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Abstract

We study stochastic variants of Packing Integer Programs
(PIP) | the problems of nding a maximum-value 0/1
vector x satisfying Ax b, with A and b nonnegative.
Many combinatorial problems belong to this broad class,
including the knapsadk problem, maximum clique, stable
set, matching, hypergraph matching (a.k.a. set packing), b-
matching, and others. PIP can also be seenas a \m ulti-

dimensional" knapsad problem where we wish to pack a
maximum-value collection of items with vector-valued sizes.
In our stochastic setting, the vector-valued size of each item
is known to us apriori only as a probability distribution,

and the size of an item is instantiated once we commit to
including the item in our solution.

Following the framework of [3], we consider both adap-
tive and non-adaptive policies for solving such problems,
adaptiv e policies having the exibilit y of being able to make
decisionsbasedon the instantiated sizesof items already in-
cluded in the solution. We investigate the adaptivity gap for
these problems: the maximum ratio between the expected
values achieved by optimal adaptive and non-adaptiv e poli-
cies. We show tight bounds on the adaptivity gap for set
packing and b-matching, and we also show how to nd e -
ciently non-adaptiv e policies approximating the adaptiv e op-
timum. For instance, we can approximate the adaptive op-
tim um for stochastic set packing to within O(d'2), which is
not only optimal with respect to the adaptivit y gap, but it is
also the best known approximation factor in the determinis-
tic case. It is known that there is no polynomial-time d**? -
approximation for set packing, unlessNP = ZPP. Simi-
larly, for b-matching, we obtain algorithmically gtight bound
on the adaptivit y gap of O( ) where satis es B+l = 1,

For general Stochastic Packing, we prove that a simple
greedy algorithm provides an O(d)-approximation to the
adaptive optimum. Fgg A 2 [0;1]" ", we provide an O( )-
approximation where
we get = d¥.) We also improve the hardness results
for deterministic PIP: in the general case, we prove that a
polynomial-time d* -approximation algorithm would imply
NP = ZPP. In the special casewhen A 2 [0;1] " and
b= (B;B;:::;B), we show that a d'™® -approximation
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would imply NP = ZPP. Finally, we prove that it
is PSPACE-hard to nd the optimal adaptive policy for
Stochastic Packing in any xed dimensiond 2.

1 Stochastic Packing

We consider a multidimensional generalization of the
Stochastic Knapsack problem [3] where instead of a
scalar size, eadh item has a \v ector size" in RY, and
a feasible solution is a set of items such that the total

sizeis bounded by a given capacity in eadh componert.

This problem can be also seenas the stochastic version
of a Packing Integer Program (PIP), de ned in [10]. A

Padking Integer Program is a combinatorial problem in

a very generalform involving the computation of a so-
lution x 2 f0;1g¢ satisfying packing constraints of the

form Ax b where A is nonnegative. This encapsu-
lates many combinatorial problems such as hypergraph
matching (a.k.a. setpadking), b-matching, disjoint paths
in graphs, maximum clique and stable set. In general,
Padking Integer Programs are NP-hard to solve or even
to approximate well. We mertion the known hardness
results in Section1.1.

Our stochastic generalizationfollows the philosophy
of [3] whereitems have independert random sizeswhich
are determined and revealedto our algorithm only after
an item is chosento be included in the solution. Before
the algorithm decidesto insert an item, it only has
someinformation about the probability distribution of
its size. In the PIP problem, the \size" of an item is
a column of the matrix A, which we now consider to
be a random vector independert of other columns of A.
Oncean item is chosen,the sizevector is xed, and the
item cannot be removed from the solution anymore. An
algorithm whosedecisionsdepend on the obsened size
vectors is called adaptive an algorithm which chooses
an entire sequenceof items in advanceis non-adaptive

Definiton  1.1. (PIP) Given amatrix A2 R¢ " and
vectors B 2 RY;¥ 2 R?, a Packing Integer Program
(PIP) is the problem of maximizing ¥ x subject to
Ax Dandx 2 f0;1g%

Definition  1.2. (Stochastic = Packing) Stochastic
Packing (SP) is a stochastic variant of a PIP wher
A is a random matrix whosecolumns are independent



random vectors, denotel S(1);:::S(n). A feasible
solution is a set of items F suchthat ,- S(i) B
The value of S(i) is instantiated and xed once we
include item i in F. Once this decision is made,

e item cannot be removal. Whenever the condition

i2r S(i) D is violated, no further items can be
inserted, and no value is received for the over owing
item.

We consider 4 classesof Stochastic Packing prob-
lems: (1) General Stochastic Packing where no restric-
tions are placed on item sizesor capacity; by saling,
we can assumethat ® = (1;1;:::;1). (2) Restricted
Stochastic Packing where S(i) havevaluesin [0; 1]¢ and
B2 R% L 1 (3) Stochastic Set Packing where S(i)
havevaluesin f0; 1g% andb= (1;1;:::;1). (4) Stochas-
tic b-matching where S(i) have valuesin f0;1g% and
b2 2% L

Definition  1.3. An adaptive policy for a Stochastic
Packing problemis a function P : 2"l RY 1 [n].
The interpretation of P is that given a con gur ation
(A; D) wher A representsthe items still availableand B
the remaining capacity, P (A; D) determines which item
should be chosennext amongthe items in A.

A non-adaptive policy is a xed ordering of items to
be inserted.

For an instance of Stochastic Packing, let AD AP T
denotethe maximum possibleexpected value achievel by
an adaptive policy, and NONAD AP T the maximum
possible expected value achievel by a non-adaptive pol-

icy.

Given a Stochastic Packing problem, we can ask
seweral questions. The rst oneis, what is the optimum
adaptive policy? Can we nd or characterize the
optimum adaptive policy? Next, we can ask, what
is the benet of adaptivity and evaluate the adaptivity
gap{ the ratio betweenthe expected values of optimal
adaptive and non-adaptive policies? Note that such
a question is independert of any complexity-theoretic
assumptions;it refersmerely to the existenceof policies,
which may not be computable e cien tly. We can also
try to nd algorithmically a good non-adaptive policy,
which approximates the optimal adaptive policy within
somefactor. In the single-dimensionalcase,we proved
that the adaptivity gapis boundedby a constart factor,
and the non-adaptive solution can be achieved by a
simple greedy algorithm [3].

1.1 Known results. Stochastic Packing in this form
has not been considered before. We build on the
previous work on Packing Integer Programs, which was
initiated by Raghavan and Thompson [10], [9]. They

proposedan LP approach combined with randomized
rounding, which yields an O(d)-approximation for the
general case[10]. Fqgt the caseof Set Padking, their
methods yield an O(' d)-approximation. For general
B parametrized by B = minh, there is an O(d™®)-
approximation for A 2 [0;1]¢ " and an O(d¥(B+D )-
approxig@tion for A 2 f0;1g ". The greedyalgorithm
givesa d-approximation for Set Padcking [5].

This is complemened by the hardnessresults of
Chekuri and Khanna [1] who show that a d*=(B+1) .

approximation for the b-matching problem with B =

result on the inapproximabilit y of Max Clique [6]). For
A 2 [0;1]" " and real B 1, they get hardness
of d=(PBe+l)  _gpproximation; this still leaves a gap
between O(d*) and d¥(B*D  for B integer, in
particular a gap betweend*?> and O(d) in the general
case.

The analysis of the randomized rounding tech-
nique has beenre ned by Srinivasan[11] who presers
stronger bounds; however, the approximation factors
are not improved in general (and this is essetially im-
possibledue to [1]).

1.2 Our results. We proveboundson the adaptivity
gap and we also preser algorithms to nd a good non-
adaptive solution. Our results are summarizedin the
table below. In the table, GP = General Packing,
SP = Set Packing, RP = Restricted Packing, BM =
b-matching and previously known results are within
squarebrackets.

Determ. |Inapprox- | Adaptivit y | Stochastic
approx. | imability gap approx.
GP| [ O() ] d* (" d O(d)
RP|[O d& ]| d# de=sr | O d¢
P= 1= P= P=
SP|[O d ]|][d ] ( d o( d)
BM|[O d&*T ]|[deT ] desr |0 deT

It turns out that the %dgptivity gap for Stochas-
tic Set Packing can be (  d), and in the caseof b
malt:g:hing it can be ( ) where 1 is the solution
of j 1= b5+ = 1. For b= (B;B;:::;B), we get

= d¥=(B*) (It is quite conspicuoushow thesebounds
match the inapproximabilit y of the deterministic prob-
lems, which is seemingly an unrelated notion!) These
instancesare described in Section 2.

On the positive side, we prove in Section 4 that a
natural extensionof the greedy algorithm of [3] nds a
non-adaptive solution of expected value AD AP T=0(d)
for the generalcase. For Stochastic Set Padcking we,gan
achieve non-adaptively expectedvalue AD AP T=0( d)



by an LP approach with randomized rounding. The LP
which is describedin Section3 providesa non-trivial up-
per bound on the expected value achieved by any adap-
tiv e strategy, and our randomized rounding strategy is
described in Section5. More generally, for stochastic b-
matchiﬂg we can achieve non-adaptively AD AP T=0( )
where i 1= %*1 = 1. For Restriced Stochastic Pack-

ing we get ADAPT=0( ) where ;1=5 = 1 (Sec-

tion 7). Note that for B =
= d¥=(B+D) for Stochastic b-matching and

for Restricted Stochastic Packing, i.e. the best approx-

imation factors known in the deterministic case.

In Section8, we improvethe hardnessresults for de-
terministic PIP: We provethat a polynomial-time d* -
approximation algorithm would imply NP = ZPP, so
our greedy algorithm is essetially optimal evenin the
deterministic case. We also improve the hardnessre-
sult to d**® in the casewhen A 2 [0;1]¢ ";b =
2 integer.

All our approximation factors match the best re-
sults known in the deterministic caseand the hardness
results imply that these are essetially optimal. For
Set Packing and b-matching, we also match our lower
bounds on the adaptivity gap. It is quite surprising
that we can approximate the optimal adaptive policy to
within O( ) e cien tly, while this can be the actual gap
betweenthe adaptive and non-adaptive policies; and un-
lessN P = ZPP, we cannot approximate even the best
non-adaptive solution better than this!

Our results only assumethat we know the expected
sizeof each item (or more preciselythe truncated mean
size,seeDe nition 3.1, and the probability that anitem
alone ts) rather than the entire probability distribu-
tion. With suc limited information, our results are
alsotight in the following sense.For Stochastic Packing
and Stochastic Set Padking, there exist instanceswith
the samemeanitem sizesfor which thq)o_ptim um adap-
tivevaluesdi er by afactor ( d) or (  d), resp. These
instancesare described in Section 6.

= d1=B

2 The benet of adaptivit y

We present examples which demonstrate that for
Stochastic Packing, adaptivity can bring a substartial
advantage (as opposedto Stochastic Knapsadk where
the benet of adaptivity is only a constart factor [3]).
Our examplesare simple instancesof Set Packing and
b-matching (A 2 f0;1g¢ ).

Lemma 2.1. There are instances of Stochastic Set
Packing, such that

p—

_d NONADAPT:

ADAPT
2

Proof. De ne items of typei = 1;2;:::;d where items
of typei havesizevector S(i) = Be(p) €, i.e. arandom
Bernoulli variable Be(p) in the i-th component, and 0
in the remaining componerts (p > 0to be chosenlater).
We have an unlimited supply of items of ead type.
All items have unit value and we assumeunit capacity
b= (1;1;:::2).

An adaptive policy can insert items of ead type
until a sizeof 1 is attained in the respective componern;
the expected number of items of ead type inserted is
1=p. Therefore ADAPT d=p

On the other hand, considera set of items F. We
estimate the probability that F is a feasible solution.
For every componert i, let k; denote the number of
items of typei in F. We have:

PrSi(F) 1] = (1 p“+kpl p*
= (@A+pk 1)@ plt
@+p e pet
= @ p) !
and
PrijS(F)jj. 1] @ p)kt
i=1
e TR e P(Fi d).

Thus the probability that a set of items ts decreases
exponertially with its size. For any non-adaptive policy,
the probability that the rst k items in the sequencere
inserted successfullyis at most e P« 9 and we can
estimate the expected value achieved.

NONADAPT = Prik items t]
k=1
d+ ek @ = gv T g+l
k=d+1 e 1 P
We choosep = d 72 for which we get ADAPT %2

and NONADAPT  2d.

We generalizethis exampleto an arbitrary integer
capacity vector b.

Lemma 2.2. There are instances of Stochastic b-
matching such that

ADAPT 2 NONADAPT

P
where  1is the solution of = &, 1= b+l = 1,

P
Proof. Let p 1 satisfy id:l p®*1 = 1. Considerthe

same set of items that we used in the previous proof,



only the valuesare modi ed asv; = p®*=(h + 1). The
same adaptive strategy will now insert items of each
type, until it accunulates sizely in the i-th componert.
The expected number of items of typei inserted will be
b =p, and therefore

Xy
ADAPT Vi — =

}Xd hpbi+l 1
i=1 P P

h+1 2p

i=1

Consider a set of items F. We divide the items of
ead typeinto blocks of sizely + 1 (for typei). Suppose
that the number of blocks of typei is k;. We estimate
the probability that F is a feasiblesolution; we usethe
fact that ead block alone has a probability of over ow
p®*1  and theseeverts are independert:

b]
el

Now we expressthis probability as a function of the
value of F. We de ned the blocks in sud"Pa way that
a block of type i gets value p*, and  kip®*! is
the value of all the blocks. There might be items of
value lessthan p?*! of type i, which are not assigned
to any block. All these together can have value at
most 1 (by the de nition of p). So the probability
that the non-adaptive policy ts a set of value at least
wis ( w) minfel W;1g: Now we can estimate the
expected value achieved by any non-adaptive policy:
1 Z,
(wdw 1+
0 1

PI[Si (F) e kP

Pr[S(F)

(1 pbi +1 )ki
e kipbi +1

NONADAPT = et Wdw= 2:
It follows that th$adaptivity gapis at least1=4p= =

where satis es id:l 1= b+l = 1

holdswith = d'=(B*D  which is the adaptivity gap for
stochastic b-matching that we claimed. In Section5, we
provethat for SetPacking and b-matching, thesebounds
are not only tight, but they can be actually achieved by
a polynomial-time non-adaptive policy.

On the other hand, the bestlower boupd we have on
the adaptivit y gapin the generalcaseis ( d) (from Set
Padking), and we do not know whether this is the largest
possiblegap. Our best upper bound is O(d), asimplied
by the greedy approximation algorithm (Section 4).

3 Bounding an adaptiv e policy

In this section, we introduce a linear program which
allows us to upper bound the expected value of any
adaptive policy. This is basedon the sametools that we
usedin [3] for the 1-dimensionalcase. This LP together
with randomized rounding will be usedin Section5 to
designgood non-adaptive policies.

Definiton  3.1. For an item with random size vector
S, we de ne the truncated mean size ~ by components
as

i = E[minfS;; 1g]:

For a setof items A, wewrite ~(A) =, ~(i).

The following lemma can be proved using the same
martingale argumert that we usedin [3]. Here, we show
an alternativ e elemenary proof.

Lemma 3.1. For any adaptive policy, let A denote the
(random) set of items that the policy attempts to insert.
Then for each componentj, E[ j(A)] b + 1whee®
is the capacity vector.

Proof. Consider componert j. Denote by M (c) the
maximum expected ; (A) for a set A that an adaptive
policy canpossiblytry to insert within capacity cin the
j-th componert. (For now, all other componerts can
be ignored.) We prove, by induction on the number of
available items, that M (c) c+ 1

Suppose that an optimal adaptive policy, given
remaining capacity c, insertsitem i. Denote by f it (i; ¢)
the characteristic function of the evert that item i ts
(S (i) ¢) and by s(i) its truncated size (s(i) =
minf §; (i); 19). We have

M (c) i (i) + E[fit(i; oM (c  s(i))]

= E[s(i)+ fit(i; )M (c  s(i))]

and using the induction hypothesis,

M (c) EJ[s(i)+ fit(i;c)(c s(i)+ 1)]
= E[fit(i;c)(c+ 1)+ (@ fit(i;c)s(i)] c+ 1,
completing the proof.

We can bound the value achieved by any adaptive
policy using a linear program. Eventhough an adaptive
policy can make decisionsbasedon the obsened sizesof
items, the total probability that anitem i is inserted by
the policy is determined beforehand| if we think of a
policy in terms of a decisiontree, this total probability
is obtained by averaging over all the branches of the
decision tree where item i is inserted, weighted by
the probabilities of executing those branches (which
are determined by the policy and distributions of item
sizes). We do not actually need to write out this
probability explicitly in terms of the policy. Just denote
by x; the total probability that the policy tries to insert
item i.

Definition  3.2. We de ne the \e e ctive value" of
eachitem i asw; = v; Pr[item i alone ts]:



Conditioned on item i being inserted, the expected
value for it is at most w;. Therefgre, the expectedvalue
achieved by the policy is atgnost  ; Xiw;. The expected
sizeinsertedis E[~(A)] =, xi~(i). We know that for
any adaptive policy this is boundedby by + 1in the j -th
componert, sowe can write the following LP:

(

V = max h+1 8

P )
X X ()
i 1 8i

' XiW;j . 0 X
I

In this extended abstract, we will be using this LP only
for our special casesin which an item always ts when
placed alone,i.e. w; = v;.

Note the similarity betweenthis LP and the usual
linear relaxation of the deterministic padking problem.
The only dierence is that we have Iy + 1 instead of
b on the right-hand side, and yet this LP bounds the
performance of any adaptive policy | aswe have seen
in Section2, a much more powerful paradigmin general.
We will put this linear program to usein Section5. We
summarize:

Lemma 3.2. ADAPT V:

4 The greedy algorithm

A straightforward generalization of the greedy algo-
rithm from [3] givesan O(d)-approximation algorithm
for General Stochastic Packing. Let's gobriey overthe
main points of the analysis.

Remenber that, in the generalcase,we canassume
by scalingthat D= (1;1;:::;1). Then anatural measure
of multidimensional sizeis the |; norm of the mean size
vector:

i~(A)iiL =
j=1
The reasonto usethe [; norm here is that it bounds
the probability that a set of items over ows. Also, the
I; norm is easyto work with, becauseit's linear and
additiv e for collections of items.

i (A):

Lemma 4.1. Pr[jjS(A)jjln 1] 1 jj~(A)jjs:

Proof. For each componert, Markov's inequality gives
us Pr[S;(A) 1] = Pr[minfS;(A); 19 1]
E[minf §; (A); 1] i (A); and by the union bound

I P4 AN
PrijS(A)jji. 1] =1 i (A) = Ji~(A)jja:

We set a threshold 2 (0;1) and we de ne heavy
items to bethosewith jj~(i)jj; > andlight itemsthose

with jj~(i)jja

=1

The greedy algorithm.
Take the more pro table of the following:

A single item, achieving

my = maxv; PrljjS(i)j.  1J:

I
A sequencef light items, in the order of decreasing
vigj~(i)jj1. This achievesexpectedvalue at least

X
k(1 My)

k=1

where My = maxfk :

Mg < 1g.

Py . ...
iz Ji=()jji1, and n =

We employ the following two lemmas from [3], in
which we only replace by jj~jj1 (which works thanks
to Lemma4.1). Asin [3], weset = 1=3.

Lemma 4.2. For = 1=3, the expected value an adap-
tive policy getsfor heavy items is

3E[jj~(H9jj1] m1

where H is the set of heavy items the policy attempts
to insert.

Elv(H)] E[HIIm:

Lemma 4.3. For = 1=3, the expected value an adap-
tive policy getsfor light items is

EvL)] @+ 3E[j~(L)iis]) me:

We obsene that for the random set A° that an
adaptive policy tries to insert, Lemma 3.1 implies

Efi~(A%ji1] = E[ (A9 2d:

j=1

Therefore E[jj~(H 9jj1] + E[ji~(L)jj1]
the following.

2d and we get

Theorem 4.1. The greedy algorithm for Stochastic
Packing achievesexpected value at least GREEDY =
maxf my; mgg, and

ADAPT (1+ 6d) GREEDY:

This alsoprovesthat the adaptivit y gapfor Stochas-
tic Padking is at most O(d). It remainsan openquestion
whether thepggp can actually be ( d). Our best lower
boundis ( ~ d), seeSection?2.

5 Stochastic Set Packing and b-matc hing

As a special case,consider the Stochastic Set Packing
problem. We have seenthatd'n_this casethe adaptivity
gap can be as large as ( d). We prove that this
is indeed tight. Moreover, we present an algorithmic



approach to nd an O(IO d)-approximate non-adaptive
policy.

Our solution will be a xed collection of items |
that is, we insert all these items, and we collect a
nonzeroprot only if all the respective setsturn out to
be disjoint. The rst stepisto replacethe I; norm by a
stronger measureof size, which allows one to estimate
better the probability that a collection of items is a
feasible solution.

Definition 5.1. For a set of items A,

NA) = ~() ~(G):

fij g2 (%)

Lemma 5.1. For a set of items A with size vectors in
f0; 199,

PrijS(A)ija 11 1 ~A):

Proof. A set of items can over ow in coordinate | only
if at leasttwo items attain sizelin that coordinate. For
a pair of items fi; j g, the probability of this happening
is (i) (j)- By the union bound:

X

Pr[Si(A) > 1] () 1();
fi;j)%z(‘;)
PriiiS(A)jj. > 1] =) ~@() = "A):

fij 02(3)

Now we use the LP formulation introduced in
Section 3. Since we can solve the LP in polynomial
tirpe, we can assumethat we h‘gveasolutign % such that
i xi~Mji1  2,andV =" xjw; =  x;V; bounds
the expectedvalue of any adaptive policy (Lemma 3.2).
We canalsoassumethat the value of any item is at most
p—aV for some xed > 0, otherwise the most valuable

item aloneis a p—d-approximation of the optimum.

We samplea random set of items F, item i indepen-
dertly with probability g = P=Xi. Constants ;  will
be chosenlater. We estimate the expected value that
we get for the set obtained in this way. Note that there
are \t wo levels of expectation" here: onerelated to our
sampling, and another to the resulting set being used
as a solution of a stochastic problem. The expectation
denoted by EJ] in the following computation is the one
related to our sampling. Using Lemma5.1, we canlower
bound the expected value obtained by inserting set F
by v(F)(1 ~(F)). The expectation of this value with
respect to our random sampling is:

ENV(F)E, ~(F)

X X
= Eg Vi Vi
i2F i2F

3

() ~(f

fik g2 (%)

3

" #
X X _
- e v E§ W+ v)~G) ~(0)5
i2F fik g2 F
> ik g2(5) 3
X X
ER vi~() ~(K)4
fik 92>£;) i2Fnfjk g
G Vi gavi~() ~(k)
[ ik
1X .
5 9aavi=0) ~(k)
ik 0 1 I
2 X _
=V =V @ x-0A Xic~(k)
0 : 1 “ I
3 X _
WV@_ x; ~(j )A k xk~(K)
i
p—a(l 4 2 2)v;
P -
where we usedy; p—av andjj  x~()i. 2.
We choose and to satisfy (1 4 2 9=

Brﬁthen maximize thi%v;alue, which yields 2 5 ( 5+

33)=8 and 2 = (11 33 59)=128. Then d= <
5:6 d is our approximation factor. Using the method
of conditional expectations (on E[v(F)(1 ~(F))] which
can be computed exactly), we canalso nd the setF in
a deterministic fashion. We summarize:

Theorem 5.1. For Stochastic Set Packing, there is a
polynomial-time algorithm which nds a sst_of items
yielding expected vaﬁjg at least AD AP T=5:6 d. There-
fore ADAPT 56 dNONADAPT:

This closesthe adaptivit y gap for the Stochastic Set
Padking problem up to a constart factor, sincbeyve know
from Section 2 that it could be aslarge as% d.

Next, we sketch how this algorithm generalizego b
matching, with an arbitrary integer vector b. A natural
generalization of *(A) and Lemma 5.1 is the following.

5.2. For a setof items A,

xd X Y
"o(A) =
<12, )28

Definition
1(i):

Lemma 5.2. For a set of items A with size vectors in
f0; 1g¢,

PriS(A) © 1 7,(A):

Proof. Similarly to Lemma 5.1, a set of items can
over ow in coordinate I, only if b + 1 items attain sizel



'@ their j -th componert. This happenswith probability
i»g 1(i) and we apply the union bound.

Using this measure of size, we apply a procedure

similar to our solution of Stochastic Set Packing. We

solve
(

P .
Ve max X 1) b+1 8l

N 8i

which is an upper bound on the optimum by Lemma 3.2.
We assumethat the value of eat item is at most —V
and Wq§ampIeF, ead item i with probability g = —Xx;
where ;1= b+ = 1. ; > 0to bechosenlater. We
estimate the expected value of F:

EV(F)X  4(F))] 3
" #
X xd X X Y
= E Vi E§ Vi ()5
i2F =1 B2(,, )28 2B
xd X X Y
3 vi )5
1=1 B2(,",)i2FmB 2B
X X :
gvi -V (b+1) g 10)
i =1 iBj=h+1 2B
X X X Y _
G Vi g 10)
=1 i jBj=b+1 2B
Xk X Pon
-V =V Y G (i)
=1 i
)(d 1 X ! b +1
_V|:1 m g (i)
by +1
-V -V bl —(b + 1)
=1
V)(d 1 1 b +1
— — —(h+
CER] (b +1)
We use Stirling's formula, (b + 1)! > b'%l b'+l, and
bt> O > b 1 Also, we assume2e < 1.
EV(F)Q  (F))I
xd b +1 xd by +1
-V -V 2 -V e "
=1 =1
22 X 1 e2 X
-V Vo Vo e
1=1 =1
= V@ 2 e):

We choose optimally 2e = 1+ p§ and 2e =
8 B 3 which givesan approximation factor of 2e = (2
3) < 21 . We can derandomizethe algorithm using
conditional expectations provided that all the ky's are
constart. In that case, we can ewaluate E[v(F)(1
»(F))] by summing a polynomial number of terms.

Theorem 5.2, For Stochastic b-matching with con-

stant capacity B, there is a polynomial-time algorithm

which nds a set of items yielding expected value at

|9ast ADAPT=21 wher 1 is the solution of
; 1= 5*1 = 1. Therefore

ADAPT 21 NONADAPT:

This closesthe adaptivity gap for b-matching up
to a constart factor, since we know that it could be
as large as =4.

= d¥(B*D  This meansthat our approximation
factors for Stochastic Set Packing and b-matching are
near-optimal even in the deterministic casewhere we
have hardnessof d=(B+1)  _approximation for any xed
> 0.

6 Limitations
sizes

Our algorithms only use knowledge of the truncated
mean sizesof items. Here we shaw that this knowledge
does not allow to determine the expected value of an
optimal adaptive strategy to wittﬂjn_ afactor better than
( d) in the generalcaseand (  d) in the Set Packing
case.

Considertwo instancesof General Stochastic Padck-
ing with d items. Item i in the rst instance has (deter-
ministic) size1=(2d) in all componerts j 6 i and sizel
or 0 with probability 1=2 in componert i. In the second
instance, item i has deterministic size equal to the ex-
pectedsizeof item i in the rst instance. In the second
instance all d items t, while in the rst the expected
number of items that we can t is O(1).

In the Set Packing case, consider two dierent
instances with an in nite supply (or large supply) of
the sameitem. In the rst instance, an item has size
(1;1; ;1) with probability 1=d and size (0;0; ;0)
otherwise. In the secondinstance, an item has size g
for i = 1, ;d with probability 1=d. The expected
sizeof an item is (1=d;1=d; ;1=d) in both instances.
In the rst instance, any policy will t 2d 1 items
in Bx_pectation while in the secondinstance it will get
( pg) items by the birthday paradox, for a ratio of

( d.

when knowing only the mean



7 Restricted Stochastic Packing

As the last variant of Stochastic Packing, we consider
instanceswhere the item sizesare vectors restricted to
S(i) 2 [0;1]® and the capacity vector is a given vector
b2 RY with b 1forallj. Similarly to b-matching,
we prove an approximation factor as a function of the
capacity b, and we nd that our approad is particularly
successfulin case of capacity very large compared to
item sizes.

Theorem 7.1. S For Restricted Stochastic Packing

with item sizes S(i) 2 [0;1] and capacity B, there is

a polynomial-time algorithm which nds a set of items

yielding expected vaIueFat least AD AP T=120 where
1is the solution of &, 1= P = 1. le,,

ADAPT 120 NONADAPT:

Proof. Consider the LP bounding the performance of
any adaptive policy:

X

max iXij(i Q+1 8]

_ )
V= 0 x 1 8i

XijVj :
i
Assumethat vi -V for ead item i, for someconstart

> 0 to be chosenlater, otherwise oneitem aloneis a
good approximate solution. We nd an optimal solution
x and de ne

G = —Xi,

> 0 again to be chosenlater.

Our randomized non-adaptive policy inserts item i
with probability g. Let's estimate the probability that
this random set of items F ts, with respect to both
(independert) levelsof randomization - our randomized
policy and the random item sizes.For ead j,

X
E[S (F)] = —(b + 1):

G (i)

Since this is a sum of [0; 1] independert random vari-
ables, we apply the Cherno bound (for random vari-
ables with support in [0;1] as in [7], but we use the
form givenin Theorem 4.1 of [8] for the binomial case)

to estimate the probability of over ow (use (b +
D=;1+ =b=):
1+ )
e e
PriSi(F)>Rg] < @+ )= 17
e B 2 P

and using the union bound,

xd
Pri9;Sj(F) > bl< 2e = =

Now we estimate the probability that the value of F
is too low. We assumethat v; -V and by scaling
we obtain values v = Vi 2 [0;1]: We sample eath
of them with probability g Wlﬁ_jch yields a random sum
W with expectation E[W]= ", gvl= = . Again by
Cherno bound (extension of Theorem 4.2 of [8]),

1 - -
Pr W< éE[W] <e EWIB =g =8

We choose = 1=10 and = 1=100 which vyields
Pr[9j;S;(F) > B] < 2e < 0:544 and Pr[v(F) <
=-V] < e =8 < 0:287, which means that with
probability at least 0:169, we get a feasible solution
of value %V. The expected value achieved by our
randomized policy is at least ﬁv.

Finally, note that any randomized non-adaptive
policy can be seenas a cornvex linear combination of
deterministic non-adaptive policies. Therefore, there
is also a deterministic non-adaptive policy achieving
NONADAPT ﬁ ADAPT: A xed setF achieving
expected value at least AD AP T=120 can be found
using the method of pessimistic estimators applied to
the Cherno bounds, see[9].

8 Inappro ximabilit y of PIP

Here we improve the known results on the hardnessof
approximation for PIP. In the generalcase,it was only
known [1] that a d**? -approximation, for any xed

> 0, would imply NP = ZPP (using a reduction
from Max Clique). We improve this result to d*

Theorem 8.1. There is no polynomial-time d' -
approximation algorithm for PIP for any > 0, unless
NP =ZPP.

Proof. We useHastad's result on the inapproximabilit y
of Max Clique [6], or more conveniertly maximum stable
set. For a graph G, we de ne a PIP instance: Let
A 2 RY " be amatrix whered = n = jV(G)j, Aj = 1
for every i, Aj = 1=nfor fi;jg2 E(G) and Aj; = 0
otherwise. Let B = ¥ = (1;1;:::1). It is easyto
see that Ax b for x 2 f0;1g" if and only if x
is the characteristic vector of a stable set. Therefore
approximating the optimum of this PIP to within d*
for any > 0 would imply an n! -approximation
algorithm for maximum stable set, which would imply
NP =ZPP.

This provesthat our greedy algorithm (Section 4)
is essetial optimal evenin the deterministic case.Next
we turn to the case of \small items", in particular
2 integer. In
this case,we have an O(d*=8 )-approximation algorithm



(Section 7) and the known hardnessresult [1] was that
a d=(B+*D  _approximation would imply NP = ZPP.
We strengthen this result to d*=8

Theorem 8.2. There is no polynomial-time d*® -
approximation algorithm for PIP with A 2 [0;1]¢ ™ and
(B;B;:::;B);B2Z,;B 2 unlessNP = ZPP.

Proof. For a given graph G = (V;E), denote by d
the number of B-cliques (d < nB). Dene ad n
matrix A (i.e., indexed by the B-cliques and vertices
of G) where A(Q;v) = 1 if vertex v belongsto clique
Q, A(Q;Vv) = 1=nif vertex v is connectedby an edge
to clique Q, and A(Q;v) = 0 otherwise. Denote the
optimum of this PIP with all valuesv; = 1 by V. Let

> 0 be arbitrarily small, and assumethat we can
approximate V to within a factor of d**8

Suppose that x is the characteristic vector of a
stable set S;jSj = (G). Then Ax D becausein
any clique, there is at most one member of S and the
remaining vertices contribute amost 1=n ead. Thus
the optimum of the PIP isV (G).

If Ax bfor somex 2 f0;1g%, then the subgraph
induced by S = fv : x, = 1g cannot have a clique
larger than B: supposeR S is a clique of sizeB + 1,
and Q R is a sub-clique of size B. Then (Ax)(Q)
(the componert of Ax indexed by Q) must exceedB,
since it collects 1 from ead vertex in Q plus at least
1=n from the remaining vertex in R n Q. Finally, we
invoke a Ieﬁnma from [1] which states that a subgraph

vXV:

on jSj = Xy vertices without cliques larger than
B must have a stable set of size (G) jSj'8, i.e.
Vo ((G)°B.

We assume that we can nd W sud that
V=d=B W V. Taking a= W8 we show that
a must therefore bea n® -approximation to (G). We
know that a V178 (G). On the other hand,

(G)

nl

y 1B
di=B

(©)

a n1=B

where we have used V (G), d < nB, and nally
(G) n. This provesthat aisann! -approximation
to (G), which would imply NP = ZPP.

9 PSPACE-hardness of Stochastic Packing

Consider the problem of nding the optimal adap-
tive policy. In [3], we shoved how adaptive policies
for Stochastic Knapsad are related to Arth ur-Merlin
games. This yields PSPACE-hardnessresults for cer-
tain questions;namely, whether it is possibleto Il the
knapsadk exactly to its capacity with a certain proba-
bility, or what is the adaptive optimum for a Stochastic
Knapsadk instance with randomnessin both size and

value of eacth item. However, we were not able to prove
that it is PSPACE-hard to nd the adaptive optimum
with deterministic item values.

In contrast to the inapproximabilit y results of Sec-
tion 8, here we do not regard dimension d as part of
the input. Let usremark that for deterministic PIP, it
is NP-hard to nd the optimum but there is a PTAS
for any xed d 1 [4]. For Stochastic Packing, this is
impossibledue to the adaptivity gap and limitation of
knowing only the meanitem sizes. Howewer, considera
scenariowherethe probability distributions are discrete
and completely known. Then we can consider nding
the optimum adaptive policy exactly. Here we prove
that this is PSPACE-hard even for Stochastic Packing
with only two random size componerts and determinis-
tic values.

For the PSPACE-hardnessreduction, we refer to
the following PSPACE-hard problem (see[2], Fact 4.1).

Problem: MAX-PR OB SSAT

Input: Boolean3-cnfformula :f0;1g?! f0;1g

P()

whereM x f (x) = maxff (0);f (1)g
and Ay g(y) = (9(0) + g(1))=2.

= M x1Ay1M XAy, 1M XAk ( X1;Y15 00 Xk Yk)

Output: YES, if P() =1; NO,if P() 1=2.

Theorem 9.1. For Stochastic Packing in a xed di-
mensiond 2, let p(V) be the maximum prokability
that an adaptive policy inserts suaessfuly a set of items
of total value at least V. Then for any xed > 0O, it
is PSPACE-hard to distinguish whether p(V) = 1 or
p(v) 34

Proof. We can assumethat d = 2. We dene a
Stochastic Pading instance corresponding to a 3-cnf
The 2-
dimensional sizes will have the same format in ead
componert, [VARS j CLAU SES], where VARS have
k digits and CLAU SE S have m digits. All digits arein
base10 to avoid any over ow. It will be conveniert to
considerthe individual digits as\2-dimensional”, with a
pair of componerts indexed by 0 and 1. In addition, we
de ne deterministic item values with the same format
[VARS j CLAU SES].

2 f0;1g and f; 2
f0; 1g, we de ne a \variable item" 1;(x;;f;) which has
4 possible random sizesindexed by two random bits
yi;ri 2 f0;1g:

s(li(xi;fi)syisri) = [VARS(; fi;ri)jCLAU SES(i; xi;yi)l:



VARS(i; fi;ri) have two (three for i = 1 and one for
i = k) nonzerodigits: the i-th most signi cant digit has
a lin the f;-componert (in both componerts for i = 1,
independertly of f1), and the (i + 1)-th most signi cant
digit hasa 1in the rj-componert, exceptfori = k. Note
that the policy can chaosein which componert to place
the f; contribution (for i > 1), while the placemer of
the r; contribution is random

In CLAU SES(i; xi; Vi), we get a nonzerovalue in
the digits corresponding to clausesin which x; or y;
appears. Variable x; cortributes 1 to the digit in the
1-componert if the respective clauseis satis ed by the
value of x;, or in the O-componert if the clauseis not
satis ed. Similarly, y; corntributes to the clauseswhere
it appears. If both x; and y; appearin the sameclause,
the contributions add up. The valuesof items I;(x;;f;)
are de ned as

val(li(xi;fi)) = [VAR(i) j 0]

where VAR (i) contains a 1 in the i-th digit and zeros
otherwise. Then we dene ll-in items F;; (i = 0;1)
whosesizeonly contains a 1 in the i-componert for the
j -th clausedigit. For ead j, we have 3 items of type
Fjo and 2 items of type Fj,. Their valuesare

val(Fj;) = [0j CLAU SE(j)]

which meansa 1 marking the j -th clause. The capacity
of the knapsad is

C =[11111117 33333333333333
in ead dimension and the target value is also
V = [11111111) 33333333333333

Assume that P() = 1. We can then dene
an adaptive policy which inserts one item |; for eadh
i = 1;2;:::;k (in this order), choosingfi+«s =1 r; for
ead i < k. Basedon the satisfying strategy for formula
, the policy satis es ead clause and then adds II-
in items to achieve value 1 in eadh digit of VARS and
value 3 in ead digit of CLAU SES.

On the other hand, assumeP() 1=2. Any
adaptive policy inserting exactly 1 item |; for eadh i and
abiding by the standard ordering of items can achieve
the target value only if all clausesare properly satis ed
(becauseotherwiseit would need3 items of type F;, for
someclause),and that happenswith probability at most
1=2. Howewer, we have to be careful about \c heating
policies". Here, \cheating" means either inserting I;
after 1,41 or not inserting exactly 1 copy of ead I;.
Considera cheating policy and the rst i for which this
happens. In casel; is not inserted at all, the policy

cannot achievethe target valuefor VARS. In casemore
than 1 copy of |; is inserted or |; is inserted after 1.1 ,
there is 1=2 probability of over ow in the VARS block
of capacity. This is becausethe corntribution of I; to the
(i+1)-th digit of VARS hits arandom componernt, while
one of the two componerts would have been lled by
li+1 or another copy of |; already. Either way, this leads
to afailure with probability at least 1=2, conditioned on
the evert of cheating. In the worst case,the probability
of succesf a cheating policy can be 3=4.

Theorem 9.2. For a 2-dimensinal stochastic knapsack
instance, it is PSPACE-hard to maximize the expected
value achievel by an adaptive policy.

Proof. We use the reduction from the previous proof.
The maximum value that any policy can achieve is
V = [11111111j 3333333333333]. In caseof a YES
instance, an optimal policy achievesV with probability
1, whereasin caseof a NO instance, it can succeedwith
probability at most 3=4. Therefore the expected value
obtained in this caseis at mostV ~ 1=4.
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