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1 Overview

In a previous class, we discussed the Market Clearing Equilibrium. Today
we discuss another important equilibrium, the Nash Equilibrium, and discuss
its existence in selfish routing.

2 Definitions

(1) EQUILIBRIUM

An equilibrim is a state in which no person involved in the game wants any
change. An euilibrium is the state of the world where economic forces are
balanced and in the absence of external influences the (equilibrium) values of
economic variables will not change.

(2) NASH EQUILIBRIUM

Nash Equilibrium is a solution of a game or a condition in a game involving
two or more players, in which no player has anything to gain by changing only
his own strategy unilaterally, i.e. no player can benefit by changing his strategy
while the other players keep their strategies unchanged. The set of strategy
choices and the corresponding payoffs (benefits or rewards) constitute a Nash
Equilibrium.

In such a game, there is usually a Social Optimum, a condition that is good
for everyone or good in average. Additionally, each player has an objective
funstion (for example, maximizing profit, minimizing cost). Each player either
knows the strategies of other players or can derive these.
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(3) INEFFICIENCY OF EQUILIBRIUM

The inefficiency of an equilibrium is the measure of how much worse are the
payoffs at equibrium as compared to the optimum (global or social) payoffs.
This is usually measured using Price of Anarchy and Price of Stability.

(4) PRICE OF ANARCHY (PoA)

Price of Anarchy is defined as the ratio between the worst objective func-
tion value of one of the equilibria of the game to that of an optimal out-
come(solution).

(5) PRICE OF STABILITY (PoS)

Price of Stability is defined as the ratio between the best objective function value
of one of the equilibria of the game to that of an optimal outcome(solution).

If a central authority interested in achieveing socially optimum conditions can
decide a starting position, it will start the game with the people having the
same conditions as the conditions at PoS equilibrium. Also note that if for a
game there is only one Nash equilibrium, then the PoA will be equal to PoS.

In game theory a mixed strategy is a strategy which chooses randomly between
possible moves. The strategy has some probability distribution which corre-
sponds to how frequently each move is chosen. In this class we will consider
only Pure Nash Equilibrium in which there is no randomization of strategy
choices as against Mixed Nash Equilibrim where at least one player is playing
a mixed strategy.

3 Selfish Routing

In this lecture we will consider the Selfish Routing problem and the equilibria
conditions in this game.

3.1 Pigeo’s Example [1920]

Here C(X) describes the cost (eg. travel time) incurred by users of the edge,
as a function of the amount of traffic routed through the edges. C(X) is non-
negative, non-decreasing and continuous.

Suppose there is one unit of traffic, representing a very large population of play-
ers where each player chooses independently between the two routes from s to t.
(Hence, this is a non-atomic game.)Assuming each player tries to minimize his
cost, the system reaches its unique Nash Equilibrium where each player chooses
the lower edge.
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s t

C(X) = 1

C(X) = X

s t

C(X) = 1

C(X) = X

Here the objective function is to minimize the total cost incurred by al the
players in the system and is defined as:

minimize:
∑

e

fe · C(fe) =
∑

p∈P

fP

∑

e∈P

C(e) (1)

At Nash equilibrium for the above example, the objective function has the value
1 and the entire flow goes through the lower edge. But an optimal solution would
be to send half the flow on each edge. The optimal objective function value is
1/2 · 1 + 1/2 · 1/2 = 3/4. Hence the PoA is 4/3.

3.2 Brasse Paradox

s t

v

w

C(X)=X C(X)=1

C(X)=XC(X)=1

Consider the above network. Here the unique Nash is achieved when half the
users use the path s − v − t and the other half use the path s − w − t. The cost
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is given by the following equation:

Cost = Cost of using upper route + cost of using lower route
= (1/2 · 1/2 + 1/2 · 1/2) + (1/2 · 1 + 1/2 · 1/2)

= 3/2

This is also the optimum value of the objective function. Hence, PoA = 1.

s t

v

w

C(X)=X C(X)=1

C(X)=XC(X)=1

C(X)=0

Consider the same network after the inclusion of a new edge of zero cost from
v to w. Now, all the traffic is routed along the path s − v − w − t. The paradox
exists because by adding a zero cost edge, the PoA increases from 1 to 4/3 which
is not expected.

4 Non-atomic selfish routing game

Here, we have a general graph G. We have a set of pairs (s1, t1), (s2, t2) . . . (sk, tk)

called commodities. Each player is identified with one commodity.

Pi denotes the set of all paths from si to ti. Hence, the set of all paths is given
by P =

⋃

Pi.

Additionally, for a flow f and a path p ∈ P, we interpret fp as the amount of
traffic of commodity i that chooses path p from s to t. There is a demand di

of each commodity i that should be satisfied, i.e.
∑

p∈P fp = di. Also there

is a cost function Ce : R+ → R+ which is non-negative, non-decreasing and
continuous.

A non-atomic selfish routing game is represented by (G,d, c). (Fot atomic
results look at Section 18 in Algorithmic Game Theory book.)

The cost of a path P with respect to a flow f is defined as the sum of the costs
of constituent edges.
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Cp(f) =
∑

e∈P Ce(fe) where fe (flow on edge e)=
∑

p∈P,e∈P f(p)

4.1 Non-atomic equilibrium flow

Let f be a feasible flow for non-atomic instance (G,d,C). f is an equilibrium
flow if for every commodity i ∈ {1, . . . , k} and for every pair P, P

′

∈ Pi, fP > 0

implies CP(f) ≤ CP
′
(f). In other words, at equilibrium all paths in use have

minimum possible cost.

4.2 THEOREM: Existence and Uniqueness of equilibrium

Let (G,d,C) be a non-atomic instance then,
(a) The instance (G,d,C) admits atleast one equilibrium flow.
(b) If f and F are equilibrium flows for (G,d,C), then Ce(fe) = Ce(Fe) for every
edge e.
(See proof of theorem 4.2 in section 18.31 of Algorithmic Game Theory book).

5 Proving the 4/3 bound for PoA for Non-atomic

Selfish Routing Games

Let fEQ be the equilibrium flow and f be the socially optimal flow. Note than
since the cost function C is continuous, the optimal flow f exists and is well-
defined. Also note that for all flows f:

C(fEQ), fEQ − f ≤ 0 (2)

(This is because at equilibrium, users travel on shortest paths w.r.t. C(fEQ).
If this is not the case, then we could consider a reverse path on a shorter path
from ti to si. This would result in a negative cycle and there would be no flow
conservation.)

We assume an affine cost function Ce(X) = ce · X + be for all edges and non-
negative ce and be.

5.1 Proof:

Let f be the optimum flow. We know that it exists and is unique.

C(fEQ) =
∑

e∈E Ce(f
EQ
e ) · f

EQ
e

5



scribe: Gayatree Ganu
Lecture 9 Date: 04/07/2008

∑
e∈E Ce(f

EQ
e ) · f

EQ
e ≤

∑
e∈E Ce(f

EQ
e ) · fe(from (2) above)

=
∑

e∈E Ce(fe) · fe +
∑

e∈E

[

Ce(f
EQ
e ) − Ce(fe)

]

· fe

(3)
The first term in the above equation is OPT . The second term is represented
by the shaded region in the diagram below:

fe fe
EQ

Ce(fe)

Ce(fe
EQ)

be

Ce(X) = ceX + be

Area of the shaded rectangle is atmost half of the upper triangular region defined
by the points (0, Ce(f

EQ
e )), (0, be), (fe, Ce(f

EQ
e )). The area of the rectangle is

atmost area of the entire rectangle with sides equal to f
EQ
e and Ce(f

EQ
e ). Hence,

we have:

∑
e∈E

[

Ce(f
EQ
e ) − Ce(fe)

]

· fe ≤ 1/4 ·
∑

e∈E Ce(f
EQ
e ) · f

EQ
e (4)

Hence, from equations (3) and (4), we have:

∑
e∈E Ce(f

EQ
e ) · f

EQ
e ≤ OPT + 1/4 ·

∑
e∈E Ce(f

EQ
e ) · f

EQ
e

Cost at equilibrium ≤ OPT + 1/4Cost at equilibrium
3/4 · Cost at equilibrium ≤ OPT
Price of Anarchy = 4/3

Remark: Read Chapter 18 from Algorithmic Game Theory book for more gen-
eral function.
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