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1 Overview

We define and explore Network Creation Games and their Price of Anarchy.

2 Network Creation Games

2.1 Introduction

The Internet was the first phenomenon studied by computer scientists that was
not built by a single economic agent, but emerged from interactions of many
competing influences. When studying an artifact such as the Internet, it is
expected that the agents will behave selfishly. Typically selfish behavior is
captured by the concept of a Nash equilibrium, where agents are optimizing
their own objective. In contrast, we would like to say how social welfare in
this equilibrium compares to the optimal value. Two common measures are the
price of stability if we are optimistic, and the price of anarchy. However, there
are two problems with working with Nash equilibria:

(1) Because this definition is declarative, and not algorithmic, there is no
specified way to compute the various equilibria.

(2) These equilibria are nondeterministic, in the sense that there may be
more than one for some game. In addition, some of them are good compared to
the optimum, and some may be much worse.

2.2 Definitions

In previous investigations, we were given a network and must try to solve some
problem over it for specific nodes, like finding the shortest path between points.
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Conversely, we might need to find a network to satisfy global properties. The
network creation game combines both of these goals, where for every node there
is a cost to build network edges and also of not having them.

Model: There are n nodes corresponding to players. The graphs in this space
have undirected and unweighted edges, and the initial graph is unconnected as
well. We have a set of players [n] = {1, ..., n}. The strategy space Si = 2[n]−i

consists of every combination of neighbors for each node to connect to, and the
collection of these subsets S = (S1, S2, ...Sn). The graph is constructed from
these strategies: GS = [n]

⋃
i(i× Si).

We have the cost of building an edge = α. The cost of a strategy to agent
i is Ci(S) = α|Si| +

∑
j d(i, j). The total cost, also known as social cost, is∑

i Ci(S). The optimal social welfare will then minimize this value.

Nash Equilibrium: An equilibrium strategy S = (S1, S2, ..., Sn) will exist
if ∀i, S′ = (S1, ...Si−1, S

′
i, Si+1, ...Sn), Ci(S) ≤ Ci(S′).

How do we find a Nash equilibrium? We can start from an arbitrary strategy
situation and move toward equilibrium, by repeatedly selecting a best response
for any agent not already playing one.

Theorem 1 Finding a best response in this network creation game is NP hard.

Proof: Consider the situation where we have S−1 = (S2, ....Sn) and we want
to find the best S1. We also have 1 < α < 2.

We want to find the smallest subset of nodes in G’ = [2...n] where all other
nodes not in this subset have a path distance of at most one edge to the subset.
Otherwise, we would select that node to be in G’. We can see that this problem
is a reduction from DOMINATING SET.

2.3 Price of Anarchy for values of α

Definition 1 The price of anarchy of a network creation game is the ratio of
the cost of worst Nash equilibrium strategy to the cost of social optimum.

We can say that in both the socially optimal solution and a Nash equilibrium
that no edge will be paid by more than one player. In the OPT case it is an
obvious result. In a Nash equilibrium, removing one player’s cost for an edge
that both are paying for will decrease the cost and nothing bad will happen
because the other player has still paid for it.

Thus, we have a lower bound on the social cost:

C(G) ≥ α|E|+ 2|E|+ 2(n(n− 1)− 2|E|)
= 2n(n− 1) + (α− 2)|E|

(1)

and this bound is achieved by any graph with diameter at most 2.
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When α < 1, then by equation (1) the social optimum is achieved by the
complete graph, Kn. Furthermore, any Nash equilibrium is also a complete
graph. So the price of anarchy is 1.

When 1 ≤ α < 2, the social optimum is also the complete graph. However,
this optimum is not a Nash equilibrium. A Nash equilibrium will have a diameter
of at most 2, so the worst that can be achieved is a star graph, where |E| = n-1.
The price of anarchy is

C(star)
C(Kn)

=
2n(n− 1) + (α− 2)(n− 1)

αn(n−1)
2 + n(n− 1)

<
4

2 + α
≤ 4

3

for α = 1 and n →∞
When α ≥ 2, OPT is achieved by a star, which is also Nash but not the only

equilibrium. Some equilibria are much worse than this.

Theorem 2 For any ε > 0, the price of anarchy ρ(G) ≥ 3− ε.

Although we do not show the full proof here, we can compare the total
cost of the social optimum to a k-ary tree of depth d, which is a tree formed
by following best responses and where d = α+n

n . The total cost of the social
optimum (star) is α(n− 1) + 2n(n− 1), or (d+1)n(n-1). If we look at the k-ary
tree, a lower bound for its cost is α(n− 1) + 2d(n(k−1)

k − 1)2. Thus, taking the

limit as d →∞, ρ = ((d−1)n(n−1)+2d(n−1)2

((d+1)n(n−1)) = 3.

Theorem 3 For α ≥ 2, the price of anarchy for the model is O(
√
α).

Proof: If α > n2, the Nash equilibrium is a tree, because no player has an
interest in building an edge. The cost of the tree is O(αn+ n2n), which is the
cost of the star times a factor of n, so the price of anarchy is O(

√
α).

Otherwise if α < 2, the price of anarchy is

Price of Anarchy ρ(G) = Θ(
α|E|+

∑
i,j dG(i, j)

αn+ n2
)

Notice that the diameter of the Nash equilibrium ≤ 2
√
α because any two nodes

i and j with distance greater than this value would connect themselves for a cost
of α. If i were to do so, i could be closer to all nodes more than halfway along
the shortest path from i to j.

The sum of the cost saved by this connection is found by (2
√
α−1)+(2

√
α−

3) + ...+ 0 ≈
√
α2
√
α

2 = α.
If we can show that |E| = O( n

2
√
α

) , we will have the ratio we want.

Definition 2 The radius is defined as minv maxu d(u,v) where we find some
vertex v that is within a distance of the radius to every other vertex.
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α interval Fabrikant et al. Albers et al. Demaine et al.
0 ≤ α < 1 1 1 1
1 ≤ α < 2 4

3
4
3

4
3

2 ≤ α < 3
√

n
2 O(

√
α) ≈ 15 4

3
√

n
2 ≤ α <

√
n
2 O(

√
α) ≈ 15 6√

n
2 ≤ α < O(n1−ε) O(

√
α) O(

√
α) O(1)

O(n1−ε) ≤ α < n O(
√
α) O(n( 1

3 )) O(nε)
n ≤ α < 12nlg(n) O(

√
α) O(

√
α) O(nε)

12nlg(n) ≤ α < n2 O(
√
α) O(1) O(1)

n2 ≤ α <∞ O(1) O(1) O(1)

Table 1: Upper bounds for price of anarchy over different intervals of α

Lemma 1 ρ(G) ≤ 1 + radius(G).

If we find a graph resulting from a Nash equilibrium with a bounded radius,
this is enough to show that the ratio to the cost of a star is bounded by that
radius + 1.

Nk(u): set of vertices reachable from u by ≤ k edges. Nk = minv(Nk(u))

Lemma 2 ∀u, α ≥ 1, |N2(u)| > n
2α .

In other words, if α is small, then everybody must be close in an equilibrium.
Proof:Consider T to be the set of vertices with distance > 2 from u. |T | must
be greater than n/2, or else |N2(u)| > n/2 ≥ n/(2α), which proves our case.
Let S be the vertices with distance from u = 2. Pick a shortest path from u
to every v with d(u,v) ≥ 2. Then, match every v with a w ∈ S along the path
from u to v. We know that no w can have greater than α vertices assigned to it,
because otherwise u could reduce its cost by connecting directly to w. Because
the total number of assignments to vertices in S is more than n/2, it is the case
that |S| > (n/2)/α = n/(2 α).

Theorem 4 When α <
√
n/2, ρ(G) ≤ 6.

Proof: We need to show that there is an arbitrary vertex u at the root of a
BFS tree with depth at most 5. Show by contradiction. Suppose that there is a
vertex v at distance at least 6 from some other vertex u. Then, v can buy (u,v)
to reduce its distance from the vertices in N2(u) by at least 1. However, this
edge was not bought so N2(u) < α. By Lemma 2 just shown, N2(u) ≥ n/(2α),
so α >

√
n/2. However, we are on an interval for α <

√
n/2.

Theorem 5 α < 3
√

n
2 =⇒ ρ(G) ≤ 4.

Proof: Now we show that there is an arbitrary vertex v at the root of a BFS
tree with depth at most 3. Find in the graph the vertex v with the maximum
degree ∆. Then we know that for some vertex u N2(u) ≤ 1 + ∆2. So by

4



scribe: Michael Wunder
Lecture 9 Date: 04/21/2008

Lemma 2 1 + ∆2 > n/(2α) > α2, and ∆ > α − 1. Suppose that there is
a vertex u with distance at least 4 from v. Then vertex u can buy (u,v) to
reduce its cost to vertices in N1(v) by at least 1 and decrease its total cost by
at least |N1(v)| = ∆ + 1 > α, contradicting the idea that this is an equilibrium.
Therefore, the price of anarchy is at most 4.

Theorem 6 α < 12nlg(n) =⇒ the price of anarchy ≤ O(nε). Specifically, the
upper bound is 2(O(

√
n)).

Proof: Want to show |Nk(v)| ≥ n/2 =⇒ |N2k+24lg(n)(v)| = n. First, we need
to show that at some reasonable distance from a vertex v we can reach half of
the vertices. We can use a technique called ball growing to repeatedly expand
out from selected center nodes until the distance to every node is covered.

3 Network Creation on a Host Graph

Definition 3 A host graph GH in a network creation game defines the edges
that are allowed between vertices and therefore the graphs that are possible to
build. So G ⊆ GH for any graph resulting from the strategies played. For the
original game, GH = Kn.

Theorem 7 The price of anarchy ρ(G) = Ω(min n2

α ,
α
n ).

Proof: For α = O(n) and α ≥ Ω(n2), this claim is clear. Otherwise, we make a
cycle of length 2l composed of vertices (v1,v2,...,v2l) and edges from the graph.
Insert a path Pi of length k between every consecutive pair (vi,vi+1). Also
insert a path Qi of length k between the pairs of every other node (v2i,v2i+2).
The graphs defined by these paths are G1 and G2 respectively. Let k be the
maximum value for which 3nk < α < n

n
9k−1 still holds, so that k = O(

√
n). We

have l = n
3k−1 .

We show that G2 is an equilibrium. Removing an edge of G2 decreases the
cost of the endpoints to at least n/6 other vertices by at least n

9 − 1. Because α
is less than this cost, the owner would not delete it. Removing another edge of
G2 will disconnect G2. Adding an edge again will decrease the cost to a node
at most 3k, but since α > 3nk, no node will buy the edge.

The cost of social optimum is at most G1 = O(αn + n2(k + n
k )), so the

price of anarchy is Ω(min(n
2

α , k,
n
k )). The value picked for k gives the result of

Ω(min(n
2

α ,
α
n )).
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