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Abstract
A universal TSP tour of a metric space is a total ordering
of the points of the space such that for any finite subset, the tour which visits these points in the given order
is not too much longer than the optimal tour. There
is a vast literature on the TSP problem, and universal TSP tours have been studied since the 1980’s when
Bartholdi and Platzman [29] introduced the spacefilling
curve heuristic for the Euclidean TSP problem and conjectured that there exists a constant-competitive universal TSP tour based on this heuristic. “Here, we settle this
”
p
conjecture negatively by proving an Ω 6 log n/ log log n
lower bound for universal TSP tours of the n×n grid; this
is the first known example of a family of finite metrics with
no constant-competitive universal tour.
Generalizing from the n×n grid to arbitrary weighted
planar graph metrics, and more generally H-minor-free
metrics, we improve the best known upper bound for
universal tours of such metrics from O(log 4 n/ log log n)
to O(log2 n).

1 Introduction
Consider a city whose roads form a grid (e.g. Manhattan), or more generally an arbitrary planar graph
(e.g. Boston). Each day, a delivery van must deliver
packages to several places in the city, and it is desirable to visit these locations in an order which incurs
the minimum total distance. This is of course the
famous traveling salesman problem, restricted to the
shortest-path metric of a planar graph.
Since the problem must be solved with a different
set of delivery locations each day, the simplest heuristic for the van’s driver to use would be to have access
to a universal ordering of the delivery locations (precomputed offline), and to plan the van’s route each
day by simply visiting that day’s locations in the order in which they appear in this universal listing. If
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the length of this tour is guaranteed to be no more
than ρ times longer than the optimal tour, we say
that the universal tour achieves competitive ratio ρ.
Our goal in this paper is to study such planar universal TSP tours, improving on the best known upper
and lower bounds for their competitive ratio.
The first work on this question dates from the
late 1980’s, when Bartholdi and Platzman [29] proposed the spacefilling curve heuristic for Euclidean
TSP (a universal ordering of the points of the plane
based on the order in which they are visited by a
spacefilling curve) and they proved that their universal tour returns a sub-tour within an O(log n) factor of optimal length. They conjectured that the
competitive ratio of their spacefilling curve is in fact
O(1). This conjecture was disproved by Bertsimas
and Grigni [6], who proved that the O(log n) competitive ratio for the Bartholdi-Platzman curve is
tight. It remained an open problem whether there
exists a constant-competitive universal tour for the
unit square. Bertsimas and Grigni conjectured that
the answer is no; in fact they made the stronger
conjecture that for any ordering of the vertices of
the n × n grid there is some subset of vertices such
that the length of their induced tour is an Ω(log n)
factor off from optimal, and they observed that
even a ω(1) lower bound would be interesting. The
main result of this paper achieves progress toward
this
a lower bound of
 pconjecture by demonstrating

Ω 6 log n/ log log n for the n × n grid. Such an
ω(1) lower bound is known for the related problem of
universal Steiner Tree [1, 21] in the Euclidean plane,
but the Steiner Tree lower bound does not imply a
ω(1) lower bound for universal TSP tours. In fact,
our approach for universal TSP lower bound is quite
different from (and more complicated than) these previous approaches.
Recently, Jia, Lin, Noubir, Rajaraman and Sundaram studied the universal TSP problem for arbitrary metrics. More precisely, they constructed
a universal TSP tour with competitive ratio ρ =
O(log4 n/ log log n) for arbitrary metrics. Furthermore, for the special case of doubling metrics, which
includes both constant-dimensional Euclidean and

growth-restricted metrics, they obtain competitive
ratio ρ = O(log n). In this paper, we obtain improved competitive ratio ρ = O(log2 n) for planar
metrics and more generally H-minor-free metrics.
(Note that planar metrics and H-minor-free metrics
are not necessarily doubling metrics, hence the best
previously-known bound was O(log4 n/ log log n).) It
is worth mentioning that even for arbitrary metrics,
no lower bound better
 than Ω(1) was known; our
p
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Ω
log n/ log log n for the n × n grid is the first
such bound.
1.1 History and prior work The traveling salesman problem (TSP) [25] has been a testbed for almost every new algorithmic idea during the past
half-century: linear programming, cutting planes and
polyhedral combinatorics, probabilistic algorithms,
local search, Boltzmann machines, genetic algorithms, simulated annealing, neural nets, dynamic
programming, Lagrangian relaxation, approximability, and even NP-completeness. The TSP was shown
early to be non-approximable in its general case (see
e.g. [13]), and Christofides’ 3/2 approximation algorithm [9] for the metric TSP problem (in which the
pairwise distances form a metric space) is well-known.
However, metric TSP is MAX SNP-hard even when
all distances are one or two [28]. For three decades it
has been an open question whether the 3/2 approximation factor can be improved. One of the most
important special cases, first considered by Grigni,
Koutsoupias, and Papadimitriou [15], is planar TSP
in which we are given a planar graph and we are
looking for the shortest closed walk that visits all
nodes at least once (equivalently, the metric TSP
for the shortest-path metric of a planar graph). In
this groundbreaking work, the authors obtain a PTAS
for planar TSP, thereby ruling out the possibility of
MAX SNP-hardness for this case. This work later
led to the seminal work of Arora [2] who obtained
PTASs for Euclidean TSP and related problems (see
also Mitchell [27]). Arora et al. [3] generalized this
work to allow distances defined by non-negative edge
weights and Grigni [14] extended this work from planar graphs to bounded genus graphs and graphs excluding a fixed graph as a minor (but he obtained a
quasi-polynomial time approximation scheme instead
of a PTAS). Very recently, Klein [23] improved the
running time of the PTAS for weighted planar graphs
to linear time.
The concept of “universal” solutions has also
been used many times before, notably in the context
of hash functions [8] and routing [35] which use
randomization to give an oblivious solution to the
input. Apart from the papers on spacefilling curve
heuristics for Euclidean TSP cited above [6, 29], the

works which are most closely related to the concept
of universal solution considered in this paper are the
recent results on oblivious routing [4, 17, 18, 19, 30]
and universal approximation algorithms [21]. It
is worth mentioning that in oblivious routing, the
optimum for an instance is exactly computable in
polynomial time, whereas universal approximation
algorithms are usually applied when the optimum
solution itself is intractable. Some other related
concepts are:
• online algorithms, in which the algorithm, upon
receiving an input, must take an action without
the knowledge of future inputs [5, 7, 12, 34],
• settings where a certain distribution over the
space of inputs is assumed [16, 17, 20, 22],
• stochastic optimization problems, in which we
commit on some initial (first-stage) actions and
some further recourse actions are performed
once the actual data is realized [10, 16].
Our
Results
and
Techniques. The
main
result
of
this
paper
is
a
lower bound of
p

Ω 6 log n/ log log n for the competitive ratio of

universal TSP on a (planar) n × n grid. This
lower bound represents progress toward proving the
conjectured lower bound Ω(log n) of Bertsimas and
Grigni [6]. In fact, this is the first ω(1) lower bound
for the competitive ratio of universal TSP in any
metric. The same lower bound trivially implies that
the spacefilling curve heuristic for Euclidean TSP is
not constant-competitive for any spacefilling curve.
Intuitively, our approach is based on proving that
any total ordering of the n × n grid must possess
one of the following substructures: a zigzag — i.e.
a large set of points having diameter d, such that
the optimum tour has length O(d) but at least half
the steps of the universal tour have length Ω(d) —
or a large set of nearly-collinear points such that
the universal tour performs many backtracks while
visiting these points. In fact, in the absence of the
first type of substructure (the zigzag), a random line
is likely to produce the second type of substructure.
We complement our lower bound for the universal TSP problem on an n × n grid by constructing
a universal TSP with competitive ratio of O(log 2 n)
in arbitrary planar metrics and more generally Hminor-free metrics. This improves upon the competitive ratio O(log4 n/ log log n) in these kinds of metrics [21]. Our approach is based on demonstrating a
novel connection between the concept of sparse partitions introduced by Jia et al. [21], and the partitioning technique for planar (more generally, Hminor-free) graphs developed by Klein, Plotkin, and
Rao [24] which has been further extended by Rao [31]
for embedding planar (H-minor-free) metrics into `2 .

2 Lower Bound for Universal TSP in Grids
Definition 1. Given a total ordering  of a metric
space (X, d) and a finite subset S ⊆ X, suppose
the elements of S are numbered s1 , s2 , . . . , sn so that
s1  s2  . . .  sn . Adopting the convention that
sn+1 = s1 and that Sn denotes the permutation group
of the set {1, 2, . . . , n}, we define
utsp(S) =

n
X

d(si , si+1 )

i=1

opt(S) =

inf

π∈Sn

(

n
X
i=1

d(sπ(i) , sπ(i+1) )

)

ρ(S) = utsp(S)/opt(S)
ρn (X) = sup{ρ(S) : S ⊆ X, |S| ≤ n}.
We aim to prove lower bounds on ρn (X) when X is
the unit square [0, 1]2 with the `2 metric, or when
X is the vertex set of the N -by-N grid graph, with
its shortest-path metric. Both lower bounds are
easy corollaries of Theorem 2.1 below, in which GN
denotes the set



2i − 1 2j − 1
: 1 ≤ i, j ≤ N ,
,
GN =
2N
2N
regarded as a subspace of the metric space [0, 1]2 with
the `2 metric. (If [0, 1]2 is subdivided into an N -by-N
grid of congruent squares, the points of GN are the
centers of these squares.)
Theorem 2.1. There exist positive constants c1 , c2
such that for all sufficiently large integers N ≥ k > 0,
and for all total orderings of GN , at least one of the
following is satisfied.
1. There exists a set S of at most k points in GN ,
such that ρ(S) ≥ c1 k.
2. There exists a set S of O(N ) points in GN such
that
18 utsp(S)
opt(S) < 5 +
k
and
c 
2
utsp(S) >
logk N.
k5

Corollary 2.1. If G = (V, E) is the N -by-N grid
graph and q
(V, d) is its shortest-path metric, then
ρ(V ) = Ω 6 logloglogNN

Proof. The√ obvious bijection from V to GN has
distortion 2 because V is isometric (up to rescaling)
to the point set GN in the `1 metric, and the
natural mapping from (R2 , k · k1 ) to (R2 , k · k2 ) has

√
 it suffices to prove that
2.q Therefore,
log N
6
ρ(GN ) = Ω
log log N . This lower bound follows
immediately
from
Theorem 2.1 by taking k to be
lq
m
distortion
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log N
log log N

.
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Corollary 2.2.
 qFor anytotal ordering of [0, 1] ,
log
N
ρN ([0, 1]2 ) = Ω 6 log log N .

As stated in the introduction, the proof of Theorem 2.1 relies on proving that every total ordering
of GN has at least one of the following two substructures, which correspond to the first and second cases
in the conclusion of Theorem 2.1:
• a zigzag, i.e. a set S of cardinality θ(k) and
diameter d, such that opt(S) = O(d) and a
constant fraction of the hops in the universal
tour of S have length Ω(d).
• a set S of O(N ) nearly-collinear points containing many backtracks.

The precise definition of a “backtrack” is formulated
as follows. Here and throughout this paper, we
adopt the following notation: if A, B are subsets of
a totally ordered set (S, ) then we write A  B if
A completely precedes B in the ordering, i.e. ∀ a ∈
A, b ∈ B a  b.

Definition 2. A strip in R2 is the region between
two parallel lines; the width of the strip is the
distance between these two lines. Given a strip σ
bounded by lines L1 , L2 , a rectangular interval of σ
is a rectangle R ⊂ R2 such that two sides of R are
segments of L1 and L2 , respectively. The length of
either of these two sides is called the length of the
rectangular interval R.
If S is a subset of a strip σ and  is a total
ordering of S, a backtrack of length s in S is a triple
of disjoint rectangles R1 , R2 , R3 , along with points
pi ∈ Ri ∩ S for i = 1, 2, 3, such that:
• R1 , R2 , R3 are rectangular intervals of σ having
length s.

• R2 lies between R1 and R3 , i.e. any line which
intersects both R1 and R3 also intersects R2 .
• Either {p2 }  (R1 ∪R3 )∩S or {p1 , p3 }  R2 ∩S.

The following lemma is the main technical tool
for demonstrating the existence of zigzags. In the
statement of the lemma, and throughout this paper,
we use the notation m(·) to denote the Lebesgue
measure (i.e. area) of a measurable subset of R2
and we use the symbol ⊕ to denote the symmetric
difference of two sets, i.e.
A⊕B = (A \ B) ∪ (B \ A).

Lemma 2.1. Suppose given measurable sets A1 ⊆
A2 ⊆ . . . ⊆ Aj ⊆ [0, 1]2 and sets H1 , H2 , . . . , Hj
satisfying the following for some constant c:
• jc ≤ m(Ai+1 \ Ai ) ≤ 2c
j for 1 ≤ i < j.
• Each set Hi is the intersection of a halfspace
with the unit square.
c
• m(Ai ⊕ Hi ) ≤ 100j
for 1 ≤ i ≤ j.
• m(A1 ) ≥ c.
• m([0, 1]2 \ Aj ) ≥ c.
Then there exist point sets U = {u1 , u2 , . . . , uj−1 }
and V = {v1 , v2 , . . . , vj−1 } such that:
• ui , vi ∈ Ai+1 \ Ai for at least (j − 1)/2 distinct
values of i.
• d(ui , vi ) = Ω(1) for 1 ≤ i < j
• opt(U ∪ V ) < 10.
For space reasons, we present the proof of Lemma 2.1
in the Appendix.
The following lemma accounts for the basic reason why every total ordering of the grid must contain either zigzags or backtracks. It explains this dichotomy in terms of a more fundamental dichotomy:
for every 2-coloring of the grid, there is either a halfspace which nearly separates the two color classes, or
a strip containing three fairly wide monochromatic
intervals such that the middle interval is colored differently from the outer ones.
Lemma 2.2. Suppose that a square Q of side length s
is partitioned into a k-by-k grid of congruent squares
Qij (1 ≤ i, j ≤ k) and that each of these squares is
colored either white or black. Let W denote the union
of the white squares and let B denote the union of the
black squares, and call a set S ⊆ R2 monochromatic
if it is disjoint from at least one of W, B. (If so, the
color of S is white if S ∩ B = ∅, black otherwise.)
Then, for sufficiently large k, at least one of the
following holds:
1. There is a halfspace H such that m(W ⊕(H ∩
Q))/m(Q) ≤ 40/k.
2. There is a line L and a strip σ containing all the
squares Qij which intersect L. This strip has
three rectangular intervals R1 , R2 , R3 ⊆ Q ∩ σ
of length s/k, such that R2 lies between R1 and
R3 , and such that the sets R2 and R1 ∪ R3 are
monochromatic and oppositely colored.
For space reasons, we present the proof of Lemma 2.2
in the Appendix.
The proof of Theorem 2.1 relies on the notion
of sampling a random line which intersects [0, 1]2 .
Let us start by specifying a probability measure on
such lines and proving some useful properties of this
measure.

Definition 3. Let S be a bounded convex subset of
R2 . A random line through S will refer to a line L
which is randomly sampled according to the following
procedure: choose θ uniformly at random from the
interval [0, 2π] and choose a number b uniformly at
random from the interval {y cos θ − x sin θ : (x, y) ∈
S}, then take L to be the solution set of the linear
equation y cos θ − x sin θ = b. Informally, one first
chooses the direction of L uniformly at random and
then one chooses L uniformly at random among the
set of lines which face in the specified direction and
intersect S. The probability measure on the set of
lines in R2 defined by this sampling procedure will be
denoted by ΛS . When S = [0, 1]2 we will abbreviate
this to Λ.
Lemma 2.3. Suppose S0 ⊆ S is homothetic to S, i.e.
there exists a point v ∈ S and a positive constant
r ≤ 1 such that
S0 = {v + r · (u − v) : u ∈ S}.
The probability that a random line through S intersects S0 is r, and the distribution of a random line
through S conditional on intersecting S0 is the same
as the distribution of a random line through S0 . More
formally, if L is a set of lines intersecting S0 and
ΛS (L) is defined, then ΛS (L) = rΛS0 (L).
Proof. If (θ, b) is an ordered pair such that the line
y cos θ −x sin θ = b intersects S0 , then the probability
density assigned to (θ, b) by measure ΛS0 is 1/r times
the probability assigned to (θ, b) by measure ΛS .
(The probability density of sampling θ is the same
under both distributions, and the probability density
of sampling b is 1/r times greater under distribution
ΛS0 because the interval {y cos θ − x sin θ : (x, y) ∈
S0 } is r times shorter than the interval {y cos θ −
x sin θ : (x, y) ∈ S}.)
Proof. [Proof of Theorem 2.1] If N < k the theorem
is trivial since logk N = 1 and this implies that case 2
is always satisfied. Otherwise, replacing N with
k blogk (N )c if necessary, we may assume that N = k r .
For t = 0, 1, 2, . . . , r−1, we may partition [0, 1]2 into a
(t)
k t ×k t grid of congruent squares {Qij : 1 ≤ i, j ≤ k},
each of which intersects GN in a sub-grid which is
isometric to GN/kt , up to rescaling. We can subdivide
(t)
Qij into a k-by-k grid of congruent squares Qab (1 ≤
a, b ≤ k). Each of the sets Qab has nonempty
intersection with GN , since N/k t ≥ k. Hence for each
a, b we may choose a point pab ∈ Qab ∩ GN which
precedes all other points of Qab ∩ GN in the total
ordering , and we may totally order the squares
Qab according to the relative ordering of the points
pab . For any number ` between 1 and k 2 , we may

color the first ` squares in this ordering black, and
the rest of the squares white. This coloring must
satisfy either case 1 or case 2 of Lemma 2.2. If case 1
is satisfied for all `, then define a set Ai ⊆ Qab for
i = 1, 2, . . . , j = dk/16, 000e to be the union of the
first ` = 41 k 2 + 8000ik squares in the ordering. By
assumption, there is a set Hi which is the intersection
(t)
of a halfspace with Ai such that m(Ai ⊕Hi )/m(Qij )

(t)

3. E(β(Qij )) > (c/k 5 )k −2t for some constant c.

The theorem then follows by choosing a line L such
P
(t)
that the random variable
i,j,t β(Qij ) assumes a
value at least as great as its expectation.
We prove (1) by assigning a charge of β(Q), for
each Q ∈ Q, to a segment of the UTSP tour in such
a way that the total charge assigned to the segment
sn , s1 is at most 1, and the total charge assigned to
(t)
40
1
is at most k < 400j . Scaling up Qij if necessary so every other segment s , s
i i+1 is at most 3d(si , si+1 ).
that it is congruent to [0, 1]2 , we may apply Lemma The charging scheme is defined as follows. If s1 ∈ Q
2.7 to establish that there exists a set S = U ∪ V then we charge β(Q) to the segment sn , s1 , and we
satisfying the conclusion of case 1 of Theorem 2.1.
call this a charge of type A. Otherwise, the UTSP
We are left with proving Theorem 2.1 under the tour begins outside of the square Q. Let R1 , R2 , R3
(t)
following assumption: for every square Qij , if we be the three rectangles which define the backtrack
k
subdivide it into a k-by-k grid {Qab }i,j=1 and order of length β(Q) inside Q. If p2 (Q)  {p1 (Q), p3 (Q)}
the squares as above, there exists an ` such that case 2 then by the definition of a backtrack, it follows that
of Lemma 2.2 applies when the first ` squares of the there is a segment si , si+1 of the tour such that
ordering are colored black and the remaining k 2 − ` d(si , si+1 ) ≥ β(Q) and si+1 ∈ Q, namely the first
segment si , si+1 such that si+1 belongs to the portion
are colored white. This means that:
t+1 of σ(Q) between R1 and R3 . We charge β(Q) to this
• There is a strip σ of width at least 1/k
with three rectangular subintervals R1 , R2 , R3 segment, and we call this a charge of type B. Finally,
if {p1 (Q), p3 (Q)}  p2 (Q)}, then assume without loss
of length 1/k t+1 ;
of
generality that p1 (Q)  p3 (Q). We assign a charge
• There are squares Qab , Qa0 b0 , Qa00 b00 contained
of
β(Q)
to the first segment si , si+1 of the UTSP tour
in σ, which intersect R1 , R2 , R3 , respectively;
such that p1 (Q)  si and the line segment ` with
• Qa0 b0 does not come between Qab and Qa00 b00 in
endpoints si , si+1 intersects R2 . By the definition
the ordering of the squares of the k-by-k grid.
of a backtrack, we know that neither endpoint of `
Let p, p0 , p00 denote the points pab , pa0 b0 , pa00 b00 . If belongs to R2 , and that the length of ` ∩ R2 is at
Qab , Qa00 b00  Qa0 b0 , then let L0 denote the line least β(Q). We call this a charge of type C, and we
through p, p00 . If Qa0 b0  Qab , Qa00 b00 , let L0 denote label the charge with the ordered pair (R2 , Q).
Let us now prove that the total of all charges
the line through through p0 parallel to the boundary
is
less
than 3utsp(S) + 1. Observe that for each t
of σ. In either case, the reader may check that L0 is
contained in a strip of width 1/k t+2 which contains there is at most one Q(t)
ij containing s1 , hence the
(t)
a backtrack of length 1/k t+1 . Call this strip σ(Qij ). total charge of type A is less than 1/k + 1/k 2 + . . . =
Let R1 , R2 , R3 be the three rectangles defining the 1/(k − 1) ≤ 1. Similarly, for each i < n and each t
(t)
(t)
backtrack in Qij and for a = 1, 2, 3 let pa (Qij ) be a there is at most one Q(t)
ij containing si+1 so the total
point of GN ∩ Ri which precedes all other points of charge of type B to segment si , si+1 is dominated
GN ∩ Ri in the ordering  .
by a geometric progression in which each term is
Now let L denote a random line through [0, 1]2 k times the following term. Moreover, no term in
(t)
and let Q denote the set of all squares Q = Qij (1 ≤ this series exceeds d(si , si+1 ) since our scheme never
t ≤ r, 1 ≤ i, j ≤ k t ) such that L ∩ Q is contained assigns a type-B charge β(Q) to segment si , si+1
in σ(Q) ∩ Q. Let S denote the union of all the sets unless β(Q) ≤ d(si , si+1 ). Therefore the total charge
{p1 (Q), p2 (Q), p3 (Q)} as Q runs through the elements of type B assigned to segment si , si+1 is bounded
above by
of Q. Note that
∞
X
r
X
d(s
,
s
)
k −i ≤ 2d(si , si+1 ),
i
i+1
|S| = 3|Q| ≤ 3
k t ≤ 6 · k r = O(N ).
i=0
t=1

(t)

For each Q = Qij let β(Q) = 1/k t+1 if Q ∈ Q,
β(Q) = 0 otherwise. We claim that
P
(t)
1. 3utsp(S) + 1 ≥ i,j,t β(Qij ),
2. opt(S) < 4 +

P

(t)

i,j,t

6β(Qij )/k, and

hence the sum of all charges of type B is at most
2utsp(S). Finally, to bound the sum of the charges
of type C, consider two distinct charges of type C
assigned to the same segment si , si+1 and suppose
that their labels are (R, Q) and (R0 , Q0 ). We claim
that R and R0 have disjoint interiors. This is obvious
if Q and Q0 have disjoint interiors; otherwise, one of

the squares Q, Q0 is contained in the other, so let us
assume without loss of generality that Q0 ⊆ Q. By
the definition of a charge of type C, the following
properties must be satisfied:
(t)

• For any square Qij which is contained in Q and

direction of line L belongs to the middle third of
the interval [θ0 , θ1 ], is Ω(1/k 2 ). Combining these two
(t)
(t)
(t)
consequences, we see that L ∩ Qij ⊆ σ(Qij ) ∩ Qij
with probability Ω(1/k 4 ); as explained earlier, this
establishes claim 3.

(t)

intersects R, {si , si+1 }  S ∩ Qij and {si , si+1 }
(t)

is disjoint from Qij .

• S ∩ Q0 contains a point p such that p  si .

Together, these two properties establish that Q0 is
disjoint from R, hence R0 is disjoint from R as
claimed. Now recall that when a charge of type C
is assigned to segment si , si+1 and labeled with a
pair (R, Q), it means that the line segment ` joining
si and si+1 intersects R in an interval of length at
least β(Q). As we have now confirmed that distinct
type-C charges are labeled with disjoint rectangles, it
implies that the sum of the type-C charges to segment
si , si+1 is bounded above by the sum of the lengths
of a set of disjoint subintervals of the line segment
`. Hence the sum of the type-C charges assigned to
segment si , si+1 is at most d(si , si+1 ) and the sum of
all charges of type C is at most utsp(S).
We prove claim 2 by observing that all the points
of S are joined together by a Steiner tree consisting
of L ∩ [0, 1]2 together with a segment joining each
p ∈ S to the closest point of L. The length of the
tour opt(S) is at most twice the length of this Steiner
tree. Observe that the length of L ∩ [0, 1]2 is less
than 2. Also observe that for each Q ∈ Q the strip
σ(Q) has width β(Q)/k, so Q contributes three points
to S and these points contribute at most 3β(Q)/k
to the total length of the Steiner tree. It follows
that the total length of the Steiner tree is less than
P
(t)
2 + i,j,t 3β(Qij )/k which confirms claim 2.
Finally to prove claim 3, it suffices to prove that
(t)
Pr(Qij ∈ Q) > (c/k 4 )k −t for some constant c.

3

Upper Bound for Universal TSP in Planar
Graphs and H-minor-free Graphs
Our approach to obtain O(log2 n) competitive ratio
for universal TSP in planar graphs relies on a partitioning technique for planar graphs developed by
Klein, Plotkin, and Rao [24] which has been further
extended by Rao [31]. We also use the concept of
sparse partitions introduced by Jia et al. [21]. Let’s
first start by introducing sparse partitions.
Definition 4. ([21]) A (r, σ, I)-partition of a metric space (V, d) is a partition {Si } of V such that
(i) the diameter of every set Si in the partition is
at most r · σ and (ii) for every node v ∈ V , the ball
Br (v) = {u ∈ V |d(u, v) ≤ r} intersects at most I sets
in the partition. A (σ, I)-partition scheme is a procedure that computes (r, σ, I)-partition for any r > 0.
Using a partition scheme, Jia et al. obtain a
universal TSP as follows.
Lemma 3.1. ([21]) Given a metric space (V, d) with
n vertices and a polynomial-time (σ, I)-partitioning
scheme, there is a polynomial-time algorithm which
computes a universal TSP with competitive ratio
O(σ 2 I logσ n).

A planar metric is the shortest path metric of a
planar graph. More generally, we define H-minorfree metric to be the shortest path metric of an
H-minor-free graph, i.e., a graph which does not
contain the fixed graph H as a minor. We begin with
graphs where all edges have unit weight, and then
we indicate how graphs with arbitrary edge weights
(t)
Recalling Lemma 2.3, we see that Pr(L ∩ Qij 6= ∅) = can be treated. Rao [31] was the first who considered
planar (H-minor-free) metrics and proved that such
(t)
k −t and that, conditional on the event L ∩ Qij 6= ∅, metrics with n points can be embedded in ` with
2
the distribution of L is the same as that of a random distortion only O(√log n), as opposed to O(log n) for
(t)
line through Qij . It remains to show that if L is general metrics. We use Rao’s approach which relies
(t)
a random line through Qij , then the line segment on a partitioning scheme specified in [24]. This allows
(t)
(t)
(t)
L∩Qij is contained in σ(Qij )∩Qij with probability us to prove the following lemma.
Ω(1/k 4 ). Let [θ0 , θ1 ] be the interval consisting of all Lemma 3.2. There is a (O(1), O(log n))-partition
angles θ such that there exists a line at angle θ whose scheme for planar metrics and more generally for H(t)
(t)
(t)
intersection with Qij is contained in σ(Qij ) ∩ Qij . minor-free metrics. This partition scheme is computable by a randomized algorithm in polynomial
(t)
The fact that the width of σ(Qij ) is Ω(1/k 2 ) times
time.
(t)
the side length of Qij has the following consequences:
Combining Lemmas 3.1 and 3.2, we obtain the
first, θ1 − θ0 = Ω(1/k 2 ); and second, if L is a random
main
result of this section which is an improvement
(t)
(t)
line through Qij , the probability that L ∩ Qij ⊆ on the competitive ratio O(log4 n/ log log n) of [21] in
(t)

(t)

σ(Qij ) ∩ Qij , conditional on the event that the

planar (H-minor-free) metrics.

Theorem 3.1. There is a polynomial-time randomized algorithm which returns a universal TSP with
competitive ratio O(log2 n) in planar or more generally H-minor-free metrics.
The rest of this section is devoted to the proof of
Lemma 3.2.
First we define an r-cover C to be a collection of
subsets of V such that (i) for each v ∈ V , Br (v) is
contained in at least one set in C, (ii) every vertex is
contained in at most O(log n) sets in C, and finally
(iii) each set in C has diameter at most O(r).
Before showing the existence of an r-cover C
for planar (H-minor-free) graphs we show that
existence of an r-cover C implies existence of a
(r, O(1), O(log n))-partition P. We construct a partition P from C as follows. For each v, we select an
arbitrary set Cv ∈ C which contains Br (v) and then
we partition V such that all vertices v with the same
Cv are in one set of this partition. Clearly this forms
a partition and the diameter of each set in P is in
O(r). Finally, we need to show that for every node
v, Br (v) intersects at most O(log n) sets in P. Suppose Br (v) intersects a set A in P and consider an
a ∈ A ∩ Br (v). It means node v also belongs to Br (a)
and thus it is in Ca . Thus for distinct sets A that
Br (v) intersects there are distinct sets Ca in C which
contain v. Thus the number of sets in P that intersect
Br (v) is at most the number of sets in C that contain
v, which is bounded by O(log n) from the definition
of an r-cover.
To construct an r-cover C for planar (H-minorfree) metrics, we use the following decomposition.
Let G be our graph and let ∆ be an integer parameter. We take an arbitrary node v0 ∈ V (G)
and build a breadth first tree. Let d(v, u) denote
the distance of u and v in G. We choose an integer x ∈ {0, 1, . . . , ∆ − 1} uniformly at random, and
we let B1 = {v ∈ V (G) : d(v, v0 ) mod ∆ = x}. By
deleting the vertices of B1 from G, the remaining vertices are partitioned into connected components; this
is the first level of the decomposition. For each of
these components of G − B1 , we repeat the same procedure; ∆ remains unchanged and r is chosen anew at
random but we can use the same r for all the components. Let B2 be the set of vertices deleted from G in
this second round, taken together for all components.
The second level of the decomposition consists of the
connected components of G − B1 − B2 , and decompositions of levels 3, 4, . . . can be produced similarly.
For planar graphs, it suffices to use a 3-level decomposition, and for every fixed graph H, there is a suitable
k = O(|V (H)|) such that a k-level decomposition is
appropriate for an H-minor-free graph G.
Let B = B1 ∪ B2 ∪ · · · ∪ Bk which can be
considered as the boundary of the components in

the k-level decomposition. We use the following two
properties proved by Rao [31] (see also a survey by
Matousek [26][Chapter 15]).
• For each vertex v ∈ V (G), we have
minb∈B d(v, b) ≥ c1 ∆ with probability at least
c2 , for some constants 0 < c1 , c2 < 1, where the
probability is with respect to the random choices
of the parameters x at each level of the decomposition.
• Each component in the resulting decomposition
has diameter at most O(∆) in the planar (Hminor-free) metric.
Now, we are ready to construct an r-cover C.
First, we fix ∆ = r/c1 and C = ∅. Now we
construct the decomposition as above and we add
all connected components C1 , C2 , . . . , Cp of G − B
to C. We repeat this process for 5(1/c2 ) log n times.
We claim that C which is the union of all connected
components during these repetitions is an r-cover
with high probability. First we note that each vertex
is contained in at most 5(1/c2 ) log n = O(log n) sets
of C. Each set in C has diameter at most O(∆) =
O(r), by property (2) of the decomposition above.
Finally with high probability, for each vertex v ∈ V ,
in at least one repetition minb∈B d(v, b) ≥ c1 ∆ = r
(see property (1) of the decomposition above) which
means the ball Br (v) is contained in at least one of the
components of G − B and thus in C. This algorithm
results in an r-cover C with high probability. Since
we can check whether a collection of subsets of V is
an r-cover or not, we can run the algorithm several
times and obtain a real r-cover.
Finally, we note that when we have arbitrary
nonnegative weights on edges, we can add artificial
vertices by subdividing the appropriate edges. In
this way, though the distances can be in a very wide
range and not just from 1 to n, still via simulations
of artificial nodes, we can find the decomposition
mentioned above. However, in constructing the rcover, we just put the actual (and not artificial) nodes
of each connected component in each set. In this way
the diameter of each set is still in O(r). Also, since
we care about the fact that Br (v) is contained in one
set of the r-cover only when v is an actual (and not
artificial) node, still O(log n) random samples of the
decomposition are sufficient.
4 Open Problems
What is the best possible competitive ratio for universal TSP in general metrics? It is at least plausible
that the answer should be Θ(log n), and we conjecture that a lower bound of Ω(log n) can be proven
using the shortest-path metric of a constant-degree
expander graph.

What is the best possible competitive ratio for
universal TSP in the n × n grid? Our lower bound
is still quite far from the upper bound of O(log n)
derived using either [29] or [21], and Bertsimas and
Grigni [6] have conjectured that this upper bound
is optimal. A related but perhaps easier problem
is to obtain a tight bound (up to constant factors)
for ρn ([0, 1]2 ). Here, as in the case of the grid,
the best known upper bound is O(log n) and this is
conjecturally optimal.
Can the current upper bound of O(log2 n)
for planar (H-minor-free) metrics be improved?
For instance, can one prove an upper bound of
O(log n log log n) by combining our construction of
r-covers with the proof of Lemma 3.1 via the divideand-conquer graph decomposition approach of Seymour [33], which has been used in various contexts
before (see e.g. [5, 11, 19, 32]).
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A Proof of Lemma 2.1
Proof. Let Li denote the boundary of the halfspace
which defines Hi . Divide the middle third of the line
segment Li ∩ [0, 1]2 into j − 1 equal segments with
endpoints xi,1 , xi,2 , . . . , xi,j . For 1 ≤ i, ` ≤ j − 1, the
points xi,` , xi+1,` , xi+1,`+1 , xi,`+1 are the vertices of
1
a convex quadrilateral Qi,` with area at least 10j
2
and diameter at most 3/j. These quadrilaterals
fit together into a (j − 1)-by-(j − 1) checkerboard
pattern. Color a square of this checkerboard red if
the corresponding Qi,` does not intersect Ai+1 \ Ai .
Let ni denote the number of red squares in column
i of the checkerboard, i.e. the number of distinct `
such that Qi,` is disjoint from Ai+1 \ Ai . We have
ni
10j 2

≤

j−1
X
`=1

≤ m

m(Qi,` \ (Ai+1 \ Ai ))




∪j−1
`=1 Qi,` \ (Ai+1 \ Ai )

≤ m ((Hi+1 ⊕ Hi ) \ (Ai+1 ⊕ Ai ))
c
≤
50j
which implies that ni ≤ j/5, hence the number of
red squares in the entire checkerboard is at most
(j − 1)j/5. It follows that at least (j − 1)/5 rows have
fewer than j/4 red squares. Among the indices ` such
that row ` has fewer than j/4 red squares, choose two
such indices `, `0 satisfying `0 − ` ≥ (j − 1)/5. Now
for 1 ≤ i < j, choose points ui ∈ Qi,` , vi ∈ Qi,`0 ,
such that each of ui , vi is chosen to belong to the set
Ai+1 \ Ai if possible. It is an exercise to check that
the conclusions of the lemma are satisfied by these
points {ui , vi }.
B Proof of Lemma 2.2
Proof. Without loss of generality, assume that Q =
[0, 1]. If any row or column satisfies case (2) then we
are done. Otherwise, in every row or column, all the
white squares are contiguous and all the black squares
are contiguous. (We will henceforth call this property
of the coloring monotonicity.) The reader may check
that this has the following consequence, which will be
useful later on: in any nine-by-nine sub-grid of the kby-k grid, there is a monochromatic three-by-three
sub-grid.
Suppose now that one edge of the k-by-k grid has
two endpoints which are the same color. Without loss
of generality, say these are the upper left and right
corners and they are both white. The monotonicity
property implies that there are numbers i1 , i2 (1 ≤

i1 , i2 ≤ k) such that in the left column, the top i1
squares are white and the rest are black, and in the
right column, the top i2 squares are white and the rest
are black. Without loss of generality, assume i1 ≤ i2 .
We may assume that i1 < k, as otherwise all squares
are colored white and the coloring satisfies case 1
in the statement of the lemma. The monotonicity
property now implies that:
1. In rows 1, . . . , i1 , every square is white.
2. In rows i1 + 1, . . . , i2 , there is a block of black
squares on the left followed by a block of white
squares on the right.
3. In rows i2 + 1, . . . , k, all squares are black.
Let Q be the union of the squares in the (k − 2)by-(k − 2) grid obtained by deleting all the squares
Qij which lie on the boundary of [0, 1]2 . If Q
is monochromatically white or monochromatically
black, then the coloring satisfies case 1 and we are
done. Otherwise, properties (1)-(3) above imply the
following: along the boundary of Q all the white
squares are contiguous and all the black squares are
contiguous. Let p, q be the points on the boundary of
Q where the coloring changes from white to black and
vice-versa. Note that p is on the left edge of Q by our
assumptions (1)-(3). Let σ be a strip of width 10/k
centered on line pq. The complement of σ consists of
two halfspaces H1 , H2 . Since line pq doesn’t intersect
the top edge of [0, 1]2 , this edge is disjoint from at
least one of H1 , H2 (say H1 ). If both halfspaces are
monochromatic, we are done. Otherwise, there is
either a white square Qij which intersects H1 or a
black square which intersects H2 . We will assume
the first case (a white square Qij intersects H1 );
the second case is handled by a similar argument.
By our assumptions (1)-(3) we know that there is a
monochromatically white rectangle R containing Qij
and the upper right corner of [0, 1]2 . Now let L be
a line parallel to line pq and the boundary line of
H1 , halfway between these two lines, and let σ be
the union of all lines L0 parallel to L such that there
exists a square Qi0 j 0 intersecting both L and L0 . The
reader may now check that:
• σ has a monochromatically white rectangular
interval R2 of length 1/k which is contained in
the rectangle R.
• σ has two monochromatically black rectangular
subintervals R1 , R3 such that the two intersection points of L with the boundary of Q are contained in R1 and R3 , respectively.
• R2 is between R1 and R3 .
This completes the proof of the lemma in the case
that one edge of the k-by-k grid has two endpoints

of the same color. In the remaining case, we may
assume without loss of generality that the upper left
and lower right corners are white and the upper right
and lower left corners are black. Now there are two
cases:
1. The 13-by-13 sub-grid in each corner of the kby-k grid is monochromatic.
2. At least one of these sub-grids is not monochromatic.
In case 1, it follows that the diagonal joining the upper left and lower right corners is the mid-line of
a strip σ of width 16/k which may be divided into
16 parallel strips σ1 , . . . , σ1 6 of width 1/k, each containing monochromatically white rectangular subintervals R1 , R3 of length 1/k within distance O(1/k)
of the upper left and lower right corners, respectively.
Similarly, the diagonal joining the lower left and upper right corners is the mid-line of a strip σ 0 of width
16/k which may be divided into eight parallel strips
σ10 , . . . , σ10 6 of width 1/k, each containing monochromatically black rectangular subintervals R1 , R3 of
length 1/k within distance O(1/k) of the lower left
and upper right corners, respectively. The intersection of σi and σj0 is a square Q̃ij which is a rectangular subinterval of length 1/k in both of the strips
σi , σj0 . If any of the 256 squares Q̃ij (1 ≤ i, j ≤ 16) is
monochromatic, we have confirmed that case 2 in the
statement of the lemma holds, and we are done. But
the union of these 256 squares is a (16/k)-by-(16/k)
square containing a nine-by-nine sub-grid of the k-byk grid. Earlier we noted that the monotonicity of the
coloring implies that this nine-by-nine sub-grid contains a monochromatic three-by-three sub-grid, and
at least one of the squares Q̃ij must lie completely
inside the union of the squares in this three-by-three
sub-grid.
In case 2, we may assume without loss of the
generality that the 13-by-13 sub-grid in the upper
left corner is not monochromatic, and that there is
a black square Qij with 1 ≤ i ≤ 13, 1 < j ≤ 13
such that Qi,j−1 is white. Let Q be the union
of the squares in the (k − 12)-by-(k − 12) sub-grid
whose upper left corner is Qij . Inside Q we have
a monotonic coloring, and the top edge of Q has
two endpoints which are the same color, i.e. black.
We have already confirmed that in the case, there
is either a halfspace H satisfying the conclusion
in case 1 of the Lemma, or a strip σ with three
rectangular intervals R1 , R2 , R3 ⊆ Q satisfying the
conclusion in case 2. In the first case, we are
done because enlarging Q to the unit square [0, 1]2
increases the measure of W ⊕(H ∩ [0, 1]2 ) by no more
than 24/k. In the second case, it is trivial to see that
the conclusion of the Lemma continues to hold when
we enlarge Q to [0, 1]2 .

