

to the height of their origin at the bottom of the face, not the height
of the endpoints of the nontree edge.

We add pairs of extra branches of the third type wherever a ver-
texu is on the left side of a fac¢ (excluding the base vertex) and
has at least one child strictly left gf. In this case, we attach a
pair of extra branches to in between the fac¢ and the children
of u strictly left of f. The height of these branches is defined to
be the minimum of two heights: (1) the maximum height among
descendants of the childrenoftrictly left of f, and (2) the maxi-
mum height among vertices strictly right ¢fthat are descendants
of vertices on the right half of the face One vertex may have
attached to it pairs of extra branches of multiple types; in this case,
we arbitrarily assign the left-to-right ordering of the pairs in the
combinatorial embedding. (In fact, we could also simply remove
the shorter pairs of extra branches.)

Figurg[§ shows an example with six faces. The extra branches af-

the root tov, i.e., the path of ancestors of These paths define
a partial order on the vertices: < v if u ¢ m,, v ¢ 7y, and
m, goes to the left ofr, at the vertex at which,, andw, branch.
Now ¢(v) denotes the number of predecessors @i this partial
order: {(v) = |{u € V | u < v}|. Definesgn,(u) to be0 if

U E Ty Orv € my, +11f u < v, and—1if v < u. Letay(u)
denote the tree distance fromto the nearest common ancestor
of u andw, i.e., the vertex at whichr,, andr, branch. Finally,

k(v) =2, cv sen, (w)av(u).

THEOREM 9. [1} Theorem 1] Babilon et al’s tree embedding
(z'(v),y(v)) embeds the BFS tree with(,/n) distortion: for a
constantcy > 0, the Euclidean distance between any two vertices
is between (a)o times their tree distance and (I8)(y/n) times
their tree distance.

Before we describe our modifications to this embedding, we
prove a basic fact about it:

LeEmMA 10. In Babilon et al’s tree embedding algorithm, the

ter trimming are drawn as dashed lines; the dotted extensions shoWyitrerence in: coordinates between two vertices of the same height

the original branches of the first type before trimming. For instance,
there are two pairs of extra branches originating from the junction
betweenf; and f5. As drawn, the left extra branch is of the third

is no less than the difference inbetween their parents.

Proof: Suppose two vertices and z have the same height. As-

type, and the right extra branch is of the first type (and has been sume by symmetry thab is to the left ofz. Letp be w’'s par-

trimmed).

ent and letq be z’s parent. Assume thgh # g¢; otherwise,



z'(q) — ' (p) = 0 and the lemma follows trivially. Thug is The shift values(u) applies tou and all of its descendants.
to the left ofg. Let g(v) = . sen,(u) be the number of  Therefore, our formula for the embedding is as follows:
vertices tov’s left minus the number of vertices tds right. Let

c(v) = |{u | v € m,}| be the number of descendantsucinclud- yv) = i\{’jh(”) + [(v) mod v/n],
ing v itself). _ v

We analyze the difference in coordinates betweew and its () = Vn * Z s(u).
parentp, i.e., z’'(w) — z'(p) = (k(w) — k(p))/+/n. It suffices e
to consider the difference(w) — k(p), ignoring the factor of/n. In other words, we first make the upper half of the left side of the
By the definition ofk(v), there are two ways in which(p) dif- face roughly parallel to the upper half of the right side of the face,
fers from k(w). First, for every vertexu with sgn (u) # 0, and then slant the left side of the upper half of the face to the right

ap(u) = aw(u) — 1, for an overall decrease in the summation by having a linear growth in shift amount as we proceed up the left
by g(w). Second, the(p) — c(w) descendants gfthat are notde-  side.
scendants ofv are no longer counted in the summation; each such

descendant has lowest common ancesgowith w, soa., (u) = 1, LEMMA 11. For every vertex, s(u) = O(v/n).
leading to a contribution of-1 to the summation. Therefore, we . . )
have the following bound on the differengéw) — k(p): Proof: Applying (T) with w = u, we obtain thatk(u) — k(p)| =
O(n). Thus,z’(p) — '(u) = (k(u) — k(p))/v/n = O(y/n),
9(p) — c(p) < k(w) — k(p) < g(p) + c(p). 1) and similarly, 2’ (v) — z'(q) = O(y/n). Because the distance
B t btain the followina bound on the diff in the BFS tree betweep andt is less than|f|, and by The-
kg/z)sy_mkn(]qe).ry, we obtain the following bound on the difference orem[3(b), we haver'(g) — /(1) = O(Lfum). Therefore,
. - =iV — O(,/n), so by summing all terms, we ob-
— < — < . LIf1/4] ' )
9(q) = ela) < k(2) = k(q) < g(a) + <(a) tain thats(u) = O(+/m). .

Summing the upper bound éfw) — k(p) and the lower bound on
k(z) — k(q), we obtain . . .
Distortion analysis.We prove that the distortion of our em-

k(q) = k(p) < k(2) — k(w) + 9(p) — 9(q) + ¢(p) + ¢(9)- bedding isO(/n) in two parts: the least any distance is contracted

We claim thaty (p) — g(q) +c(p) +-c(q) < 0,1.e.,9(q) —g(p) = is (1), and the most any distance is expande@ s/n).
¢(p)+c(q), and thus this term can be discarded from the inequality. - )
By the definition ofg and becausg s left of ¢, g(q) — g(p) counts I__EMMA 12_. The_shlftlng process preserves the horizontal or-
the number of vertices that are horizontally in betweeand g dering of vertices with the same height. Furthermore, two vertices
(right of p and left ofg), plus the number of descendantspcdnd of the same height that got closer during the shifting process remain
of ¢. The number of these descendants(js) + ¢(q). at a horizontal distance of at least/n.

/ /
_ = — < — .

k&?ﬁf}giiﬁgg) _ﬁ,(g;g) (k(g) = k(P)/vn < (k(2) 0 Proof: Suppose that: andv are at the same height and thats

to the left ofv in the tree. Lefp be the nearest ancestorwfvith

positive shift values(p), and letf be the face causing the shift. Let
Step 5.Because of nontree edges, shortest paths in the BFS treeq be the ancestor af at the same height as Assume thap # g,
may be much larger than i6”. To compensate for the lack of  because otherwiseis not shifted relative tp and any shifting of
nontree edges in tree embedding algorithm, we “shift” part of each v only separates andv, so there is nothing to prove. Thysjs
face. Intuitively, the tree embedding algorithm pushes apart the two strictly to the left ofq. Letr be the vertex on the right side of face
sides to match the shortest paths in the BFS tree between the ver-f with the same height gsandq. Thus,r is strictly right ofp and
tices of the sides. On the other hand, the existence of the nontreg(nonstrictly) left ofq in the tree. _
edge between its endpoints decreases the shortest path between the We claim that, after shiftingy is to the left ofr by a horizontal
vertices in the upper half of the two sides, so much that the end- distance of atleast;\/n. Letd denote the graph distance between
points have distance from each other. Roughly speaking, if the P andr in G”, and suppose thatandt are the vertices midway
endpoints of the nontree edge of a face are farther thafm, for along the left and right sides, respectively, of the ficeecause
a suitable constant,, we shift the upper half of the left side to the  this face was shiftedi’(¢) —a'(g) > c1v/n. Thus,

right, so that the endpoints have distat®g,/n) at the end. z(r) — z(p)
More precisely, we put a shift valugu) on any vertex: in the , ,
upper half of the left side of a facg. Thus, the distance from =a'()—a'(p) = D s(r)
to the base vertex of is at least| | f|/4] where|f| is the number refnmp
of vertices on face’. (The facef is well-defined because a vertex =2/ (r) —2'(p) — [2'(g9) — ' (p)] + [’ (t) — 2 (r)]

u can be in the upper left part of at most one face.) defenote 2’ (t) — a'(g) — c1v/n
the vertex on the right side gf with the same height as, and let - Z LI71/4]

p andq be the parents af andv, respectively. Ley andt be the refnmy

vertices midway along the left and right sides, respectively, of the

'(t) —2'(g) —c1vn

&' (t) — 2 (g) — (LIf1/4] — d/2)%

e O o o

2(t) ~a'(g) < 1y u) =0, , A 2] A -2
o W) —a'(g) — ey = - V] o n + B v

s(u) = [2'(p) —2 (u)] = [z (q) —2" (v)] +

LI71/4] ' = 92 ) —a'(e)) + (1 - L/Q) e1v/n

wherez’ (v) is thex coordinate assigned toby Babilon et al.’s al- LI7174] Li71/4]

gorithm as defined above. Note that, by Lenimiaad Op) — 2’ (u)+ > W2 my (1 __4/2 ) cavn
2’ (v) — 2'(¢g) > 0, and thuss(u) > 0. For any vertex: that is not LIf1/4] LIf1/4]

on the upper half of the left side of any face, we defite) = 0. = c1v/n.



Observe that either has a strictly smaller height thanor it is
to the right ofp = w. Thus, we can apply induction to the vertices
r andq to conclude that remains to the left of; after shifting.
Hence,p remains to the left of (in addition tor) by a horizontal
distance of at least; /n. By repeated application of Lemr@lo,
z'(v) — 2'(u) > z'(q¢) — 2'(p). Becauseu is shifted the same
amount ap andw is shifted at least as much asz(v) — z(u) >

z(q) — z(p), which is at least; /n. Thereforeu remains to the
left of v by a horizontal distance of at leasty/n. O

LEmMA 13. For sufficiently largec,, the Euclidean distance
between two nonextra vertices of the same height is at least a con-
stant factor times their graph distance.

Proof: Consider any two nonextra verticesandv of the same
height, and assume by symmetry thats to the left ofv. (By
Lemmd 12, the notion of “left” is the same before and after shift-
ing.) Assume without loss of generality thaigot closer tov dur-
ing the shifting process; otherwise, the lemma follows from Theo-
rem[9(a).

If w andv are on a common facg, then they are in the upper
half of a face that was shifted. Letdenote the graph distance

betweenu andv in G”, and suppose thatandt are the vertices
midway along the left and right sides, respectively, of the fice
By Theoreni 9(a), the Euclidean distance betwgandt in the

tree embedding Is at leas§||f|/2]. Furthermore, their vertical

distance|y(g) — y(t)| is at mosty/n, and because this face was
shifted, by Lemma 12, their horizontal distanc&t) — 2’(g) is

at leastci/n. Therefore,z’(t) — x'(g) > (c1 — 1)eol|f|/2]-
Now we can prove that(v) — z(u) = Q(d) and therefore that the
Euclidean distance betwearandv in our embedding i§2(d):

2(v) —x(u) = 2'(v) —a'(w) = Y s(r)

TEfNTy

[ (9) — 2" (w)] + [2' (t) — 2" (v)]
#() = a'(g) — 1/

=2'(v) — 2’ (u) —
>

o A

> 2/ (t) —2'(g) — TE%:M W
_ [ W} [/ (t) — 2’ (g)]
- Hj‘//i [le'(0) ~ ' (9)

> u;‘i\//ij (e1 = DeolI1/2]

= (c1 — 1)cod,

which isQ(d) for sufficiently largec; .

Now we prove the claim when andv are not on a common
face f. Let p be the nearest common anscesto.adndv. We
distinguish two cases. In Caseflijs the base vertex of a fage
such that the children gfthat are ancestors efandv are precisely
the two children on the left and right sides, respectivelyf ofin
Case 2, there is no such fage

Case 2 is the easier case. Because the childrerttadt are an-
cestors of andv are not on the two sides of any face, there is a pair
of extra branches of the first type attacheg ia betweenu andv.
Take the leftmost such pair of extra branches (which survives the
longest). The height of these branches is at |eés) = h(v) be-
cause this pair of branches is the dominant pair (in terms of priority)

among ancestors @fin betweenu andv. Letw be a vertex in this
pair of branches at the same heighuandv. By Theorenj P(a), in
the tree embedding, the Euclidean distance betweendwv is at
leastc, times their tree distance, which equals their graph distance
(because the tree is a BFS tree ands on its own path from the
nearest common ancestgr which equals the graph distance from
u to v (because the extra branches provide a separation between
andv). Becausew is not shifted relative t@, and any shifting of
v relative top bringsw andv farther apart, shifting preserves this
property that the Euclidean distance betweeandv is at leasto
times the graph distance fromto v. By Lemmg 1P is to the left
of w and thus the horizontal distance betweemndu is at least the
horizontal distance betweemandv. Hence the Euclidean distance
betweenu andw is at least the Euclidean distance betweeandv
minus2+/n (to account for possible vertical variations), which is
at leastc, times the graph distance fromto v minus2+/n. By
Lemma[ TP, because shifted towardv, their horizontal distance
is also at least;+/n. By settingc; large enough, we obtain that
the Euclidean distance betweerandv is at least a constant factor
times the graph distance fromto v.

Now we consider Case 1. Latbe the highest vertex (on the
left side) of the facef that is an ancestor af. Because we are
in Case 1g # p, so there is a pair of extra branches of the third
type attached tg. By construction of the height of branches of the
third type, the height of these branches is at légst) = h(v).
Let » be a vertex in this pair of branches that has the same height
asu. We distinguish two subcases according to whether the highest
vertex of f is strictly lower thanu. In each subcase, we argue
that |z(r) — z(v)] = Q(urv) — O(v/n) wherep,.,, denotes the
graph distance betweenandv. The construction of the branches
ensures thati,, = puy. By Lemma[ IR is betweenu andv,
so|z(u) — z(v)] > |z(r) — z(v)|. Thus we can conclude that
(1) — 2(v)| = Qum) — O(/n) = Qpuw) — O(Vn). As
argued abovez(u) — z(v)| > c14/n. Therefore, for sufficiently
largec:, we obtain thafz(u) — z(v)| = Q(uw ) as desired.

In the first subcase, the highest vertexfois not strictly lower
thanu (intuitively, the line segment connectimgandv crosses the

face f). Let w andz be the vertices on the left and right side,
respectively, off with the same height asandv. Then we have

[z(u) = 2(v)| 2 |z(r) — z(w)| + [z(w) — 2(2)] + |z(2) — z(v)]
> Q(Mrw + pwz + Mz’u) - O(\/ﬁ)
> Qpry) — O(Vn).

The first inequality follows from the horizontal ordering given by
LemmdI2. The second inequality follows from Theofgm 9(a); be-
causer does not shift relative tg, andw shifting relative tag could
only increaseéz(r) — x(w)|; by the proof above for the case of two
vertices on the same face; and because similagpdv can shift
only apart from each other. The third inequality follows from the
triangle inequality.

In the second subcase, the highest vertey @ strictly lower
thanu. Consider the pair of extra branches of the second type at-
tached to the endpoints of the nontree edg¢.ofAs usual, these
branches have height at ledst.) = h(v) because this is a dom-
inant pair of branches (in terms of priority) among ancestors of
in betweenu andv. (Thus, intuitively, the line segment connect-
ing r andv crosses the extra branches attached to the nontree edge
of f.) Letw andz be the vertices of the left and right branches
in the pair, respectively, with the same heightasSimilar to the
previous subcase, we have

lz(u) —z(v)] > |z(r) —2z(w)] + |2(2) — 2(v)]|
> Qprw + pz0) — O(Vn)
> Qprw + puwo) — O(Vn)
> Quro) = O(Vn).



The first, second, and fourth inequalities follow as in the previous and right sides, respectively, of the fageatisfyz’(t) — z’(g) >
subcase. The third inequality follows because, by the construction c¢;1/n. Thus, in this case, the fageis shifted. After shifting, we

of extra branchesg., — pwo| < 1. O

LEmMMA 14. For sufficiently large constants andcs, two ver-
tices at different heights with graph distance at leas{/n have

Euclidean distance at least a constant factor times their graph dis-

tance.

Proof: Suppose that verticas andv have graph distance at least
c2/n. If the height difference betweenandv is 2(y/n), then the
difference iny coordinates i$2(n), which is enough for any graph
distance. Therefore, we can assume théi) — h(v)| < ey/n for
any constant > 0. Assume by symmetry thaét(u) < h(v). Let
w be the ancestor af at the same height at

We claim that the descendantswefin particular,y) embed to lie
within a cone with apex atand whose sides are withiof vertical
for a constant < 90°. This claim is true in the original Babilon

et al. embedding: the overall cone for the root node has a vertical

axis and angle of at mod6° from this axis, and all subtree cones
are contained in the original. Now we bound the effect of the shift-

have

2(2) — z(w) = 2'(2) — 2’ (w) — Z s(r)

reEfNmy
=a'(2) — 2'(w) — [2'(g) — " (w)] + [/ (t) — 2"(2)]
z'(t) —2'(9) —arvn
Ty

=2/ (t) — 2'(g) — z'(t) —2'(9) —avn
=a/(t) — ' (g9) — (LI £1/4)) LI71/4]
=cvn.

Hence, if the nontree eddev, z} is shifted, which is forced when
x'(z) — 2’ (w) > 2c14/n, thenz(z) — z(w) = c¢14/n. Otherwise,
we haver(z) — z(w) = 2'(2) — 2’ (w) < 2¢14/n. Also, |y(w) —
y(2)| < +/n. Therefore, every edge 6’ has lengthO(/n).

By the triangle inequality, the distortion of the embedding:6f
is O(y/n), because the bound holds for each edge of a shortest path.
By Lemmd, the distortion of the embedding of the original graph

ing process. Consider any two adjacent vertices in the graph with G is O(y/n). O

heights differing byl. Their vertical distance i®(,/n), so by the
45° cone property of the original tree embedding, their horizontal
distance in the original tree embeddingli$,/n). Also, by Lemma
[11, every shift value i©)(/n). Thus, their horizontal distance in
our embedding i®)(/n), at most a constant factor times the verti-

We conclude with the main result of this section:

THEOREM 16. Every outerplanar graphG can be embedded
into the plane with distortioi® (y/n).

cal distance. Because this holds for all edges of the graph that span

adjacent heights, the entire subtrea’s descendants must lie in a

Proof: We claim that the Euclidean distance between any two ver-

cone with a constant lower bound on the absolute slope of the two ticesu and v in the constructed embedding is at least a constant

sides.

Becausev is an ancestor af in the BFS tree, the lengtf,,, of
the shortest path fromto w is h(v) — h(w), which we assumed to
be at most./n. By the triangle inequalityiy, < fiow + tow- The
left-hand side is large-t,, > c21/n—Yyet the second term on the
right-hand side is smalltty., < ev/n. Thus,uw > (1—€) puw >
(1 — 6)62\/5.

By Lemma[IB, the Euclidean distance betweerand w is
Q(puw), and we have just shown that,,, > (1 — €)c2+/n. By
construction, the difference imcoordinates betweemandw is at
most+/n. Thus, by choosing. large enough, we obtain that the
horizontal distance betweenandw is at least any desired constant
times./n, while the vertical distance is at mogh:.. Hence, forc,
sufficiently largeu is outsidew’s cone, and furthermore, the abso-
lute slope of the line segment fromto w is strictly less than the

absolute slope of the sides of the cone. Therefore, the Euclidean

distance fromu to any point in the cone is at least a constant factor
times the Euclidean length of the line segment freno w, which
we showed iI€2(puw) = Q(puw). In particular,v is in w’s cone,
so the Euclidean distance fro@to v is Q(ftuy ). O

LEmMA 15. The expansion in our embedding between any pair
of nonextra vertices i®(\/n).

Proof: Firstwe claim that every edge of the gra@ghhas Euclidean

factor times their graph distance.«dfandv have the same height,
Lemmg 1B proves the claim. Otherwise, their graph distance is ei-
ther at least2+/n or smaller. In the first case, Lem@ 14 proves the
claim. In the second case, the Euclidean distance betweerlv

is at least their distance imcoordinates, which by construction is
at least,/n, proving the claim.

On the other hand, Lemma]15 proves that the Euclidean distance
between any two verticas andv in the constructed embedding is
at mostO(y/n) times their graph distance. Therefore, scaling the
embedding by a constant multiplicative factor yields a noncontrac-
tive embedding with expansiafi(y/n) as desired. O

4. OPEN PROBLEMS

The main open problem is to obtain tight worst-case bounds
on the distortion required to embed planar graph metrics into the
plane. To this end, it would be a natural step to consider bounded-
outerplanarity graphs (which generalize the notion of outerplanar
graphs), series-parallel graphs (which are slightly more general
than outerplanar graphs), and bounded-treewidth graphs (which
generalize both of these classes). Note that the series-parallel
graph known as the diamond graph, used previously in embedding
lower bounds|[[7| 18, 22], can be embedded into the plane with
O(y/nlogn) distortion.

We also emphasize the open problem from [1, 19] of embedding

lengthO(y/n). Each graph edge is either a tree edge or a nontree the shortest-path metrics ofeightedtrees and planar graphs into

edge. The tree edges h&d./n) distortion in the original tree em-

the plane. Mato$ek [19] conjectures an upper bound®f./n)

bedding by Theorei] 9(b), and by Lemfng 11, the shifting process for trees, but n@(n) upper bound is known. It may also be easier

changes the Euclidean length of each edge by at most an additiv

O(y/n). Thus, the tree edges still have Euclidean Ier(g(l%ﬁ).
Now we prove the claim for nontree edges. etindz be the
left and right endpoints, respectively, of the nontree edge of face
If 2'(z) — 2'(w) > 2c14/n, then by concavity of the horizontal
distance of the two vertices on the fageat the same height in
Babilon et al.'s embedding, the pointsind¢ midway along the left

%o prove anw(n?/3) worst-case lower bound for weighted planar

graph metrics.
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