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1. The moduli space of

stable curves

Let k be a field, and n ≥ 3 an in-
teger.

Definition 1.1. A stable curve of
genus 0 with n labeled points over
k is a finite union C of projective
lines C1, ..., Cp over k, together with
labeled distinct points z1, ..., zn ∈
C such that the following conditions
are satisfied:
1) each zi belongs to a unique Cj;
2) Ci ∩ Cj is either empty or con-

sists of one point;
3) The graph of components (whose

vertices are the lines Ci and whose
edges correspond to pairs of inter-
secting lines) is a tree;
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4) The total number of special points
(i.e. marked points or intersection
points) that belong to a given com-
ponent Ci is at least 3.

Here is an example of such a curve
over R:

2
5

1

6

3 4

7

8

A stable curve with 8 marked points.

Denote the set of equivalence classes
of stable curves of genus 0 with n la-
beled points over k by M0,n(k). It
is a classical fact, due to Deligne-
Mumford-Knudsen, that there exists
a smooth irreducible projective va-
riety M0,n of dimension n − 3 de-
fined over Z, whose set of k-points
is M0,n(k). This variety is called
the moduli space of stable curves of
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genus 0 with n labeled points. It is a
natural compactification of the mod-
uli space M0,n of n-tuples of distinct

points on P1.
Examples. 1. M0,3 is a point,

since a stable curve with 3 labeled
points must be a single P1, and any
two triples of points are equivalent
by a unique fractional linear trans-
formation.
2. M0,4 = P1. Indeed, M0,4 con-

sists of M0,4 and three special points
corresponding to singular curves, with
labeled points arranged as follows:
(12)(34), (13)(24), and (14)(23). A
point of M0,4 is completely deter-
mined by the cross ratio of the four
points, which can take any value ex-
cept for 0, 1,∞. Thus
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M0,4 = P1 \ {0, 1,∞}. The three
special points fill the holes at 0, 1,∞,
so we get a complete P1.
3. It can be shown that M 0,5 is the

blowup of P1 × P1 at three points.

2. The topology of the

complex moduli space

The result of Deligne-Mumford-Knudsen
implies that the space M0,n(C) is
a compact connected complex man-
ifold. Similarly, M 0,n(R) is a con-
nected compact real manifold. It is
interesting to study the topology of
these manifolds.
The topology of M0,n(C) is very

well understood by now, thanks to
the work of Keel, Kontsevich-Manin,
Getzler, and others. In particular, in
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1992 S. Keel computed the cohomol-
ogy ring and the Betti numbers of
M0,n(C).

Theorem 2.1. (Keel) The commu-
tative ring H∗(MC

n+1, Z) is gener-
ated by elements (of degree 2) DS,
one for each subset S ⊂ {0, 1, 2, . . . , n}
with 2 ≤ |S| ≤ n−1, subject to the
following relations.

1. DS = D{0,1,...,n}\S.
2. For distinct elements i, j, k, l ∈
{0, 1, . . . , n},

∑

i,j∈S
k,l /∈S

DS =
∑

i,k∈S
j,l /∈S

DS.

3. If S∩T /∈ {∅, S, T} and S∪T 6=
{0, 1, . . . , n}, then DSDT = 0.
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The exponential generating func-
tion

A(u, t) :=
∑

n≥2

n−2∑

k=0

rk(H2k(MC
n+1, Z))tk

un

n!

satisfies the differential equation

(1)
∂A

∂u
=

u + (1 + t)A

1 − tA
.

This differential equation allows one
to compute the Betti numbers recur-
sively.

Remark 2.2. The class DS has a
geometrical interpretation as the class
of the divisor of MC

n+1 consisting of
singular genus 0 curves in which the
removal of a singular point separates
the points in S from the points not
in S.
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3. The topology of the

real moduli space

In this talk I will deal with topolog-
ical questions about M 0,n(R), which
I will denote by Mn for brevity. First
of all, we have the following result.

Proposition 3.1. (i) Mn is not
orientable for n ≥ 5.
(ii) (Davis-Januskiewicz-Scott) Mn

is aspherical.

Example. M5 is the blowup of
S1 × S1 at three points, so it is a
closed nonorientable surface of Euler
characteristic −3.
The main result I want to discuss is

the determination of the Betti num-
bers and the cohomology ring of Mn

(or, equivalently, of its fundamental
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group Γn). Before giving the answer,
we should do a bit of algebra.

4. The algebra Λn

Definition 4.1.Λn is the skew-commutative
algebra generated over Z by elements
ωijkl, 1 ≤ i, j, k, l ≤ n, which are
antisymmetric in ijkl, with defining
relations
(2)
ωijkl+ωjklm+ωklmi+ωlmij+ωmijk = 0,

(3) ωijkl ωijkm = 0,

(4)
ωijkl ωlmpi+ωklmp ωpijk+ωmpij ωjklm = 0

for any distinct i, j, k, l,m, p,

In particular, Λn is a quadratic al-
gebra.
We will also consider the algebras

Λn ⊗ R for commutative rings R.
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They are defined over R by the same
generators and relations.

Remark 4.2. One can show that 2
times (4) is in the ideal generated by
(2) and (3). So this relation becomes
redundant if 1/2 ∈ R.

The algebra Λn has a natural action
of Sn.

Proposition 4.3.One has Λn[1] =
∧3hn, as Sn-modules, where hn is
the n − 1-dimensional submodule
of the permutation representation,
consisting of vectors with zero sum
of coordinates (in particular, Λn[1]
is free over Z of rank
(n − 1)(n − 2)(n − 3)/6).

It is convenient to use another pre-
sentation of Λn, in which only the
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Sn−1-symmetry, rather than the full
Sn-symmetry, is apparent, but which
contains only quadratic relations. This
presentation is given by the following
proposition.

Proposition 4.4. The algebra Λn

is isomorphic to the skew-commutative
algebra generated by νijk, 1 ≤ i, j, k ≤
n− 1 (antisymmetric in ijk) with
defining relations

νijkνijl = 0,

and

νijkνklm + νjklνlmi + νklmνmij

+νlmiνijk + νmijνjkl = 0.

The identification of the two pre-
sentations is defined by the formula
νijk → ωijkn.
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Theorem 4.5.For each n, Λn is a
free Z-module with Poincaré poly-
nomial

Pn(t) =
∏

0≤k<(n−3)/2

(1+(n−3−2k)2t).

This theorem is proved by construct-
ing a homogeneous basis of Λn and
counting the number of elements in
this basis. Namely, define a trian-
gle graph on vertices 1, ..., n−1 to
be a collection of triangles on these
vertices. To every triangle graph with
m triangles we can attach an element
of Λn of degree m defined up to sign,
by taking the product of νijk over all
triangles ijk in the graph.
We will say that a triangle graph

is a triangle forest if there is no
cycle whose all edges are contained in
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different triangles (in particular, no
two triangles have a common edge).
If in addition it is connected, it is
called a triangle tree.

Definition 4.6. We define basic
triangle trees and forests as follows,
by induction on the number of trian-
gles.

1. A single point is a basic triangle
tree.

2. A nontrivial triangle tree is basic
iff the two smallest vertices are
on a common triangle, and each
of the three components after re-
moving that triangle is basic.

3. A triangle forest is basic iff each
component is basic.
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Theorem 4.7. The algebra Λn is
freely spanned by the monomials
associated to basic triangle forests.

Conjecture 4.8. The algebra
Λn⊗Q is a Koszul quadratic algebra.

5. The cohomology of the

real moduli space

For any ordered m-element subset
S = {s1, ..., sm} of {1, ..., n} we have
a natural map φS : Mn → Mm,
forgetting the points with labels out-
side S. More precisely, given a stable
curve C with labeled points z1, ..., zn,
φS(C) is C with labeled points zs1, ..., zsm,
in which the components that have
fewer than 3 special points have been
collapsed in an obvious way.
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Thus for any commutative ring R
we have a homomorphism of alge-
bras φ∗S : H∗(Mm, R) → H∗(Mn, R).

For m = 4, Mm = RP1 is a circle,
and we denote by ωS the image of
the standard generator of H1(M4, R)
under φ∗S.

Proposition 5.1. Over any ring
R in which 2 is invertible, the ele-
ments ωS satisfy the relations (2),
(3).

Proof. Let us give a proof when R =
Q. The skew-symmetry of ωS is ob-
vious. Next, we check the quadratic
relations (3). By considering the maps
φS for |S| = 5, it suffices to check
this relation on M5. But H2(M5, Q) =
0 because M5 is non-orientable.
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The 5-term linear relation (2) may
also be checked on M5. It is easy to
see that as an S5-module, H1(M5, Q)
is the tensor product of the permu-
tation and sign representations. In
particular, the 5-cycle has no invari-
ants in this representation, and hence
the 5-term relation holds. �

Corollary 5.2. For any ring R in
which 2 is invertible, we have a ho-
momorphism of algebras

(5) fR
n : Λn ⊗ R → H∗(Mn, R),

which maps ωS to ωS.

Our main result is the following the-
orem.

Theorem 5.3. fQ
n is an isomor-

phism.
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It then follows from Theorem 4.5
that the Poincaré polynomial of Mn

is Pn(t).
We also have the following result.

Theorem 5.4.H∗(Mn, Z) does not
have 4-torsion.

Theorem 5.5. (E. Rains) H∗(Mn, Z)
does not have odd torsion.

The cohomology of Mn does, how-
ever, have 2-torsion. It is determined
by the following theorem.

Theorem 5.6. There is a natural
isomorphism of algebras
H2∗(M0,n(C), F2)

∼= H∗(M0,n(R), F2).

Thus, the integral cohomology groups
of Mn are

Hm(Mn, Z) = ZbR
m ⊕ F

bC
m−bR

m
2 ,
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where bR
m, bC

m are the Betti numbers
of the manifolds M0,n(R),M0,n(C),
whose generating functions are given
above.

6. The homology operad of

Mn

The spaces Mn form a topological
operad (the mosaic operad, introduced
by Devadoss). To define this operad,
it is convenient to agree that each of
the undefined moduli spaces M1 and
M2 consists of one point. Then we
will define a topological operad with
set of n-ary operations M (n) := Mn+1
(we think of a point of Mn+1 as an
n-ary operation where the inputs sit
at points 1, ..., n and the output is
n + 1). Namely, given p, q ≥ 0 and
1 ≤ j ≤ p, we have a “substitution”
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map γipq : Mp+1 × Mq+1 → Mp+q

given by attaching a curve C1 with
p + 1 marked points to a curve C2
with q+1 marked points by identify-
ing the point i on the first curve with
the point q + 1 on the second curve,
and then adding q − 1 to the labels
i + 1, . . . , p + 1 on C1 and adding
i−1 to the labels of the points 1, ..., q
on C2. The operad structure is ob-
tained by iterating such maps.
Since M (•) is a topological operad,

the spaces O(n) := H∗(Mn+1, Q) =
(Λn+1 ⊗ Q)∗ form an operad in the
category of Z-graded supervector spaces.
The following result determines the
structure of this operad.

Theorem 6.1. The operad O(n)
is the operad of unital 2-Gerstenhaber
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algebras. More specifically, it is
generated by 1 ∈ O(0), µ ∈ O(2),
and τ ∈ O(3), such that
1) µ is a commutative associative

product of degree 0 with unit 1;
2) τ is an skew-symmetric ternary

operation of degree −1, which is
a derivation in each variable with
respect to the product µ.
3) τ satisfies the Jacobi identity:

Alt(τ ◦(τ ⊗ Id⊗ Id)) = 0, where the
alternator is over S5 (As usual, the
alternator is understood in the su-
persense).

Corollary 6.2. Consider the sub-
operad O′ ⊂ O, with O′(2k) = 0,
O′(2k + 1) = Hk(M2k+2, Q). Then
O′ is the Hanlon-Wachs operad of
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Lie 2-algebras, generated by a skew-
symmetric ternary operation τ , sat-
isfying the Jacobi identity
Alt(τ ◦ (τ ⊗ Id ⊗ Id)) = 0.

For comparison let us say that the
homology operad of the complex mod-
uli spaces M0,n(C) is the operad of
hypercommutative algebras, studied
by Kontsevich and Manin. It is gen-
erated by infinitely many “multiprod-
uct” operations.

7. The fundamental group

of Mn.

Let Γn be the fundamental group
of Mn. To understand this group,
one should consider another group
Jn which is the orbifold fundamen-
tal group of the orbifold Mn+1/Sn
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(the group Sn leaves the point n + 1
fixed). One has a short exact se-
quence

1 → Γn+1 → Jn → Sn → 1.

Theorem 7.1. (Devadoss, Davis-
Januskiewicz-Scott, Henriques-Kamnitzer)
The group Jn has the following pre-
sentation: it is generated by ele-
ments sp,q, 1 ≤ p < q ≤ n, with
defining relations
1) s2

p,q = 1;
2) sp,qsm,r = sm,rsp,q if

[p, q] ∩ [m, r] = ∅;
3) sp,qsm,r = sp+q−r,p+q−msp,q if

[m, r] ⊂ [p, q].

The above map Jn → Sn is then
defined by sending sp,q to the involu-
tion that reverses the interval [p, q].
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