
Random max sat, Random max cut, and Their Phase Transitions

Don Coppersmith∗ David Gamarnik∗ Mohammad Hajiaghayi† Gregory B. Sorkin∗

Abstract

With random inputs, certain decision problems undergo
a “phase transition”. We prove similar behavior in an
optimization context.

Specifically, random 2-sat formulas with
clause/variable density less than 1 are almost al-
ways satisfiable, those with density greater than 1 are
almost always unsatisfiable, and the “scaling window”
is in the density range 1±Θ(n−1/3). We prove a similar
phase structure for max 2-sat: for density c < 1, the
expected number of clauses satisfiable is bcnc−Θ(1/n);
within the scaling window it is bcnc − Θ(1); and for
c > 1, it is 3

4bcnc + Θ(n). (Our results include further
detail.)

For random graphs, a maximization version of
the giant-component question behaves quite differently
from 2-sat, but max cut behaves similarly.

For optimization problems, there is also a natural
analog of the “satisfiability threshold conjecture”. Al-
though here too it remains just a conjecture, it is pos-
sible that optimization problems may prove easier to
analyze than their decision analogs, and may help to
elucidate them.

1 Introduction

In this paper, we consider random instances of max
2-sat, max k-sat, and max cut. Just as random in-
stances of the decision problem 2-sat show a phase tran-
sition from almost-sure satisfiability to almost-sure un-
satisfiability as the instance “density” increases above 1,
so the maximization problem shows a transition at the
same point, with the number of clauses not satisfied by
an optimal solution suddenly changing from Θ(1/n) to
Θ(n). Max cut experiences a similar phase transition:
as a random graph’s edge density crosses above 1/n,
the number of edges not cut in an optimal cut suddenly
changes from Θ(1) to Θ(1/n).

Our methods are well established ones: the first-
moment method for upper bounds; algorithmic analysis
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including the differential-equation method for lower
bounds; and some more sophisticated arguments for
the analysis of the scaling window. The interest of the
work lies in the simplicity of the methods, and in the
results. The question we ask seems very natural, and
the answers obtained for max 2-sat and max cut are
happily neat, and fairly comprehensive.

1.1 Outlook Beyond our particular results for max
2-sat and max cut, we hope to spark further work
on phase transitions in random instances of other opti-
mization problems, in particular of csps (constraint sat-
isfaction problems). Random instances of optimization
problems have been studied extensively — some that
come to mind are the travelling salesman problem, min-
imum spanning tree, minimum assignment, minimum
bisection, minimum coloring, and maximum clique —
but little has been said about phase transitions in such
cases, and indeed many of the examples do not even
have a natural parameter whose continuous variation
could give rise to a phase transition.

Many problems, including all csps, have natural de-
cision and optimization versions: one can ask whether
a graph is k-colorable, or ask for the minimum number
of colors it requires. We suggest that in a random set-
ting, the optimization version is quite as interesting as
the decision version. Furthermore, optimization prob-
lems may plausibly be easier to analyze than decision
problems because the quantities of interest vary more
smoothly. In fact, a recent triumph in the analysis of
a decision problem, the characterization of the “scal-
ing window” for 2-sat, used as a smoothed quantity
the size of the “spine” of a formula [BBC+01]. A way
to view our max 2-sat results is that instead of tak-
ing the size of the spine as our “order parameter”, we
take the size of a maximum satisfiable subformula. This
seems comparably tractable (we reproduce the result of
[BBC+01] incompletely, but more easily), and arguably
more natural. Generally, when a decision problem has
an optimization analog, the value of the optimum is
both interesting in its own right, and an obvious candi-
date order parameter for studying the decision problem
(in contrast to the cleverness of thinking of the spine).



1.2 Problem and motivations Let F be a 2-sat
formula with n variables X1, . . . , Xn . An “assignment”
of these variables consists of setting each Xi to either
1 (True) or 0 (False); we may write an assignment as
a vector ~X ∈ {0, 1}n . Let F ( ~X) be the number of
clauses satisfied by ~X . F is “satisfiable” if there exists
an assignment satisfying all the clauses. The problem
max 2-sat asks for max F

.= max ~X F ( ~X), i.e., the
maximum, over all assignments ~X , of the size (number
of clauses) of a maximum satisfiable subformula of F .

We are concerned with this problem in a random
setting. Let F(n,m) denote the set of all formulas
with n variables and m clauses, where each clause
is proper (consisting of two distinct variables, either
of which may be complemented or not), and clauses
may be repeated. Let F ∈ F be chosen uniformly
at random; this is equivalent to choosing m clauses
uniformly at random, with replacement, from the 22

(
n
2

)
possible clauses. Then max F is a random variable
denoting the size of a largest satisfiable subformula of a
random formula. We wish to find f(n,m) .= E(max F ),
or bounds on this quantity, or other properties of
the random variable max F , as a function n and m.
Typically, we consider the case m/n → c = constant as
n → ∞, and specifically we investigate the cases when
c < 1, when c is large, and when c is close to 1. We
also consider the “scaling window”, which we will show
to be the range m = n±Θ(n2/3).

Our investigation has two sources of motivation.
First, random sat and max sat are both extensively
studied, and so it is natural to look at random max
sat. On the random side, for 2-sat formulas, it
is known that for all ε > 0, as n → ∞, random
formulas F ∈ F(n, (1 − ε)n) are satisfiable w.p. (with
probability) approaching 1, while those in F(n, (1+ε)n)
are satisfiable w.p. → 0 [CR92a, FdlV92, Goe96].
When ε = Θ(n−1/3), the probability of satisfiability is
bounded strictly between 0 and 1 [BBC+01]. Similarly,
random 3-sat formulas F ∈ F3(n, cn) are known to be
satisfiable w.p. → 1 for c < 3.26 [AS00] and w.p. → 0
for c > 4.596 [JSV00]; for any particular n there is
known to be a sharp threshold c(n) around which the
transition occurs [Fri99], but it is only conjectured that
c(n) converges to a limit.

On the max side, it is known for example that for
arbitrary 3-sat formulas F , in polynomial time, max F
can be approximated to within a factor of 7/8 [KZ97],
but no better (unless P=NP) [H̊as97]. Also, while 2-
sat is solvable in polynomial time, max 2-sat is not:
it can be approximated to within a factor 0.940 [LLZ02]
but not better than 21/22 [H̊as97].

Our second motivation comes from a question
of Achlioptas resolved by [BF01] and extended in

[BFW02]. A classical question concerns when a “gi-
ant component” appears in a graph, as random edges
are added one by one: there is a.s. no giant compo-
nent when there are (1/2− ε)n edges, and there a.s. is
one when there are (1/2 + ε)n edges. Achlioptas asked
how long a giant component can be avoided if random
pairs of edges are given, and from each pair, just one is
chosen. Bohman and Frieze showed that at least 0.55n
edge pairs may be given while avoiding a giant com-
ponent w.h.p. [BF01]. Bohman, Frieze and Wormald
consider the same problem without the “pairing” as-
pect: how large c can be, such that from a random 2cn
edges, it is typically possible to select cn edges avoiding
a giant component [BFW02]. The “2” is then rather ar-
bitrary; a more general question would be, given cn ran-
dom edges, how many may be selected to avoid a giant
component. We will call this problem “max giant-free
spanning subgraph”.

Because the “phase transition” from satisfiability to
unsatisfiability in random 2-sat (which occurs around
clause density 1) is closely related to the appearance
of a giant component in a random graph (which occurs
around average degree 1), the results of [BFW02] for
max giant-free spanning subgraph prompted us to look
at max 2-sat. As it turns out, these two problems are
quite different, and a better graph analog of random
max 2-sat is random max cut.

We consider several aspects of random max 2-
sat and random max cut. We also extend the
easiest results to arbitrary csps (constraint satisfaction
problems).

2 Notation

We write F (n,m) to denote a random 2-sat for-
mula. Typically we will fix a constant c and consider
F (n, bcnc); where it does not matter we will often write
cn in lieu of bcnc. For any formula F , define max F to
be the size of a largest satisfiable subformula of F . Our
focus is the functional behavior of maxF .

Similarly, we write G(n,m) for a random graph on
n vertices with m edges. For any graph G, let ~X
describe a partition of the vertices, and let cut(G, ~X)
be the number of edges having one vertex in each part
of the partition. Define max cut(G) .= max ~X cut(G, ~X),
and fcut(n,m) .= E(max cut(G(n,m))).

We use standard asymptotic and “order” notation,
so for example f(n) ' g(n) means f(n)/g(n) → 1 as
n → ∞, and f(n) = o(n) means f(n)/n → 0. We will
also write f(n) . g(n) to indicate that f is less than or
equal to g asymptotically — lim sup f(n)/g(n) 6 1 —
though it may be that f(n) > g(n) even for arbitrarily
large values of n. Asymptotic results involving two
variables, for example concerning 2-sat formulae on n



variables with cn clauses, with c large (or (1 + ε)n
clauses with ε small) should always be interpreted as
taking the limit in n second; thus “for any desired error
bound there exists a c0 , such that for all c > c0 there
exists an n0 , such that for all n > n0 ,” etcetera.

3 Summary of results

We establish several properties of random max 2-sat,
random max k-sat, and random max cut, focusing on
2-sat. This section summarizes our main results and
indicates the nature of the proofs; further results and
proof sketches are given in subsequent sections.

Since for c < 1 a random formula F (n, cn) is
satisfiable w.h.p., we would expect max F to be close
to cn in this case; the following theorem shows this to
be true.

Theorem 1. For c < 1, f(n, bcnc) = bcnc −Θ(1/n).

The proof comes from counting the expected num-
ber of the “bicycles” shown by [CR92b] to be necessary
components of an unsatisfiable formula.

For any c, f(n, cn) > 3
4cn, since a random assign-

ment of the variables satisfies each clause with probabil-
ity 3

4 . The next theorem shows that neither this bound
nor the trivial upper bound cn is tight, although for
large c, 3

4cn is close to correct.

Theorem 2. For c large, ( 3
4c +

√
c
√

8−√1
3
√

π
−O(1))n .

f(n, cn) . ( 3
4c +

√
c
√

3 ln(2)/8)n.

The values of
√

8−√1
3
√

π
and

√
3 ln(2)/8 are approximately

0.343859 and 0.509833, respectively. The upper bound
is proved by a simple first-moment argument, and the
lower bound by analyzing an algorithm; both techniques
are exactly those demonstrated in [Spe94, Lecture 6] to
analyze the Gale-Berlekamp switching game.

Our next results relate to the low-density case, when
c is above but close to the critical value 1. How does
f(n, cn) depend on c = 1 + ε for small ε?

Theorem 3. For any fixed ε > 0, (1 + ε − ε3/3)n .
f(n, (1 + ε)n); also, there exist absolute constants α0

and ε0 , such that for any fixed 0 < ε < ε0 , f(n, (1 +
ε)n) . (1 + ε− α0ε

3/ ln(1/ε))n.

That is, a constant fraction of the clauses must re-
main unsatisfied, but this fraction — ε3/3 at most —
is surprisingly small. The lower bound is proved by
using the “differential equation method” (see for exam-
ple [Wor95]) to exactly analyze a version of the unit-
clause heuristic. The upper bound’s proof is a sim-
ple first-moment argument; however, for the probability

that a sub-formula with density > 1 is satisfiable, it re-
quires the exponentially small bound given by Bollobás
et al. [BBC+01] (see Theorem 9 below). It is likely that,
by replacing our use of [BBC+01] with structural prop-
erties of the kernel of a sparse random graph, the upper
bound’s ε3/ ln(1/ε) can be replaced by ε3 to match the
lower bound up to constants [JS02].

The major significance of [BBC+01] was to deter-
mine the “scaling window” for random 2-sat. Without
using their result, we prove an analogous result for max
2-sat, and incidentally reproduce part of their 2-sat
result.

Theorem 4. Letting c = 1 + ε = 1 + λn−1/3 , we have
bcnc − f(n, bcnc) = O(λ3) (if λ > 1); = Θ(1) (if
−1 6 λ 6 1); = Θ(|λ|−3) (if λ < −1). Also, the
probability that F (n, cn) is satisfiable = exp(−O(λ3))
(if λ > 1); = Θ(1) (if −1 6 λ < 1); = 1−Θ(|λ|−3) (if
λ < −1).

In particular, in the scaling window c = 1±λn−1/3 ,
a random formula is satisfiable with probability strictly
between 0 and 1 (the exact bounds depending on λ),
and it can be made satisfiable by removing a constant-
order number of clauses (the constant depending on λ).

We introduce two online versions of max 2-sat and
propose an online algorithm suitable for both versions,
and satisfying ' ( 3

4c + 3
8 )n clauses; we prove that this

algorithm is optimal for one of the two versions.
For max k-sat, including max 2-sat we show that

f(n,m)/m is a non-increasing function of m. For the
high-density (large-c) case of max k-sat, Theorem 13
gives the analog of Theorem 2. Because little is known
about the k-sat threshold, we are not able to say
anything about low-density max k-sat.

Still more generally, Theorem 14 describes the high-
density case for any max csp.

Finally, we obtain corresponding results for the
closely related max cut problem for sparse ran-
dom graphs. We previously defined fcut(n, cn) .=
E(max cut G(n, cn)) to be the expected size of a maxi-
mum cut in a random graph. We remark that this is the
same as the size of a largest bipartite spanning subgraph
G′ of G, there being a natural correspondence between
edges cut in a partition of G, and edges present in G′ .

Theorem 5. For c < 1/2, fcut(n, cn) = bcnc −Θ(1).

Theorem 6. For c large,
(

1
2c +

√
c ·

√
8/(9π)

)
n .

fcut(n, cn) .
(

1
2c +

√
c
√

ln(2)/2
)

n.

The values of
√

8/(9π) and
√

ln(2)/2 are approxi-
mately 0.531922 and 0.588704, respectively. The upper
bound was previously obtained in [BCP97].



Theorem 7. For any fixed ε > 0, ( 1
2 + ε− 16

3 (ε3))n .
fcut(n, (1/2 + ε)n) . ( 1

2 + ε− Ω(ε3/ ln(1/ε)))n.

The upper bound’s ε3/ ln(1/ε) can probably be replaced
by ε3 , just as for Theorem 3.

4 Random MAX 2-SAT

It is worth pointing out the following simple fact, upon
which we will shortly improve.

Remark 8. For c > 1, f(n, cn) & n( 3
4c + 1

4 ).

Proof. It suffices to show that for any ε > 0, for all n
sufficiently large, f(n, cn) > ( 3

4 + 1
4−ε)n. Select the first

(1− ε)n clauses, and let ~X be a best assignment for it.
By Theorem 1, ~X satisfies an expected (1− ε)n− o(1)
of these first clauses, and an expected 3/4ths of the
remaining (c− 1 + ε)n clauses, yielding the claim. ¤

Theorem 1: Proof sketch. See Summary of Results.

4.1 High-density random MAX 2-SAT While
it is well known that for c > 1, F (n, cn) is a.s.
unsatisfiable, is it possible that even for c large, almost
all clauses are satisfiable? Theorem 2 rules this out
by showing that a constant fraction of clauses must go
unsatisfied; up to a constant, it also provides a matching
lower bound.

Theorem 2: Proof of the upper bound. The proof is
by the first-moment method. If max F > (1 − r)cn
then there is a satisfying assignment of a subformula F ′

which omits rcn or fewer clauses, and where (taking F ′

to be maximal) all the omitted clauses are unsatisfied.
Any fixed assignment satisfies each (random) clause
of F ′ w.p. 3/4 and unsatisfies each omitted clause
w.p. 1/4, so by linearity of expectations, the probability
that there exists such an F ′ is

P = Pr(∃ satisfiable F ′) 6 2n
rcn∑

k=0

(
cn

k

)
(
3
4
)cn−k(

1
4
)k.

For r < 1
4 the sum is dominated by the last term. From

Stirling’s formula n! ' √
2πn (n/e)n ,

(
cn

rcn

)
' 1/

√
2πr(1− r)cn (r−r(1− r)−(1−r))cn.

(4.1)

Substituting (4.1) into the previous expression,

P . 1/
√

2πr(1− r)cn·
· 2n(r−r(1− r)−(1−r)(3/4)1−r(1/4)r)cn.

Substituting r = 1/4− ε,

1
cn

ln P . ln(2)/c− (8/3)ε2 + O(ε3),

so that for ε >
√

(3/8) ln 2/c, as n → ∞, P → 0. The
conclusion follows.

Proof of the lower bound. The proof is algorithmic.
When variables X1, . . . , Xk have been set, define the
reduced formula Fk in which any clause containing a
True literal is removed and “scored”, and False literals
are removed from the remaining clauses. (Clauses
with 0 variables remaining are permanently unsatisfied.)
Define a potential function q(Fk) to be the number
of clauses already satisfied, plus 3/4 the number of 2-
variable clauses (“2-clauses”), plus 1/2 the number of
1-variable clauses (“unit clauses”). Note that randomly
assigning the remaining variables satisfies an expected
total number of clauses precisely q(Fk), so q is a lower
bound on the number of clauses satisfiable.

After variables X1, . . . , Xk−1 have been set to define
Fk−1 , our algorithm sets Xk in whichever of the two
ways gives an Fk with larger value q(Fk). (Ties may
be broken arbitrarily.) In Fk−1 , let the number of
appearances of Xk and X̄k in unit clauses be denoted
by A1 and Ā1 , and their number of appearances in 2-
clauses by A2 and Ā2 . If Xk is set to True, then

q(Fk)− q(Fk−1) = ∆k
.=

1
2
(A1 − Ā1) +

1
4
(A2 − Ā2),

and if Xk is set False, then q(Fk) − q(Fk−1) = −∆k .
Note that q(Fk) = q(Fk−1) + |∆k| is a lower bound on
the number of satisfiable clauses, and q(F0) = 3

4cn.
With k− 1 variables already set, Fk−1 a.s. has a.e.

(1
2±O(1/

√
c))2k−1

n
n−k

n ·cn unit clauses, and
(

n−k
n

)2 ·cn
2-clauses, on the remaining variables. (The reason for
1
2 ± O(1/

√
c) instead of 1

2 is that we set the previous
variables in a biased manner.) Also, conditioned on the
number of clauses, Fk−1 is a uniformly random formula
(each “slot” being equally likely to be filled by any of
the remaining literals). For n large, A1 and Ā1 are
approximated by independent Poisson random variables
with parameter ( 1

2 ±O(1/
√

c))k−1
n c, and A2 and Ā2 by

Poissons with parameter n−k
n c. By assumption, c is

large, so each of these distributions is approximately
Gaussian, and their sum ∆k is also approximately
Gaussian, with mean 0 (by symmetry) and variance

σ2
k = 2 · (1

2
)2 ·Var(A1) + 2 · (1

4
)2 ·Var(A2)

= c

(
(
1
4
±O(1/

√
c))

k − 1
n

+
1
8

n− k

n

)
.



For Z ∼ N(0, 1), it is well known that E|Z| =
√

2/π ;

thus E|∆k| =
√

2/π σk =
√

2/π
√

c(1
4

k−1
n + 1

8
n−k

n ) ±
O(1). Finally,

E(qn) > 3
4
cn +

n−1∑

k=0

E(|∆k|)

≈ 3
4
cn +

∫ n

0

E(|∆k|)dk

& 3
4
cn +

(
√

c

√
8−√1
3
√

π
−O(1)

)
n.

¤

4.2 Low-density random MAX 2-SAT For low-
density formulas, with c = 1 + ε and ε > 0 a small
constant, the bounds of Theorem 2 are inapplicable. It
is still true (from Remark 8) that we expect to satisfy
at least (1+ 3

4ε)n clauses, but it is not obvious whether
the best answer is this, or close to the full number of
clauses (1 + ε)n, or something in between. Theorem 3
shows that (1 + ε)n − f(n, cn), the number of clauses
we must dissatisfy, lies between Θ(ε3n/ ln(1/ε)) and
Θ(ε3n). That is, a linear fraction of clauses must be
rejected, but this fraction, at most Θ(ε3), is surprisingly
small. We will employ the following theorem of Bollobás
et al. [BBC+01] on random 2-sat.

Theorem 9. ([BBC+01], Corollary 1.5) There ex-
ist positive constants α0 and ε0 such that for any
0 < ε < ε0 and sufficiently large n, Pr[F (n, (1 +
ε)n) is satisfiable] 6 exp(−α0ε

3n).

(Here, α0 is the lim inf of the constant implicit in
Θ in the theorem in [BBC+01].) The exp(−Θ(ε3n))
probability of satisfiability in random 2-sat translates
into an expected O(ε3n/ln(1/ε)) unsatisfied clauses in
random max 2-sat.

Theorem 3: Proof of the upper bound. The proof is by
the first-moment method. Let c = 1 + ε. Let F ′ range
over subformulas of F which omit rcn or fewer clauses.
Specifying r < 1/4, the conditions of Theorem 9 apply,
so

P = Pr(∃ satisfiable F ′) 6
rcn∑

k=0

(
cn

k

)
e−α0(ε− k

n )3n;

(4.2)

as r < 1/4, the sum is dominated by the last term.
Using (4.1) to approximate

(
cn
crn

)
,

1
cn

ln P . −r ln r − (1− r) ln (1− r)− α0(ε− cr)3/c.

First observe that as ε → 0, for any r = o(ε), this is

= −r ln r(1 + o(1))− α0ε
3(1 + o(1)).

For any constant b < 1, if r = bα0ε
3/ ln(1/ε), this is

= bα0ε
3(1 + o(1))− α0ε

3(1 + o(1))
< 0.

That is, it is unlikely that asymptotically fewer than
α0ε

3/ ln(1/ε) clauses can go unsatisfied.

Proof of the lower bound (sketch). The proof is algorith-
mic, and of the sort familiar from [AS00] and previous
works. It analyzes a version of the “unit-clause” heuris-
tic. Initially, “seed” the algorithm by randomly deleting
a variable from each of, say, n1/10 random 2-clauses to
convert them to unit clauses. While F has any unit
clauses, select one at random and set its variable to sat-
isfy the clause. The analysis consists of counting the
clauses unsatisfied in these steps, and justifying the as-
sertion that when there are no more unit clauses, o(1)
further clauses need be unsatisfied.

When k variables have been set, let the number of
2-clauses be denoted m2(k), the number of unit clauses
m1(k), and the number of unset variables m(k) =
n − k. In one step, the changes in these quantities
are ∆m = −1, E(∆m2) = − 2

mm2 , and E(∆m1) =
−1 − 1

mm1 + 1
mm2 (assuming that m1 > 0 before

the step). Over a large number of steps, the net
changes will be a.s. a.e. equal to the expectations.
Renormalizing with ρ = m/n, ρ1 = m1/n, and
ρ2 = m2/n, the differential equation method (see for
example [AS00, Wor95]) asserts that (ρ1, ρ2) a.s. a.e.
obey the differential equations

dρ2/dρ =
2ρ2

ρ
dρ1/dρ = 1 +

ρ1

ρ
− ρ2

ρ
.

With boundary conditions that for ρ = 1 (i.e., initially),
ρ2 = c and ρ1 = 0, the unique solution is

ρ2 = cρ2 ρ1 = cρ− cρ2 + ρ ln ρ.

This results in ρ1 = 0 at two times: initially, when
ρ = 1, and also for ρ = ρ? satisfying

c = ln(ρ?)/(ρ? − 1).(4.3)

While ρ > ρ? , the only clauses ever unsatisfied are
unit clauses which contain the negation of the variable
being set, and the expected number of such rejected
clauses per step is 1

2mm1 = ρ1
2ρ . Integrating over the



period ρ? to 1,
∫ 1

ρ?

ρ1

2ρ
dρ =

1
2

∫ 1

ρ?

(c− cρ + ln ρ) dρ

=
1
2

(
cρ− cρ2/2 + ρ ln ρ− ρ

)∣∣∣∣
1

ρ?

which, substituting for c from (4.3)

=
1
2
(ρ? − 1)− 1

4
(ρ? + 1) ln ρ?.(4.4)

So from ρ = 1 to ρ = ρ? , the number of clauses
dissatisfied by the algorithm is a.s. a.e. n times ex-
pression (4.4). After this time, the remaining (uni-
formly random) 2-sat formula has density ρ2(ρ?) / ρ? =
cρ? = ln(ρ?)/(ρ?(ρ?− 1)) < 1 and thus (by Theorem 8)
contributes o(1) to the expected number of unsatisfied
clauses. In short, the algorithm a.s. fails to satisfy a.e.
( 1
2 (ρ? − 1) − 1

4 (ρ? + 1) ln ρ?)n clauses. For ρ? (asymp-
totically) close to 1, the number of dissatisfied clauses
is ' n(1−ρ?)3/24. In particular, with ε > 0 asymptot-
ically small and c = 1+ ε, ρ? ' 1− 2ε, and the number
of dissatisfied clauses is ' nε3/3. ¤

Two remarks. First, in addition to the asymp-
tote, the proof gives a precise parametric relation-
ship (as functions of ρ?) between the clause density c
(given by (4.3)) and the rejected-clause density (given
by (4.4)). Solving numerically, for c = 1.5 we find
rejected-clause density ≈ 0.0183275, and for c = 2 —
where naively the rejected-clause density would be 1

4c =
0.5 — we achieve rejected-clause density ≈ 0.0809517.

Second, with the solution in hand, the asymptotic
behavior is easy to see without the need for differential
equations. This alternate proof is less precise but more
intuitive and more robust; it is the basis of the analysis
within the scaling window (see Theorem 4.

Theorem 3: Alternate proof of lower bound. Consider
what happens when m = (1 − δ)n variables remain
unset. The number of 2-clauses is a.s. m2 ' (1−δ)2(1+
ε)n ' (1+ε−2δ)n. The expected increase in the number
of unit clauses is then E(∆m1) = −1−m1/m+m2/m >
−1 + m2/m (and the neglected m1/m is not only
conservative, but will also prove to be insignificantly
small). Thus, E(∆m1) > −1 + [(1 + ε − 2δ)n]/[(1 −
δ)n] ' ε − δ . At δ = 0, the number of unit clauses
increases by ε per step, this increase linearly falls to
0 per step by δ = ε, and further to −ε by δ = 2ε:
the expected number of unit clauses is bounded by
an inverted parabola, with base 2εn and height 1

2ε2n.
At each step about 1/(2n)th of the unit clauses get
dissatisfied. The area under the parabola, times this
1/(2n) factor, is 2

3 · base · height · 1/(2n) = 1
3ε3n.

4.3 The scaling window For random max 2-sat,
we have seen that for fixed c < 1, bcnc − f(n, bcnc) =
Θ(1/n), and for c > 1, cn − f(n, cn) = Θ(n). That
is, random max 2-sat experiences a phase transition
around c = 1. It is natural to ask about the scaling
window around the critical threshold: What is the
interval around c = 1 within which bcnc − f(n, bcnc) =
Θ(1)? Theorem 4 shows that the scaling window is
c = 1±Θ(n−1/3).

Theorem 4: Proof sketch. We apply a unit-clause
heuristic like that in the lower-bound proof from The-
orem 3. When there are unit clauses, satisfy a random
one; otherwise, set a random variable to a random value.
The algorithm proceeds in three phases: Phase 1 applies
this unit-clause heuristic for 2εn steps; Phase 2 contin-
ues applying unit-clause until m1 = 0; and Phase 3
treats the remaining formula by different means. With-
out loss of generality we may assume that λ > 1 or
λ < −1 (results in the middle range follow from these),
and if λ < −1 we go directly to Phase 3.

During Phases 1 and 2, when t = δn variables have
been set, the number of remaining variables is of course
n(t) = (1 − δ)n, and with overwhelming probability
(exponentially close to 1), the number of remaining 2-
clauses satisfies m2(t) = (1+o(1)) (1+ε−2δ)n. Assum-
ing this holds true, m1(t) is stochastically dominated
by a Poisson-incremented random walk (r.w.) with drift
ε − δ , plus the number of restarts of that r.w. when it
hits 0.

In Phase 1, the number of restarts is geometric with
parameter O(ε) (mean 1/ε), which is insignificantly
small. The r.w. itself has drift 6 ε, and from Doob’s
inequality, Pr(r.w. ever exceeds rε2n) = exp(−Ω(r)).

In Phase 2, the number of restarts is by definition 0,
and the r.w. has drift 6 −ε; a similar bound holds.

Phases 1 and 2 last for O(εn) steps; m1(t) stays
bounded by O(ε2n); and the expected number of
unit clauses unsatisfied during each step is about
m1(t)/(2n(t)). Summing over t, the expected number
of unsatisfied clauses is O(ε3n) = O(λ3).

In Phase 3 the expected number of “bicycles” is
Θ(λ−3), and this bounds the remaining number of
unsatisfied clauses. When λ < −1, we only do Phase 3;
in that case the lower bound follows from applying the
second-moment method to the number of bicycles.

The probability results follow similarly. In Phases 1
and 2, the number of clauses unsatisfied at each step is
B(m1(t), 1/(2n(t))), and, conditioned on m1(t), these
values are independent from step to step, giving proba-
bility exp(−O(ε3n)) that no clauses are unsatisfied dur-
ing these phases. Independence is preserved in Phase 3,
where the probability of satisfiability is at least one mi-



nus the expected number of bicycles, i.e., 1−O(|λ|−3).
On the other hand, the probability of satisfiability is
at most the probability that there is a “bad” bicycle,
which from the second-moment method is 1−Ω(|λ|−3).

¤

5 Random MAX k-SAT and MAX CSP

In this section we present some general facts and conjec-
tures about max k-sat and max csp, and extend the
previous high-density results.

5.1 Concentration and limits It is known that
random k-sat has a sharp threshold: that is, there
exists a threshold function c(n) such that for any ε > 0,
as n → ∞, a random formula on n variables with
(c(n) − ε)n clauses is a.s. satisfiable, while one with
(c(n)+ ε)n clauses is a.s. unsatisfiable [Fri99]. To prove
an analogous result for random max k-sat is much
easier; this was first done by [BFU93].

Let Fk(n,m) be a rnadom k-sat formula on n vari-
ables with m clauses, and let fk(n,m) = E(max Fk); we
may omit the subscripts k.

Theorem 10. ([BFU93]) For all k, n, c, and
λ, Pr(|maxFk(n, cn) − fk(n, cn)| > λ) <
2 exp(−2λ2/(cn)).

Proof. Let Xi represent the ith clause in F . Replacing
Xi with an arbitrary clause cannot change max F
by more than 1. The result follows from Azuma’s
inequality. ¤

Since for any fixed k and c we know that
fk(n, cn) = Θ(n), letting f ′(n, cn) .= f(n, cn)/n, the
theorem may be interpreted as saying that for any
ε > 0, w.h.p., (f ′(c, n) − ε)n < max F (n, cn) <
(f ′(c, n)+ε)n. To conjecture that f ′(c, n) is asymptoti-
cally independent of n is analogous to the “satisfiability
threshold conjecture”.

Conjecture 11. (max k-sat limit conjecture) For
every k, for almost every constant c > 0, as n → ∞,
fk(n, cn)/n converges to a limit.

Since we can prove asymptotic upper and lower
bounds on fk(n, cn)/(cn), the conjecture’s truth would
follow if fk(n, cn)/(cn) were monotone in n, but we
do not know if this is so. However, monotonicity of
fk(n, cn)/(cn) in c (with n held fixed) is implied by the
next theorem; it shows that as the number of clauses
increases, the expected fraction of clauses that can be
satisfied can only decrease.

Theorem 12. For any k and n, fk(n,m)/m is a non-
increasing function in m.

Proof. In a uniform random instance of Fk(n,m), let
the maximum number of satisfiable clauses be J , so that
E(J) = f(n, m). By deleting single clauses, we obtain m
uniform random instances F of F (n,m− 1). Of these,
m − J each have max F = J , while the remaining J
each have max F ∈ {J − 1, J}. The average of these m

values is at least (m−J)(J)+(J)(J−1)
m = J(m−1)

m . Taking
expectations, we find f(n,m−1)

m−1 > 1
m−1 × E(J(m−1)

m ) =

E( J
m ) = f(n,m)

m , as desired. ¤

5.2 Bounds for MAX k-SAT and MAX CSP In
this section we extend Theorem 2.

Theorem 13. For all k, for all c sufficiently large,

(2k−1
2k c + 2

k+1

√
ck

π2k − O(1))n . fk(n, cn) . ( 2k−1
2k c +

√
c
√

(2k−1) ln 2
22k−1 )n.

Note that the leading terms are equal, and the second-
order terms equal to within constant ·

√
k.

Proof. The proof is similar to that of Theorem 2, and
is omitted in the interest of space.

¤

Still more generally, we may consider a csp (con-
straint satisfaction problem). Let g be a k-ary “con-
straint” function, g : {0, 1}k → {0, 1}. A random for-
mula Fg(n,m) over g is defined by m clauses, each cho-
sen uniformly at random (with replacement) from the
2kn(n − 1) · · · (n − k + 1) possible clauses defined by
an ordered k-tuple of distinct variables each appearing
positively or negated. (Formally, a clause consists of
a k-tuple (i1, . . . , ik) of distinct values in [n], specify-
ing the variables, and a binary k-vector (σ1, . . . , σk),
specifying their signs.) A clause with literals (signed
variables) X1, . . . , Xk is satisfied if g(X1, . . . , Xk) =
1. (Formally, an assignment x1, . . . , xn of the full set
of variables X1, . . . , Xn satisfies a clause as above if
g(xi1 ⊕ σ1, . . . , xin ⊕ σn) = 1, where “⊕” denotes xor,
or addition modulo 2.) As ever, such a formula F is
satisfiable if there exists an assignment of the variables
satisfying all the clauses; and max F is the maximum,
over all assignments, of the number of clauses satisfied.

Generally a csp may be based on a finite family
of constraint functions, of “arities” bounded by k, but
for notational convenience we limit ourselves to a single
function.

Let a k-ary clause function g be given, with
E(g(X)) = p over random inputs. Define P =
min{p, 1−p} and Q = 1−P . Let Fg(n,m) be a random
formula over g on n variables, with m clauses, and let
fg(n,m) = E(max F ).



Theorem 14. Given an arity k and a constraint func-
tion g, for all c sufficiently large, (p c+

√
PQ2c/k )n .

fg(n,m) . (p c +
√

2PQ ln(2)c )n.

6 Online random MAX 2-SAT

In this section, we discuss online versions of the max 2-
sat problem. [BF01, BFW02] consider an online version
of max giant-free spanning subgraph, in which random
edges ei are given one by one, and we must accept or
reject ei based on the previous edges e1, . . . , ei−1 , with
the goal of accepting as many edges as possible without
creating a giant component.

There are two natural online interpretations of
random max 2-sat. In both, we are told in advance
the total number of variables n and clauses m; also, in
both, clauses ci are presented one by one, and we must
choose “on line” whether to accept or reject ci based
on the previously seen clauses c1, . . . , ci−1 . When we
accept a clause we are guaranteeing to satisfy it; when
we reject a clause we are free to satisfy or dissatisfy it.
Our goal is to maximize the number of clauses accepted.

In our first interpretation of online max 2-sat, On-
line I, when we accept a clause, we are also required to
satisfy it immediately, by setting at least one of its liter-
als True; once a variable is set, it may never be changed.
The second interpretation, Online II, is more gener-
ous: the variables’ assignments may be decided after the
last clause is presented. Let fO-I(n,m) be the expected
number of clauses accepted by an optimal algorithm for
Online I, and fO-II(n,m) that for Online II. Clearly,
3
4m 6 fO-I(n,m) 6 fO-II(n,m) 6 f(n,m). Here we
present a “lazy” algorithm applicable to both fO-I(n, cn)
and fO-II(n, cn). Online-Lazy begins with no vari-
ables “set”. On presentation of a clause, Online-Lazy
rejects it only if it must, and otherwise does the least it
can to accept it. Specifically, on presentation of clause
ci , which without loss of generality we may consider to
be (X∨Y ), it takes the following action. If X = True or
Y = True, accept ci . If X = False and Y = False, re-
ject ci . If X = False and Y is unset (or vice-versa), set
Y = True (resp. X = True) and accept ci . If X and Y
are both unset, arbitrarily choose one, set it True, and
accept ci .

Theorem 15. For any fixed c, Online-Lazy is the
unique (up to its arbitrary choice) optimal algorithm for
Online I, and fO-I(n, cn) ' ( 3

4c + (1 − e−c)/4 + (1 −
e−c)2/8)n > ( 3

4c + 3
8 )n.

We note that for c = 1, fO-I(n, n) ≈ 0.957997n, and for
c asymptotically large, fO-I(n, cn) ' ( 3

4c + 3
8 )n.

Proof of optimality (sketch). There are two central
ideas. First, the “future” performance of an optimal

algorithm is solely a (random) function of the number
of unset variables and the number of clauses remaining.
Second, we may compare Online-Lazy with a putative
optimal algorithm. The only case of interest is when
Online-Lazy sets Xk , while the optimal algorithm
sets nothing (rejecting a clause instead). We will show
that the optimal algorithm then isn’t optimal at all.
Once the two algorithms part ways, modify Online-
Lazy to do exactly what the optimal algorithm does
until such time (if any) as the latter sets Xk . If
the optimal algorithm never sets Xk , or sets it to
the same value as Online-Lazy did, then Online-
Lazy (modified) wins by at least one clause. If the
optimal algorithm sets Xk oppositely, then the current
numbers of clauses satisfied are equal, and the number of
unset variables and future clauses are also equal, so the
remaining (optimal, expected) performances are equal.
That is, in some cases (of probability > 0), Online-
Lazy (modified) beats the “optimal” algorithm, and in
all cases it is at least as good, so the “optimal” algorithm
isn’t optimal. It follows that an optimal algorithm can
never reject a clause having an unset variable.

Proof of performance (sketch). Full proof in Proceed-
ings version. In “round” k, when k variables are yet to
be set, the expected number of clauses satisfied is eas-
ily calculated (arithmetic omitted!); so is the expected
duration of the round. From the expected durations we
compute a “nominal” number of rounds before all cn
clauses are exhausted; we then show that the true (ran-
dom) number of rounds is likely to be close to the nom-
inal value. Summing the expected numbers of clauses
satisfied in round k over the (random) number of rounds
yields the claimed result.

¤
Note that Online-Lazy does not, in fact, need to

know the number of clauses in advance!
A variant of Online I is that if we accept a clause

we must set both its variables. In this case, similar
arguments show that an optimal algorithm simply sets
each new literal True.

We know essentially nothing about Online II.

7 Random MAX CUT

In this section we will show that random max cut
behaves like random max 2-sat in nearly every respect.
Since the transition from satisfiability to unsatisfiability
for a random formula F (n,m) is generally related to the
birth of a giant component in a random graph G(n,m),
let us first explain why the obvious analogy fails: why
random max 2-sat is very different from “random max
giant-free”.

Random max giant-free (without the dreadful



name) was recently studied by [BF01] and [BFW02], in
answer to, and then extending, a question of Achliop-
tas. For definiteness, they say that G(n,m) has a giant
component if it has a component with more than ln2(n)
vertices. Let max giant-free(G) be the size of a largest
spanning subgraph G′ of G such that G′ has no gi-
ant component. One dramatic difference between max
2-sat and max giant-free is that for arbitrarily high
density c, at least 3/4 of the clauses in a random for-
mula F (n, cn) can be satisfied, while for max giant-free,
at most 1/cth of the edges in a random graph G(n, cn)
can be accepted. (Lemma 1 from [BFW02] can be used
to show that for any ε > 0, w.h.p. every subgraph of
size (1 + ε)n of a random graph G(n, cn) contains a
linear-size component.)

Intuitively, 2-sat and giant components in a graph
are related because as a graph becomes dense enough
to have a giant component, and long cycles, a 2-sat
formula becomes dense enough to have “cycles” of
implications including unsatisfiable ones A ⇒ Ā ⇒
A. However, a 2-sat formula containing cycles of
implications can remain satisfiable if no cycle contains
two complementary literals, as a graph with cycles can
be bipartite if all cycles are even. While these conditions
do not hold for a random formula/graph, they do hold
for the pruned formulas/graphs that are the solutions
to max problems. In short, the proper analogy proves
to be between satisfiable 2-sat formulas and bipartite
graphs; it just happens that a random graph is bipartite
(except for a few small cycles) exactly when it has no
giant component. We will now give some more tangible
connections between random max 2-sat and random
max cut.

To begin with, thinking of a graph edge (u, v)
as imposing a “cut constraint” (u ⊕ v) on boolean
variables u and v , max cut is, like max 2-sat,
a max csp with xor constraints replacing 2-sat’s
disjunctions. 2-sat is polynomial-time solvable, and
max 2-sat is 0.940-approximable [LLZ02] but not
better than 21/22-approximable [H̊as97] in polynomial
time, unless P=NP. Similarly, graph bipartiteness is
(trivially) polynomial-time solvable, and max cut is
0.878-approximable [GW95] but not better than 16/17-
approximable [TSSW00] in polynomial time, unless
P=NP.

The methods we have applied to random max 2-sat
are equally applicable to max cut, and yield analogous
results. In analogy with max 2-sat, for max cut we
have the trivial bounds 1

2cn 6 fcut(n, cn) 6 cn.
A difference between random max 2-sat and ran-

dom max cut is that while below the 2-sat threshold,
c < 1, we had cn − f(n, bcnc) = O(1/n), below the
giant-component threshold, c < 1

2 , the gap does not

tend to 0, per the Theorem 5.

Theorem 5: Proof. It is well known that for
c < 1/2, w.h.p. a random graph G(n, cn) consists
of small trees and an expected number Θ(1) of small
unicyclic components, including Θ(1) with odd cycles.
A bipartite spanning subgraph of G must lack at least
one edge from each odd cycle, and deleting only these
edges gives a bipartite subgraph. ¤

Despite this difference, like random max 2-sat,
random max cut does exhibit a phase transition: while
Theorem 5 shows that for c < 1/2, the gap bcnc −
f(n, cn) = Θ(1), Theorem 6 shows that for c > 1/2,
the gap jumps to Θ(n).

7.1 High-density random MAX CUT

Theorem 6: Proof. The proof is similar to that of
Theorem 2, and is omitted in the interest of space. The
upper bound was shown in [BCP97].

7.2 Low-density random MAX CUT The follow-
ing fact follows from small-ε asymptotics of classical
random graph results; see, e.g., [Bol98, VII.5, Theo-
rem 17].

Claim 16. For ε > 0, a random graph G(n, (1/2+ε)n)
a.s. has a giant component of size (4ε + o(ε))n.

Claim 17. The probability that a random graph
G(n, (1/2 + ε)n) is bipartite, conditioned on the ex-
istence of a component of size Θ(εn) created by the
“first” (1/2 + ε/2)n edges, is exp(−Ω(ε3n)).

Proof. If the presumed giant component is not bipartite,
we are done. If it is, by connectivity, it has a unique
bipartition; let the sizes of the parts be n1 and n2 .
Each of the remaining εn/2 edges has both endpoints
in the giant component w.p. Θ(ε2), so there are Θ(ε3n)
of these, w.p. 1 − exp(−Ω(ε3n)). The probability that
each such edge preserves bipartiteness is (2n1n2)/(n1 +
n2)2 6 1/2; over the Θ(ε3n) independent edges it is
exp(−Ω(ε3n)). ¤

Theorem 7: Proof sketch. The proof of the upper
bound uses the first-moment method and Claim 17. The
proof of the lower bound is algorithmic and similar to
that of Theorem 3.

8 Conclusions and open problems

We have presented a road map for max 2-sat and max
cut in a random setting, establishing that there is a
phase transition, and deriving asymptotics below the



critical value, for constants slightly above the critical
value and in the scaling window around it, and for
larger constants. For constant densities slightly above
threshold there is a logarithmic gap between our lower
and upper bounds; we need to confirm that the ln(1/ε)
factors are extraneous. In the other cases, our bounds
are only separated by a constant. However — especially
in light of the exact result of [BFW02] for random max
giant-free spanning subgraph— it would be wonderful
to get the exact asymptotics.

If exact asymptotics could be found, that would
automatically imply the truth of the max k-sat limit
conjecture, Conjecture 11. It is also interesting to
speculate even further, on a max csp limit conjecture.

Another issue entirely concerns online random max
2-sat. For Online I, where when accepting a clause we
also commit to a variable assignment satisfying it, we
argued that Online-Lazy is an optimal algorithm, and
we analyzed it exactly. For Online II, however, where
we commit to clauses right away but do not commit to
variable assignments until the end, the only bounds we
have are the weak ones inherited from Online I and the
offline problem, fO-I(n,m) 6 fO-II(n,m) 6 f(n,m). It
would be interesting to understand this problem better
and obtain improved bounds, or, ideally, again to find
a provably optimal algorithm and analyze it exactly.
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